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POLYNOMIAL INEQUALITIES ON THE HAMMING CUBE

ALEXANDROS ESKENAZIS AND PAATA IVANISVILI

ABSTRACT. Let (X, ] - ||x) be a Banach space. The purpose of this article is to systematically
investigate dimension independent properties of vector valued functions f : {—1,1}" — X on
the Hamming cube whose spectrum is bounded above or below. Our proofs exploit contractivity
properties of the heat flow, induced by the geometry of the target space (X, || - ||x), combined with
duality arguments and suitable tools from approximation theory and complex analysis. We obtain
a series of improvements of various well-studied estimates for functions with bounded spectrum,
including moment comparison results for low degree Walsh polynomials and Bernstein-Markov
type inequalities, which constitute discrete vector valued analogues of Freud’s inequality in Gauss
space (1971). Many of these inequalities are new even for scalar valued functions. Furthermore,
we provide a short proof of Mendel and Naor’s heat smoothing theorem (2014) for functions in
tail spaces with values in spaces of nontrivial type and we also prove a dual lower bound on the
decay of the heat semigroup acting on functions with spectrum bounded from above. Finally, we
improve the reverse Bernstein-Markov inequalities of Meyer (1984) and Mendel and Naor (2014)
for functions with narrow enough spectrum and improve the bounds of Filmus, Hatami, Keller and
Lifshitz (2016) on the £, sums of influences of bounded functions for p € (1, 3).
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1. INTRODUCTION

Fix n € N and let (X, || - |[x) be a Banach space. If p € [1,00), the vector valued L, norm of a
function f: {—1,1}" — X is defined as

def (1 1/p
iy (50 >0 I7@%) (1)
ee{-1,1}"
As usual, we denote || f||L_(;—1,137:x) o max.c¢_1,1}n || f(€)]|x. For a subset A C {1,...,n} the
Walsh function wy : {—1,1}" — {—1,1} is the Boolean function given by wa(e) = [[;c 4 €i, where
e=(e1,...,en) € {—1,1}". Every function f: {—1,1}" — X admits an expansion of the form
f= 3 F(Auwa, (2)
AC{1,...,n}
where
2 ay def 1
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For ¢ € {1,...,n} the i-th partial derivative of such a function f is given by
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and satisfies 97 f = 9;f. Therefore, the hypercube Laplacian of f is defined as

AFES ar= 3 |AIf(Awa (5)
=1

ACA{1,...,n}

Finally, the action of the discrete heat semigroup {e **};>0 on the function f is given by

viz0, e 2re N e M) (6)
AC{1,...,n}

A straightforward calculation shows that the heat semigroup can equivalently be expressed as

eftAf(E) _ 2% Z Z eft\B\(l _ eft)n*\B\f<Zgjej + Z 5j€j)7 (7)
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where {e1,...,e,} is the orthonormal basis of R™, which by convexity implies that for every ¢ > 0
and p € [1, 0], ||€_tAfHLp({,171}n;X) < I fllz,(g=1,137:x)- Identity (7) also has a useful probabilistic
interpretation. For a fixed ¢ € {—1,1}" and ¢ > 0, consider a random vector N € {—1,1}" such that
each coordinate n; is chosen independently to coincide with e; with probability 1+T67t
with probability 1726%. Then, the value e *2 f(¢) is the expectation of the random vector f(1).

The main purpose of this paper is to investigate finer contractivity properties of the heat semi-
group under suitable assumptions on the spectrum of the function f and the geometry of the target
space (X, | - [[x). The common feature in the proofs of most of the following results is a duality
argument inspired by classical work of Figiel (see [MS86, Theorem 14.6]), which allows the self-
improvement of contractivity properties of the heat semigroup relying on suitable inequalities from
classical approximation theory and complex analysis. All Banach spaces in the ensuing discussion
will be assumed to be over the field of complex numbers.

In the rest of the introduction, we proceed to describe our results in decreasing order of generality.
In Section 1.1, we present estimates for functions with spectrum bounded from above and values in
a general Banach space. In Section 1.2, we improve the bounds of Section 1.1 under the additional
assumption that the target space (X, ||-||x) is K-convex (we postpone the relevant definitions until
Section 1.2). We also present a new proof of a theorem of Mendel and Naor [MN14] related to the
heat smoothing conjecture. Finally, in Section 1.3 we present explicit estimates which hold true
for scalar valued functions. These include various Bernstein—-Markov type inequalities and their
reverses, estimates on the influences of bounded functions and moment comparison results.

and with —¢;

1.1. Estimates for a general Banach space. Fix n € N and let (X, || - |[x) be a Banach space.
Ifd € {0,1...,n}, we say that a function f: {—1,1}" — X has degree at most d if ]?(A) = 0 when
|A| > d and we say that f belongs in the d-th tail space if f(A) = 0 when |A| < d. Finally, we say
that f is d-homogeneous if fA‘(A) = 0 when |A] # d.

1.1.1. A lower bound on the decay of the heat semigroup. The following theorem establishes a lower
bound on the decay of the heat semigroup acting on functions of low degree.

Theorem 1. Fiz n,d € N with d € {1,...,n} and let (X,| - ||x) be a Banach space. For every
p € [1,00] and every function f:{—1,1}"" — X of degree at most d, we have

1
—tA
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where Ty is the d-th Chebyshev polynomial of the first kind.



We note that a weaker bound in the spirit of Theorem 1, attributed partially to Oleszkiewicz,
was established in [FHKL16, Lemma 5.4] (see Remark 18 below for a comparison with Theorem 1).

Using Theorem 1 and the hypercontractivity of the discrete heat semigroup (see [Bon70]), we
deduce the following moment comparison for functions of low degree.

Corollary 2. Fiz n,d € N with d € {1,...,n} and let (X,| - |x) be a Banach space. For every
p>q > 1 and every function f: {—1,1}"" = X of degree at most d, we have

p—1
112, (f=1,13m5x) < Td(\/ q—ﬁ) 11l Ly (f=1,137:)- 9)

To the extent of our knowledge, the best previously known moment comparison for general vector
valued functions of low degree on the discrete cube can be extracted from an argument in the
monograph [KW92] of Kwapien and Woyczynski. In Remark 19 below, we quantify their argument
and show that the bounds of [KW92, Proposition 6.5.1] are weaker than those of Corollary 2.

Another application of Theorem 1 is a refinement of a celebrated inequality on the discrete cube
due to Pisier [Pis86]. In connection with his work on nonlinear type, Pisier showed that for every
Banach space (X, || - ||x), every p € [1,00] and every function f: {—1,1}" — X, we have

1 1 =
Hf S oon 2 f(é)) Ly({=1,1}7:X) < (logn + 1)(27 2 H Zéi&f
se{—1,1}n se{-1,1}n 1
For X = R, the right hand side of (10) is equivalent to the L, norm of the gradient of f due to
Khintchine’s inequality [Khi23], thus (10) can be understood as a vector valued Poincaré inequality.
The dependence on the dimension n in Pisier’s inequality (10) for various classes of spaces X is
fundamental in investigations in the nonlinear geometry of Banach spaces and the Ribe program
(see [Naol2] for a detailed discussion around this topic). For general Banach spaces, Talagrand
[Tal93] has proven that the factor logn in (10) is asymptotically optimal for every p € [1,00),
whereas Wagner [Wag00] has shown that when p = oo, Pisier’s inequality holds with an absolute
constant. Here we show the following refinement of Pisier’s inequality for functions of low degree.

D 1/p
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Theorem 3. Fiz n,d € N with d € {1,...,n} and let (X,| - ||x) be a Banach space. For every
p € [1,00) and every function f:{—1,1}" — X of degree at most d, we have
n

Lp<{—1,1}";x><3(1°gd+1)(21n > X

se{—1,1}n =1

)W (11)
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Lp({=1,1}:X)

and the logd factor is asymptotically sharp for every p € [1,00).

1.1.2. A Bernstein—Markov type inequality for A. A variant of the proof of Theorem 1 implies the
following Bernstein—Markov type inequality, which had previously appeared in [FHKL16].

Theorem 4. Fiz n,d € N with d € {1,...,n} and let (X,| - ||x) be a Banach space. For every
p € [1,00] and every function f:{—1,1}" — X of degree at most d, we have

IAFIl L, (=113 < I, (= 1,13m:5)- (12)

In [FHKL16, Lemma 5.4], the Bernstein—-Markov type inequality (12) was stated only for real
valued functions and p = 1. In the vector valued setting which is of interest here, inequality (12)
is sharp for general Banach spaces. Recall that a Banach space (X, || - ||x) has cotype ¢ € [2, o0
with constant C' € (0,00) if for every n € N and vectors x1,...,z, € X, we have
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The fact that every Banach space (X, || - ||x) has cotype ¢ = oo with constant C' = 1 follows from
the triangle inequality, yet having finite cotype is a meaningful structural property of a given space.
We refer to the survey [Mau03| for further information on the rich theory of type and cotype. We
will show that any improvement of (12), forces the target space X to have finite cotype.

Theorem 5. Let (X, | - |x) be a Banach space and p € [1,00]. Suppose that there exist some
n € (0,1) and d € N such that for everyn € N with d € {1,...,n}, every function f: {—-1,1}" — X
of degree at most d satisfies the inequality

IAfI L, —113m) < Q=) F |, (—1,13m5)- (14)
Then X has finite cotype.

1.2. Estimates for K-convex Banach spaces. Let (X, | -]/ x) be a Banach space. The X-valued
Rademacher projection Rad : L,({—1,1}"; X) — L,({—1,1}"; X) is the operator given by

Vee{-1,1}", Rad(f)(e) = > F{i})e: (15)
i=1

We say that (X, ||-||x) is K-convex (see also [Mau03]) if sup,,ey [[Rad|[ 2, ({=1,137:x)> L, ({-1,1}7:x) <
oo for some (equivalently, for all) p € (1,00). Pisier’s K-convexity theorem [Pis82] asserts that
a Banach space (X, | - ||x) is K-convex if and only if X does not contain copies of {¢}'}>°; with
distortion arbitrarily close to 1. Moreover, both conditions are equivalent to X having nontrivial
type, see [Pis73]. In the proofs of most results of this section, we will crucially use the deep fact
that the heat semigroup with values in a K-convex space is a bounded analytic semigroup [Pis82].

1.2.1. The heat smoothing conjecture. In [MN14], Mendel and Naor asked whether for every K-
convex Banach space (X, || - ||x) and p € (1, 00) there exist ¢(p, X),C(p, X) € (0,00) such that for
every n € N, every function f: {—1,1}" — X in the d-th tail space satisfies the estimate

Vt=0, [le™fllr, -1 < Clp, X)e PR £y ynx). (16)

In the direction of this question, currently known as the heat smoothing conjecture, they showed the
following theorem, partially relying on ideas from [Pis07] (see also the work [HMO17] of Heilman,
Mossel and Oleszkiewicz for an optimal result when d =1 and X = C).

Theorem 6 (Mendel-Naor). Let (X, | - |x) be a K-convex Banach space. For every p € (1,00),
there exist ¢(p, X),C(p,X) € (0,00) and A(p,X) € [1,00) such that for every n,d € N with
de{0,1,...,n— 1} and every function f:{—1,1}" — X in the d-th tail space, we have

— —c min{t,tA®X)
V=0, lle ™ fllr,q-1mx) < Cp, X)e el X)dminitt " NIz, (—13m5)- (17)

In Section 3 below, we present a simple proof of Theorem 6 relying on a duality argument.

1.2.2. An improved lower bound on the decay of the heat semigroup. Under the assumption that
the target space (X, || - ||x) is K-convex, we get the following improvement over Theorem 1 (see
also equation (45) in Remark 18 for comparison).

