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Gluon Parton Distribution of the Pion from Lattice QCD
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We present the first determination of the x-dependent pion gluon distribution from lattice QCD
using the pseudo-PDF approach. We use lattice ensembles with 2+1+1 flavors of highly improved
staggered quarks (HISQ), generated by MILC Collaboration, at two lattice spacings a ≈ 0.12 and
0.15 fm and three pion masses Mπ ≈ 220, 310 and 690 MeV. We use clover fermions for the valence
action and momentum smearing to achieve pion boost momentum up to 2.29 GeV. We find that
the dependence of the pion gluon parton distribution on lattice spacing and pion mass is mild.
We compare our results from the lightest pion mass ensemble with the determination by JAM and
xFitter global fits.

I. INTRODUCTION

The lightest bound state in quantum chromodynamics
(QCD), the pion, plays a fundamental role, since it is
the Nambu-Goldstone boson of dynamical chiral symme-
try breaking (DCSB). Studies of pion and kaon structure
reveal the physics of DCSB, help to reveal the relative
impact of DCSB versus the chiral symmetry breaking
by the quark masses, and are important to understand
nonperturbative QCD. Studying the pion parton distri-
bution functions (PDFs) is important to characterize the
structure of the pion and further understand DCSB and
nonperturbative QCD. Currently, our knowledge of the
pion PDFs is less than the nucleon PDFs, because there
are fewer experimental data sets, especially for the sea-
quark and gluon distributions. The future U.S.-based
Electron-Ion Collider (EIC) [1], planned to be built at
Brookhaven National Lab, will further our knowledge of
pion structure [2, 3]. In China, a similar machine, the
Electron-Ion Collider in China (EicC) [4], is also planned
to make impacts on the pion gluon and sea-quark distri-
butions. In Europe, the Drell-Yan and J/ψ-production
experiments from COMPASS++/AMBER [5] will aim
at improving our knowledge of both the pion gluon and
quark PDFs.

Global analyses of pion PDFs mostly rely on Drell-Yan
data. The early studies of pion PDFs were based mostly
on pion-induced Drell-Yan data and use J/ψ-production
data or direct photon production to constrain the pion
gluon PDF [6–10]. There are more recent studies, such
as the work by Bourrely and Soffer [11], that extract the
pion PDF based on Drell-Yan π+W data. JAM Collab-
oration [12, 13] uses a Monte-Carlo approach to analyze
the Drell-Yan πA and leading-neutron electroproduction
data from HERA to reach the lower-x region, and re-
vealed that gluons carry a significantly higher momen-
tum fraction (about 30%) in the pion than had been in-
ferred from Drell-Yan data alone. The xFitter group [14]
analyzed Drell-Yan πA and photoproduction data using
their open-source QCD fit framework for PDF extraction
and found that these data can constrain the valence dis-
tribution well but are not sensitive enough for the sea

and gluon distributions to be precisely determined. The
analysis done Ref. [15] suggests that the pion-induced
J/ψ-production data has additional constraint on pion
PDFs, particularly in the pion gluon PDF in the large-x
region. All in all, the pion valence-quark distributions
are better constrained than the gluon distribution from
the global analysis of experimental data. While waiting
for more experimental data sets, the study of the pion
gluon distribution from theoretical side can provide use-
ful information for the experiments.

