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Inrecentyears,severalmagneticMottinsulatorswithstrongspin-orbitcouplingsweresuggestedtobeprox-
imatetotheKitaevquantumspinliquid(QSL)whoseoneofthemostexcitingfeaturesisthefractionalization
ofspinexcitationsintoitinerantMajoranafermionsandstaticZ2fluxes. Motivatedbytheemergenceofthis
plethoraof4dand5dtransitionmetalKitaevmaterialsandbythefactthatsomelevelofdisorderisinevitable
inrealmaterials,herewestudyhowtheKitaevQSLrespondstovariousformsofdisorder,suchasvacancies,
impurities,andbondrandomness.First,wearguethatthepresenceofthequencheddisorderintheKitaevQSL
canleadtotheAndersonlocalizationofMajoranafermionsandtheappearanceofLifshitztails. Wepointout
thattheAndersonlocalizationoflow-energystatesisparticularlystrongintheextendedKitaevmodelwiththe
timereversalsymmetrybreakingterm.Second,weshowthatthedisordereffectsonthelow-energyMajorana
fermionmodescanbedetectedinthermaltransport.Third,weshowthatatfinitetemperaturestheZ2fluxes
becomethermallyexcitedandgiverisetoanadditionaldisorderfortheMajoranafermions.Thissourceofthe
disorderdominatesathightemperatures.Fourth,wedemonstratethatboththestructureoftheenergyspec-
trumandthethermaltransportpropertiesofthedisorderedKitaevQSLdependstronglyonthecharacterof
disorder. Whilewefindthatboththesitedisorderandthebondrandomnesssuppressthelongitudinalthermal
conductivity,thelow-energylocalizationisstrongerinthecaseofthesitedisorder.

I. INTRODUCTION

Quantumspinliquid(QSL)isoneofthemostintriguingstatesofmatter,whereinteractingspinsformaquantumdisor-
deredstatewithoutspontaneoussymmetrybreaking,andthusnomagneticlong-rangeorderappearsevenatzerotemperature.
Itshistorybeganin1973withthepioneeringworkofP.W.Anderson[1],inwhichheproposedthatastateconsistingofa
quantumsuperpositionofspin-singletstates,dubbedResonatingValenceBond(RVB)state,mightdescribethegroundstate
oftheHeisenbergantiferromagnetonthetriangularlattice. Whilethisideawasprovenwrongastheantiferromagnethasthe
long-rangemagneticorderonthetriangularlattice[2],itbroughtforthanewideaofastatethatcannotbewrittenasaproduct
state.AmongsuchstatesthemostnotablearefractionalquantumHallstateintwo-dimensionalelectrongases[3]andQSLsin
magneticinsulators[4].NowadaysthestudyofQSLsrepresentsoneofthecentralproblemsofinterestinthefieldofstrongly
correlatedelectronsandseveralexcellentreviewsonQSLsareavailable[5–11].
WhatbroughtaparticularinteresttoQSLsisaremarkablesetoftheiremergentphenomenaincludinglong-rangeentangle-

ment,topologicalground-statedegeneracy,andfractionalizedexcitationswhichcanberealizedinthem[6–10,12].Motivated
bytheseintriguingpropertiesofQSLs,muchworkhasbeendoneinidentifyingcandidatematerialsforrealizingQSLsinreal
systems.RecentyearshaveseenmuchprogressinidentifyingQSLsfeaturesonmaterialswherethemagneticionsresideon
latticesthatfrustrateclassicalmagneticorderorwhentheinteractionsbetweenthemareintrinsicallyfrustrated.Prominentex-
amplesofQSLsincludeherbertsmithiteandothersystemswithspin-1/2copperionsoccupyingthekagomelattice[13],agreat
varietyoforganicmolecularcrystalsresidingonadistortedtriangularlattices[14–18],thethree-dimensionalhyperkagomema-
terialNa4Ir3O8[19],honeycomblatticesofIrorRuions[11,20–29],thatarematerialcandidatesfortheKitaevQSL[12],and
manyothers.
DirectexperimentalobservationandcharacterizationofQSLsischallenging.Unlikestateswithspontaneouslybrokensym-

metry,thetopologicalordercharacteristicofQSLscannotbecapturedbyalocalorderparameterandthuscannotbedirectly
detectedbylocalmeasurements.IdentifyingQSLsthusreliesmainlyonthecharacterizationoftheexcitationsofQSLcandi-
datesbyvariousdynamicalprobessuchasinelasticneutronscattering[30–33],Ramanscattering[34–41]orresonantinelastic
X-rayscattering[42–44],makingthephenomenonoffractionalizationofelementaryspinexcitationsintofermionicorbosonic
spinonsaswellasemergentgaugeexcitationsadefiningfeatureofQSLs.ThermodynamicandtransportmeasurementsofQSLs
provideanadditionalinformationaboutthedensityofstates(DOS)andthemobilityoftheexcitations[18,45–57].Inpartic-
ular,allfractionalizedquasiparticlescontributeintothespecificheatreflectingthetotalDOSofthesystem,butonlymobile
excitationsparticipateinthethermaltransport.ThereforeinQSLs,inwhichfractionalizationhappensintodifferentkindsof
fractionalizedquasiparticles,likeitinerantMajoranafermionsandlocalizedgaugefluxesinthecaseoftheKitaevspinliquid
[12],theEinsteinrelationstatingthatthethermalconductivityofamaterialisproportionaltothethermaldiffusionconstantand
tothespecificheatcanbeviolated.
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Oneofthelong-standingopenproblemswhichrecentlyattractedalotofattention[28,54,58–74]isunderstandinghowQSLs
respondtovariousformsofdisorder,suchasdislocations,vacancies,impurities,andbondrandomness,whichareinevitablein
realmaterials.IthasbeennotedthatquencheddisorderontopofthequantumdisorderedstronglycorrelatedspinstateofaQSL
cangiverisetodiverseandoftenpuzzlingbehaviors[28,65,70–72].Moreover,giventhatthepropertiesofQSLsaredifficult
todetectdirectly,muchadditionalinformationcanbeobtainedbystudyingthedistinctiveresponsestolocalperturbations,such
asstaticdefects,dislocations,andmagneticornon-magneticimpurities.Inparticular,theseperturbationsinrealmaterialsmay
nucleateexcitationscharacteristictotheQSLunderconsideration[58,59].Ofspecificinterestistheroleofdisorderinthe
materialsthathavebeensuggestedtobepotentialcandidates[11,26,27,29,75]torealizetheKitaevQSL[12].Inaflurryof
recentexperimentsonthehoneycombrutheniumchlorideα-RuCl3,itwasshownthatbothbonddisorderandstackingdisorder
arenotnegligible[24,25,32,76,77].Perhaps,disorderalsoplaysacrucialroleforapotentialproximityofAg3LiIr2O6toa
KitaevQSLstate[78].However,arguablythemostremarkableandintriguingconsequencesofdisorderhavebeenobservedin
apresumptivequantumspinliquidstateofthehydrogenintercalatediridateH3LiIr2O6[28].