Theorem 7. Let (X,| - |lx) be a K-convex Banach space. For every p € (1,00), there exist
c(p, X),C(p,X) € (0,00) and n(p, X) € (%, 1} such that for every n,d € N with d € {1,...,n} and
every function f:{—1,1}" — X of degree at most d, we have

— — max (»,X)
V>0, [le ™ flln, o1y = clp, X)e WX dmadbfoT) g . (18)



Theorem 7 should be understood as the dual of Mendel and Naor’s bound (17) for the heat
smoothing conjecture. We conjecture that one can in fact take n(p, X) = 1 in Theorem 7 for every
p € (1,00) and K-convex Banach space (X, || - ||x), but a proof of such a claim appears intractable
with the technique presented here. A real valued version of this conjecture for p = 1 has previously
appeared in [FHH'14, Section 5]. As in the case of Theorem 1, Theorem 7 also implies moment
comparison for functions of low degree. We postpone the relevant result (Corollary 31) to Section 3.

1.2.3. Bernstein—-Markov type inequalities for the hypercube Laplacian and the gradient. Under the
additional assumption that the target space (X, || - ||x) is K-convex, we can obtain the following
asymptotic improvement of the bound of Theorem 4.

Theorem 8. Let (X, | - ||x) be a K-convex Banach space. For every p € (1,00), there exist
a(p, X) € [1,2) and C(p,X) € (0,00) such that for every n,d € N with d € {1,...,n} and every
function f:{—1,1}"" = X of degree at most d, we have

IAFI L, (- 113mx) < C (0, X)d P fll 1 1—1.1ym:5)- (19)
We conjecture that the conclusion of Theorem 8 holds true with «(p, X) = 1 for every p € (1, 00)
and K-convex Banach space (X, ||-|/x) (see also Remark 33 below). Since every K-convex Banach

space has finite cotype, the conclusion of Theorem 8 is consistent with Theorem 5. However, there
exist Banach spaces (e.g. X = ¢;) which have finite cotype but are not K-convex. It remains an
interesting (and potentially challenging) open problem to understand whether the dependence on
the degree in the vector valued Bernstein—-Markov inequality (12) (even for, say, p = 2) can be
improved to o(d?) under the minimal assumption that (X, | - ||x) has finite cotype.

We conclude this section by presenting a Bernstein—-Markov type inequality where the hypercube
Laplacian is replaced by the vector valued gradient appearing in Pisier’s inequality (10).

Theorem 9. Let (X,| - ||x) be a K-convex Banach space. For every p € (1,00) there exist
a(p, X) € [1,2) and C(p,X) € (0,00) such that for every n,d € N with d € {1,...,n} and every
function f:{—1,1}"" = X of degree at most d, we have

(3 T [xsor
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1.2.4. A reverse Bernstein—-Markov inequality for A. In [MN14], Mendel and Naor asked if for every
K-convex Banach space (X, || -||x) and p € (1,00) there exists ¢(p, X) € (0,00) such that for every
ne€Nandde{0,1,...,n— 1}, every function f: {—1,1}" — X in the d-th tail space satisfies

IAfll L, ((=1.13mx) = @ X))l fll o, ((=1,137:x)- (21)

Similar estimates for scalar valued functions had also been obtained by Meyer in [Mey84]. The
following theorem, whose proof relies on a recent inequality of Erdélyi, contains a result in this direc-
tion under the additional assumption that the spectrum of the function f is also bounded above.

Theorem 10. Let (X, | - |lx) be a K-convexr Banach space. For every p € (1,00) there exists
c(p, X) € (0,00) such that for everyn,d, m € N with d+m < n and every function f : {=1,1}" — X
of degree at most d +m which is also in the d-th tail space, we have

d
HAf”LP({—l,l}";X) > C(p7X)%HfHLp({—l,l}";Xy (22)

In particular, Theorem 10 provides a positive answer to the question of [MN14] in the special case
when m = O(1) and improves upon the previously known bounds of Meyer [Mey84] and Mendel
and Naor [MN14] when m is a small enough power of d.



1.3. Estimates for scalar valued functions. In this section we will present explicit estimates
which hold true for scalar valued functions. Even though several of the following results are special
cases of theorems from the previous section, we present the full statements for the convenience of
the reader not interested in the general vector valued setting.

1.3.1. The decay of the heat semigroup. The optimal bounds that can be derived from our approach
for the action of the heat semigroup on functions with bounded spectrum are the following.

Theorem 11. Forp € [1,00], let ), = 2arcsin (27”1;_1). Then, for every p € (1,00), n,d € N with
de{0,1,...,n} and every function f:{—1,1}" — C of degree at most d, we have

(et + 1)27:9; o (et _ 1)72712912
(et + 1)727139,0 + (et — 1)727591)
Moreover, for every function f:{—1,1}" — C in the d-th tail space, we have

d
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The above lower bound (23) on the decay of the heat semigroup combined with classical hy-
percontractivite estimates [Bon70] implies the following improved moment comparison result for
functions of low degree.

il d
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P

Corollary 12. Forp € [1,00], let 8, = 2 arcsin (L]’;_l). Then, for everyp > q > 1, everyn,d € N
with d € {1,...,n} and every function f:{—1,1}"" — C of degree at most d, we have

pie s d
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Even though Bonami’s hypercontractive estimates [Bon70] break down at the endpoint p = 1, a
well known trick (see [O’D14, Theorem 9.22]) implies that if f: {—1,1}" — C has degree at most d,

£z, ((=1,1370) < <

1 La(-1.1ym0) < €N flln((—1.13m.0)- (26)
Relying on works of Beckner [Bec75] and Weissler [Wei79], we prove the following improved bound.

Theorem 13. For every n,d € N with d € {1,...,n} and every function f : {—1,1}" — C of
degree at most d, we have

”fHL2({—1,1}";(C) < (2'69076)d||f||L1({—1,1}";([:)' (27)

1.3.2. Bernstein—Markov type inequalities. The bounds (19) in the Bernstein-Markov inequality
for the hypercube Laplacian take the following explicit form for scalar valued functions.

Theorem 14. For p € [1,00], let 6, = 2arcsin (Li*l). Then, for every n,d € N with d €
{1,...,n} and every function f : {—1,1}" — C of degree at most d, we have

)
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For p € [1,00] and a function f: {—1,1}" — C, denote by

‘(Zn:(aif)2)l/2‘
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In contrast to the vector valued Theorem 9, we can prove the following improved Bernstein—-Markov
type inequality for the gradient of scalar valued functions as a consequence of Theorem 14.



Theorem 15. For p € [1,00], let 6, = 2arcsin (Lg_l). Then, for every p € (1,00), there exists
Cp € (0,00) such that for every n,d € N with d € {1,...,n} and every function f: {—1,1}" — C
of degree at most d, we have

2_9% .
IV £l (11)n0) < Cpdr e’m log(d + 1>”fHLp({—L1}";(C)v ifp € (1,2) _ (30)
p\1™ 4 ) _%p .
Cod" "2 || fll 1, ((=1,13.0)» if p € [2,00)

The change in the exponent from the range p € (1,2) to the range p € [2,00) and its relation
to discrete Riesz transforms is further discussed in Section 4. We also postpone until then the
statement of some endpoint (p = oo and p = 1) Bernstein-Markov inequalities for the discrete
gradient (see Proposition 46 and Remark 49 respectively).

We finally turn to a problem studied by Filmus, Hatami, Keller and Lifshitz in [FHKL16] (see
also [BB14]). Following their notation, for p € [1,00) and a function f: {—1,1}" — C, denote by

def -
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Motivated by a question of Aaronson and Ambrainis [AA14], the authors were interested in obtain-
ing bounds of the form

Wf® f < fo @I iy v

where f,(d) is a polynomial in d. In this direction, they proved (32) with f,(d) = d*>? when

p € [1,2] and f,(d) = d when p € [2,00), the latter of which is sharp. Using Theorem 11, we deduce
. . 4

the following improved bounds for p € (1, 5).

Corollary 16. For everyp € (1, %) there exists a constant K, € (0,00) such that for everyn,d € N

with d € {1,...,n} and every function f:{—1,1}" — C of degree at most d, we have

2v/p—1
)HfHZ[)/OO({_Ll}n;(C)' (33)

Inf(p)f < Kdef%arcsin( »
1.3.3. A reverse Bernstein—-Markov type inequality for V. For the case of scalar valued functions
we will also prove the following variant of Theorem 10 for the discrete gradient.

Theorem 17. For every p € (1,00) there exists ¢, € (0,00) such that for every n,d,m € N with
d+m < n and every function f:{—1,1}"" — C of degree at most d + m which is also in the d-th
tail space, we have

d
IV Al (13m0 2 e\ Il -11m50)- (34)

Acknowledgements. We are indebted to Assaf Naor for many helpful discussions. We are also
very grateful to Tamds Erdélyi for proving the main result of [Erd20] upon our request and to
an anonymous referee for sharing with us an argument which improved Corollary 21. Finally, we
would like to thank Franoise Lust-Piquard for valuable feedback.

2. ESTIMATES FOR A GENERAL BANACH SPACE

We first present the proof of Theorem 1, the lower bound on the decay of the heat semigroup
acting on functions with values in a general Banach space. Recall that the d-th Chebyshev polyno-
mial of the first kind Tj(z) is the unique polynomial of degree d such that Ty(cos0) = cos(d6) for
every 0 € R. Chebyshev’s inequality [BE95, p. 235] asserts that the d-th Chebyshev polynomial of
the first kind is characterized by the extremal property

VezeRN[-1,1], [|Ty(z)] =max{|p(x)|: deg(p) < dand [plle-1,1) =1}, (35)



where for a continuous function /4 : K — C on a compact space K, we set ||h||e(x) = maxzek |h(x)].

Proof of Theorem 1. Fixn € N, d € {1,...,n}, p € [l,00] and let f: {—1,1}" — X be a function
of degree at most d. The contractivity of the heat semigroup which we derived from (7), can be
rewritten as ||:L'Af||Lp({_171}n;X) < | fllz,({=1,137;x) for every z € [0, 1]. However, for x € R,

2@ = Y (M Wwae) = Y M Awa(-e) = @2 f)(-e),  (36)

AC{1,...,n} AC{1,...,n}
thus [|(=2)2 fllL,((-113m:x) = 122 Fll L, ({-1,13n.x). Consequently,
Vae[-L1], N2*fllo,q-113mx) < 1Flz, (- 113mx)- (37)

Let p be any complex measure on [—1,1]. Then, averaging over (37), we get

H/ 22 f du(a)| / 102 Fll (1ayo Il ()

Ly({-1,1}";,X) —

(37)
< / Ny ) = D1 -

where for a complex measure p on a compact space K, we denote by [[u|ly (k) the total variation

(38)

of w. For t > 0, consider the linear functional ¢y : (span{l, z,. .20 HG([—LH)) — C given by

d d
e Y aat) E 3 apet, (39)
k=0 k=0

or ¢¢(p) = p(e') when p is a polynomial with deg(p) < d. Then, Chebyshev’s inequality (35) can
be rewritten as

vV p € span{l,z,..., xd}, lor(p)| < Td(et)Hp||(3([,1’1]). (40)
Therefore, by the Hahn-Banach theorem and the Riesz representation theorem, there exists a
complex measure p; on [—1,1] such that |[w|[a—1,1) < Tu(e %) and for every polynomial p, we have

deg(p) <d  —> / 2) dud(x) = p(e'). (41)

~

Since f(A) =0 when |A| > d, applying (38) for the measure p; satisfying (41), we deduce that

41
Vo0 1 g 2 [ o auo)

which is equivalent to the desired inequality (8). O

(40)
< Ta()IF 1z, (-1,0ymx), (42)

Lp({=1,1}7:X)

Remark 18. A weaker lower bound for the decay of the heat semigroup, attributed partially to
Oleszkiewicz, was established in [FHKL16, Lemma 5.4] and asserts that for every function f :
{—1,1}" — X of degree at most d, we have

e Fllo,(raymexy = €N FllLy(o1aymx)- (43)

Inequality (43) was stated in [FHKL16] only for X = R and p = 1, but the argument presented
there works in greater generality. Checking that (43) is weaker than the estimate (8) amounts to
showing that for y > 1, we have Ty(y) < ydz, which can be easily derived from the identity

V> 1, Tagy) = LEV oL § =V -1 (44)

Furthermore, using (44), it is elementary to check that

Vit>0, Ty < e3max{t"/i}d, (45)




therefore inequality (18) is also an improvement over (8) for ¢ ~ 0.