The pion gluon PDF is rarely studied using continuum-
QCD phenomenological models or through lattice-QCD
(LQCD) simulations. Most model studies only predict
the pion valence-quark distribution [16–30], but the gluon
and sea PDFs are predicted by the Dyson-Schwinger
equation (DSE) continuum approach [31]. The prediction
of the pion gluon PDF in DSE, based on an implemen-
tation of rainbow-ladder truncation of DSE, is consistent
with the JAM pion gluon PDF result [12, 13] within two
sigma. LQCD provides an first-principles calculations
to improve our knowledge of nonperturbative pion gluon
structure; however, there have been only two efforts to
determine the first moment of pion gluon PDF [32, 33].
An early calculation in 2000 using quenched QCD pre-
dicted 〈x〉g = 0.37(8)(12), using Wilson fermion ac-
tion with a lattice spacing a = 0.093 fm, lattice size
L3 × T = 244, a large 890-MeV pion mass and 3,066
configurations at µ2 = 4 GeV2 [32]. A more recent
study in 2018 using Nf = 2 + 1 clover fermion action
with a lattice spacing a = 0.1167(16) fm, larger lattice
size 323 × 96, 450-MeV pion mass, and 572,663 measure-
ments, gave a larger first-moment result, 〈x〉g = 0.61(9)

at µ2 = 4 GeV2 [33]. In principle, a series of moments
can be used to reconstruct the PDF. Although there are
calculations of the first moment of the pion gluon PDF,
there is little chance that sufficient higher moments of
the pion gluon PDF can be obtained to perform such
a reconstruction. A direct lattice calculation of the x-
dependence of the pion gluon PDF is needed.

In recent years, there has been an increasing number
of calculations of x-dependent hadron structure in lat-
tice QCD, following the proposal of Large-Momentum
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Effective Theory (LaMET) [34–36]. The LaMET method
calculates lattice quasi-distribution functions, defined in
terms of matrix elements of equal-time and spatially sep-
arated operators, and then takes the infinite-momentum
limit to extract the lightcone distribution. The quasi-
PDF can be related to the Pz-independent lightcone PDF
through a factorization theorem that factors from it a
perturbative matching coefficient with corrections sup-
pressed by the hadron momentum [35]. The factorization
can be calculated exactly in perturbation theory [37, 38].
Many lattice works have been done on nucleon and me-
son PDFs, and generalized parton distributions (GPDs)
based on the quasi-PDF approach [39–71]. Alternative
approaches to lightcone PDFs in lattice QCD are “good
lattice cross sections” [37, 72–75] and the pseudo-PDF
approach [76–89]. However, LQCD calculations of the x
dependence of the pion PDFs have only been done for
the valence-quark distribution [49, 64, 74, 75, 81, 90, 91].

Only recently have lattice calculations of the gluon
PDF become possible, when the necessary one-loop
matching relations of the gluon PDF were computed for
the pseudo-PDF [92] and quasi-PDF [54, 93] approaches.
Both approaches make direct calculation of the x depen-
dence of the pion gluon PDF feasible. In this work,
we apply the pseudo-PDF method by using the ratio
renormalization scheme to avoid the difficulty of cal-
culating the gluon renormalization factors. There is a
developed procedure for using the pseudo-PDF method
to obtain lightcone PDFs from Ioffe-time distributions
(ITDs) by matching through two steps, evolution and
scheme conversion [82]. Using the pseudo-PDF method
also allows us to use lattice correlators at all boost mo-
menta at small Ioffe-time. There have been a number of
successful pseudo-PDF calculations of nucleon isovector
PDFs [76, 80, 85, 86] and pion valence-quark PDFs [81].
The earliest calculation was done on a quenched lat-
tice [76], then the pion masses were set closer to the phys-
ical pion mass [80, 81, 85], and the calculation at physical
pion mass was done recently [86]. The lattice-calculated
PDFs in Refs. [80, 81, 85, 86] show good agreement with
the global-analysis PDFs.

In this work, we present the first calculation of the full
x-dependent pion gluon distribution using the pseudo-
PDF method from two lattice spacings, 0.12 and 0.15 fm,
and three pion masses: 690, 310 and 220 MeV. The rest of
the paper is organized as follows. In Sec. II, we present
the procedure to obtain the lightcone gluon PDF from
the reduced ITDs, the numerical setup of lattice sim-
ulation, and how we extracted the reduced ITDs from
lattice calculated correlators. In Sec. III, the final deter-
mination of the pion gluon PDF from our lattice calcu-
lations is compared with the NLO xFitter [14] and JAM
pion gluon PDFs [12, 13]. The systematics induced by
different steps are studied, and the lattice-spacing and
pion-mass dependence are investigated.