Muchoftheintuitionontheeffectofdisorderonthelow-energypropertiesofQSLcanbeobtainedbyanalogieswiththe
disordereffectsonthesingle-particleelectronwavefunctionsinsolids,thestudyofwhich,notsurprisingly,wasalsopioneered
byP.W.Andersonbackin1958[79].Heshowedthatthewavefunctionofnon-interactingquantumparticlesonthelatticemay
beexponentiallylocalizednearsomepointinspaceduetoarandompotential,providedthattherandomnessissufficiently
strong.Intheearly1960sNevillMottdescribedthetransitionbetweenthedelocalizedandlocalizedstateswiththehelpofthe
notionofamobilityedge[80].Thelaterstudieshaveshownthatinnon-interactingone-(1D)andtwo-dimensional(2D)systems
evenweakdisorderlocalizesallelectronicstates[81],thusleadingtotheexactlyzeroconductivity.Thecurrentunderstanding
isthatatruephasetransitionbetweenitinerantandlocalizedstates,knownastheAndersontransition,canexistonlyinthree
dimensionsandthatitrequiresratherstrongdisorder[81].Thelocalizationproblembecomesmoredifficultifonegoesbeyond
thepictureofnon-interactingparticlessinceinteractions,andinparticularrepulsiveinteractionsbetweenelectrons,candestroy
localizationandleadtomorecomplexphenomena.

ThephenomenaofAndersonlocalizationandAndersontransitionwereintensivelystudiedandappliedtovarioussystems,
see,e.g.excellentbooksandreviews[82–86].Acomprehensivedescriptionoftheexperimentalandtheoreticaldevelopments
ofAndersonlocalizationandAndersontransitionideasduringthefirst50yearsaftertheoriginalworkcanbefoundinthebook
editedbyAbrahams[85],inwhichagroupofexpertscontributedtheirpersonalinsightsonthesubject.

Thequestionwhichweaddressinthispaperiswhetherinthepresenceofquencheddisorderwecanhaveaphenomenon
similartotheAndersonlocalizationinaQSL.Forconcretenessandforthesimplicityoftheanalysiswewillfocusonthe
impactofdisorderonthepropertiesoftheKitaevQSL,whichisrealizedinasystemofspin-1/2atsitesofahoneycomblattice
interactingviaIsing-likefrustratednearest-neighborexchangeinteractions[12].Thismodelisexactlysolvable,hasaQSL
groundstate,andisyetrealistic[12,20,87].SpinexcitationsintheKitaevmodelarefractionalizedintotwoverydifferent
typesofquasiparticles:itinerantspinon-likeexcitations,whicharedescribedbytheMajoranafermionswhicharegaplessor
gappeddependingonthecouplingparameters,andlocalizedgappedZ2gaugefluxes[12].BecausetheZ2gaugefluxesdonot
haveanydynamics,differentfluxsectorscanbeconsideredindependently,whichisagreatsimplificationoftheproblemand
theessenceofitsexactsolvability.Ineachofthefluxsectors,themodeleffectivelyreducestothefree-fermionHamiltonian
describingthehoppingoftheitinerantMajoranafermions.ThefactthattheMajoranafermionsarenon-interactingandthatthis
remainstrueeveninthepresenceofvarioustypesofquencheddisorder,makestheKitaevQSLanidealsettingforexploring
noveldisorder-inducedlocalizationeffectsonaquantitativelevel.

Inthiswork,weconsiderthreetypesofdisorderintheKitaevmodel:thebonddisorder,thesitedisorderandthethermal
disorder[54,69,73,74].Inrealmaterials,thebonddisordercanarisefromrandomlatticedistortionsand/orchemicaldisorder
onnon-magneticsites,bothofwhichlocallymodifyindividualexchangepaths.Thesitedisordercanalsooriginatefromvarious
sources,suchasmissingmagneticmomentsorthepresenceofnon-magneticimpurities(truevacancies),orfromlocalweak
couplingsofmagneticmomentsduetostrongbutrarebondrandomness(quasivacancies).Inourpreviousworksweshowedthat
introducingbondandsitedisorderintheKitaevQSLpreservesmostofthespin-liquidbehaviorbutleadstodistinctchanges
inthelow-energyphysics[69,74]. Crucially,twotypesofdisorderaffecttwotypesofthefractionalizedexcitationsvery
differently.Bonddisorderleadsbothtothereductionofthefluxgap[62,73]andtoapileupoflow-energymodeswhichcause
adistinctivepower-lawdivergenceinthefermionicdensityofstates[69].Theeffectofthesitedisorderisalsowellpronounced
evenatverylowconcentrationofvacanciesorquasivacancies,i.e.,withweakdisorder.Vacancy-inducedMajoranamodesare
accumulatedinalow-energypeakoftheDOSacrossabroadwindowatlowenergies,whichiswellfittedbysomepower-law
withanexponentdeterminedbythenatureandconcentrationofthevacancies. Moreover,thepresenceofsitedisorderleads
tothepartiallocalizationofitinerantMajoranafermionsnearthevacancycenters[74].Howeverinbothcases,thepureDirac
dispersionofZ2Diracspinliquidislost.Thethirdtypeofdisorder,thethermaldisorder,isadistinguishedthermodynamic
propertyoftheKitaevmodel.Atfinitetemperatures,thefluxesbecomethermallyexcitedandgiverisetoanadditionaldisorder
fortheitinerantMajoranafermions.TheseparatedenergyscalesoffluxexcitationsanditinerantMajoranafermionexcitations
leadtotwofinite-temperaturecrossoversinthespecificheat,knownasthethermalfractionalizationofspinsintheKitaev
honeycombmodel[47].Athightemperatures,thedisorderfromthermalfluxesflattenstheMajoranadensityofstatesoverthe
wholeenergyrange,anditseffectovercomesthosefromthequencheddisorders.
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FIG.1. DisorderedKitaevhoneycombmodel.(a)Puremodelwithzero-fluxsector.Inthisworktheisotropiccouplingisconsidered:
Jx=Jy=Jz=J.(b)Puremodelwithrandom-fluxsector.Theblackthicklinesrepresentu=−1.Thefluxonahexagon(Wp=−1)
isdepictedbyshadedhexagon.(c)Bonddisorderwithzero-fluxsector.CouplingswithdensityρbarereplacedbyJ=J,whereJcanbe
aconstantvalueorarandomnumberobeyingspecificdistributions.(d)Vacancywithbound-fluxsector.TruevacanciesreferstoJ=0and
quasivacanciesreferstoJ J.

Therestofthepaperisorganizedasfollows:InSec.II,webeginwithadiscussionoffractionalizationintheKitaevhoneycomb
model,andthenintroducedifferenttypesofquencheddisorderwhichweconsiderinthiswork. WethenproceedinSec.IIIto
analyzeindetailhowthepresenceofvarioustypesofdisorderaffectsthelow-temperaturedensityofMajoranafermionstates.
Foreachscenarioofquencheddisorderwecomputetheinverseparticipationratio(IPR),whichallowsustocapturethelocalized
natureofthelow-energyeigenstatesandtheappearanceofLifshitztailsatthehigh-energyedgeoftheMajoranafermionband.
SincethelocalizationpropertiesofthestatesclearlyinfluencethetransportpropertiesofthesystemandsincetheKitaelQSLis
aninsulator,inSec.IVwestudyhowtheyrevealthemselvesinthethermaltransport.Inparticular,wecomputethelongitudinal
thermalconductivityandshowthatdifferenttypeofdisorderhavedistincteffectontheDrudeweight,whichmeasuresthe
non-dissipativecontributiontotheheatflow,andonthetemperature-dependentthermalconductivitycoefficient,whichcan
beobtainedfromthezero-frequencyextrapolationofthedynamicalpartofthethermalconductivity.Finally,inSec.V,we
summarizethemainresultsofthispaper.

