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Abstract. We develop a toolbox for proving decouplings into boxes with diameter
smaller than the canonical scale. As an application of this new technique, we solve
three problems for which earlier methods have failed. We start by verifying the
small cap decoupling for the parabola. Then we find sharp estimates for exponential
sums with small frequency separation on the moment curve in R3. This part of the
work relies on recent improved Kakeya-type estimates for planar tubes, as well as
on new multilinear incidence bounds for plates and planks. We also combine our
method with the recent advance on the reverse square function estimate, in order to
prove small cap decoupling into square-like caps for the two dimensional cone. The
Appendix by Roger Heath-Brown contains an application of the new exponential
sum estimates for the moment curve, to the Riemann zeta-function.
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1 A Brief Overview of “Old” and “New” Decouplings

In this paper we will address three related problems, one for the parabola, one for
the twisted cubic and another one for the cone.

All functions we work with will implicitly be assumed to be in the Schwartz class.
For each positive measure set B C R™ and each F': R” — C we will denote by

PpF(z) = /B F(e)ele - x)de

the Fourier projection of F' onto L?(B).

DEFINITION 1.1. Let us assume that we have a family B consisting of N pairwise
disjoint sets Bi,...,By in R™. Given p,r > 2, the I"(LP) decoupling (or simply
" decoupling if we do not want to emphasize the Lebesgue exponent p) constant
Dec(B, p,r) is the smallest number for which the inequality

N :
[ F || e &) < Dec(B,p,r)N="" (Z ||7DBiF||Ep(Rn)>
i=1

holds uniformly for all functions F' with spectrum in UgecpB.

It is easy to see that 1 < Dec(B,p,r2) < Dec(B, p, 1) whenever ro > r; (Exercise
9.7 in [Dem20]). Moreover, Dec(B,2,7) = 1 for each r > 2. For p > 2, the smallness
of Dec(B, p,r) is a measure of LP orthogonality associated with B.

In recent years, decoupling constants have been investigated in the context when
the sets B; are almost rectangular boxes covering d-neighborhoods of various man-
ifolds M. For each 6 < 1, the collection B(d) consists of Ns such boxes, and
lims_,g N5 = 0o. An ideal result is of the form

Dec(Bam(0),p,7) Se d°€ (1)

for various values of p,r. We will refer to this type of favorable estimate as {"(LP)
decoupling. Using interpolation and the fact that Dec(Ba(0),2,r) = 1, the range
for which (1) holds for a fixed r is of the form 2 < p < p,.
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What the previous results of this type have in common is the fact that the sets
B € Ba(0) are maximal with respect to the property of being almost rectangular
(or essentially flat; see the beginning of the next section for a precise definition). By
that we mean the fact that if the diameter of B were significantly larger, B would
end up being a curved box. This maximal property was essential in the previous
arguments; it is precisely the feature that allows for the use of the fundamental tool
called (generalized) parabolic rescaling. In short, this consists of the use of affine
transformations to map caps on the manifold to the whole manifold. We will refer
to this particular scale (diameter) of the boxes B as the canonical scale. This is of
course a function of both § and M.

Two families of manifolds have proved particularly useful for applications. The
first one consists of the hypersurfaces in R with nonzero Gaussian curvature. The
canonical scale in this case is §'/2. The other one consists of the curves with torsion
in R™, whose canonical scale turns out to be /7.

In this paper we initiate a systematic study of decoupling into boxes with diam-
eter smaller than the canonical scale. We will refer to this as small cap decoupling.
Part of the motivation for addressing this new class of problems comes from Number
Theory, via the following rather elementary principle, first proposed by Jean Bour-
gain in [Boul3b]. We state it somewhat loosely at this point, but will later revisit
concrete examples in more detail.

For a set .S and for 1 < p < oo, we will use the normalized L? integral

1 l/p
1FlLzzcs) = (,S| / Frp) .

PROPOSITION 1.2 (Reverse Holder’s inequality for exponential sums). Let M be a
manifold in R™ and let Byq(9) be a pairwise disjoint cover of the d-neighborhood of
M with boxes B of thickness §. The diameter of B need not be the same as the
canonical scale associated with (5, M). For each B € Ba(0), let £ be a point in
BN M.

Assume that for some p,r > 2 we have Dec(Ba(6),p,r) Se 6~ €. Then for each
family of complex coefficients (ap)pep,,(5) With essentially constant magnitude (say
1 < |ap| < 2) and for each cube Qr C R"™ with diameter R > §~! we have

> apelés-a) Se 6~ as|e. (2)

BeBam(0) LE(Qr)

In all applications, the points £ will be d§-separated. Apart from the term §~¢,
inequality (2) is sharp, since simple orthogonality considerations show that

lagle ~ | > ape(és- )

BeBm(9) LE(QR)
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Our work here addresses the case when there is no [?(LP) decoupling for the sets in
Bai(6). The above proposition shows that when the coefficients have essentially con-
stant magnitude, an [P(LP) decoupling is just as good for applications to exponential
sum estimates.

As one of the main applications, small cap decoupling allows us to investigate
moments of periodic exponential sums over subsets smaller than the full domain
of periodicity (e.g. a major arc, in the number theoretic terminology). Bourgain’s
papers [Bou34| and [Boul3a] contain a few examples of this nature. The small cap
decouplings there are handled with ad hoc arguments that are restricted to specific
exponents, and are ultimately reduced to canonical scale decouplings for higher
dimensional manifolds (see, e.g. [BD16]).

As mentioned earlier, a key obstacle in proving small cap decouplings is the inef-
ficiency of rescaling. Our new method avoids parabolic rescaling in the main body
of the argument, and only makes use of it in the multilinear-to-linear reduction.
Instead, it relies on a two-step decoupling, which amounts to refining and carefully
combining two previously known ingredients. One is the decoupling for the canon-
ical scale, the other one is the so-called flat (or trivial) decoupling. Executing this
strategy will rely crucially on new Kakeya-type estimates for boxes exhibiting a wide
range of shapes.