Proof of Corollary 2. Fixn € N, d € {1,...,n}, p > ¢ > 1 and a function f : {—1,1}"" — X of
degree at most d. Bonami’s hypercontractive inequality [Bon70] (the straightforward vector valued
extension of which is due to Borell, see [Bor79]) asserts that

1 p—1 —tA
Viz 5 log ((]_71)7 le™ = fllz,(—1.137x) < 1 fllLy(q=1,137%) - (46)

Combining (8) and (46), we deduce that for ¢ > 3 log (%),

(8) (46)
111z —1aymx) < Ta(e)le™ @ flln,-1ymx) < Tal€)fllr,(—1.13m:x)- (47)
Plugging t = 1 log (%) in (47), we deduce the moment comparison (9). O

Remark 19. Inequality (9) for d = 1 with some constant C(p, ¢) originated in the work [Kah64] of
Kahane and the implicit constant was later improved to \/2’%} by Kwapien in [Kwa76]. The use

of hypercontractivity for moment comparison of vector valued Walsh polynomials was initiated by
Borell in [Bor79] (see the exposition [Pis78]), who later showed in [Bor84] that inequality (9) holds
true with some constant depending only on p, ¢ and d (this had previously been proven for scalar
valued functions by Bourgain in [Bou80] via a square function approach). To the extent of our
knowledge, the best known dependence in (9) before the present work could be extracted from an
argument in the monograph [KW92, Proposition 6.5.1] which goes as follows. For k € {0,1,...,n}
let Radg : L,({—1,1}"; X) — L,({—1,1}"; X) be the Rademacher projection on level k given by

n def iy
Vee{-1,1}", Radi(f)(e) = D F(Awale). (48)
AC{1,...,n}
|A|=k
Ifd € {0,1,...,n}, consider the linear functional oy, : (span{l,z,...,z%},|- H(i([—l,l})) — C given by
ox(p) = p(k)( ) . Then, for every k € {1,...,d}, there exists some constant ¢(d, k) € (0, 00) such that

deg(p) <d = |ox(p)| < c(d, k)lplle—1,1))- (49)

The optimal value of ¢(d, k) is known, see [BE95, p. 248, but clearly ¢(d, k) > I ( ) . Repeating
the duality argument used in the proof of Theorem 1, we deduce that for every functlon f:
{=1,1}" - X of degree at most d, ¢ € [1,00] and k € {0,...,d},

HRadkaLq({*l,l}”;X) < ¢(d, k)HfHLq({fl,l}";X)‘ (50)

Furthermore, by the moment comparison of homogeneous Walsh polynomials [Bor79], forp > ¢ > 1,

p— 1\ k/2
[Radu 1, 1.y < (5=7) IRy QY
Therefore, combining (50) and (51), we get
d 61 L p—
2y -1y < kz_o HRadkaLp({—l,l}”;X) g Zo (q ) ‘Radk'f“Lq {-1,1}%X)
B 5_0) J (52)

<Y (1) M lcanyeon
k=0



However, the constant obtained by this argument is

I e (=

k=0 k=0 q_l q_l

and therefore Corollary 2 improves over the result of [KW92].
Combining Corollary 2 and (45), it follows that for p > ¢ > 1 and every function f: {—1,1}" —
X of degree at most d, we have

1/2
Ml < m Uaros (65 9108 G2y . (54)

In particular, if p — 1 > (1 + ¢)(¢ — 1) for some € > 0, then there exists C. = O(1/4/¢) > 0 such
that every function f: {—1,1}" — X of degree at most d satisfies
p—1\Ced

171y < (7)1 lzaginapmin, (55)

which should be understood as an extension of Borell’s moment comparison (51) for vector valued
functions of low degree instead of homogeneous. The validity of Theorem 7 with n(p, X) = 1 would
imply the estimate (55) with C. replaced by a universal contant C' € (0, 00).

Remark 20. Some similar moment comparison estimates can be obtained for functions on the -
biased hypercube using the biased hypercontractivity of Oleszkiewicz [Ole03] and Wolff [Wol07].
Indeed, it follows from the main results of [Ole03, Wol07] and convexity considerations that for
every p > q¢ > 1 and « € (0,1), there exists a closed interval I, ,(x) C [—1,1] with nonempty
interior containing 0 such that for every n € N and every coefficients {ag} s5C{1,..n} © X,

asus| <[ 3 asus]

sup rPlagwg aswg , (56)
2€Ip,q() ch;. n} Lp({—y=1 v} X) SC{lm) Lo({—y=1 v} u:X)

where py = ad_-1 + (1 — )0y and y = \/é — 1. Running the same duality argument as in the
proof of Theorem 1 combined with an application of Chebyshev’s inequality (35) for a symmetric

interval Jp q(a) C I, 4(), proves an analogue of (9) on ({—y~!, v}, u2).

Finally we state one “endpoint” version! of our moment comparison (9). Recall that for a
function h : {—1,1}" — [0, 00), we denote its entropy by

Ent(h) < an 3 h(e)logh(a)—(;n 3 h(e))~log(2in 3 h(s)). (57)

ee{-1,1}" ee{-1,1}" ee{-1,1}n

Corollary 21. Fiz n,d € N with d € {1,...,n} and let (X,| - ||x) be a Banach space. For every
q € (0,00) there exists a constant Cyq € (0,00) such that every function f: {—1,1}" = X of degree
at most d satisfies

Ent(||f|]g() < quHquLq({—l,l}n;X)' (58)
Proof. By Holder’s inequality, for every «, 3 € (0,00) and A € (0, 1),
L PR TRTeEy F SPRRpR 1 o S (59)
In other words, the function ¢ : (0,00) — R given by
def
Vre(0,00), &)= log ([Ifllz,, (—1.13mx)) (60)

IThe bound (58) of Corollary 21 was pointed out to us by an anonymous referee, who improved a suboptimal O, (d?)
estimate appearing in an earlier version of this manuscript. We are grateful to them for sharing their improvement
with us and for their helpful comments.
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is convex. Hence, the function (0,00) > r — ¢’(1/r) is nonincreasing, which implies that

vp<a @(3)-(E-1zed)-ed). (61)
Writing
1 1
Il =exp (Slog (55 D 1FG)I%)). (62)
ee{-1,1}"

one deduces that
Ent| f[|%

d
a”fHL“({—m}n;X) = lfllLa{-1,13m:) - “2||f||%“({,1,1}n;x)’ (63)
which implies that
1 Ent|| f||%
(b,(f) ___t 1A (64)
O M RTERIESS

By the monotonicity of r — ¢’(1/r) and (64), in order to prove (58) for every ¢ € (0, 00) it suffices
to consider the case ¢ > 4. By (64), (61) can be rewritten as

q mn.
Ent|| f|% < _P1 log (”fHLq({l,l} ,X))

12,z 02 A\l -1y

) pg g—1 pqd 4(¢—1)
< _— <
h q—plog<Td( p—1>>\2(q—p)10g p—1"~

(65)

where in the last inequality we used the estimate Ty(y) < (2y)¢ for y > 1 which follows from (44).
Choosing p = ¢/2 completes the proof with C; = O(q) as ¢ — oc. O

Remark 22. The application (59) of Holder’s inequality can be rewritten as

V0<qg<p<r log I £1 2 (f=1,137:) <(p—q)7“‘10g 1Nz, (~1.137x) | (66)
7 ||f”Lq({—1,1}";X) (r—q)p ||f||Lq({—1,1}";X)

It is classical that using (66), one can improve moment comparison bounds for low degree functions
(see, e.g., [IT19] for a recent application of this idea). The same applies to the moment comparison
inequalities obtained in this paper. For instance, combining (9) with (66), we deduce that for every
function f: {—1,1}" — X of degree at most d and every p > g > 1,

r— 1 (p=—a)r

— ) Ml (67)

£l L, (f—1,13m:x) < iEETd(

Moreover it is well known that the same trick relying on (66) can be used to prove moment
comparison estimates beyond the range p > ¢ > 1 (see, e.g., [0'D14, Theorem 9.22] or Theorem
13 below). Since all such applications of (66) are automatic, in the sequel we will omit stating
improvements such as (67) (for instance, of Corollary 12 or Corollary 31).

We proceed by proving Pisier’s inequality (11) for functions of low degree. The proof is an almost
mechanical adaptation of Pisier’s argument from [Pis86] (see also the exposition in [Naol2]) with
the exception of suitably using the lower bound (8) instead of the trivial lower bound

V=0, [le ™ fllr,qoiymx) = e ™l (—113mx); (68)

which holds true for every function f : {—1,1}" — X. For completeness, we present the full proof.
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Proof of Theorem 3. Fix p € [1,00) and let f : {—1,1}" — X be such that > 5. 113 f(8) = 0.
Fix s > 0 and consider a normalizing functional g* of e*2 f in L,({—-1,1}"; X), that is, a function
g5+ {—1,1}" — X* such that [|g;[|L,({—1,1}»;x+) = 1, where % + % =1, and

1 1
I lipnpx) = 50 2o (GHE e @) = 5 DL (el S, (69)
ec{-1,1}n ee{-1,1}"

—sA

where in the last equality we used the fact that e is self-adjoint. However, for ¢ € {—1,1}",

(BGE) fE) =5 D (etAA (Zsa)gs Zéaf

1) — n
e{-1,1} (70)
1 tA *
- / > s Zs Df(e
se{-1,1}2"°% =1
For s,t > 0, consider the fucntion g7, : {—1,1}" x {~1,1}" — X* given by
def 3
g = Y G ] (e e+ (1 —e)0)
AC{1,..,n} icA
(71)
= e tAgx( (e! = 1) 281586 BAgx(e) + 5 4(e,0),

where D J5c¢ 1 130 85 4(g,8) = 0 for every € € {—1, 1}" and i € {1,...,n}. Furthermore, for every
t > 0, expanding (71) in the Walsh basis, we see that

e = Y ety g (Yae+ Y s, (72)
BC{1,...,n} i€B ie{l,...n}\B

where {e;}7"; is the standard basis of R". Therefore, for every s,t > 0, we have

* . n — —t\n— *
195l Lyt x 1 ymixe) < D (k)e T = e Hlgil L, m1,1ymxn = L. (73)
k=0
Combining (69), (70), (71) and (73) with Hélder’s inequality, we deduce that
_sA (TO)A(71) 1
e lryrmmon P2 S [ e, Zsaf
ede{-1,1}n "
(73) S| 1/p
< an 51 1
(/S et —1 )(2” HZ f Lpy({~ ll}"X)) (74)
de{—-1, 1}” =1
o 10 ( 65 )(i Z H Zéaf P )1/]3
B TAST se{-1,1}n =1 L, (1) '
Furthermore, since f has degree at most d, Theorem 1 implies that for s > 0,
1 —sA
WHJUHLP({AJ}”;X) < e 2 fllp, (=1,13m:x)- (75)
Combining (74) and (75), we conclude that for every s > 0,
1 1/p
n. g A% °
171y < Tale”) o () (2n P> | ; o, ) (76)

,1 1}n
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As in Remark 18, using that Ty(e®) < e for s > 0 and a straightforward optimization we get

: s ® < min @ ( e’ ) < '
min Ta(e®) log (es — 1) min e log I 3(logd + 1) (77)
Plugging (77) in (76), we finally deduce Pisier’s inequality (11). O

We now prove the Bernstein—-Markov type inequality (12) for the hypercube Laplacian. In the
proof, we will need Markov’s inequality (see [BE95, Theorem 5.1.8]) which asserts that

max{|p'(1)| : deg(p) < d and [|p[le1,p) = 1} = d*, (78)

where the equality is achieved for the d-th Chebyshev polynomial of the first kind Ty(x). Our proof
is similar to the one presented in [FHKL16], which also crucially relied on Markov’s inequality (78).