II. GLUON PDF FROM LATTICE

CALCULATION USING PSEUDO-PDF METHOD

In this work, we use the unpolarized gluon operator
defined in Ref. [92],

O(‡) ≡
∑

i 6=z,t

O(F ti, F ti; z)−
∑

i,j 6=z,t

O(F ij , F ij ; z), (1)

where the operator O(Fµν , Fαβ ; z) =
Fµ
ν (z)U(z, 0)Fα

β (0), z is the Wilson link length,
and the field strength Fµν is defined as

Fµν =
i

8a2g0

(

P[µ,ν] + P[ν,−µ] + P[−µ,−ν] + P[−ν,µ]

)

,

(2)
where the a is the lattice spacing, g0 is the strong cou-
pling constant, and the plaquette Pµ,ν = Uµ(x)Uν(x +
aµ̂)U †

µ(x + aν̂)U †
ν (x) and P[µ,ν] = Pµ,ν − Pν,µ. There is

an alternative operator
∑

i 6=z,t O(F ti, F zi; z) correspond-

ing to the same matching kernel in Ref. [92]. We do not
choose this operator, because it vanishes at Pz = 0 for
kinematic reasons, bringing additional difficulties in ob-
taining the distributions.
Using this operator in Eq. 1, we calculate lattice gluon

matrix elements of the ground-state meson |0(Pz)〉 with
various boost momenta Pz and Wilson-line displacement
lengths z. We then study their dependence on Ioffe time
ν = zPz,

M(ν, z2) = 〈0(Pz)|O(z)|0(Pz)〉, (3)

calling M(ν, z2) the Ioffe-time distribution (ITD). To
eliminate the ultraviolet divergences in the ITD, we con-
struct the reduced ITD (RITD) by taking the ratio of the
ITD to the corresponding z-dependent matrix element at
Pz = 0, and further normalize the ratio by the matrix el-
ement at z2 = 0 as done in the first quark pseudo-PDF
calculation [76],

M (ν, z2) =
M(zPz, z

2)/M(0 · Pz, 0)

M(z · 0, z2)/M(0 · 0, 0)
. (4)

The renormalization of O(z) and kinematic factors are
cancelled out in the RITDs. The RITD double ratios
used here are automatically normalized to one at z = 0.
The RITDs are related to the pion gluon g and quark

qS PDFs via the pseudo-PDF matching condition [92]

M (ν, z2) =

∫ 1

0

dx
xg(x, µ2)

〈x〉g
Rgg(xν, z

2µ2)

+
Pz

P0

∫ 1

0

dx
xqS(x, µ

2)

〈x〉g
Rgq(xν, z

2µ2), (5)

where µ is the renormalization scale in MS scheme and

〈x〉g =
∫ 1

0
dx xg(x, µ2) is the gluon momentum fraction

of the pion. We can split the gluon-in-gluon Rgg contri-
bution in Eq. 5 into two parts, which are introduced in
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Eqs. 21 and 24 in Ref. [82],

Rgg(y, z
2µ2) = R1(y, z

2µ2) +R2(y), (6)

R1(y, z
2µ2) = −

αs(µ)

2π
Nc ln

(

z2µ2 e
2γE+1

4

)

RB(y), (7)

R2(y) = cos y −
αs(µ)

2π
Nc (2RB(y) +RL(y) +RC(y)) ,

(8)

where R1(y, z
2µ2) is the term related to evolution, R2(y)

is the term related to scheme conversion, αs is the strong
coupling at scale µ, Nc = 3 is the number of colors, and
γE = 0.5772 is the Euler-Mascheroni constant. The z in
R1(y, z

2µ2) is chosen to be 2e−γE−1/2/µ so that the log
term vanishes, suppressing residuals that contain higher
orders of the log term, as discussed in the paper on the
one-loop evolution of the pseudo-PDF [82]. The gluon-in-
quark kernel Rgq(y, z