The phenomenon described in this paper is very broad. For reasons of brevity, we
illustrate it here with only three conjectures. They are described in Section 2, with
some words about the underlying motivation and the necessity of new methods. In
Section 3 we give some details on how we solve or make progress on such problems.
The rest of the paper will be devoted to proofs.

2 A Few Conjectures

An almost rectangular (or essentially flat) box B is a set in R™ for which there is
a genuine rectangular box (parallelepiped) R such that C™'R C B € C'R for some
C' = O(1). The orientation and dimensions of B are (somewhat loosely) defined to
be the same as those of R. All boxes considered in this paper will be quantitatively
far from being degenerate, in other words, they will be almost rectangular.

To describe the first problem, let % < a < 1. Let T'(d) be a partition of the
vertical d-neighborhood Np:1(4) of the parabola

P! = {(£,€%): |¢| <1}

into almost rectangular boxes v with diameter ~ §* and thickness ~ 9. The case
1
a= % is rather special, as §= is the canonical scale for the parabola. To emphasize

this we will denote F%(d) by ©(9) and the elements of O(J) by 6.

CONJECTURE 2.1 (Small cap I? decoupling for the parabola). Assume F : R? — C
has the Fourier transform supported on Npi(R™!). Then for each 2 < p <2+ % we



GAFA SMALL CAP DECOUPLINGS 993

have

aft—1)+e
1Pl sc RGOS 2P, )
YET W (R™Y)

In other words,

DeC(Fa(Rfl),p,p) <¢ R

The range for p, as well as the upper bound Ra(%_i) are sharp. Indeed, assume
that each P, F' is a smooth approximation of 1,. Then

/ (¢ - w)de
Np1(R™1)

when |z| < 1. Tn particular, ||F|| jo(az) 2 R~1. Also, [|PyF|| sy ~ RIF95". Note
also that there are ~ R® boxes 7 in ', (R™1).

The cases a = % and a = 1 of this conjecture were known. When a = %, it is an
immediate consequence of the following [? decoupling proved by Bourgain and the

first author in [BD15].

1

~ —

)| ~ ’

Theorem 2.2 (I? decoupling for boxes of canonical scale). Assume F : R? — C has
Fourier transform supported on Npi(R™1). Then for each 2 < p < 6 we have

2

1Pl S B 5D 1PoF e
0cO(R-1)

We state and sketch a simple proof of the case o = 1 of the conjecture.

Theorem 2.3. Assume F : R? — C has Fourier transform supported on Np: (R™1).
Then for each 2 < p < 4 we have

||FHLP(R2) 56 R57;+€ Z HP’YFHJZP(Rz)
yeT1(R™1Y)

Proof. The result is immediate for p = 2, due to orthogonality. Using interpolation
(Exercise 9.21 in [Dem20]), it suffices to prove the case p = 4. The bilinear version
of this is an immediate consequence of Cordoba’s classical square function estimate
(Exercise 3.5. in [Dem20]). The bilinear-to-linear reduction is also standard. See e.g.
Section 5.1 in this paper. O

It is easy to see that the [? decoupling that holds in the case o = % cannot hold
for any other value of o > %, unless p = 2. This is due to the following result, and

the fact that each § € ©(R™!) contains L ~ Rz > 1 boxes 7 € Lo(R7Y).



994 C. DEMETER ET AL. GAFA

ProOPOSITION 2.4 (Flat decoupling). Let B be a rectangular box in R", and let
By,..., B, be a partition of B into congruent rectangular boxes that are translates
of each other.

Then for each 2 < p,r < oo we have

IPeFllLo@ny S L7 - (ZIIPB FHLP(R")

1 1
Moreover, apart from universal multiplicative constants, the upper bound LY

is sharp.

Proof. The result is clear when p = 2, invoking orthogonality and Hélder’s inequality
in 7. It is also clear for p = oo (and all » > 1). All other cases follow using special
interpolation, see Exercise 9.21 in [Dem20].

The lower bound can be obtained by testing with F' having Fourier transform
equal to a smooth approximation of 15. O

We explain the difficulty of Conjecture 2.1 by describing a naive approach to
it that fails. It is tempting to attack this conjecture via a two-step decoupling as
follows. First, Theorem 2.2 gives

1Pl S BT S 120Uy | o)
0cO(R-1)

It remains to decouple each 6 in smaller boxes v C 6. Since 0 is essentially a flat
box, Proposition 2.4 gives

a—L1)(1-2
||P9FHLP(R2) S R( 2)( P) Z ||,P’YF||€1)(R2) . (4)
YETa(R™1)

Combining (3) and (4) we arrive at the inequality

20— 2)(L—-1)4e
1Pl Sc REDE [0S e e
yela(R71)

Comparing this with Conjecture 2.1 reveals that the intended exponent of R is too
large. Here is the explanation for this discrepancy. Both inequalities (3) and (4) are
sharp, in the sense that the precise exponents of R in the two upper bounds can
be realized for specific choices of functions F. However, the point of the stronger
inequality in Conjecture 2.1 is that these bounds cannot be simultaneously realized
by the same function.
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We also observe that parabolic rescaling, a tool that was so vital for the proof
of Theorem 2.2, is no longer appropriate for attacking Conjecture 2.1, when « > %
Roughly speaking, parabolic rescaling amounts to stretching by some factor ¢ in the
& frequency direction, and by o2 in the & direction. While v € T'p,(R™1) has dimen-
sions ~ (R™%, R™1), the rescaled version of v has dimensions ~ (c R~ 02R™!), and
thus it is never in a collection of the type I'y(9).

Let us now state a conjecture for the moment curve.