Proof of Theorem 4. Fixn e N;d € {1,...,n},p € [1,00] and let f : {—1,1}" — X be a function of
degree at most d. Consider the linear functional \ : (Span{l, z, ...z, - ||@([_171])) — C given by

d d
lb(Zakxk) def Zkak, (79)
k=0 k=0

or P(p) = p'(1) when p is a polynomial with deg(p) < d. Then, Markov’s inequality (78) can be
rewritten as

v pespan{lz,...,2%,  [b®)| < d|pleg1,y)- (80)
Therefore, by the Hahn-Banach theorem and the Riesz representation theorem, there exists a
complex measure v on [—1,1] such that ||[v||y—11]) < d? and for every polynomial p, we have

1
deg(p) <d = / o) dv(e) = (1), (1)

~

Since f(A) =0 when |A| > d, we get that

1 1
(81) A A
1AL, ((=1,137:%) H/_ICC de(ﬂﬁ)‘ L (11y) /_1 122 fll 2, ((=1,137x) d[VI(2)

@7 1 (80) (82)
< /1 1z, ((=1,1375x) AVI(E) = IVIIve =l 2, =137 < N Flln,(=1,13mx)
which concludes the proof of the theorem. O
Remark 23. One can generalize Theorem 4 by showing that for every k € N, we have
d*(d? —12) - (d® — (k —1)?
[AA=T1) - (A =k +1D)fllr,(=1,137x) < ( » ;2 — ((2k: ) ) £z, (=1,13mx)- (83)

Theorem 1 corresponds to the case k = 1. To derive (83), one can use the same duality argument
used in the proofs of Theorems 1 and 4 for the linear functional Py (p) = p*) (1) along with Markov’s
inequality for higher derivatives (see [BE95, Theorem 5.2.1]), which asserts that

PP =12) - (P (k1))

. (84)

We conclude this section by proving Theorem 5.

Proof of Theorem 5. Assume that (X, || - ||x) does not have finite cotype. By the Maurey—Pisier
theorem [MP76], for every 6 > 0 and m € N there exists a linear operator S, : £2 — X such that

Vyell, lylleo <ISmyllx < (1+0)[|yllco- (85)
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Let n € N with d € {1,...,n}. Define the function f:{—1,1}" — Loo({—1,1}";R) by

[7())(8) % 7y (80,

where Ty(x) is the d-th Chebyshev polynomial of the first kind and consider the composition
F:{-1,1}" — X given by F = Son o f, where Lo,({—1,1}";R) is naturally identified with ¢2..
Since Ty(z) is a polynomial of degree d, the functions f and F are also of degree at most d and

(86)

(6151 + g0

(85)
IFE)Ix < @+ OO o ayrmy = (L+0) mmaxe Ty

) =140, (87)
se{-1,1}"

for every e € {—1,1}", because ||Ty|le(—1,1)) = Ta(1) = 1. Therefore, we also have

1 1/p
1Pl = (7 X IF@IE) T <1+e. (88)
ee{-1,1}"

Furthermore, for every €, € {—1,1}",
. 1 €101+ -+ e,0n €101+ -+ +e,dy, 2¢;0;
0] (8) = 5 (Ta( ) - u( - =20),

n
which implies the identity

[Af(e)](é) _ %(an(slél + e —l—anén) _ ;:;Td<5161 - Fendn 251‘51'))‘ (90)

n n

n n n

Therefore, taking ¢ = 8, we deduce that

n 2 n 2
IAFE ety > 5 (L) - Tu(1-2)) = S (1-Tu(1- 7)) (1)
from which we derive the estimate
(85) O1) p 9
IAF L, (—113mx) 2 (AL, (-1 L (-113mR)) 2 5(1 —Td(l - g)) (92)

Applying (14) for the function F': {—1,1}" — X and using (88) and (92), we finally get

n 2\\ (92)
3 (1-7u(1=3)) < 18F by napn .
(14) 0 (88) )
< A =d [ Fllz,-113mx) < 1 —=n)(1+6)d".
Letting n — oo, we get
d? =T5(1) < (1 —m)(1 + 0)d>. (94)
Finally, letting © — 0%, (94) becomes d? < (1 —n)d? which is a contradiction. O

Remark 24. Considering the function f : {—1,1}" — C given by f(e) = Ty(=F:4n) for n — oo
shows that Theorem 4 is also sharp when X = C and p = oo.
3. ESTIMATES FOR K-CONVEX BANACH SPACES

The main vector valued Fourier analytic tool which we will exploit in this section is the following
fact which lies at the heart of the proof of Pisier’s K-convexity theorem [Pis82].
Theorem 25 (Pisier). A Banach space (X, || - ||x) is K-convex if and only if for every p € (1,00)
there exist ® = 0(p, X) € (0, 5] and M = M(p,X) € [1,00) such that for every n € N
largz[ <0 = e 2|, (1m0 L (LX) < M, (95)
where || T|| 1, ({—1,1}7: X)L, ({—1,1}7:x) 18 the operator norm of T' from Ly({—1,1}"; X) to itself.
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The fact that a Banach space satisfying (95) for some 6 € (0, 5] and M € [1,00) is K-convex is
simple. Indeed, let a = ﬁ so that every point z in the interval with endpoints a + ¢7t, @ — ¢7t has
|arg z| < 6. Then, for k € {0,1,...,n},

1 / eiktg=(ati)A gy o / > ekt etiiRad; dt = e **Rady, (96)
-7 ) j=0

21
1 /ﬂ gikt g~ (atit) A dt‘
21 ) Ly({-1,1}X)—=Lp({—1,1}":X)

eka (95) (97)

Son | ‘|€_(a+it)A|\Lp (—11p X)Ly ({—1,13nx) dE < Mere.

which implies that

[[Radi |2, ((~1.13m:x)+Ly({-1.1ymx) = €

In particular, sup,,cy [[Rad|[ 1, ({=1,117:x)> 1, ({-1,1}7x) < Me® < oo, ie. (X, ][ x) is K-convex.

Here and throughout, we will denote by D = {z € C: |z| < 1} the open unit disc. For r € [1,00)
consider the lens domain

r)déf{ze(C: max{‘z—i\/TT—l’,‘z—i-i\/ﬂ—l’}<T}Q]D) (98)

and notice that 9€(r) is a Jordan curve with an interior angle 0(r) = 2arcsin(1/r) at z = £1. We
will need the following simple consequence of Theorem 25.

Corollary 26. Let (X, | - |lx) be a K-convexr Banach space and p € (1,00). Then there exist some
r=r(p,X)€[l,0) and K = K(p,X) € [1,00) such that

S?ZI() )SUP [ L, ({=1,137: %)=Ly (f—1,1)m5x) < K. (99)
we

Proof. By Theorem 25 and (36), for every w € {e”?: |argz| < 0}, we have

[0l Ly (-1.13m ) = Ly ({=11375x) = ()2 Ly (f—10ym3) > Ly ((—103mx) < M. (100)
Moreover, by (97), we get

||’wA ||Lp({—l,l}";X)—)Lp({_lvl}n;x)

n on & (101)
k k
< Z |wl HRadkHLp({—l,l}";X)—>Lp({—1,1}";X) < MY (jwle),
k=0 k=0
which implies that for |w| < e™2%, we also have the estimate
M
[0 | Ly (1137 Ly ({11} m3%) < T (102)

Combining the domains for which (100) and (102) hold, one can easily deduce that there exists
€ [1,00) such that

Q(r) C{e *: |argz] <@YU{—e7: Jargz| <O} U{weD: |w| <e 2} (103)
and (99) follows with K = O

ea'

We record for ease of future reference the following calculation of conformal mappings.

Lemma 27. For o € (0,00), let ¢y : C~\ (—00,0] = C be a holomorphic branch of z — z*. Also,
consider the Mobius transformations P1(z) = %jr; and po(z) = Z5. Then, for every r € [1,00),

the map P10 ¢y o) 01 s a conformal equivalence between Q(r) and the unit disc D. Furthermore,

the map P20 ¢ 2m-0(r) yo2 is a conformal equivalence between the complement €)(r )C of Q(r) and
the complement D° of the closed unit disc.
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Proof. Since P1(—1) =0, P;(1) = co and Mébius transformations preserve angles, we have

P1(Q(r)) = {z eC: |argz| < 9(;)} (104)

Therefore, composing with ¢, /gy, we get

oy )owl( r)) ={z € C: Rez >0}, (105)

which immediately implies that {1 o ¢r/g(,) © 11)1( (T)) = ID. Since all the functions involved are
conformal equivalences at their domains of definition the proof is complete. The proof of the claim
for the complement Q(r)” of Q(r) is identical. O

We can now proceed with the proof of Theorem 6. The crucial proposition is the following.

Proposition 28. Fiz a K-convex Banach space (X, ||-||x), p € (1,00) and K € (0,00). Let Q C D

be a simply connected domain bounded by a Jordan curvey such that (—1,1) C Q and suppose that
ﬁmﬁmnw|hﬂ{1u X) s Ly({~1,1}m:x) S K. (106)
weN neEN

Also, let ¢q : 2 — D be a conformal mapping of 2 onto D with ?a(0) = 0 which extends continuously

as a homeomorphism between QUYy and D. Then, for every n,d € N with d € {0,1,...,n— 1} and

every function f:{—1,1}" — X in the d-th tail space, we have

_ iy d
V=0, e fllr,qoimx) < Kloale ™) 1z, (—113mx)- (107)
Proof. FixneN,d e {0,1,...,n—1} and let f: {—1,1}" — X be a function in the d-th tail space.
For t > 0, consider the linear functional ¢; : (span{w?, w®!, ... w"} || - ||e(§)) — C given by
n
G Y awut) = Zake_tk, (108)
k=d k=d

or {;(p) = p(e™?) if p(w) is a polynomial of degree n which is a multiple of w?.

polynomial, consider the function h : 2 — C given by

If p is such a

def  p(w)
VweQ, h(w) D) (109)
Notice that ¢q does not vanish on  \ {0} and furthermore it has a single root at 0, therefore the
multiplicity of the root 0 in the numerator is at least the multiplicity in the denominator. Thus
h is a holomorphic function on Q. Furthermore, for w € vy, we have |pq(w)| = 1 since ¢gq is a
homeomorphism between y and 9D (such a conformal map ¢q always exists by Caratheodory’s
theorem, see [Kra06, Theorem 5.1.1]). Therefore, by the maximum principle,

[p(w)|

sup |h(w)| = max |h = max ——— D Pllerays 110
wegl (w)] = max[h(w)| = max o)l = lpllewy) = lIpllew) (110)
which implies that for w € Q, we have
Ip(w)] < 160 (w) bl o) (111)
Applying (111) for w = e~! € Q, we deduce that the linear functional (; satisfies
V p € span{w?, w®™ .. w"},  |G(p < |oa(e” ’ Iple@)- (112)