II. DISORDEREDKITAEVMODEL

Wefocusourdiscussiononaminimalexactlysolublemodel[12]

H=−
ij

Jijασ̂
α
iσ̂
α
j−h

ik

σ̂αiσ̂
β
jσ̂
γ
k, (1)

whereσ̂αidenotesPaulispinoperatorswithα=x,y,zandijαlabelsthenearest-neighborsitesiandjalonganα-typebond.
InthepristineKitaevmodel,weonlyconsidertheisotropiccouplingwithJx=Jy=Jz=J[seeFig.1(a)].Thesecondterm

isthethree-spininteractionwithstrengthh∼
HxHyHz
J2 ,whichistheleading-orderperturbativecontributionfromtheZeeman

fieldH.Thistermimitatestheexternalfieldeffectandbreakstime-reversalsymmetrywhilepreservingtheexactsolutionofthe

model[12].ByrewritingeachspinoperatorintermsoffourMajoranafermions,̂σαi=îb
α
îci,anddefiningthelinkoperators

ûij=îb
α
ib̂
α
j,theHamiltoniantakestheform

H=i
ij

Jijαûijαĉîcj+ih
ik

ûijαûkjβĉîck. (2)

First,toaccountforabonddisorder,werandomlyplacenearest-neighborcouplingswithdifferentstrengthJinthepristine
systemwithJijα = J=1. Twotuningparametersaregiven:thedistributionofrandomcouplingsJ andthedoping
concentrationρb(seeFig.1(c)foroneofthebond-disorderedrealizations).Inthesimplestcaseofconstantbonddisorder,the
systemisdopedwithweakerorstrongerbondswithconstantstrengthJ=1.Inuniformbonddisorder,therandomcoupling
Jisgovernedbytheuniform(box)distributionJ∈[J−δJ,J+δJ]suchthatanycouplingstrengthswithinthisintervalare
equallypopulated.Lastly,inthebinarybonddisorder,therandombondscanbeeitherstrongerorweakerthanJbyaconstant
valueδJ,namelyJ=J±δJ.
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Second,tointroducerandomlydistributedvacanciesintotheKitaevhoneycombmodel,werewritethefirsttermin(2)as

H=i
ij
i,j∈P

Jijαûijαĉîcj+i
kl

k∈V,l∈P

Jklαûklαĉk̂cl, (3)

wherePdenotesthesubsetofnormallatticesitesandVdenotesthesubsetofvacancysites. Weconsideracompensatedcase
withequalnumbersofvacanciesonthetwosublatticesofthehoneycomblattice.BytakingthelimitofJα Jα,sitesbelonging
toVbehaveasquasivacancies(seeFig.1(d)foroneoftheconfigurationswithrandomquasivacancies).InthelimitofJα→0,
quasivacanciesbecometruevacanciesinwhichaMajoranafermionĉremainsonthevacancysite,butitsnearest-neighbor
hoppingamplitudesareremoved.
ThesolvabilityoftheKitaevmodelreliesontheextensivenumberofconservedfluxesdefinedoneachhexagonalplaquette,

Ŵp=σ̂
x
1̂σ
y
2̂σ
z
3̂σ
x
4̂σ
y
5̂σ
z
6= ij∈pûijα,whichcanblock-diagonalizetheHamiltonian(1)intofluxsectorssincefluxescom-

mutewitheachother,[̂Wp,̂Wp]=0,andwiththeHamiltonian,[̂Wp,H]=0.BoththefluxoperatorŝWpandthelinkoperators
ûijα haveeigenvalues±1.Notethatnotallchoicesof{̂uijα}correspondtodistinctphysicalstatesofthespinmodel,and
onlythosethataregaugeinequivalentshouldbetreatedasdistinct.
Oncethelinkvariableisspecifiedforeachbond(seeFig.1(b)forarandomfluxconfigurationinthepureKitaevmodel)and
thephysicallyrelevantfluxsectorisdetermined,theHamiltonian(2)canbesolvedexactlyasatight-bindingmodelofMajorana
fermions.Thisremainstrueinthepresenceofdisorder,eventhoughthenumberoffluxdegreesoffreedominthepresence
oftruevacanciesiseffectivelyreduced[74].Inallourcalculations,thediagonalizationoftheHamiltonian(2)isperformed
numericallyonthefinitesizeclusterwithperiodicboundaryconditions.Theresultingdiagonalformisgivenby

H=
n

n(̂a
†
n̂an−

1

2
), (4)

whereânarecomplexmatterfermions(superpositionoftwoMajoranaoperators)whichlabeltheeigenmodeswiththefermion
energiesn≡ n {Jijα},{̂uijα}foragivenrealizationofdisorderinagivenfluxsector.Also,theenergyofthelowest-

energystateinagivenfluxconfigurationforaparticularrealizationofdisorder,E
(0)
f ≡−12 n n,whichcorrespondsto

allunoccupiedfermioniceigenmodes,isassociatedwiththeenergyofacorrespondingfluxsector. Werecallthatatfinite
temperatures,themodel(2)canberegardedasamodelofnoninteractingMajoranafermionscoupledtothermallyexcitedZ2
fluxes,andthereforethethermallyacivateddisorderispresenteveninthepristinemodel[29,46,47,57].

III. DENSITYOFSTATES:FEATURESOFLOCALIZATION

Inthissection,wediscusshowthepresenceofdisorderaffectsthelow-temperaturedensityofMajoranafermionstates. We
considerthefollowingcases:(a)truevacancieswithJ=0,(b)quasivacancieswithJ>0,(c)constantbonddisorderwith
weaker(stronger)bondsJ=0.5(2.0)andρb=10%,(d)uniformbonddisorderwithδJ=0.3,0.5,0.8andρb=100%,and
(e)binarydisorderwithδJ=0.8andρb=25%,whichisconsideredinthepreviouspaperbyKnolleetal.[69].Notethatin
(a)and(b)weconsiderthebound-fluxsector.Thealgorithmweimplementforcreatingbound-fluxsectors(seeFig.1(d)foran
illustrationofthebound-fluxsector)followstherecipeinRef.74.Previousstudies[58,59,74]showthatintheKitaevsystem
withthepresenceofsmalldensityofvacancies,thetotalenergyislowerwhenfluxesareboundtothevacanciesthaninthe
zero-fluxcase,andthattheflux-bindingeffectremainsinthecaseofquasivacanciesforJ/J<0.0544[74].In(c)and(d),we
applyzero-fluxsectorinthecalculation,sinceinthepresenceofweakdisorder,thelow-energysectorisstillthezero-fluxsector.
However,forstrongdisordercase,someofthelocalfluxgapstendtodecreaseorevenvanish[62,73],thusitmightbemore
reasonabletocomparethetwoextremecases:zero-fluxsectorandrandom-fluxsector.Incase(e),wewillpresenttheresults
forbothsectors.