CONJECTURE 2.5. For eachn >2,0< 3 <n—1ands > 1 we have

2s
/[0,1]"1X[0 ~7)

N
> elkay + KPwg + - + kK wn)| do S N© (NS—,B " N2s_%) '
"NBL k=1

This inequality is easily seen to be true for s = 1 (L? orthogonality) and s = oo
(triangle inequality). If § and n are fixed, it suffices to verify the conjecture for the
critical exponent s, = % — . Indeed, the remaining values of s are addressed
using Holder’s inequality with indices 1, s. and co. It is worth observing that in the

range 2 < 2s < 2s,, the conjecture is the same as the reverse Holder’s inequality

N
e(kx1 + K xo + -+ kE"xy)
k=1

< Nate,

~

L ([0,1] =1 x[0,575])

When n = 2, the conjecture can easily be verified using standard Gauss sum
estimates. There is also an alternative argument, as a consequence of our solution
to Conjecture 2.1.

The case 8 = 0, n > 3 is known as Vinogradov’s Mean Value Theorem, solved
recently in [Wool6] (n = 3) and [BDG16] (n > 4). We are aware of two arguments
for n = 3 and = 2, one by Bombieri-Iwaniec [BI86] and another one by Bourgain
[Bou34]. No other cases seem to have been known when n > 3.

We will see that this conjecture can be approached using a small cap decoupling.

Before stating a third conjecture, we motivate it with the following result proved

in [BD17].

Theorem 2.6 (I decoupling for boxes of canonical scale). Let M C R3 be the
graph of a smooth function on some compact subset of R?. Assume M has nowhere
zero Gaussian curvature. Let © y((0) be a partition of the 6-neighborhood N4(d) of
M into almost rectangular boxes 0 with dimensions ~ (0, (5%,(5%). There are ~ 61
such boxes. R

Assume F : R® — C satisfies supp (F) C Ny((R™1). Then for each 2 < p < 4 we
have

1Pl S REFH S0 1PoFIE g,
0€O 1 (R-1)
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Figure 1: Caps 6 and ~y for the cone.

One expects that the same result holds for the (truncated) cone, which has
everywhere zero Gaussian curvature

Co® = {<£1,£2,\/£%+£§> 1< 46 < 2}.

Let Oco2(0) be a partition of its d-neighborhood Ng,2(d) into almost rectangular
boxes 6 with dimensions ~ (§ : ,0,1). Tt is easy to see that these boxes have canonical
scale; if they were wider than §'/2, they would no longer be almost rectangular. We
can make ¢ smaller in two ways, either narrower or shorter. We illustrate small
cap decoupling in the latter case, as it has a different flavor than the previously
considered case of the parabola.

To this end, we partition each 6 into almost rectangular boxes « with dimensions
~ (62,8,62). Let T'(8) the collection of all these v (Fig. 1).

We recall the following conjecture stated at the end of [BDK].

CONJECTURE 2.7 (Small cap decoupling for the cone). Let F' : R® — C with the
Fourier transform supported inside Ngo2(R™1). Then for each 2 < p < 4 we have

HFHLP(H@) Se RE?EJFE Z ”PWF”IEP(H@)
yET(R™Y)

Testing with F equal to a smooth approximation of Ngy:(R™!) shows that the
range 2 < p < 4 is optimal for an [P(LP) decoupling. Using flat decoupling (to
pass from 6 to ), the trilinear restriction theorem and the Bourgain—Guth method
[BG11], one can easily verify the conjecture for 2 < p < 3. We omit the details.

If proved, this conjecture would have immediate implications for (not necessarily
periodic) exponential sums, via Proposition 1.2. See Lemma 2.1 and Lemma 2.2 in
[Woo15] for related results in the periodic case. Similar issues have recently surfaced
in the works [BW18] and [BW] of Bourgain and Watt on estimating the averages of
the zeta function on short subintervals of the critical line, as well as on getting new
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estimates on the Gauss circle problem. The key exponential sum estimate involves

Z Z age(lzy + klzy + w(k,l)xs)

I~L E~K

1\ -1
Lo(|2 | wa|<1Jos < (nLKE) )

where

1 3
wik, 1) = 5 ((k+1)= = (k- 1)3%) = BV 4 ck=3/28 4 - (5)

and 7 > 0 is a small parameter. Note that the points (I, kI, k:él) lie on the cone x = %,

and the points (I, kl,w(k,1)) lie on a slight perturbation of it. Solving Conjecture 2.

would be a first step towards understanding better this class of problems.
Conjecture 2.7 should be compared with the following result about boxes with

canonical scale.

Theorem 2.8 [BD15]. Let F : R® — C with the Fourier transform supported inside
Ncoz(R™Y). Then for each 2 < p < 6 we have

0 |-

[ F[| Lo rey Se B > IPeFI7 s
0€Oc,2(R™1)

We gauge the difficulty of Conjecture 2.7 in a similar way we did with the Con-
jecture 2.1 for the parabola. Combining Theorem 2.8 with flat decoupling (Proposi-
tion 2.4) leads to the less than optimal inequality

3(1_1) 4
1l S RG0S 1P, P
yeEL(R1)

The Lorentz transformations rescale the cone in the direction of nonzero principal
curvature, but do not stretch the cone in the direction of zero principal curvature. In
other words, the square-like caps v are mapped into caps of rectangular-like shape.
This renders Lorentz rescaling inefficient for attacking Conjecture 2.7.

3 The New Results and the Methods of Proof

Our first result verifies Conjecture 2.1.

Theorem 3.1. Assume F : R? — C has the Fourier transform supported on Np:
(R™Y). Then for each 2 < p < 2+ 2 we have

1Pl 5 BE [0S 12, P)n, )
'YEFQ(Ri)
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As an immediate consequence, we get the following essentially sharp exponential
sum estimate for frequency points that do not necessarily belong to a lattice.