Therefore, by the Hahn-Banach theorem and the Riesz representation theorem, there exists a
complex measure T; on {2 such that [|T¢[[¢q) < |pa(e )| and

p € span{w?, w? Jwhh = / ) dti(w) = p(e™). (113)
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Since f(A) =0 when |A| < d, we get that

— 113
=2 e 2 | [ w0t dnw)

< 2 e d
{-L1p) /Q”w Fllzy(-11ymx) dlil (w)

Lp(
(106)
< K/Q||fHLp({_1,1}n;X)d|Tt!(w):KHTtHM(Q)!f\Lp({_1,1}n;X) (114)
(112) d
< K|oa(e )| I llL, =113
which concludes the proof. O

Proof of Theorem 6. Fixn € N, d € {0,1,...,n—1}, p € (1,00) and let f: {-1,1}" — X be a
function in the d-th tail space. Using the notation introduced after Theorem 25, for every t > 2a,

B o (97) 1
e tAfHLp({—l,l}";X) S Ze tkHRadkaLp({—l,l}";X) < Ke 2td”f“Lzo({—Ll}";X)7 (115)
k=d

where K = % We will now treat the range ¢t < 2a. By Corollary 26, there exists r = r(p, X) €
[1,00) such that

sup sup w1, ((—1,13mx) > Ly ((—1,13m:%) < K, (116)
weQ(r) neN

where €(r) is the domain (98). Therefore, by Proposition 28, we have
_ —iy(d
V20, [le ™ fllr,qoniymx) < Kldaw (€)1 1z, (- 113mx)- (117)
To conclude the proof, we will show that there exists ¢ = ¢(p, X') such that

—ct™/8(r)
Y

(118)

where 0(r) = 2arcsin(1/r) € (0,7 which would then imply the conclusion of Theorem 6 with
A(p, X) = WHX)) € [1,00). By Lemma 27, if 6 = 0(r), we have

(1 + eft)n/e _ (1 _ eft)n/e

VO<t<2a, |dou(e™")|<e

) = . 119
¢Q(7‘) (e ) (1 4 e—t)ﬂ/e + (1 _ e—t)ﬂ/e ( )
Therefore,
- 2(1— e_t)“/e 2(1 — e—t)n/e
t — - —
log ‘¢Q(T) (6 )‘ - IOg (1 (1 + e—t)n/e + (1 _ e—t)'n/a (1 + e—t)ﬂ/e + (1 — e—t)ﬂ/e (120)
and for ¢ < 2a,
_ ,—t\m/0 - _ol=Z /1 _ _—2a\7m/0
_ (1 " %gi/e i (i t)ﬂ/e < _21*6(1 _ e*t)ﬂ/e < 2 9((21 )ﬂfe ) t7‘r/9’ (121)
e — e~ a
which implies (118) with ¢ = 270 (e 2eyn/0 ]

(2a)™/°

We now proceed to prove the dual of Theorem 6, namely the improved lower bound on the decay
of the heat semigroup, Theorem 7. Even though Theorems 6 and 7 are not formally dual to one
another, there is a continuous analogy between the techniques used in their proofs. We will need
the following elementary result from complex analysis.

Lemma 29. Let Q C C be a bounded simply connected domain and consider a conformal mapping
bae : Q° = D° of the complement of Q onto the complement of the closed unit disc with e (00) =
oo0. Then,

lim

lim m;(z) — B eC~ {0} (122)
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Proof. Without loss of generality assume that 0 € €2 and let y {z eC: 2 6 ﬁc}. Then V U{0}
is a domain and the function F': V — C given by

def 1
boc(1/z)
is holomorphic, injective and satisfies |F'(z)| < 1 for every z € V. Therefore, by Riemann’s theorem

on removable singularities, F' can be holomorphically extended at 0. Furthermore, F(0) = 0, since
otherwise lim,_, o ¢qc(z) € C. Since F is injective, we also have F’'(0) # 0. Thus,

c 1
ﬁm¢g():ﬁ%wﬁﬂww*:E%FZg:pwm

which concludes the proof. ]

VzeV, Fz)% (123)

(124)

Proposition 30. Fiz a K-convex Banach space (X, | -||x), p € (1,00) and K € (0,00). Let Q C D
be a simply connected domain bounded by a Jordan curve y and suppose that

sup sup [[w™ | £, (- 1,137 ) Ly ({—1,1}7x) < K. (125)
weN neN

Also, let e : Q° — D° be a conformal mapping of the complement of Q onto the complement of the
closed unit disc which extends continuously as a homeomorphism between Q¢ and D¢. Then, for ev-
eryn,d € N withd € {1,...,n} and every function f:{—1,1}" — X of degree at most d, we have

— 1
Vi=0, e tAf”Lp({—m}n;X) z ﬁ”fHLp({—m}n;X)- (126)
K|pa: ()|
Proof. Fixn e N, d € {1,...,n} and let f: {—1,1}" — X be a function of degree at most d. For
t >0, consider the linear functional ¢ : (span{l,w, ..., w}, |- ||e(§)) — C given by

d d
e Y k) B3 apett, (127)
k=0 k=0

or p¢(p) = p(e!) when p is a polynomial with deg(p) < d. If p is such a polynomial, consider the
function h : Q° — C given by )
—c def P(Z
VzeQ, h(z) o () (128)
Notice that, since the conformal map ¢qc extends as a homeomorphism between 2¢ and D¢, it also
satisfies ¢ge(00) = co. Thus, (122) implies that lim, o, h(z) € C and therefore h is a holomorphic
function on Q°U{oo}. Furthermore, for z € v, we have |¢oc(z)| = 1 since ¢qe is a homeomorphism
between vy and JD. Therefore, by the maximum principle,

p(2)]

sup [h(z)| = max [h(z)| = max == ) = lIplleqy) = lIPlle) (129)

2cQe z€y zey |pq
which implies that for z € Q¢, we have

1p(2)] < 602 (=) Ipllcge (130)
Applying (130) for z = ! € Q°, we deduce that the linear functional ; satisfies

d
V p € span{l,w,... ,wd}, loe(p) ‘(bgc t)‘ HPHe(ﬁ)- (131)

Therefore, by the Hahn-Banach theorem and the Riesz representation theorem, there exists a
complex measure p; on € such that |[p¢[lq) < |pae(et)|? and

p €span{l,w,..., v} = / ) dp¢(w p(et). (132)
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Since f(A) = 0 when |A| > d, we get that

132
16 - | [0 o)

< A n.
Lo({-11}mX) /QH“’ Fllzy(—1,13m) dlpe| (w)

(125)
< K/QHfHLP({—LHn;X) d|pe|(w) = KHPtHM(ﬁ)Hf||L,,({—1,1}n;X) (133)
(131) N id
< K|oae (€)1 1L, (=113
which is equivalent to (126). O

Proof of Theorem 7. Fixn € N, d € {1,...,n}, p€ (1,00) and let f:{—1,1}" — X be a function
of degree at most d. By Theorem 1, for every ¢t > 0,

le™ 2 Fllz, (1—1,13m:x) = ( )HfHLp (~1,1}7:X) (134)
and, by (44), for t > 1,
W
Ta(e") < (2¢7)" < e (135)
We will now treat the range ¢ < 1. By Corollary 26, there exists r = r(p, X) € [1,00) such that
sup sup |w™| (- 1,137 30— 1, ({—1,17:%) < K, (136)
weQ(r) neN

where Q(r) is the domain (98). Therefore, by Proposition 30, we have

1
Klon (e [ Istis (137)
K|dag: (/)]

To conclude the proof, we will show that there exists C' = C(p, X) such that

Vit=0, He_tAfHLp({—l,l}";X)

7t/ (2m—0(r))

VO<t<, |pame(e)| <e” : (138)

where 0(r) = 2arc&,1n(1/

) € (0,7 which would then imply the conclusion of Theorem 7 with
n(p, X) = m SHEH

r
1,1]. By Lemma 27, if 6 = 0(r), we have
et _|_ 1 ﬁ _|_ et — 1 ﬁ
Py (et) = ( )L ( )L (139)
(et _|_ 1)27179 — (et — 1)27179

Therefore,
2e! —1)770 et — 1)750
log |¢Q(r)c (6t)} =log |1+ i ) — | < (i ) _ (140)
(et + ]_)27179 — (et — 1) 27t—0 (et _|_ 1)27176 — (et — 1)27176
and for ¢t < 1,
t _ 1\anco t_ 1\3nco — 1\
e —Vmw o He-Um < 20D e (141

(et +1)70 — (et —1)70  (e+1)Z0 — (e — 1)ZTn0 (e + 1)%0 — (¢ — 1)770

which implies (138) with C' = —2e=D*=% O
(6+1) 271—0 7(671) 2m—0

An argument identical to the one used in the proof of Corollary 2 implies the following improved
moment comparison of low degree functions with values in a K-convex space (X, || - [|x).
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Corollary 31. Let (X, | - |lx) be a K-convex Banach space. For every p > q > 1, there exist
C=C({p,X) e (0,00) andn =n(p,X) € (%,1] such that for every n,d € N with d € {1,...,n}
and every function f:{—1,1}"" = X of degree at most d, we have

P=1) 150 (2=1)"
Ml erymxy < CeCtmaios (30 dos (8=) hy gy (142)

We now proceed to prove Theorem 8, the improved Bernstein—-Markov inequality for the Lapla-
cian. For this, we will use the following classical approximation theoretic result of Szegd [Sze25].

Theorem 32 (Szegd). Let Q C C be a domain bounded by a Jordan curvey and fix w € y. Denote
by 0(Q,w) € [0,27] the exterior angle of Y at w. Then, there exists a constant K(Q,w) € (0,00)
such that for every d € N and every polynomial p of degree at most d, we have

1 ()] < K (2, 0)d® /oo (143)
A simple proof of Szegd’s theorem specifically for lens domains of the form (98) was given in [EI18].

Proof of Theorem 8. Fixn € N, d € {1,...,n}, p€ (1,00) and let f: {—1,1}" — X be a function
of degree at most d. Also let © = 0(p, X) € (0, 12‘] and M = M (p, X) € [1,00) be given by Theorem
25. Consider the domain V = {e™*: |argz| < 0} C D. Then, by Theorem 25, we have

VweV, [wll,(-11ymx)-L,(-11ymx) < M. (144)
As in the proof of Theorem 4, consider the linear functional 1V : (span{l,w, ... ,wil |- ||€(V)) —C
given by
d d
w(Zakwk> dof Zk‘ak, (145)
k=0 k=0

or P(p) = p'(1) when p is a polynomial with deg(p) < d. Notice that V is a domain bounded by a
Jordan curve vy with 1 € y which forms an exterior angle 2t — 20 at 1. Then, Szegd’s inequality
(143) implies that there exists some K = K(p, X) € (0,00) such that

2

_20
v pespan{lw,..., 0}, () < Kd R [l (146)

Therefore, by the Hahn-Banach theorem and the Riesz representation theorem, there exists a
20

complex measure v on V such that ||v|| wy S K d?>~ 7 such that for every polynomial p, we have

deg(p) <d = / p(w) dv(w) = p'(1). (147)

\%

-~

Since f(A) =0 when |A| > d, we get that

(147)
1881y 2| [ vt

< w? _11wex) d|v|(w
oy < Iy vl

(95) (146) 520 (148)
<M [ Wi AV < KME | oy,
which concludes the proof of the theorem with a(p, X) =2 — MH’X) €[1,2). O

Remark 33. It is straightfoward to see that if the Bernstein-Markov inequality (12) holds true with
linear dependence on the degree for a given Banach space, then the asymptotically optimal lower
bound for the action of the heat semigroup conjectured after Theorem 7 follows. Indeed, assume
that for a Banach space (X, || - ||x) and p € [1,00) there exists C' € (0,00) such that for every
n,d € N with d € {1,...,n} and every function f: {—1,1}" — X of degree at most d, we have

Az, (=1,137x) < Cdll fllL,((-1,1)7:x)- (149)
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Then, for every t > 0, we get

9] k o0
A [(EA)* fll, (g=1,13m5x) (149)
[l RTEERIES'S <k:0 k! Sz ({~1.1}mX) (150)

= e flln, (—1.13m:3)

which, applied to e *2 f, is equivalent to the conjectured optimal version of Theorem 7.