1. Densityofstatesandinverseparticipationratio

Foreachscenarioofquencheddisorder,thedensityofstates(DOS)isgivenby

N(E)=
n

δ(E− n)

{{Jijα},{̂uijα}}

, (5)

wherethebracketsrefertotheaverageoverindependentdisorderedsamplesandtheaverageoverfluxsectors(ifdifferentflux
sectorsareconsidered). DifferenttypesofdisordermodifytheDOSinadifferentway[comparevariouspanelsofFig.2],
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FIG.2. Densityofstates(DOS)andinverseparticipartionratio(IPR)forvarioustypesofquencheddisorder.(a)-(b):Truevacancywith
J =0.0inthebound-fluxsector.(c):QuasivacancywithJ =0.01inthebound-fluxsector.(d)-(e):10%randombondswithweakeror
strongercouplingconstant,alsodenotedasJ.Zero-fluxsectorisconsidered.(f):25%randombondswithbinarydisorderofδJ=0.8in
thezero-fluxsector.(g)-(i):100%randombondswithboxdistributionofdifferentwidths.Zero-fluxsectorisconsidered.(j)-(l):Comparison
amongpuremodel,systemwithquasivacanciesorbinarybonddisorderinrandom-fluxsectors.AllresultsarecalculatedfromoneL=40
clusterandaveragedover2000randomrealizations.

howeverthereisonecommontrend:thevanHovesingularityofthepristinemodelisdestroyedbyanytypeofdisorder,and
especiallybythethermaldisorder.

TheDOSbyitself,however,cannotreflecthowstrongthelocalizationeffectisforeachstate.Thusweneedtointroduce
anotherquantitytodescribethelocalizationphenomena.Thelocalizednatureofthelow-energyeigenmodescanbeillustrated
bytheinverseparticipationratio(IPR).Thisquantityisdefinedas

Pn=
i

|φn,i|
4, (6)

wheretheindexnlabelstheeigenmodewavefunctionφn,iandtheindexilabelsthelatticesite.Foradelocalizedmode,the
IPRscalesroughlyas∼1/NinasystemwithNsitessincethewavefunctionisspreadoutuniformlyovertheentirelattice.
Thisbehaviorispreciselywhatweseeforthefermionicbulkmodes[74].However,forthelow-energymodesrealizedinthe
presenceofsomeformsofdisorder,theIPRissignificantlylargersincethewavefunctionisconfinedtoasmallportionofthe
lattice[74].Thisquantitywasalsousedinstudiesofdisorderedgrapheneasanindicatorofvacancy-inducedquasilocalized
modes[88].Aswewilldiscusslaterinmoredetails,theIPRisalsosize-dependent[84],andthequestionremainswhetheror
notitremainsfiniteinthethermodynamiclimit.
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FIG.3. Quasilocalizedmodesinthepresenceofquencheddisorder.(a)Low-energyeigenmodewithvacanciesandbound-fluxsector.(b)
High-energyeigenmodewithweakerrandombonds,correspondingtoFig.2(d).(c)High-energyeigenmodeswithstrongerrandombonds,
correspondingtoFig.2(e).Thedottedlinesdepicttheremovedbondsinthecaseofvacancies,andthedashedlinesdepictthebondswith
weakerorstrongerstrengthinthecaseofbonddisorder.Thereal-spaceamplitudesareshownasredfilledcircles.Theblackthicklines
representtheflippedlinku=−1,whichistheeigenvalueoflocaloperator̂u.

2. Sitedisorder:vacanciesandquasivacancies

InFig.2(a)-(c),thepresenceoflowconcentrationofvacanciesintroducesapileupoflow-energyMajoranafermionstates
inthebound-fluxsector,buttherestoftheDOSremainssimilartothepuremodelinthezero-fluxsector.Thus,thistypeof
disorderisaweakdisorder.TheIPRshowsthatthelow-energystateshavehigherleveloflocalizationcomparedtothebulk
modes.Theamplitudeplotofthereal-spacewavefunctionsofthelow-energymodesintroducedbythevacanciespresentedin
Fig.3(a)furthersupportstheIPRanalysis.Itshowsthattheamplitudeoftheselowestenergywavefunctionsisslightlylarger
aroundthevacancies,butstillitspreadsoutroughlyas1/rαwhereαissmallerthan1.Thus,theselow-energymodesare
onlyquasilocalized.InRef.74,wehavearguedthatthesequasilocalizedstatesgiverisetovisibleeffectsinthethermodynamic
quantitiessuchasthespecificheat.TheIPRalsoshowsthatweobservethefamousLifshitztails[89]fortheMajoranafermion
statesnearthetopbandedge.Thesestatesarelocalizedwithinfiniteregionofthelattice(quasilocalized)andthushavefinite
IPRs.ThestatesinthemiddleoftheMajorana’sbandaredelocalizedandhavevanishinglysmallIPRs.

3. Varioustypesofbonddisorder

InFig.2(d)-(e),weconsideracaseofthebond-disorderinthezero-fluxsector.Tothisend,wereplace10%ofthenearest-
neighborcouplingsofthestrengthJinthepristinemodelwithweakerorstrongercouplingsJ.Intheweak-bondcase[Fig.2
(d)],weseethattheDOSincreasesslightlyintheregionbelowthevanHovesingularityatE=2,whichisnotsurprisingsince
wehaveregionswithweakerinteraction.ThechangesintheIPRcomparedwiththeIPRinthepristinemodel[74]arealsovery
small:onlythestatesnearthebandedgeshowatinyincrement,indicatingaweaklocalizationatthehigh-energyedge.However,
inthestrong-bondcase(seeFig.2(e)),Lifshitz-liketailswithstronglylocalizedstatesappearnearthebandedge.Similareffect
wasdiscussedintheoriginalAndersonmodelofsingle-particlelocalization[79].ThedramaticdifferenceinIPRbetweenthe
weak-bondandstrong-bondcasescanbeunderstoodintermsofthereal-spacewavefunctions.Forthehigh-energystatesnear
thebandedge,theamplitudesarespreadoutmostlyonthestrong-couplingregion.Forexample,inthecaseofthedoping
withweakerbonds(seeFig.3(b)),thestrongerbondsarethosenormalmajoritybondswithJ=1.Thusthewavefunction
ofhigh-energystatesisspreadoverthenormalbondsandconfinedbythepresenceofweakdopedbonds(bluedashedlinesin
Fig.3(b)).Sinceonly10%bondsaredopedandweakened,thesestatesarestillquitedelocalized.Onthecontrary,whenthe
strongerbondsaredoped(Fig.3(c)),thewavefunctionofhigh-energystatesinthetailofthebandspreadsoverthedopedbonds
J,andbecauseofthelow-concentrationofthosebonds,thewavefunctionismuchmorelocalizedandshowsmuchlargerIPR
inFig.2(e).
InFig.2(g)-(i),allthecouplingsinthesystemareassignedwithrandomnumbersinauniform(box)distributionintherange

Jij∈[J−δJ,J+δJ]withδJ=0.3,0.5and0.8in(g),(h)and(i),respectively.TheresultsfortheDOSandtheIPRare
presentedinthezero-fluxsector.Byincreasingthewidth2δJofthedistribution,thelevelofdisordercanbeenhanced.Similar
tothecaseofdopedbonds,theDOSpresentsclearLifshitztailatthehigh-energyedge,andtheIPRofthecorrespondingstates
isprettylarge.ThisbehaviorisconsistentwiththeobservationofarecentMonteCarlostudybyNasuetal.[54],whichshows
thatlargerwidthofboxdistributionleadstothesuppressionoflongitudinalthermalconductivityinthehigh-temperatureregion.
InFig.2(f)wepresenttheDOSandtheIPRresultsforthecaseofthebinarydisorderedbonds,previouslyconsideredinRef.
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FIG.4. Distributionofinverseparticipationratio(IPR).TheleftpanelshowsthedistributionofIPRforalleigenstates,andtherightpanelis
forlow-energystateswithE<0.05.(a)-(b)5%quasivacancieswithJ=0.01andbound-fluxsector.Thepresenceofthree-spininteraction
(h)makesthelow-energystatesmorelocalized.(c)-(d)25%binarybonddisorderwithδJ=0.8andrandom-fluxsector.Thepresenceofh
leadstosmallerIPRforallstates.