COROLLARY 3.2. Let 3 <o <1 and 2 <p <2+ 2. The inequality

B =

p

/Zage (6,6%)] dz | < R

R é‘eH

holds true for each collection = C [—1, 1] with |=| ~ R® consisting of R~%-separated
points, each square Qr C R? with diameter R and each ag € C with magnitude ~ 1.

We also verify Conjecture 2.5 for n = 3 in the range 0 < § < % As remarked
earlier, for each 3 it suffices to consider the critical exponent s, = 6 — 3. Our method
allows for a more generous result, with unit modulus coefficients and arbitrary inter-
vals H of length ﬁ

Theorem 3.3. For each 0 < 3 <
with |a;| =1 we have

< 2, each interval H of length 5 and each aj € C
N 12-28

/ Z aje(kxy + K2z + k?’azg) dr <. NO-20+e
0.12xH |7

We did not make serious efforts to extend this result to the full range 0 < g < 2.
The Appendix contains an application of the preceding theorem to the Riemann
zeta-function.

REMARK 3.4. The term k% may be replaced with N3p(£), where ¢ is a C3([0,1])
function satisfying min,ep y l¢"(t)| > 0. This is because periodicity in the variable
x3 is never used in our argument.

Regarding Conjecture 2.7, we will verify it by combining our two-step decoupling
method with the following very recent result due to the last two authors and Zhang.

Theorem 3.5 (Reverse square function estimate, [GWZ]). Assume F : R® — C has
Fourier transform supported on Ngy:(R™'). Then

1F || La(re) Se RS > [PeFP
0€Oc,2(R~1)
LA(R?)
More precisely, in Section 10 we prove the following result.

Theorem 3.6. Theorem 3.5 implies Conjecture 2.7.

We have the following immediate consequence.
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COROLLARY 3.7. Let A be a collection of d-separated points on the cone. For each
A\ € A, let ay have magnitude ~ 1. Then for each cube Qg with diameter R > §~2

we have
wl,,

In particular, if A has maximum size |A| ~ §=2, then (by letting R — o) we find
the following sharp estimate on the additive energy of A

11—
dr | Sco7€

Za)\ex A)

AEA

Eo(A) = {(A1,. . ) € A% X+ o = Ag + M| Se AP

Let us close this section by commenting on the methods used to prove Theo-
rems 3.1, 3.3 and 3.6.

The naive, failed argument we have described in the previous section for both the
parabola and the cone relied on combining decoupling at the canonical scale with
flat decoupling. We will instead apply an improved version of this argument, by
proving and eventually combining refined versions of these two types of decoupling.
The refinements will reflect a gain over a certain parameter that counts the statistics
of thin boxes inside fat boxes.

A first example of refined flat decoupling is presented in Section 4, that only
relies on L? orthogonality. This is good enough for the parabola and the cone. The
moment curve will require more sophisticated versions of this principle, that will
combine L? orthogonality with lower dimensional decoupling. These are proved in
Propositions 8.5 and 9.3 and rely in part on the new small cap decoupling we prove
here for the parabola.

The refined decoupling for boxes of canonical scale will rely on new Kakeya-
type information for boxes (tubes, plates and planks) that satisfy certain structural
assumptions. In the case of the parabola, the refined Kakeya estimates we need are
in the spirit of those from [GSW]. In this case, the structural assumption amounts to
control over the (upper) density of the thin tubes with respect to certain fat tubes.
We refer to this as “statistical” assumption. To prove Theorem 3.3 we derive new
incidence estimates for plates and planks that are adapted to the geometry of the
moment curve. In this case we rely both on statistical and on periodicity assumptions
for our boxes, the latter being inherited from the periodicity of the exponential sum
in the first two variables. In the case of the cone, the required Kakeya-type input
for planks is rather standard, but this convenience is made possible by the use of
the powerful reverse square function estimate (Theorem 3.5). It is worth pointing
out that the proof of this square function estimate relies on more delicate geometric
localization for planks.

Our arguments rely substantially on wave packet decompositions, more so than
the previous work on decoupling. They facilitate the reduction of oscillatory prob-
lems to incidence geometric estimates between boxes and small scale-cubes. The
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local analysis on each such cube will be handled using two mechanisms: refined
decoupling (see Theorems 5.6 and 7.5) and multilinear restriction estimates (the
classical bilinear L* Cordoba inequality for the parabola and the analogous trilinear
LS estimate for the twisted cubic).

4 A Refined Flat Decoupling

In this section we will show how to improve the flat decoupling in Proposition 2.4,
subject to a statistical assumption on the wave packets of F. Small variations of
the next result will be used later for all three conjectures mentioned in the previous
section.

Two rectangular boxes are said to be dual to each other if they share the axes,
and if their corresponding edges have reciprocal lengths.

PRrROPOSITION 4.1. Let B be an almost rectangular box in R", and let By, ..., By, be
a partition of B into almost rectangular boxes of volume ~ V' which are (essentially)
translates of each other. Let T be a tiling of R"™ with rectangular boxes T dual to
B;. Then for each 2 < p < oo we have

. L\: » »
(Z ||7>BFH§2(T)> (7 <Z|1PBF\|%Rn> .

T€T
Proof. Let ¢, be a positive-valued smooth approximation of 1, such that
Z(¢r)p ~ 1gn, supp(¢,) C By and ¢, > 1;.
TeT

We use Holder’s inequality twice to write

. p . :
(ZHP&FWZP(R”)) > (ZZ HW&FH%(W})
=1

T€T i=1

(Z Y 163PFIf g )

T€7 i=1

s =

1
V2
py L
2 P

1_1 L
V\: s
> (L) > (} j|r¢3PBiF||%2(Rn>)
=1

TeT

Next, note that for each fixed 7 the functions ¢2Pp, F are almost orthogonal. Thus,

the last expression is
11 i
2 p
() (grn)’
TeT

as needed. O
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For later use, we rewrite this proposition in a slightly different way, that shows
1 1
a gain of N>~ » over the flat [P(L?) decoupling bound in Proposition 2.4.
Let

1
X0 = ey

For a box 7 we denote by x, the L rescaled version of y adapted to 7.
Consider the wave packet decomposition

PpF = > wrWr (6)

TeTy

arising as follows. Let np be a real Schwartz function satisfying 1p < np < 1lop.
Consider the Fourier expansion of PgF on 2B and note that

PF = |BI™' Y (PsF,eler )eler Jns.
TeTg

The collection Tp represents a tiling of R” with boxes T' centered at ¢p and dual to
2B. We define

and wp = <7ﬁ, e(er +)).