The Bernstein-Markov inequality (20) for the vector valued gradient is an immediate consequence
of Theorem 8 combined with the following dual to Pisier’s inequality (11) for low degree functions.

Proposition 34. Let (X, | - ||x) be a K-convex Banach space. For every p € (1,00) there exists
B(p, X) € (0,00) such that for every n,d € N with d € {1,...,n}, every function g : {—1,1}" — X
of degree at most d satisfies

(3 % [[Xsal,

de{-1,1}"

1/p
Ly({~1.1}7s x>> < Bp, X)(logd + D)[[Agl L, ({-1,13n:x)- (151)

Proof. Following the notation (71) of the proof of Theorem 3, for ¢ > 0, consider the function
g : {—1,1}" x {~1,1}" — X given by

gi(e,8) Z GA) ] (e7'ei+ (1 —eh8y)
AC{1,...n} icA
(152)

=eBgle)+ (e -1 Zazéae g(e) + D4(¢,0),

where 3 5cq_ 1130 8:®i(,8) = 0 for every € € {—1,1}n and i € {1,...,n}. Therefore, for every
t > 0, we have

1 N 1/p (15 )
(2“ Z H Zé Oie ‘ L L1 X ) HLP({*M}"X{*LI}";X)
»({—1,1}™:X)
56{ 11}” =1 (153)
(73)
L, (=11} x{-1,13m:x) < m”gHLp({fm}n;Xy

<
Tt —1

where Radsg; is the Rademacher projection of g; with respect to the variable 4 € {—1,1}", K =
K(p, X) = sup,ey [[Rad||L, (1,137, x)=L,({-1,137;x) < 00 and the proof of the last inequality is
identical to the proof of (73) via (72). Integrating the above inequality, we deduce that for s > 0,

G ¥ |Ss0anc;

se{-1,1}n =1
e o o A p 1/p
_(27 Z H/S Zél&e gdt‘L,,({A,l}ﬂ;X))
de{-1,1}" i=1
(153) 1]
<K([ o=

By Theorem 1 and the elementary inequality Ty(e®) < e
de{-1,1}",

)1/:0
Ly({-1,1}":X)

(154)

s

€
Ml 11y:x) = K log (=

gz, (1,137

d?s , where s > 0, we conclude that for every

(155)

Ly({~1,1}%X) Ly({-1,1}%:X)

H Zn: 5,-81-&16*8%( s zn: 51-32-&19‘
=1 =1
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Therefore, combining (154) and (155),

1 1/p d?s 3
<2” 2 H Zé 2 g‘ Ly({~1,1}"X) ) S Kmipe™ log ( 1) 19112 (-11y7:) (156)
de{-1,1}» =1
< 3K(logd + 1)[|gll 2, ({=1,137:x)>
which is equivalent to the desired inequality (151) with B(p, X) = 3K (p, X). O

Remark 35. It has been shown in [NS02] that the validity of (151) with the factor C'(logd + 1)
replaced by a constant C(p, X) depending only on p and the Banach space (X, | - ||x), where
p € (1,00), implies that X is K-convex. Nevertheless, (151) is the best known bound to date
for general K-convex spaces, even when d = n. Under additional assumptions (e.g. when X is a
UMD space or when X is a K-convex Banach lattice), inequality (151) is known to hold true with
a constant C(p, X') independent of the dimension n for functions of arbitrary degree d, see [HN13].

Proof of Theorem 9. Fixn € N, d € {1,...,n} and let f: {—1,1}"" — X be a function of degree at
most d. Then, we have
1/p (151)

1
(& X D i) S Bl X)(logd + DAL L1
se{-1,1}n  i=1 (157)
(19) X
< Blp, X)Cp, X)a"» ) (log d + V)|l (1.1y0sx-

which completes the proof. O

Finally, we will prove the reverse Bernstein—-Markov inequality of Theorem 10. Recall that for
v € (0,00) and a function f: {—1,1}" — X, we denote by

AVFE N AP F(A)wa (158)
AC{1,...,n}

the action of a fractional power of the hypercube Laplacian A on f. We will prove the following
statement for A2 of which Theorem 10 is an immediate consequence.

Theorem 36. Let (X, | - ||x) be a K-convex Banach space. For every p € (1,00) there exists
c(p, X) € (0,00) such that for everyn,d,m € N with d+m < n and every function f : {=1,1}" - X
of degree at most d + m which is also in the d-th tail space, we have

||A1/ fHLp{ 1,1}7;X) c(p, X \/ ”fHLp{ 1,1}7;X)- (159)

We start by proving the following lemma.

Lemma 37. Let (X,| - |lx) be a K-convex Banach space. For every p € (1,00) there exists
K =K(p,X) € (0,00) such that for every n € N and every function f:{—1,1}" — X, we have

V>0, [[AY2e R i (160)

\/7HfHL,,{ 1,1}7X)-

Proof. By (97), there exist M = M(p,X) € (0,00) and a = a(p, X) € (0,00) such that for every
neN, ke {l,...,n} and every function f:{—1,1}" — X, we have

ka
HRadkaLp({qJ}n;X) < M| fllz, (-1,13m5x)- (161)

22



Therefore, for t > 2a,

182 Ay vy < 3 Ve[ [Radif |, -y
k=1

(162)
(161) “ak)
& MY VR O g yapey < (et Zf ) Gl PRTEIE
k=1
which implies that for ¢ > 2a,
IAY2e™ 2 Flln -1y \/7”fHLp{ 1,1}7:X) (163)

where K = Me®> 7% | Vke™. To prove (160) for ¢ € (0,2a), recall that by Pisier’s K-convexity

theorem, there exists 8 = 0(p, X) € (0, g] such that

larg 2| <O = [l ™1, (-1 X)Ly ({-1,13mx) < M. (164)

Let r = tsin® and notice that the closed disc D(t,r) of radius r centered at t is contained in
{z € C: |argz| < 0}. By the Cauchy integral formula for the derivative,

Ae tA 1 €_Z'A dC ( )
~ Ae- : 165
2mi aD(t,r) (C— t)?
hence
(165) 1 164) M
—tA —A
[Ae™ 2 fllz, -1y < ;Cegg%r)lle Flp-1mx) S gl q-1mx)- (166)

Furthermore, by an inequality of Naor and Schechtman [BELP08, Lemma 5.6], for every 3 € (0,1)
and function g : {—1,1}" — X, we have

HABQHLP({fl,l}” ;X)) 4”AgHLp ({~1,1}7:X) HgHLp ({-1,1}7;X)" (167)

Therefore, combining (167) for g = e '~ f and B = § with (166) and the contractivity of the heat
semigroup, we deduce that

WM g
\[\/7 Ly({-1,1}%X)>

which completes the proof of (160), since for every a € (0,00), there exists ¢, € (0,00) such that

Vet —1 < cqv/t for t € (0,2a). O

In the proof of Theorem 36, we will use a reverse Bernstein inequality for incomplete polynomials,
proven recently by Erdélyi [Erd20].

JAY2e™ 2 Fll (113 (168)

Theorem 38 (Erdélyi). Fiz d,m € N and let P(x) be a polynomial of the form
P(z) = agz® + agp 129 + -+ agppma®t™. (169)
Then,

m
<64/ EHV 1 — z2P'(x)lle(o,1))- (170)

Furthermore, the estimate is sharp up to the value of the universal constant.
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Proof of Theorem 36. Fix n,d,m € N with d+m < n and a function f : {—1,1}" — X of degree at
most d 4+ m which is also in the d-th tail space. Writing z = e~* € [0, 1], (160) can be rewritten as

Vzelo1], [V1 — 22Az®” 1fHLp {-1,1}%X) & < KA 1/2 fHL,, ({-1,1}7;X)- (171)
Consider the linear functional & : (span{v/1— 222971, ... V1 —a2z@tm=1} || H@([O,l])) given by
d+m d+m

(\/ 1— a2 Z kagah~ ) def Z ag. (172)
k=d
Then, Erdélyi’s inequality (170) can be rewritten as

m
Vpespan{V1—a2%! . V1—22 L (E(p)] < 64/ 7 Iplleo,1- (173)

Therefore, by the Hahn-Banach theorem and the Riesz representation theorem, there exists a
complex measure o on [0, 1] such that ||o||xo,1) < 64/°7 and

1
V p € span{V/1 — ARV x2xd+m_1}, / p(z)do(z) = &(p). (174)
0
Since f(A) =0 when |A| ¢ {d,...,d+ m}, we deduce that

1
(174) .

/ \Wl—aﬂmﬁ g 11}nx>d|c\ / K”Mflle« Ly dlof (@) (175)

:KHGHM([OJ])HN/QfHLp({le}n;X) < GK\/EHAl/QfHLp({*l,l}”;X)a

which is equivalent to (159). O

Proof of Theorem 10. Fix n,d,m € N with d + m < n and a function f : {—1,1}" — X of degree
at most d + m which is also in the d-th tail space. Then, Theorem 36 implies that

IAfl L, (=1,13mx) = ||A1/2A1/2f||Lp({ 1,1}75X)

(159) - (159) ,d (176)
> c(p, X ”A flo,q—11mx) = ep, X) E”f”Lp({—l,l}”;X)y
which is the desired inequality. ([l

4. ESTIMATES FOR SCALAR VALUED FUNCTIONS

We noticed in Corollary 26 that Pisier’s K-convexity theorem easily implies that for every K-
convex Banach space (X, ||-||x) and p € (1,00) there exist 7 = r(p, X) € [1,00) and K = K(p, X) €
[1,00) such that

sup sup ||w ||Lp({ L1} X)Ly ({—1,11mX) S K, (177)
weQ(r) neN
where the domain €Q(r) is given by (98). The scalar valued version of this result was first studied
in classical work of Weissler [Wei79] who found the exact domain €2, C D for which the operator
w? 1 Ly({~1,1}";C) — L,({—1,1}*;C) is uniformly bounded (equivalently, a contraction) for
p € (1 00) N (3,2) U (2,3) and w € Q. Finally, the domain €2, for p in the remaining range
(% ) (2,3) was recently identified by the second named author and Nazarov in [IN19].
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Theorem 39 (Weissler, Ivanisvili-Nazarov). For p € (1,00), let r, = 27%. Then, for every
p € (1,00) and w € C, we have

weQ(rp) sup lwl L, ((=1,1370) > Ly ({—1,1}m0) = 1. (178)
ne
Furthermore, both conditions are equivalent to

sup w2 ((—1,137:0) = Ly ({—1,1},C) < 0O (179)

The decay properties of Theorem 11 are straightforward consequences of Theorem 39 and the
results of Section 3.

Proof of Theorem 11. Inequality (23) for functions of low degree is a straightforward consequence
of Theorem 39 combined with Proposition 30 and (139). Similarly, inequality (24) for functions in
the tail space follows from Theorem 39 combined with Proposition 28 and (119). O

Proof of Corollary 12. The deduction of Corollary 12 from Theorem 11 is identical to the deduction
of Corollary 2 from Theorem 1; it follows by concatenating (23) with Bonami’s hypercontractive
inequality (46) and choosing ¢t = 3 log (%). O

We now proceed with the proof of Theorem 13, the improved L — Ly moment comparison for low
degree functions. We use the following important result of Beckner [Bec75] and Weissler [Wei79].