69,inthezero-fluxsectors,respectively.Here25%ofthebondsarereplacedbyadifferentvalueJ±δJ,whereδJ=0.8.This
typeofdisordercorrespondstoastrongdisorder,whichisclearlyseenfromrathersignificantmodificationoftheDOSinthe
wholerangeofenergyeigenstates.Contrarytothevacancydisorderinthebound-fluxsector,nopower-lawupturnintheDOS
isseenatlowenergies.Moreover,partiallocalizationofstates,indicatedbyprettylargeIPRvaluesforthecorrespondingstates,
isonlyseenatthetopofband.

4. Thermaldisorder

Inordertoclarifytheeffectofsolelythermaldisorder,whichisthedominantdisorderathigh-enoughtemperatures,inFig.2
(j)wepresenttheresultsfortheDOSandtheIPRaveragedoverrandom-fluxsectorsforthepristineKitaevmodel.Therandom
fluxes,actingasrandomcouplingsoftheoppositesign,flattentheoverallMajoranafermion’sDOSinthewholerangeofallowed
energies.Thermaldisorder,however,leadsonlytoweaklocalizationeffectsofthestatesnearthehigh-energybandedge.

Finally,westudynumericallytheinterplaybetweenthesitedisorderandthethermaldisorderandthebinarydisorderand
thethermaldisorder.InFig.2(k)and(l)weplottheDOSandtheIPRaveraged,respectively,overdifferentvacancyandbond
disorderconfigurationsandindependentfluxsectors.Inbothcases,apower-lawupturnintheDOSisseenatverylow-energies
[69,74].However,inbothcasesnosignificantlocalizationeffectisobservedforthelow-energystates:theIPRvaluesremain
prettysmall. Notethatthelocalizationofstatesnearthetopofthebandisseenonlyforthebinarydisorder,whichisnot
surprisinggiventhefactthatthisisastrongdisorderintheKitaevspinliquid,comparedtotheweakdisorderedcasewithlow
concentrationofvacancies.
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5. Quencheddisordereffectsonthelow-energystates

Next,wefocusonthepropertiesofthelow-energystatesinducedbythequencheddisorder.Aswediscussedabove,both
thebinarybonddisorderwithrandomfluxesandthesitedisorderwithboundfluxescanleadtonoticeablepileupoflow-energy
states[69,74].However,comparingtohigherenergystates,therelativeleveloflocalizationandtheresponsetothree-spinterm
(seebelow)aredifferentinthesetwocases.Withsitedisorder,theIPRisenhancedbythevacancy-inducedstatesatE<0.05
[seeFig.2(b)and(c)].Ontheotherhand,theIPRforthepileupofstatesatE<0.05seemstobesmallinthecaseofbinary
disorder(seeFig.2(l)).
InFig.4,wepresentthedistributionofIPRinthelog-logscalecalculatedfortwodifferentsystemsizesforbothcases:

panels(a)and(b)forthesitedisorderandpanels(c)and(d)forthebinarybonddisorder.Generallyspeaking,ifeigenmodes
arecompletelydelocalized,theIPRshows∼1/NbehaviorandthepeakofIPRpopulationwillshiftwhenchangingthesystem
size.Forexample,whensystemswithL=20(N =800)andL=40(N =3200)areconsidered,−log10(IPR)ofa
purelydelocalizedstateshouldshifttotherightbylog104∼0.602.OntheleftpanelofFig.4(a),weseethattheshiftofthe
mostpopulatedpeakisclosetolog104,indicatingthatmostofthestatesaredelocalized.Ontherightpanel,weshowtheIPR
distributiononlyforstateswithE<0.05,andtheresultof0.375indicatesthatthoselow-energystatesaremorelocalizedthan
therest.Whenturningonthethree-spininteractionwiththestrengthhinEq.(1),abulkgapintheDOSopensbutthevacancy-
inducedstatesremaininsidethegap.Inthebound-fluxsector,itwasshownthatvacancy-inducedstatesappearevenaround
E∼0[74].AsshownontheleftpanelofFig.4(b),theIPRdistributionofstatesinthebulkshowsthatthesestatesbecome
evenmoredelocalizedsincethesecond-nearest-neighborhoppingofMajoranafermionsleadstotheadditionaldelocalization.
However,theeffectofhonthelow-energystatesistheopposite–theshiftofthepeakpositions∼0.234oftheIPRdistributions
fortwosystemsizesshownontherightpanelofFig.4(b)indicatesstrongerlocalizationoflow-energystates.
Withbinarybonddisorderandrandomfluxes(seeFig. 4(c)),thepeakshift(0.372)isrelativelysmallerthaninthesite
disordercase,sincetheIPRofmosteigenmodesisenhanced.However,inthelow-energyregion(E<0.05),thepeakshift
becomeslargerandthestatesinthepileuparemoredelocalized.Furthermore,inthepresenceofthree-spininteraction(see
Fig.4(d)),allthestatesbecomemoredelocalized,whichisadistinctivefeaturebetweenthebonddisorderandsitedisorder.
Interestingly,whentheantiferromagneticrandomcouplingsJ <0areintroduced,asimilareffecttothethermaldisorder

thatflattentheoverallDOScanbeshownnumerically.Weputthisadditionaldiscussionintheappendix.

IV. THERMALCONDUCTIVITY

Wenowturntothequestionofwhetherthedisordereffectsonthelow-energyMajoranamodescanbedetectedinthermal
transport[45,51–54]. Hereweassumethatinrealisticthermalconductivitymeasurementsthelatticecontributioncanbe
effectivelysubtracted,andthusweneglectphononsandassumethatthethermalconductionhappenssolelythroughitinerant
Majoranafermions.TheexplicitderivationofthethermalconductivityintheKitaevQSLwasdonebyNasuandMotome[51],
andinourworkweusethesameformulation.
ThethermalconductivityisusuallycomputedinalinearresponsetheorybyusingtheKuboformula,

κµν(ω,T)=
1

TV

∞

0

eiωt
β

0

dλJν(−iλ)Jµ(t), (7)

whereβ=1/Tistheinversetemperature,Visthevolumeofthesystemandtheenergy(heat)current,Jν(t)=eiHtJνe−iHt,is
definedthroughthederivativeoftheenergypolarizationoperator,PE= j,j1/2(rj+rj)Hj,j,asJ=dPE/dt=i[H,PE].
TheexplicitexpressionoftheenergycurrentintermsofMajoranafermionsisgivenby