2µ2), along with RB(y), RL(y) and
RC(y), are defined in Eqs. 7.21–23 and the paragraph
below Eq. 7.23 in Ref. [92].
In this work, we first neglect the pion quark PDF, since

the total quark PDF is found to be much smaller than the
gluon PDF in global fits [12, 14]. We will later estimate
the systematic uncertainty introduced by this assump-
tion. The gluon evolved ITD (EITD), G is obtained by
using the evolution term R1(y, z

2µ2),

G(ν, µ, z2) = M (ν, z2)

+

∫ 1

0

dxR1(x, z
2µ2)M (xν, z2). (9)

The z dependence of the EITDs should be compensated
by the ln z2 term in the evolution formula. In principle,
the EITD G is free of z dependence and is connected to
the lightcone gluon PDF g(x, µ2) through the scheme-
conversion term R2(y),

G(ν, µ) =

∫ 1

0

dx
xg(x, µ2)

〈x〉g
R2(xν), (10)

so the gluon PDF g(x, µ2) can be extracted by inverting
this equation.
On the lattice, we use clover valence fermions on three

ensembles with Nf = 2+1+1 highly improved staggered
quarks (HISQ) [94] generated by the MILC Collabora-
tion [95] with two different lattice spacings (a ≈ 0.12 and
0.15 fm) and three pion masses (220, 310, 690 MeV).
The masses of the clover quarks are tuned to reproduce
the lightest light and strange sea pseudoscalar meson
masses used by PNDME Collaboration [96–99]. We use
five HYP-smearing [100] steps on the gluon loops to re-
duce the statistical uncertainties, as studied in Ref. [52].
We use Gaussian momentum smearing for the quark
fields [101] to reach higher meson boost momenta. Ta-
ble I gives the lattice spacing a, valence pion mass Mval

π

and ηs mass Mval
ηs

, lattice size L3 × T , number of config-
urations Ncfg, number of total two-point correlator mea-
surements N2pt

meas, and separation time tsep used in the

three-point correlator fits for the three ensembles. This
allows us to reach the continuum limit and physical pion
mass through extrapolation. The total amount of mea-
surements vary in 105–106 for different ensembles.

ensemble a12m220 a12m310 a15m310

a (fm) 0.1184(10) 0.1207(11) 0.1510(20)

Mval
π (MeV) 226.6(3) 311.1(6) 319.1(31)

Mval
ηs (MeV) 696.9(2) 684.1(6) 687.3(13)

L3 × T 323 × 64 243 × 64 163 × 48

Pz (GeV) [0, 2.29] [0, 2.14] [0, 2.05]

Ncfg 957 1013 900

N2pt
meas 731,200 324,160 21,600

tsep {5,6,7,8,9} {5,6,7,8,9} {4,5,6,7}

TABLE I. Lattice spacing a, valence pion mass Mval
π and ηs

mass Mval
ηs , lattice size L3×T , number of configurations Ncfg,

number of total two-point correlator measurements N2pt
meas,

and separation times tsep used in the three-point correlator
fits of Nf = 2+1+1 clover valence fermions on HISQ ensem-
bles generated by MILC Collaboration and analyzed in this
study.

The two-point correlator for a meson Φ is

C2pt
Φ (Pz; t) =

∫

dy3e−iy·Pz 〈χΦ(~y, t)|χΦ(~0, 0)〉

= |AΦ,0|
2e−EΦ,0t + |AΦ,1|

2e−EΦ,1t + ...,
(11)

where Pz is the meson momentum in the z-direction,
χΦ = q̄1γ5q2 is the pseudoscalar-meson interpolation op-
erator, t is the Euclidean time, and |AΦ,i|

2 and EΦ,i are
the amplitude and energy for the ground-state (i = 0)
and the first excited state (i = 1), respectively.
The three-point gluon correlators are obtained by com-

bining the gluon loop with pion two-point correlators.
The matrix elements of the gluon operators can be ob-
tained by fitting the three-point correlators to the energy-
eigenstate expansion,