The function Wrp is an L* normalized smooth approximation of 17 with the
Fourier support inside a slight enlargement of B. In particular, |[Wp| < xp and
IWrll e a1y ~ |T|M/P for each X\ > 1. If |wy| ~ w for T € Ty C Tg, then

1/p

T\ "
2 wrWrl o~ | D lerWrlf g ”w<|B|> |

Lp(]Rn) TGT/B

See Chapter 2, especially Exercise 2.7, in [Dem20].

We next use g to hide arbitrarily small power losses with respect to the parameter
N.

COROLLARY 4.2. Let T’y C Tp be such that |wp| ~ w for T € T’ and such that
each T € T contains either ~ N tubes T or no tubes at all. Then

1
P

L2\ (&
> w5 (%) <ZH7>BiFuip<Rn)> . @
=1

Le(R")
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Proof. For ¢ > 0 we split Ty into O(N?¢) collections T as follows. If 7 € T
contributes to T’;, then all T' C 7 will be placed in the same collection T’;. Also, if
7,7" contribute to T% then N¢7 and N7’ are disjoint. It suffices to prove (7) with
T'; replaced with a collection T7.

Let 77 be the collection of those 7 € 7 that contribute to T%. Thus [T%;| ~ N|77|.
It is easy to see that for each p we have

Z wrWr ~w <IJ/\(/> ’

Lr(Ne/27)

if 7 € 7'. Indeed, the left hand side differs from || ) rery wrWe|| 1o (mn) by a negligible

term, due to Schwartz tail considerations. On the other hand, this term is ~ w(%) v
since |wp| ~ w. Also,

N|T'|\ #
Z wrWrp Nw( v > .
Lr(R")
Thus

1/p

Z wrWr ~ Z [ Z wTWT“IZJP(NE/ZT)

TeTY Lr(R") TeT' TEeTY
1
LV\: > ’ '
2 p
~ <N > E E wTWT
’ 1/
TeT' ||TETY L2(N</27)

E wrWr N (L]\‘,/)fp Z | Z wTWTHIg?(Ne/zr)

TET), Lo(&n) reT’ TETY
11 P ’
< yow (VA E S wri by L? orthogonali
N W (by L* orthogonality)
7€T’ || TETpE L2(x)
1_1 p i
LV \z2 »
~ NOO < ) S wrWy
Te€T |ITET L2(7)

2\ (& ’ y
< NO(©) <N> (Z ]|7DBiF||Pp(Rn,)> . (by Proposition 4.1)

i=1
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5 The Proof of Theorem 3.1

We split the proof into several smaller steps.

5.1 An initial bilinear reduction for Theorem 3.1. Let ©;(R~!) and ©5(R~

be the subsets of ©(R™!) consisting of boxes 6 sitting above [—1,—1] and [3,1],
respectively. The only important thing about [—1,—1] and [%,1] is that they are
disjoint.
Write for i € {1,2}
F;, = Z PyF.

0cO;(R1)

Here we show that Theorem 3.1 is a consequence of the following bilinear result.

Theorem 5.1. If2 <p <2+ % and if F' is supported on Np:(R™1) then

P

N =

RGO e

H(Fle) Se
yeTa(R-1)

Lr(R?) ?(R?)
Proof. (Theorem 5.1 implies Theorem 3.1) This is the only part in the proof where
we use parabolic rescaling. This tool will not be used in the proof of Theorem 5.1.

Let K ~ log R and let m be such that K™ = R'/2. We denote by ¥ a set of the
form N7(R™!), with I a dyadic interval in [—1,1]. We write I(¢) = |I|. The starting
point is the following elementary inequality, with C' a universal constant (such as
100)

[Fx)| < Y [PoF ()
1(9)=+
< C max |[PyF(z)|+ K¢ max [Py, F(x)Py,F(x)|"/?.

1(9)=+% LW1)=1(92)= %
dist (91, 02)>7

If we iterate this m times (always for the first term) and integrate, we find (with a
different, still universal C')

IFIE, gy SC™ 3 IPa,FI

[(9o)=R~1/2
m 7-C 1/2 D
+C"KC Y 3 max  [(Po,FP, )P,
L as 91,92CN ()
Rz A L T~A )y =i(04)= K IUN
AcKZ dist (97,99)2K~1A

Note first that C™ K¢ <, R, for each € > 0.
We estimate each term from the first sum using flat decoupling (Proposition 2.4)

||P190F||pp (x2) < R(2a-1)(5-1) Z ||P7F||I£p(R2).

YETa(R™L)
~yCdg

0,
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The contribution from all these terms is acceptable, since 2a — 1 < a.

Let us now analyze a term from the second sum. Note that RA? > 1. We use
parabolic rescaling, mapping N 1(%) to Np: (ﬁ)7 and F to a function G with spec-
trum inside Npl(ﬁ). We apply Theorem 5.1 to this G, with R replaced by RAZ,
and then reinterpret this inequality for £, via a change of variables. We get

1

|(Po FPo. ) oy S (ARG S mpp,
WCNI(%)

U= ATy

Note that the tubes w are essentially flat, and are longer than the tubes v € I'o(R™1).
We apply flat decoupling (Proposition 2.4)

I(w 2<$7i>
1Pl 5 (1)) S 1P
v€Ta ()

yCw

If we combine the last four displayed inequalities, we finish the proof as follows

e 1/p
1Pl ey <e ROGT0) Y AR S P,
1/2 SAagt YET o (R™1)
AeKZ
1/p
< RGOS R
yela(R71)
O

We will next focus on proving Theorem 5.1.