Theorem 40 (Beckner, Weissler). Let p € (2,00) and p* € (1,2) its conjugate exponent, that is

p* = ]ﬁ. Then, a complex number w € D satisfies
p—2 p—2 D
max{’w—i,’w—i— ‘}é } 180
20— T 21 S35 s
if and only if R
sup ([l 2, ({-1,3m0) L, ((-1,13m50) = 1. (181)
neN

Furthermore, both conditions are equivalent to
A
sup WL, ({-1,137:0) 5 Lx ({—-1,1370) < 00 (182)
n

In [BecT75], Beckner proved that w = £i/p* — 1 satisfies (181) and then Weissler [Wei79] modified
his argument to obtain (181) for w in the full domain(180).

Proof of Theorem 13. Fix n € Nand d € {1,...,n}. For p € (2,00), denote by V,, C D the set of
all w € D that satisfy (180). Then, a straightforward computation shows that

. _of P N
ZMp—lWr—Q(2¢E:T), (183)
where (r) is defined by (98). Therefore, by Lemma 27, the function ¢, : V7 — D°

o ; —1 _1# : —1 1ﬁ
YweCV, SOp(w)d:f (iv/D — Tw — 1) % 4 (iy/p — 1w + 1) p’ (184)

(ivp — 1w — 1)2"7:91’ — (ivp — Tw + 1)2"7:917

, is a conformal equivalence between the complement of V), and the

where 0, = 2arcsin (L;’*l)

complement of the closed unit disc D. A duality argument identical to that of Proposition 30
combined with (181) now implies that for every function f: {—1,1}" — C of degree at most d,

_ 1
Vi>0, [le”flp,. -11ym0) > —allf Lo (185)
‘@p(e )}
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In particular, for ¢t = 0, we have

11 Ly =1.03m0) < 1oL, ((-1.13m:0)- (186)
Now, by Holder’s inequality, we get
||f”L2 {-1,1}%0) X ”f”i(lp{Ul 1}m; C)||f||2(p {1)1 1}7;C) (187)
and s
||f||Lp*({—1,1}";(C) ||fHL1 ({-1,1}%,C )Hf”LP ({-1,1}%C) (188)

Combining the two, we deduce that

£l L, ({=1,137C
\|f||L2({_1,1}n;<C)<||f||L1({—1,1}n;<C)< LU0 ) 6o

HfHLp* {-1,1},C) (189)
(186) pd
lop(D 2P| fll L, ({=1,137:0)-
Consequently,

1l 22(q=1,1370) < Od”f”Ll({—l,l}";(C)a (190)

where ,

1 —1-1 27'rf9 ; 1 1)27—0 2(p—2)
04t i | OVP e G e VK < 2.69076. (191)
P2 |p=T— 1) % — (iyp=T+1)7

The last inequality can be checked numerically. ]

We note in passing that the bound || f[|1,(-1,1}:c) < ed/2||f||Ll({_1’1}n;C), which improves upon
Theorem 13, was obtained in the recent work [IT19] for d-homogeneous functions f : {—1,1}" — C.

Remark 41. Following Beckner’s pioneering work [Bec75], significant efforts were devoted in iden-
tifying the complex domains consisting of those w € ID for which

sup [ |2y (= 1,137:0) = Ly ({—1,1}7:C) < OO (192)

for general p > ¢ > 1. In [Wei79], Weissler managed to precisely characterize these complex
numbers w for all p > ¢ > 1 apart from the cases % <g<p<2and2<qg<p<3and posed a
conjecture for p, ¢ in the remaining ranges. The case p = g of his conjecture was recently settled by
the second named author and Nazarov [IN19]. In contrast to this long standing problem, Epperson
[Epp89] (see also [Jan97]) has characterized those w € D for which

sup 10" || 2, (R oy ),C) = Ly (R 1ym):C) < OO (193)
n

where v, is the standard Gaussian measure on R™ and L = A — (z,V) is the generator of the
Ornstein—Uhlenbeck semigroup, for every p > ¢ > 1. For p and ¢ not belonging in the missing
ranges mentioned earlier, the domains of complex hypercontractivity for the Hamming cube and
the Gauss space coincide and it is natural to believe that this is also the case when % <g<p<?2
and 2 < ¢ <p<3.

It is evident from the proof above that the constant 2.69076 appearing in Theorem 13 is not
optimal. In fact, one can run a similar argument starting with the inequality

__Pg
TR
. 137 , 194
I leat-raymiey < I llag-raycy (nfnm-l,unm Y

which is valid for any p > 2 > ¢ and any function f : {-1,1}" — C. Then, to obtain an
L, — L, moment comparison as in the proof of Theorem 13, one should use the general L, — L,
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complex hypercontractivity of [Wei79] and explicitly compute the conformal map of the domain
provided by Weissler’s theorem. In fact, such a computation could also provide an improvement of
Corollary 12. We did not attempt to optimize any of these computations as the domains of L, — L,
hypercontractivity for ¢ ¢ {p,p*} tend to be quite complicated. We also note that for p > 2, the
least constant C, for which every function f: {—1,1}" — C of degree at most d satisfies

£z, (—113m0) < Collfl a(i-1,137:0) (195)

is known to be Cp = /p—1 (see [IT19]), yet the sharp constant in (27) is still unknown. In-
equality (195) with C, = /p —1 is usually proven via an orthogonality argument (see [0’D14,
Theorem 9.21]), but a duality based proof can be given using the result of Weissler [Wei79] who
showed that for p > 2

1 A
[wl Jp—1 ilég”w Lo ({-1.13m0) = La({-1,1}m50) (196)

A straightfoward adaptation of the proof of Proposition 30 then implies that for every function
f:{—-1,1}" — C of degree at most d, we have

e—t

d
Vt=>0, HeftAfHLg({—l,l}n;(C) 2 (\/ﬁ> £l 2, ({=1,1)750)5 (197)

which for ¢ = 0 coincides with (195) with Cp, = \/p — 1.

Proof of Theorem 14. The proof is a mechanical adaptation of the proof of Theorem 8, where
(144) is replaced by the characterization (178) of the complex domain where the heat flow is a
contraction. The fact that the underlying constant K = K (2, w) in Szegd’s theorem can be taken
to be the absolute constant 10 if €2 is a lens domain of the form (98) and w = 1 was shown in [EI18,
Proposition 15]. This proves the Bernstein-Markov inequality (28). O

To derive the Bernstein—Markov inequalities for the discrete gradient presented in Theorem 15,
we will need to make use of Lust-Piquard’s Riesz transform inequalities [LP98] (see also [BELPOS]
where the implicit dependence in p was improved).

Theorem 42 (Lust-Piquard). For every p € [2,00), there exist ¢, C), € (0,00) such that for every
n € N, every function f : {—1,1}" — C satisfies

A fllzr—11ym0) < IV, —1m0) < Coll A2 £, ((-1.13m.0)- (198)

Proof of Theorem 15 for p > 2. Fixn e N, d e {1,...,n} and let f: {-1,1}" — C be a function
of degree at most d. Then, by Lust-Piquard’s inequality (198), we have

IV Fllz, (—1.13m0) < Coll AV Fll 1, (1-1.13m:0)- (199)
Combining (199), Naor and Schechtman’s inequality (167) for = 3 and Theorem 14, we derive
the Bernstein—-Markov inequalities of Theorem 15 for p > 2. g

Even though the one-sided Riesz transform inequality

Vpe(l,00), llAY2fln -1 < IVl (-113m0) (200)

is true for p € (1,2) (see [LP98]), its reverse is known to be false in this range. In fact, it has
been shown by Naor and Schechtman (see [BELP08, Lemma 5.5]) that, if p € (1,2), a dimension
independent inequality of the form

IVfllz,q=1,13m0) < CHABJC”LP({AJ}H;C) (201)
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implies that B > 1. We will now show that this is almost optimal. The following proposition is
due to A. Naor, to whom we are grateful for allowing us to include it here. The proof presented
here is different than Naor’s original proof, which will appear elsewhere.

Proposition 43 (Naor). For every p € (1,2) and every e € (0,3), there exists C, € (0,00) such
that for every n € N, every function f :{—1,1}" — C satisfies

IVfllz,q=1,1370) < pHN/HEfHL,,({ 1,1}7:0)- (202)

For the proof of Proposition 43 we will need the following lemma.

Lemma 44. For every p € (1,2], there ezists A, € (0,00) such that for every n € N, every function
f{-1,1}" — C satisfies

A

V>0 Ve ) S e M lz1ame) (203)
Proof. For t > 0, consider the operator S; : L,({—1,1}";C) — L,({—1,1}" x {—1,1}"; C) given by
def Yy — _ —
S(NEZE D FAM (e + 1 -e8) — e, (204)
AC{1,...,n} €A

where (g,8) € {—1,1}" x {—1,1}". Notice that, because of (72), (73) and the contractivity of the
heat semigroup, we have

1St (PN 2y (=113 x{=1,13750) < 2l Ly (f=1,137:0)- (205)
Furthermore, if f = w4 for a subset A C {1,...,n},
S(wa)(e,8) = > _ e NP1 — e ) Plyg(e)wa p(5), (206)
BCA

which by orthogonality implies that
[A]—1

Al
S wAZ . i1 et g i = (’ )e_%kl—e_t 2(141=k)
1St (wa)ll Ty (11,13 x {-1.13750) kzzo k ( ) (207)

_ (6—275 +(1- e—t)Q)IA\ _e2Al ¢ et
where the last inequality is elementary. Therefore,

ISt Lo ((-1,137,€) s La(i-1,130x {—1,1ym0) =, max [[Se(wa) | o ({-1,13mx{~1,137,)
AC{1,...,n} (208)
1—et
Using the Riesz—Thorin interpolation theorem, we conclude that for every p € [1, 2],

(205)A(208) 5, 1l IR
1St L, (1—1,13m0) s Ly (-1, s {—11yme) < 20 (1—e ) Tr <21 —e ") 7w (209)

and, by (71), we get

1 —tA 1/p (71)
<2" se{ 1} H Z_; didie f‘ Ly({-1,1}7; c)) N f)HLp({—Ll}”X{—Ll}";(C)
- (210)
K (209) 2K fllz,(1-1,1370) _ 4Kl fllL, (-1 10
< pl 1St (L, ((—1. 13 x{-1,13m0) < . < E

Mt —1)r (-1
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where K, = sup,,cy [|[Rad||,({-1,1}70)=1,({=1,1}c)- Finally, by Khintchine’s inequality,

1 /p
Ve tA e < B <7 H 5,0, ‘ ) 211
| flz,(t—11ym0) < By TP ; f L)) (211)
for some B, € [1, v/2], which combined with (210) completes the proof. O

Proof of Proposition 43. Fix € € (O, %), neN,de{l,...,n}and let f:{-1,1}" — C. A change
of variables gives the integral representation

1 * 1
A~Vr—e g — / trtele A r e, 212
I‘(% +¢) Jo (212)

Therefore, we can write

VAT fly oy 2 e [V( [ e ar))

P(;+e) Ly({-1,1}70)
1 % el —tA
<—— [ ¢ v iy dt
p(;Jrg)/O P IVeT e (213)

(203) Ap o0 tp+€*1
s I'(1/2) (/0 (ept_l)l/pdt>HfHLp({—171}n;C),

To conclude the proof, notice that

oo t+€1 1 tp+el o0 thrsl

and thus (213) becomes

IVATYP7E £l (capme) *HfHLp{ 1L1}70)s (215)
which is equivalent to (202). O

Remark 45. Combining (202) with (167) and the estimate [|Af| 7, —1,1370) < 2l fllz,((=1,13m0)
which holds true for every function f: {—1,1}" — C, we get

4C,nk
IVl —113m0) < ———IAYPflI L ((—1.137.0); (216)
which for € = m becomes
IV £l (- 1,1ym0) < 4eCplog(n + DIAYP £l (—1.13m0)- (217)

In the upcoming manuscript [EN20], the first named author and Naor use a new Littlewood—Paley—
Stein inequality [Ste70] on the discrete hypercube, which allows to improve the logarithmic term in
(217) to (logn)® for some ¢, € (0,1), where p € (1,2). We conjecture that (217) holds true with a
dimension independent constant.