C3pt
Φ (z, Pz; tsep, t)

=

∫

d3y e−iy·Pz 〈χΦ(~y, tsep)|O(z, t)|χΦ(~0, 0)〉

= |AΦ,0|
2〈0|O|0〉e−EΦ,0tsep

+ |AΦ,0||AΦ,1|〈0|O|1〉e−EΦ,1(tsep−t)e−EΦ,0t

+ |AΦ,0||AΦ,1|〈1|O|0〉e−EΦ,0(tsep−t)e−EΦ,1t

+ |AΦ,1|
2〈1|O|1〉e−EΦ,1tsep + ..., (12)

where tsep is the source-sink time separation, and t is
the gluon-operator insertion time. The amplitudes and
energies, AΦ,0, AΦ,1, EΦ,0 and EΦ,1, are obtained from
the two-state fits of the two-point correlators. 〈0|O|0〉,
〈0|O|1〉 (〈1|O|0〉), and 〈1|O|1〉 are the ground-state ma-
trix element, the ground–excited-state matrix element,
and the excited-state matrix element, respectively. We
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to the a12m220 results using the gluon-in-gluon contri-
bution only (the green solid line). There are 5 to 10%
differences in the mean value including the gluon-in-gluon
contribution for x < 0.9, which indicates that the gluon-
in-quark contribution is relatively small at µ2 = 4 GeV2

compared to the current statistical errors in the small-x
region. In the x > 0.9 region, the gluon-in-quark contri-
bution becomes more significant, but it remains smaller
than the statistical error. Once studies are available with
sufficiently reduced statistical uncertainty in the large-x
region, the quark contribution will need to be included.

From the above analyses of the choice of fit form and
the contribution of the quark term, we conclude that
these systematics are negligible relative to the current
statistics. Therefore, we adopt the zmax ≈ 0.6 fm (zmax ≈
0.75 fm for a15m310 ensembles) fits to the EITDs, ne-
glect the quark contribution term in the matching, and
use the Eq. 10 fit form for our final results on all lattice
ensembles. The xg(x, µ)/〈x〉g reconstructed fit bands of
these ensembles are shown in the left plot in Fig. 6, com-
paring results from different lattice spacings and pion
masses. The reconstructed fit bands with different pion
mass Mπ ≈ {220, 310, 690} MeV are consistent at the
same lattice spacing a ≈ 0.12 fm, indicating mild gluon
PDF dependence on pion mass. Similarly, when compar-
ing lattice-spacing dependence of pion PDFs using data
around pion mass Mπ ≈ 310 MeV, we find that fitted
PDF is slightly smaller in the x > 0.1 region for the
0.12-fm lattice, but still within one sigma, which indi-
cates the lattice-spacing dependence is also mild. We
also note that the bands from different ensembles show a
differing speed of fall-off as x → 1 in the large-x region.
We study this fall-off behavior in more depth below.

The behavior of the gluon PDF fall-off in the large-x
region is widely studied in both theory and global anal-
yses. Perturbative QCD studies [104, 105] and DSE
calculations [29, 31] suggest that the gluon distribu-
tion g(x, µ2) ∼ (1 − x)C with C ≈ 3 in the limit
x → 1. The prediction from perturbative QCD [105]
is based on the idea that the gluon PDF should be sup-
pressed at large x relative to the quark PDF, because
the quarks are the sources of large-x gluons; that is,
g(x, µ2)/qv(x, µ