5.2 A refined planar Kakeya inequality. @ We first review two classical esti-
mates that we will find useful in the next sections. The notation < will hide loga-
rithmic losses.

We call a family T of congruent tubes in R™ §-separated, if the collection of their
directions forms a d-separated set on S”~!, and if any two parallel tubes are disjoint.

PROPOSITION 5.2 (Linear Kakeya). Consider a finite collection T of §-separated
congruent tubes (rectangles) in R? with eccentricity 6! and with at most m tubes
in each direction. Then

S

TeT

§m6%m<ZW0-

TeT

2
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Proof. The angle between any two rectangles 11, Ty € T is ~ 5, for some 0 < j <
5~ 1. It is easy to see that in this case we have the estimate

T
Ty NTs| S j|—|—1|1'
We may thus write
o5 1)
X MNT<m > Y T Smlog(s!) Y T 0O
T\€T T>€T T,eT j=1 Ty€T

The proof of the following result is immediate, and will be omitted.

ProprosITION 5.3 (Bilinear Kakeya). Let Ty, To be two families of congruent tubes
in the plane with eccentricity =, so that the angle between any pair (Ty,Ts) €
Ty x Ty is 2 1. We allow both Ty and Ts to contain multiple copies of a given tube.
Then

1/2
(Z I Y m) < 8(|T || T2)) /2.

T,€T, T5€T, 9

In particular, the collection Q. ,,(T1,T2) of bilinear (ri,rs)-rich d-squares (those
squares intersecting at least r1 tubes from Ty and at least ro tubes from T4) satisfies

the bound
|T1||Ts|

rir2

1Qr, 7, (T1, T2) S (8)
The critical new input from incidence geometry is provided by the following
refined Kakeya estimate, in the spirit of [GSW].

Theorem 5.4. Let T be a collection of R~'/?-separated (R%, R)-tubes in R?. Assume
that the following statistics assumption is satisfied: there are at most N parallel tubes
inside each fat (R*, R)-tube T with the same orientation.

Let r > 1. Let Q, be a collection of pairwise disjoint squares q with side length
~ RY? that intersect at least r tubes T € T. Then there is a dyadic scale 1 < s <
RY2 and an integer My such that the following properties hold:

IT|M,R>
o 5 FRLE 9
M,R>
re —g o (10)
and )
My < Nsmax(1,sR2"%). (11)

Before we prove this result, we put it into perspective by presenting an immediate
consequence.
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COROLLARY 5.5. Assume T lies in [~ R, R]? and satisfies the statistics assumption
in Theorem 5.4. Write W = R'™% and write |Tnaz| for the maximum possible size
~ NWR: of such a collection T.
Assume also that r > C(e)R* NW, for some € > 0 and some large enough C'(e).
Then
[ Tomaz|

|T
<
AR r2W

Proof. We apply Theorem 5.4 to get a scale s. We claim that the lower bound on r

forces s < R . Indeed, let us assume for contradiction that s > R*~2. Then (10)
and (11) lead to

(12)

[

MgR>
52

C(e)RENR'™® < r < (log ) < Cy(log R)“* NR™,
or C(e)R¢ < Cy(log R)“". This is of course false for all R > 1, if C(¢) is chosen large
enough.

Inequality (12) follows immediately by combining (9) with (11). 0

When T has maximal size |T| ~ N W Rz, this corollary coincides with Theorem
1.2 in [GSW]. For our application to the parabola, we need this slightly more general
version, that accommodates collections T with smaller size. One should also compare
(12) with (8).

Proof. (of Theorem 5.4) The proof will show that the statistics assumption in N
will not be needed for the proof of either (9) or (10).

For each T' we let v be a positive smooth approximation of 17, with the Fourier
transform supported on the dual box to 7" through the origin. Write

K(t) =Y wvr(t).

TeT

For each dyadic 1 < s < R'Y2, let n, be such that 7, is a smooth bump on
|€] ~ (sR2)"1if s < RY?, and on |¢] < R~ if s = RY/2. Moreover, we ask that

D o) =1

on the support |¢| < R™Y/2 of K.
Note that

K=Y Kxns
S

For each s we consider a maximum collection of sR'/2-separated directions. For

each direction, we tile the plane with (sRl/ 2 R)-tubes T pointing in this direction.
Essentially, each T" € T fits inside a unique such T, and we will write T' C T;. Each
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given T may contain as many as ~ s tubes T' pointing in different directions, and
a maximum of ~ s% tubes from T.

For a dyadic parameter 1 < m < s2, we call Ts,m the collection of those Ty that
contain ~ m tubes T" € T. We write

Ks,m = Z Z vr | *1s-

T.€7,,,, TCT,

Note that
K=Y Y Ko
S m
We may pick s and some m—that we denote by M;—such that
K(x) 5 [Kom. (2)]

for all « in a subset E of Ugeg, ¢ with comparable area R|Q,| < |E|.
Write fr, = (3 _pcr, vr)*ns. Here is the key observation. Due to both space and
frequency support considerations, it is easy to see that for each s and for each pair
of fat tubes Ty, T/, the functions fr, and fr, are almost orthogonal.
Each function fr, is essentially supported on (a slight enlargement of) T, and
moreover
< M

o0 A~

| fr.