Proof of Theorem 15 for p € (1,2). Fixe € (0,1),n e N,de {1,...,n} and let f: {-1,1}" - C
be a function of degree at most d. Combining (202), (167) for B = l + ¢ and (28), we deduce that

40C, (

G4 £l (L (218)

1 . )
fog(dt1) 8ives the conclusion. -

The next proposition is an asymptotically sharp endpoint Bernstein—-Markov inequality for the
discrete gradient and p = oo.

IVFllz,g=1,1370) <

Choosing € =
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Proposition 46. For every n,d € N with d € {1,...,n} and every function f:{-1,1}" — C,
IVl t=1,03m0) < 24| fllpoe (4=1,13750)- (219)

Furthermore, the factor d is asymptotically optimal.

We will need the following lemma, which is a special case of a more general semigroup statement
from [BGL14, Proposition 8.6.1] and is the Lo, analogue of Lemma 44.

Lemma 47. For every n € N and every function f:{—1,1}" — C, we have
1
Vi>0, |[Ve A e K ———— _11m.C) - 220
| flieq=1,137:0) meHLOO({ 1,1}7:C) (220)

Proof. Fix n € N and consider a function f:{—1,1}" — C. Then, we have the pointwise identity

(62t ) Z( ftAf -9 / 2s Z ftAf (221)

i=1
Denote by g;(e) = ;0;e~*=%)2 f(¢) and notice that
Vee{-1,1}" ee*die 2 f(e) = e *Pgi(e). (222)
Therefore, (221) implies that

(e — )Z( etA py2 _2/2 A,
=1
%2/; eSA(;g?) ds = Q/Ot 65A<izn;(aie(tsmf)2) ds

—sA

(223)

where inequality (1) follows from Jensen’s inequality since e is an averaging operator. Using
the definition of the Laplacian, one can check that for every function h : {—1,1}" — C the identity

Vee{-1,1}", 2h(e)- Ah(e) — Ah?(e —22 (Dih(e (224)

holds true. Combining (223) and (224), we conclude that

n t
(e2t _ 1) Z(aieitAf)z < / e*SA (267(7&73)Af . Aef(tfs)Af _ A(ef(tfs)Af)2) ds. (225)
i=1 0
However, we also have
diefsA (ef(tfs)Af)2 — efsA (267(tfs)Af . Aef(tfs)Af o A(ef(tfs)Af)2)7 (226)
S

which implies that (225) can be rewritten as

i —tAf / —SA( —(t—s Af) e—tAfQ _ (e_tAf)2. (227)

=1
Therefore,
_ 1/2
Vet —1||Ve™ fHLoo ({(—11m0) < e tAf2||L/oo ({-1,1}7;C S Il (-1.03m:0); (228)
which completes the proof of the lemma. [l
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Remark 48. In fact, it follows from (227) that for every scalar valued function f : {—1,1}" — C
and p € [2, 00|, we have the inequality

1
ﬁ”ﬂhp({—m}n;@-

Combined with Lemma 44, these estimates provide the sharp dimension free decay of the operator
norm of Ve ™ from L,({—1,1}";C) to itself for every p € (1, 00].

V>0, [[Ve ™ fllp,-11m0) < (229)

Proof of Proposition 46. Fixn € N, d € {1,...,n} and let f: {—1,1}" — C be a function of degree
at most d. Then, by Lemma 47, Theorem 1 and the estimate Ty(e?) < e/’, we have

1 etd®
\Y% Anne) K —/—— et Anng) § —/—— _1.1n.C)- 230
H fHLoo({ 1,1}%;,C) m” fHLoo({ 1,1}7;,C) meHLOO({ 1,1}%;,C) ( )
Plugging t = d% and using that ve2! — 1 > /2t, we thus get
ed

IVl -1,1370) < ﬁHfHLoo({AJ}n;C) < 2d|| f[| Loo (f=1,1}7:0)- (231)

To prove that a O(d) factor is necessary, consider the function f: {—1,1}" — C given by
Ve=(e1,....en) € {=1,1}", f(e) Td(W) (232)

where Ty(x) is the d-th Chebyshev polynomial of the first kind. Clearly f has degree at most d
and furthermore

Lt ten
) = (S = T = 1. 233
Ity = e |Ta(S——0 =" )| = Ta() (233)
On the other hand,
n 1/2
IV ey = (D@1 1)) (234)
i=1
and for every i € {1,...,n},
1 2
8if(1,...,1):5(1—Td(1—ﬁ>). (235)
Therefore,
N4D 2
n. > — - -
IVl > 2 (1= Tu(1 - 2)). (236)
which for n = d? becomes
d 2
B - 2)).
IVl Lo (t=1,1370) 5 (1 Td<1 d2>) (237)
Finally notice that
2 2
1-— Td<1 — ﬁ) =1—cos (darccos (1 — ﬁ)) >1 (238)
for large enough values of d, since
. 2
dlggo 1 — cos (d arccos (1 - ﬁ)) =1 —cos(2). (239)
The asymptotic optimality of (219) follows from (237) and (238). O
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Remark 49. Using Theorem 13, one can also derive an endpoint Bernstein—-Markov inequality for
p = 1. Indeed, using Jensen’s inequality and orthogonality, for every n,d € N with d € {1,...,n},
every function f: {—1,1}" — C satisfies

IVFllz,q=1,0m0) < IV FllLa=1,13m0) < < V| fllL, ({~1,1}7,C) (240)
and invoking Theorem 13 we conclude that
IV Sy < (2:69076) V| f1, (1-1,13m:0)- (241)

It would be interesting if one could obtain a polynomial bound in this inequality.

Remark 50. In our recent paper [EI18], we investigated Bernstein-Markov inequalities in the spirit
of Theorem 15 for polynomials on R™ equipped with the Gaussian measure. The main tools we
used were Epperson’s Gaussian complex hypercontractivity [Epp89] (see also [Jan97]) and Meyer’s
Gaussian Riesz transform inequalities [Mey84]. Even though in [EI18] we did not consider vector
valued inequalities, we note that all the results of Section 3 also hold true in the Gaussian setting by
the holomorphicity of the Ornstein-Uhlenbeck semigroup e~** on K-convex targets which follows
from Pisier’s K-convexity theorem [Pis82]. Moreover, it has been shown by Pisier [Pis88] that for
every UMD Banach space (X, || - ||x) and p € (1, 00) there exist ¢(p, X), C(p, X) € (0, 00) such that
for every n € N and every function f : R" — X, we have

Oy s < ([ || S
=1

1/p
Ly((R™ y);X) dYn(y))

(242)

< Clp, X)ILY2 Fll 1, (e yn)ix)-
Therefore, since UMD spaces have non-trivial type (e.g. by [Pis73]), we then conclude that for
every p € (1,00) there exist B = B(p,X) € [0,1) and K = K(p, X) € (0,00) such that if P is a
polynomial on R" of degree at most d, then

def
I Pllzy a0 2 ( /

Such a result for UMD-valued functlons on the Hamming cube is unknown. Inequality (243) is a
high dimensional vector valued analogue of Freud’s inequality [Fre71], who showed (243) for X = C
and n = 1 with the optimal exponent 3 = % for every p € [1,00). To the best of our knowledge no
vector valued versions of Freud’s inequality (even for n = 1) were available in the literature.

1/p
dvn(y)> < KdP||P||p, (o yoix)- (243)

7Yn) X)

We will now prove Corollary 16, the improved estimate on the influences of bounded functions.
We will need the following lemma, whose proof relies on an inequality of Sarantopoulos [Sar91].

Lemma 51. Letn € N, d € {1,...,n} and p € [1,00). Then, for every function f:{-1,1}" — C
of degree at most d, we have

I91I7, (—1.13mc d
If® f <inf | sup p({=L1}"C) Wil . (244)
o <deg(g><d (390 yapeey ) Ve T (10
Proof. For t > 0, denote by
def 19117, ((—1.130)
Cy(t) = sup » (245)
deg(g)<d He gHLp({—l,l}";(C)
and notice that
Wt® f =" N0F1} 1y < Z ey 1 (246)
i=1
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Moreover, we have

lea _tApr »({~1,1}7:C) (Zﬂae fHL1({ 11}"((3))”6 tAfHLOO{ 1,1}7;C)

I (1A ),

(247)

<A1 gy

where the last inequality follows from the contractivity of the heat semigroup. Therefore, it suffices
to show that

d
InfM (e 2 f) < ——— _1110)- 248
( f) me”LWH 1,1}7;,C) ( )
Let F(x1,...,x,) be the multilinear polynomial on R™ given by
V(x1,...,zn) €R", F(xy,...,zp) o Z f(A sz (249)

AC{1,..,n} icA
Notice that for ¢ € {—1,1}", we have e 2 f(e) = F(e ') and for i € {1,...,n}, |9ie 2 f(e)| =
e t|0;F(¢)|, where O;F is the usual partial derivative of F. Consequently,

Inf( (712 f) = 1 Z Zn:]@-e_mf(e)\ <e max Z\@F e te)

2" ee{—1,1}n i=1 Ee{ L (250)
= max 8;0;F (e 5 =e max 0, F(x
eée{ 1 1}”2 x||oo<et7||yoo<1§yl iF ()

where in the last equality we used the multilinearity of the polynomial > " ; y;0;F(x) in the vari-
ables (x,7) € R?". By Sarantopoulos’ vector valued Bernstein inequality from [Sar91], we deduce

d d
max —— max |[F(z)| { — 111
2o e, ||y||ooslzy iF@) s A= H:cnoo@' @)l \/1—6—2t”fHL°°({ L0

again by the multilinearity of F. Therefore, (250) and (251) imply (248), which combined with
(246) and (247) completes the proof of the lemma. O

(251)

Equipped with Lemma 51, we can prove Corollary 16.

Proof of Corollary 16. Fixn e N, d e {1,...,n}, p € ( ) and let f: {—1,1}" — C be a function
of degree at most d. Denote by

7T
np < : (252)

27t — 2 arcsin (Lg*l)

It follows from (23) and (138) that there exists a constant C), € (0, 00) such that for every function
g:{—1,1}" — C be a function of degree at most d,

VO<t<L, [le gl q-niyme) = e gl qo11ym0)- (253)

Therefore, by Lemma 51, we conclude that
epC tnpdd

=y
0 \/e2 ({-11}C)

Choosing t = d~'/" and using that +/e2 \/7 we deduce that there exists a constant
K, € (0,00) such that

Inf(® f < 1nf (254)

Inf(p)f <K d1+2np||f||p K d2 7arcsm(2 )

o ({-1170) = I (mraymcy, (295)
which concludes the proof. (|
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Finally, we present the proof of Theorem 17.

Proof of Theorem 17. Fix n,d,m € N with d+m < n and let f : {—1,1}" — C be a function
of degree at most d + m which is also in the d-th tail space. Then, by Lust-Piquard’s lower Riesz
transform inequalities [LP98], for every p € (1, 00) there exists ¢, € (0, 00) such that

(200) 12
IVfll,(—1.1370) = ll A fllr,-1,1370)- (256)
The conclusion of the theorem now follows from (159). O
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