2) → 0 as x→ 1. Early fits of experimen-
tal data gave C ≈ 2 [7, 8] or C < 2 [9, 10], but the more
recent global analysis from JAM collaboration yielded
C > 3 [12, 13] and xFitter collaboration found C ≈ 3 [14].
Our fitted parameter C is 3.6(1.5), 3.3(2.0), 4.7(2.8) for
Mπ ≈ {690, 310, 220} MeV, respectively, at lattice spac-
ing a ≈ 0.12 fm. These C results are consistent with
each other and show a slightly increasing trend as the
pion mass approaches the physical pion mass. For lattice
spacings a ≈ {0.15, 0.12} fm, C = {2.2(1.5), 3.3(2.0)},
respectively, at Mπ ≈ 310 MeV, which suggests that C
will increase toward the continuum limit. We also inves-
tigate the effect of the gluon-in-quark contribution on the
C value, and it makes about 0.1 difference, which we ne-
glect. Given that both the pion-mass and lattice-spacing
extrapolations seem to show increasing C, it seems rea-

sonable to conclude from this lattice-QCD study that
C > 3.
We compare our reconstructed gluon PDF to those

from global fits on the right-hand side of Fig. 6. It shows
the xg(x, µ)/〈x〉g reconstructed fit band of a ≈ 0.12 fm,
Mπ ≈ 220 MeV lattice and the NLO pion gluon PDFs
from xFitter [14] and JAM [12, 13] at µ2 = 4 GeV2. The
JAM band appears somewhat wider than expected, be-
cause we reconstruct it by dividing xg(x, µ) by the mean
value of 〈x〉g; the correlated values needed for a correct
error estimation were not available. Note that xFitter
uses the fit form of Eq. 15 with A = 0. Our fitted pion
gluon PDF is consistent with JAM for x > 0.2 and with
xFitter for x > 0.5 within one sigma. We see in this com-
parison that our results are of similar error size as the
global-fit analysis and are useful to provide constraints
from theoretical calculation in addition to the experimen-
tal data.

IV. SUMMARY

In this work, we presented the first calculation of the
pion gluon PDF from lattice QCD and studied its pion-
mass and lattice-spacing dependence using the pseudo-
PDF approach. We employed clover valence fermions on
ensembles with Nf = 2+1+1 highly improved staggered
quarks (HISQ) at two lattice spacings (a ≈ 0.12 and
0.15 fm) and three pion masses (220, 310 and 690 MeV).
These ensembles allowed us to probe the dependence of
the pion gluon PDF on pion mass and lattice spacing. In
both cases, the dependence appears to be weak compared
to the current statistical uncertainty.
We investigated the systematics associated with the

functional form used in the reconstruction fits as well
as the systematics caused by neglecting the quark con-
tribution in the matching. The effect of the assumed
gluon PDF fit form was investigated by using various
forms, which are all commonly used or proposed in other
PDF works. We observe large effects changing the fit to
xg(x, µ)/〈x〉g from 1- to 2-parameter form but conver-
gence at 3 parameters. This implies the 2-parameter fits
are sufficient for our calculation, and our finial pion gluon
PDF results are presented using the 2-parameter fit re-
sults. We used the pion quark PDF from xFitter to make
an estimation of the quark contribution to the pion gluon
RITD. We found the systematic errors it contributed are
smaller than 10% of the statistical errors.
Our pion gluon PDF for the lightest pion mass is con-

sistent with JAM for x > 0.2 and with xFitter for x > 0.5
within uncertainty, as shown in our final comparison plots
of the pion gluon PDF. We also studied the asymptotic
behavior of the pion gluon PDF in the large-x region in
terms of (1−x)C . C > 3 is implied from our study at two
lattice spacings and three pion masses. The future study
of the pion gluon PDF from the lattice QCD with im-
proved precision and systematic control when combined
in global-fit analyses with the results of anticipated ex-
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[29] K. D. Bednar, I. C. Cloët, and P. C. Tandy, Phys. Rev.
Lett. 124, 042002 (2020), arXiv:1811.12310 [nucl-th].

[30] M. Ding, K. Raya, D. Binosi, L. Chang, C. D. Roberts,
and S. M. Schmidt, Phys. Rev. D 101, 054014 (2020),
arXiv:1905.05208 [nucl-th].
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