Let us now derive a few consequences. First, since K is essentially constant on

(13)

Ugeo, q, we have

2

RIQ | < / KPS / Koa,
E R2

sy [

Ts€Ts, v,

M 2
SAES
T@EIZ;JMS
§MS|T|R3/2'
S

2

This proves (9). Let us next see why (10) holds. Write for some = € E, noting that
R2
S

there are < tubes Ty passing through z, and using (13) in the end

R1/2 M,

FSE@ S K@l < Y n@)l s

Ts€Ts m,

We separate the proof of (11) into two cases.
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Let us start with s < R*" 2. Pick T, € 7 .. By our hypothesis, T contains at
most N tubes T € T of each given direction. There are < s possible directions for
these tubes, so T can contain at most Ns tubes T'. We conclude that M; < Ns.

1
We next assume that s > R*"2. Pick Ty € 7; ps,. There are ~ Rif fat (R*, R)-
tubes 7 inside Ty, with the same orientation as Ts. Our hypothesis implies that
1
T, contains at most NRz"%s tubes T' € T of each given direction. There are < s

possible directions for these tubes, so T can contain at most NV R>“s2 tubes T. We
conclude that My < NR> g2, O

5.3 A refined I decoupling for boxes of canonical scale. Assume F :
R? — C, with F supported on Ap:(R™!). Consider the wave packet decomposition

(see (6))
F = Z P@F = Z wTWT.

0cO(R TETx(F)

The family Tr(F) contains the tubes corresponding to all boxes §. We will write
Fp =wpWp.

The following result is a particular case of Theorem 4.2 proved in [GIOW].
It reﬁnes the [P(LP) decoupling (3) by replacing R~ % with the smaller quantity
M2 5.

Theorem 5.6. Let Q be a collection of pairwise disjoint squares ¢ in R?, with side
length R'/?. Assume that each q intersects at most M fat tubes R°T with T € Tg(F),
for some M > 1 and § > 0.

Then for each 2 < p < 6 and € > 0 we have

||F||LP(quQq) 56,5 R*Mz"» Z HFTHZ)(W)
TETR(F)

5.4 Proof of Theorem 5.1. For ¢ € {1,2}, recall the definition of Fj, and let

T; C Tgr(F) be such that
Fi=)Y Pr=> wrWr.
TEeT; TEeT,

The directions of 77 € Ty and Ty € Ty are ~ 1-separated. We split the tubes into
O(log R) many significant collections with |wp| ~ constant for each T' within each
collection. Accordingly, each F; may be written as the sum of functions Fi(k) with
k <log R, and a small error term whose contribution is negligible.

For each § € ©1(R™1)UOy(R™!) we tile R? with (R%, R)-tubes 7 having the same
orientation. Each T" € T1 UTs lies inside a unique 7, with the same orientation. Each
7 is naturally associated with some i. Using another pigeonholing, we may restrict
attention to those 7 containing roughly N; tubes T' € T; inside that are parallel to
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7, for some dyadic numbers N1, No. We only consider the corresponding tubes T'

)

of O(log R) many functions Fik’ associated with families of tubes Tf’Ni, for each
dyadic parameter IV; as described above. It suffices to prove that for each k; and N;

lying inside such 7. This gives rise to a further decomposition of each Fi(lc as a sum

N;

we have

373)F
scrG S R |
vyel'o (R™1)
Note that the right hand side is independent of k1, ko, N1, No.
For the rest of the argument, let us fix ki, ko, N1, No. To ease notation, we will

continue to call T; the families of the restricted tubes ']Tf“Ni', and will call F; the
i N;

H(Flkl,Nleka,Nz);

L»(R?)

restricted functions FZC . Using scaling we may also assume that |wp| ~ 1 for each
TeT;UT,.

We begin by restating Corollary 4.2 for Fy and Fb. This is the first step in our
two-step decoupling approach. We point out an important subtlety. Corollary 4.2
allows us to use the original function F' on the right hand side of the inequality

below.

COROLLARY 5.7. Fori € {1,2} and p > 2

1

P R2a—1 %7%
Z HPOF’L‘HI[)})(RQ) 5 ( N ) Z ”PVF”ip(R2)
0cO,(R-1) ! YETW(R™1)

LS

We now describe the second step. For each dyadic 1 < ri,rp < RY2, we let
Q. r, be the collection of all dyadic squares ¢ with side length RY2 whose slight
enlargements intersect ~ ry tubes T' € T; and ~ 73 tubes T € Ts.

Write
Srirs = U q.
q< Q"'l T2

The next result handles the contribution from S, ,,.

Theorem 5.8. We have for each 4 <p <6

MBS

e

LP(Sry ry)

R_§+E|Qr r | » 2 1 2p
< | 2 =Ml : PoFP
Se <|']I‘1|1/2|T2|1/2 (r172) 06912(1%—1)H o1l g2

2p

Z ||P9F2||;Zp(R2)
0cO,(R~1)
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Proof. We note that

1

> IPeEI e N<Z||FTHPP(R2)> N(\’JDIR%);.

0€O; (R_l) TeT;

[

The inequality we need to prove will follow by “interpolating” between L* and LS,
as follows.

First, by the classical Cordoba’s inequality we have for each square ¢ with side
length ~ R:

D=

i

v ® | (T Pt 3

0€0, 0€0, Li(xy)

1 1
4 4

< | D (PR

[USSH

> IPoBf

0cO,

L2(xq)

Summing over all ¢ € Q,, ,,, using Cauchy—Schwarz leads to

> PR

6cO,

L2(xq)

1 1
4 4

0 |-

e

S 1PoRP

0cO,

S xr

TeT,

LA(Sry iy
( : L2(3"xq)

ZXT

TeT,

L2(3 xq)

1 1
4 4

L2(3 xq)
1
Se (rraRM™Q,, 1))

N 7"17'2-R_%+€| er,r2| ‘
|T1 |1/2|']1‘2|1/2

(Z H,PGFlui‘l(R?)) (Z \|P9F2|!i4(m2)> :

0661 96@2

L2(32 Xa)