J=i
ik

JijαJkjβûijαûkjβ
rk−ri
2

ĉîck, (8)

where ik labelsthesecond-neighborpairofsitesiandkwhichareconnectedbytheintermediatesitej.Eq.(8)explicitly
showsthattheenergycurrentisdeterminednotonlybythestatesoftheitinerantMajoranafermionsbutalsodependsonthe
localizedZ2variables.MoreoveritshowsthatthecurrentoperatorinvolvesthehoppingofMajoranafermionsbetweensecond
nearestneighbors.
Westartwiththelongitudinalcomponentofthethermalconductivity,κxx(ω,T),inthetime-reversalsymmetricKitaevmodel

(h=0).FollowingtheworkbyNasuandMotome[51,54],wenumericallycomputeκxxbyintroducingasuperlatticeofN
unitcellsconsistingof2L2-siteclusters,suchthatthesiteindexiofeachMajoranafermiondecomposesintounit-cellindexl
andsiteindexswithinaunitcell.ThentheHamiltonianofthesystemcanbewrittenas

H=
i

2
ll ss

ĉlsMls,lsĉls, (9)
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FIG.5. Drudeweightwithstaticfluxbackground.ThepeakaroundT/J∼1vanishesinthethermodynamiclimit.Thecalculationsaredone
forasuperlatticeN=100andclustersize2L2=800,withaverageover50disordersamples.

whereMls,ls=Jls,ls ûls,ls andthe1/2pre-factorcomesfromdoublecountingofthebonds.Byapplyingthetranslational

symmetryofthesuperlattice,cls=
1√
N ke

ik·rls,theHamiltonianbecomes

H=
1

2
kss

ĉ†ksHkssĉks, (10)

where

Hkss=i
l

e−ik·(rls−rls)Mls,ls=
nn

UksnEknnU
†
kns. (11)

SinceEkisthediagonalmatrixofenergyeigenvaluesforagivenk,theHamiltonianandtheenergycurrentoperatorcanbe
writtenintermsoftheeigenmodes

H=
kn

Ekn â†kn̂akn−
1

2
,J=

knn

Jknnâ
†
kn̂akn. (12)

Onecandecomposetheκxx(ω,T)intotheDrudeweight(ω=0)andthedynamicaldissipativepartas[52,53]

κxx(ω,T)=2πD(T)δ(ω)+κ
reg
xx(ω,T), (13)

where

D(T)=
1

ZT2V
knn

Ekn=Ekn

e−βEkn|Jxknn|
2, (14)

κregxx(ω=0,T)=
−2π

ZTV
knn

Ekn=Ekn

e−βEkn −e−βEkn

Ekn −Ekn
|Jxknn|

2δ[ω−(Ekn−Ekn)]. (15)

TheDrudeweightD≡D(T)isameasureofthenon-dissipativecontributiontotheheatflow,andanon-zeroDcorrespondsto
aperfectconductor.Thedynamicalpartκregxx(ω,T)correspondstothedissipativecontributiontotheheatflow.IfbothD=0
andκregxx(ω→ 0,T)=0,thesystemisaninsulator.Fortheshortnessofnotations,inthefollowingweremovethesuperscript
reganddenotethedynamicalpartofthethermalconductivityasκxx(ω,T).
WefirstexaminetheDrudeweightinstaticfluxbackgrounds.Inthepuremodelwithground-statezero-fluxsector,theenergy

currentoperatorcommuteswiththeHamiltonian,andthustherearenooff-diagonalmatrixelementsthatcontributetothefinite-
frequencythermalconductivity[51–53].Inthiscase,theDrudeweightisfiniteforT>0andthepeaklocatesaroundT∼J,
asshowninFig.5(a).However,inthepresenceofweakdisorder,e.g.whenhaving2%oftruevacanciesinthebound-flux
sector,thefinite-temperatureDrudeweightdiminishes.Thefinite-sizetrendinFig.5(b)ofthepeakvaluesuggeststhatthe
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FIG.6. Longitudinalthermalconductivityinthethermal-fluxsector.(a)BasedontheL=32MonteCarloresult[90],thetemperature
dependenceofthefluxdensitycanbefittedbyaFermi-Diracfunction.Thefittedfluxgap∆=0.1024isthenusedintheflippingprobability
(Eq.17)ofthêuvariables.(b)Frequency-andtemperature-dependenceofκxxinthepristineKitaevmodel.Thecalculationsaredonefora
superlatticeN=100andclustersize2L2=800

(a) (b)

,withaverageover50disordersamples.

FIG.7. Thetemperaturedependenceofκmaxxx (ω)peakvalues.(a)Athightemperatures,astheDOSisflatanddominatedbytherandom-
fluxbackground,thetemperaturedependenceofκmaxxx followsthebehaviorofEq.(18).(b)AttemperaturesbelowT∼J,thetemperature
dependencedeviatesfromEq.(18)sincethethermal-fluxdensitydecreasesandtheassumptionofaflatDOSisnolongervalid.

Drudeweightcompletelyvanishesinthethermodynamiclimit,indicatingthatthethermaltransportisnolongerballisticevenin
thepresenceoftheweakdisorder.Forthecaseofrandomfluxes(notshowninFig.5(a)),thedisorderisalreadystrongenough
todestroytheDrudeweightforfinite-sizesystems.
Inordertoincorporatetheeffectofthermalfluxexcitations,weassignrandom-fluxsectorwithspecificfluxdensityforeach

temperature.Thetemperature-dependentfluxdensityfunctionisextractedfromtheMonteCarloresultofthepureKitaevmodel
[90],asshowninFig.6(a).WefirstfitthedatabyaFermi-Diracfunction

fT(∆)=
1

e∆/T+1
, (16)

whereweobtain∆∼0.1024.Notethatthisfluxgapissmallerthanthesingle-fluxgap0.1536reportedinRef.12duetothe
interactionsbetweenfluxesinafinitesystem[57].InsteadofsamplingthethermalfluxesbyMonteCarlosimulations,wetake
thedisorderaverageoverthetypicalfluxsectorsthatgovernedbytheabovedistribution.AsdemonstratedinRef.44,thiscan
bedonebyassigningatemperature-dependentflippingprobabilityPTtoeachlinkvariablêuinthesystem

PT=
1−[1−2fT(∆)]

1/6

2
. (17)

Wetermtheflux-sectorsgivenbythisrandomflippingprobabilitythethermal-fluxsectors.InFig.6(a)weverifythattheabove
probabilityleadstoprecisesamplinginthethermalfluxdensity.Notethatindisorderedsystems,thisapproximationcandeviate
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FIG.8. Frequency-andtemperature-dependenceofthelongitudinalthermalconductivityinthepresenceof(a)5%quasivacancywith
J=0.01,and(b)binarybonddisorderwithρb=25%andδJ=0.8.TheinsetsshowtheresultsforT>0.2.Thecalculationsaredone
forasuperlatticeN=100andclustersize2L2=800,withaverageover50disordersamples.

fromthetruethermal-fluxdistribution,especiallyatverylowtemperatures.Theflippingprobabilityisbasedonthefittedflux
gapofpuresystems,suchthatthequenchdisordereffecttothefluxgapisnotincluded.Therefore,attemperatureslowerthan
∆,thesystemsaremostlyinthezero-fluxsector.
InFig.6(b),weshowthefrequency-dependentlongitudinalthermalconductivityκxx(ω,T)forapristineKitaevmodel.The

resultsaredisorderaveraged,butinthiscasetherandomnessonlycomesfromthethermal-fluxsectorathightemperatures.At
verylowtemperatures,ontheotherhand,thesystemismostlyinthezero-fluxsector,suchthattheenergycurrentoperatoris
stillaconservedquantityanditstime-correlationfunctionisactuallytimeindependent[91].Therefore,theoff-diagonalmatrix
elements|Jxknn|inEq.(15)dominatethelow-temperaturebehavior,andthenon-zerofrequencycontributiontoκxx(ω,T)is
negligible.Astemperatureincreases(0<T 0.1),abroadpeakcenteringaroundω/J∼2.5isgraduallyformed.Thepeak
positioncorrespondstothevanHovesingularityinthedensityofstates.Fortemperatureshigherthantheenergyscaleofthermal
fluxgap(T 0.1),thevanHovesingularityvanishesandtheDOSisflattened.Therefore,inthehigh-temperaturelimit,the
temperaturedependenceofthepeakvalueκmaxxx (ω,T)canbeestimatedby

κmaxxx (ω,T)∼
knn

2

ωT
e−

Ω
knn
2T sinh

ω

2T
∼
knn

1

T2
1−
Ωknn
2T

, (18)

whereω=Ekn−EknandwedefineΩknn ≡Ekn+Ekn.InFig.7,wedemonstratethistemperaturedependenceofκ
max
xx by

plottingκmaxxx T
3versusT/J.InFig.7(a)weshowthisdependence(bluelineforthepristinemodel)foralltemperaturesandin

(b)wefocusonlyitslow-temperaturepart.Athightemperatures,theDOSisflatanddominatedbytherandom-fluxbackground,
suchthatκmaxxx followsthebehaviorofEq.(18),andasaresultκ

max
xx T

3islinearinT/J.Whenloweringthetemperatures(see
Fig.7(b)),thecurvedeviatesfromthelinearrelationshiparoundT∼J,belowwhichthethermalfluxesarelessproliferated
andthesystemisnotyetintherandom-fluxsector.
Inthepresenceofdisorder(seeFig.8),thefinite-frequencycontributiontothelongitudinalthermalconductivityissignificant
evenatlowtemperatures.Aswediscussedinthepristinecase,thematrixelementsoftheenergycurrentoperatorhavepredom-
inanteffectinthisregion,andthequencheddisordersprovidenotablecontributionstotheoff-diagonalelementsevenwithout
thethermal-fluxdisorder.ThisisconsistentwiththepreviousobservationintheDrudeweightthatevenweakdisorder(small
concentrationofvacanciesorquasivacancies)canturnthesystemintoadissipativethermalconductor.Thethermalconductivity
spectrumforthesystemswithvacanciesshowninFig.8(a)displaysastronglytemperature-dependentbehaviorwhichcanbe
understoodfromthebehaviorofthecorrespondingDOSpresentedinFig.2(c)and(k).Atlowtemperatures,thefluxsector
canbeconsideredasastaticbound-fluxsectorandthusthecharacteristicbehaviorofDOScorrespondstoFig.2(c).Therewe
seethattheDOSasafunctionofenergyshowsextremelynon-monotonousbehavior:atverylowenergiesitshowsapower-law
divergence,thenrapidlydecreaseswithincreasingenergyandthengrowsagaintowardsthevanHovesingularityatE∼J.
Athightemperatures,thefluxsectoriswelldescribedbytherandom-fluxsectorand,aswecanseefromFig.2(k),theDOS
isflattenoverthewholebandwidth.FollowingthetrendoftheDOSbehaviour,thermalconductivityspectrumchangessignifi-
cantlywithtemperature.Atlowtemperatures,ithasacharacteristictriangularshapewithaverylargevalueatthepeak,coming
predominantlyfromhighDOSoftheMajoranafermionsonthevacancy-inducedlow-energystatesinthebound-fluxsector.
Withincreasingtemperature,thepeakvaluedecreasesrapidlyasaresultofdecreasingDOSatenergyabovethepileupregion.
TheinsetinFig.8(a)showsthatattemperaturesabovethepileupregionthethermalconductivityspectrumisverysimilarto
theoneinthepristinemodel(seeFig.6(b)).
ThespectruminFig.8(b)correspondstothestrongbinarybond-disorder.Itsshapeandtemperaturedependencecanagain
beunderstoodfromthebehaviorofthecorrespondingDOSshowninFig.2(f)and(l).Atlowtemperatures,thesystemisinthe
zero-fluxsectoranditscharacteristicDOSisshownFig.2(f),whereweseethatitdoesnothaveneitheralow-energypower-law
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FIG.9. Temperature-dependenceofκxx.(a)Theω→ 0contributionateachtemperatureisextrapolatedbylinearregressionofκxx(ω)
intherangeof0.05 ω 0.15.(b)Theresultofκxxshowsasingle-peakstructurearoundT∼J,whichissuppressedbybothsite-or
bond-disorder.

divergencenorthevanHovesingularity.Instead,thestrongdisordersignificantlyflattenstheDOSbothinthezero-flux(Fig.2
(f))andintherandom-fluxsectors(Fig.2(l)).AsresultofthisflattenDOS,thespectrumissmoothandroundedalreadyatlow
temperatures.Again,athighertemperaturesthebehaviorofthespectrum(seeinsetinFig.8(b))issimilartothepristinecase
(Fig.6(b)).Forboththesite-andbond-disordercase,thetemperaturebehaviorofthepeakvalueκmaxxx isqualitativelysimilar
tothepristinecase(seeFig.7).

Finally,inordertoseetheoveralltemperaturedependenceofκxx,weextrapolatethelow-frequencypartandobtainκxx(T)=
limω→0κxx(T,ω).InFig.9(b),themaximumofκxxhappensaroundtheKitaev-couplingenergyscale,andthepresenceof
disorderindeedsuppressthelongitudinalthermalconductivity.ThisresultisconsistentwiththerecentMonteCarlostudyon
disorderedKitaevspinliquidbyNasuetal.[54]. Unlikethespecificheatresultthatshowstwocrossoverswhichrepresent
fluxexcitationsanditinerantMajoranafermionexcitationsrespectively,inthelongitudinalthermalconductivityonlythelatter
contributestoheattransportnotably.However,thosethermallyproliferatedfluxessaturatetothedensityPT=1/2asT/J 1
(Fig.6(a)),andthusscattertheitinerantMajoranfermionsandreducethelongitudinalthermalconductivity. Withquenched
disorders,thepeakaroundT≈Jisfurtherreducedbythepresenceofrandomscatterers.

V. CONCLUSION

Inthispaper,westudiedthedisorderandlocalizationeffectsinthetwo-dimensionalKitaevQSL.Inthissystem,theideas
ofquantumspinliquidandone-bodylocalization,whichbothcanbetracedbacktotheseminalworksofP.W.Anderson,in-
tertwinedthroughtheconceptofspinfractionalization.TheexcitationspectrumisdescribedbyfreeMajoranafermionswith
graphene-likedensityofstates,alongwiththegappedlocalZ2gaugefluxes.Inastaticfluxbackground,thenon-interacting
fermionicHamiltonianprovidestheexactsolvabilityofthemodelandthustheaccessibilitytonumericallystudyofthelocaliza-
tioneffectsinthepresenceofdisorder.Interestingly,evenwithoutvacanciesorrandombonds,thethermallyproliferatedfluxes
inthepristinemodelengendertheintrinsicdisorderandsuppresstheballisticthermaltransport[52].Byexaminingvarious
kindsofextrinsicdisorder,weshowthatthedensityofstatesandlocalizationbehaviorscanbediverse.Forinstance,vacancies
induceapower-lawdivergenceofDOSinthelow-energylimit.Thestatesinthispileuparemorelocalizedthanmostoftheother
statesofthesystem,whichcanbeshownbythedistributionofinverseparticipationratio.Thelocalizationoflow-energystates
isparticularlystrongwhentime-reversalsymmetryisbrokenbythethree-spininteractiontermhthatimitatesaneffectofthe
externalmagneticfield.Bycontrast,intheKitaevspinliquidwithpurelybonddisorder,thelocalizationdoesnothappenforthe
low-energystatesbutfortheMajoranafermioneigenstatesatthehigh-energyedge,knownastheLifshitztails.Byconsidering
thetemperature-dependentdensityoffluxes(thermal-fluxsector),wealsoshowedthatbothtypesofquencheddisordertendto
reducethelongitudinalthermalconductivityatfinitetemperatures.

Motivatedbythepeculiarpower-lawdivergenceofspecificheatC/TintheKitaevQSLcandidateH3LiIr2O6[28],the
disorder-inducedpileupinthelow-energyDOSinKitaevQSLbecomesaninterestingtopictoexplore.InRef.69,itwasshown
thatastrongbonddisorderwithrandom-fluxsectorgivesrisetoasimilarpower-lawbehavior.Ontheotherhand,inRef.74itwas
shownthatthispileupcanalternativelybeascribabletothesmallamountofvacanciesorquasivacanciesinthesystem.Basically,
bothtypesofdisorderleadtotheaccumulationoflow-energystateswhichcanbeobservedinthespecificheatmeasurements.In
thiswork,however,bycomparingthedistributionsofIPRwediscoveredthatthelocalizationbehaviorsofthelow-energystates
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FIG.10. AntiferromagneticrandomcouplingsJ < 0.(a)-(b):DOSandIPRforthesystemwithrandombondsandquasivacancies,
respectively.ThedetailsofthecalculationarethesameasinFig.2.(c)-(d):TheequivalencebetweenthechangeofsigninJandlocalflip
ofuvariables,forthegeometryofarandombondandaquasivacancy.Theflippeduvariablesaredepictedasblackthicklinesandthefluxes
(W =−1)areshownasgrayplaquettes.

aredistinguishableinthetwoscenarios. Whilethevacancy-inducedlow-energystatesaremorelocalizedthanthehigh-energy
states,thelow-energystatesinthecaseofbinarydisorderandrandomfluxaremoredelocalizedthanthehigh-energystates.
Thedistinctionoflocalizationbehaviorsismoreobviouswhenthethree-spininteractionhisapplied.ArecentworkofMonte
Carlosimulationssuggeststhatthelow-temperatureplateauofthermalHallconductivityismorerobustinthebond-disordered
KitaevQSL(withboxdistribution)thanthesite-disorderedcounterpart[54].Therefore,whetherthetwoscenariosofDOS
pileupsmentionedabovecanleadtodistinctresponsesinthethermalHallconductivityisworthfurtherinvestigations,andmay
shedlightonthenatureoflow-energyphysicsinH3LiIr2O6.Inaddition,recentexperimentalfindingsinthemeasurementsof
nuclearmagneticresonanceandlongitudinalthermalconductivityinpristineα-RuCl3anddilutedcompoundα-Ru1−xIrxCl3
revealthatdefect-inducedlow-energyexcitationsmayplayanimportantrole[71,92,93].Thus,thefutureinvestigationon
disorderedKitaevspinliquidmayalsoleadustoadeeperunderstandingoffield-inducedquantumspinliquids.

Acknowledgments:WethankKexinFeng,GáborB.Haĺasz,JohannesKnolle,RoderichMoessnerandMasahikoYamadafor
valuablediscussions.OurworkwassupportedbytheNationalScienceFoundationunderAwardNo.DMR-1929311.N.B.P.
acknowledgesthehospitalityofKavliInstituteforTheoreticalPhysicsandtheNationalScienceFoundationunderGrantNo.
NSFPHY-1748958.

Appendix:Antiferromagneticrandomcouplings

Throughoutthiswork,weconsidertheferromagneticinteractionforbothnormalcouplings(J>0)andrandomcouplings
(J>0).IntheKitaevhoneycombmodel,theoverallsignwillnotchangethephysicsbecauseitcorrespondstoasimplegauge
transformationoftheMajoranahoppingHamiltonian.However,ifwekeepthenormalcouplingsferromagneticbutturnthe
randomcouplingsintoantiferromagnetic,thespectrumanddensityofstatesmaychangedrastically.Inthisappendix,webriefly
summarizetheeffectofantiferromagneticrandomcouplingsontheexactly-solvableKitaevhoneycombmodel.
HereweconsidertwoscenariosofturningrandomJintoantiferromagneticcouplings:randombondswithρb=10%and

J=−2.0,correspondingtoFig.2(e),andthecaseofquasivacancieswithnv=5%andJ=−0.01,correspondingtoFig.2
(c).ThecalculationdetailsarethesameasinFig.2,withtheonlydifferencethatJbecomesnegativevalueonalltherandom
couplings.InFig.10(a)-(b),Thenumericalresultsshowthatintheformercaseofdopedrandombonds,theDOSischanged
drasticallybythetransformationintonegativeJ,whileinthelattercaseofquasivacncies,theDOSremainsthesame.
Thedifferencebetweenthesetwocasescanbeunderstoodeasilybythefollowingargument.Inthenearest-neighborMajorana

hoppingHamiltonian,thecouplingstrengthJandthelinkvariableualwaysappearasaproduct,namely,eachhoppingterm
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intheHamiltonianisintheformofJijûijĉîcj,suchthatthetransformationfromferro-toantiferromagneticinteractionis

equivalenttothelocalflipofuvariable:

J→−J ⇐⇒ u=+1→u=−1. (A.1)

Therefore,theselocalflipsmayormaynotchangethefluxsectorofthesystem,dependingonthereal-spacedistributionof
randombondsJ.InFig.10(c)-(d),wedemonstratethatthesignchangeofJhasanequivalenteffecttothelocalflipofu
variables.
Inthecaseofrandombonds,transformationfromJto−JisequivalentaskeepingJferromagneticbutflippinguonthe
samebond,leadingtothecreationofafluxpair.Asaresult,atfinitedensityofrandomcouplings,thefluxsectorwillbecome
similartotherandom-fluxsectorasinFig.2(j)-(l),andthefluxconfigurationisdeterminedbythereal-spacedistributionofthe
antiferromagneticbonds.
Ontheotherhand,inthecaseofquasivacancy,randomcouplingsJalwaysappearastrimers,suchthatthefluxsectorremains

intactbeforeandafterthetransformation.ThisexplainswhythesignchangeofJhasnoeffectonthedensityofstates.In
summary,weshowthattherandomantiferromagneticcouplingscanleadtodifferentbehaviorsforthebond-disorderedand
site-dilutedKitaevspinliquidbasedonthelocalgeometryoftherandombonds,providinganinterestingfutureperspectivefor
thedisordereffectinKitaevmaterials.
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