Using the refined (L% decoupling (Theorem 5.6) we may write

I(F1F2)2 ||Locs,, ) < U ocs,, o) 12l Lecs,, )2

Se RE(rir2)e (Z |’P9F1’%G(R2)> (Z ”PGFQH%S(RZ)) :
6o, 6o,
Write
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Combining the last two inequalities we get

1 1 11—
NP1 2| s, y) < NP2 1 g, I FR)2 | o

Sri,rg)
. 2t L
TITQR_§+E|QT ,T | g 1_ 2 1 »
e ( |1r1|1/2|1r2|1/12 } (rir2)2 2 (D 1PoF1 22 | D PP} o g2
2SS 0cO,
R0, 1) %’% % %
71,7 L
- (wwmrw) rira)” (Z 'PGFIHW) (Z ||7>9F2||2P<R2)) -
0€6, 0€0,

We combine Corollary 5.7 and Theorem 5.8 to write

, R0, .\ ° o Rl o\ ¥
[(F1F2)2 \1ogs,, ) Se | mmm s (rire)r | ——
(Sryre) |T; [1/2[T4|1/2 (N1 N2)3

S NP
Y€l (R7Y)

Thus, (14) and Theorem 5.1 will follow if we prove that for p = 2(130‘)

1 1

R7%|Qr ., ’ P 2 1 R2a—1 2 p a(l_l)
- 1=Mr2l (7«17-2)1; _ éR 2 p),
<|T1|1/2|T21/2> (N1N2)2

This can be rewritten as

(RN, Np) D) 1>(|T1|\T2|)%

<
|QT1,T2| ~ (T17‘2)2<¥ T

This inequality is an immediate consequence of the following proposition.

PROPOSITION 5.9. For each i € {1,2}

R@a- 1>N“ 1|"JI‘\

2a

(r;) 2o

Proof. We apply Theorem 5.4 with T = T;, r = r; and N = N;. We split the analysis
into two cases.

Let us assume first that s < R*2. Using (11), it suffices to prove that

’Qﬁﬂ“z’ S

1
RaGa (Mayza— T;
10l g T ]

~
~ 2a

()2
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Comparing this with the known upper bound (9), it further suffices to prove that

1 i L

5 22a-1 (Ms)2a-1
MsR> < R ) ( s )

7~ 2a )

STy (ri)2a—l

or, after a rearrangement, that

2—2a

< (MR
~ sr ’

This however follows from (10), since s 2 1.
We next assume that s > R* 2. Using (11), it suffices to verify that

_1
R3@aD (%ﬁ) Fet T
’QTMTZ‘ é @ .

(ry) 7T

Comparing this with the known upper bound (9), it further suffices to prove that

1
1 a—1\ 2a—1
1 2(2a—1) MR*"2
MRz _ T ( -
~ 2a )

S’I"i2 (ri)2a—1

or, after a rearrangement, that

2-2
B2 < <Ms> aR1/2‘

~ r

Using (10), this will follow if we prove that

32 2—2a
33—2a § ( 1) R1/2.

2

This however is equivalent with the known bound s g RY/2. O

6 Improved Incidences for Vinogradov Plates

The material in this rather substantial section will be used in the proof of Theo-
rem 3.3. We believe it is also of independent interest and of potential applicability
to other problems.

Throughout this section we will encounter boxes of various shapes in R3. Each
box is a parallelepiped with one face parallel to the xy plane and one edge of that
face parallel to the x axis. The dimensions (dy,d2, d3) of the box will be understood
as follows: dj is the length of the edge parallel to the x-axis, ds is the length of the
other edge parallel to the xy plane, and d3 is the length of the remaining edge. All
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our boxes B are almost rectangular. The dimensions dy, do, d3 of B are comparable
to those of a genuinely rectangular box R satisfying C"'R ¢ B C CR.

If the box has the longest two edges of comparable length, we will call it a
plate. If dy,ds,ds are all substantially different, we will call it a plank. The direc-
tion/orientation of a plate is completely determined by its normal vector, the vector
perpendicular to the face having the two long edges. We will in general not distin-
guish between two boxes By, By satisfying %Bl C By C CB; for some C' = O(1).

For 6 € (0,1) and J C [0,1], let I5(.J) be the partition of J into intervals I of
length 6. When I = [0, 1], we will simply write Is.

Given t € [0, 1], the vectors t(¢),n(¢),b(¢) will denote the unit tangent, normal
and binormal vectors at the point (¢,¢2,#3) on the moment curve. The angle between
t(t1) and t(t2) is O(9) when |t; — t2| < 6. Thus, when an angular uncertainty of
order O(9) is tolerated, we will simply write t(I) for the tangent corresponding an
arbitrary point in some interval I € I.

Let us now describe a special type of plates that will play a central role in our
investigation.

DEFINITION 6.1 (Vinogradov plates). For each I € I, a Vinogradov plate associated
with I is a (0,1, 1)-plate S inside [0, 1]3, with normal vector t(I). This definition is
unambiguous due to eccentricity considerations.

We will refer to t(I) as the direction of the plate. Note that the directions of two
plates corresponding to distinct intervals I are O(d)-separated. The angle between
two plates is the angle between their directions.

Throughout this section, the notation 5 is equivalent with < (log %)0(1). Also,
A ~ B is equivalent to the double inequality A $ B < A.

The Vinogradov plates will arise as truncations of Vinogradov planks in the
following chapters.

The main feature of the Vinogradov plates is the fact that their directions are
restricted to a curve on S?. In some sense, they behave like two dimensional rectan-
gles. To make this more precise, we start with a few geometric lemmas, quantifying
the intersections of plates.

LEMMA 6.2 (Volume of intersection). Let S1,S2 be Vinogradov plates associated
with distinct intervals I1, Iy € I5. Let 0 < D < 1 be their angle, so D ~ dist (11, I2).
Assume their centers coincide. Their intersection is an almost rectangular box with
dimensions (6, D716, 1). In particular, the intersection of any two Vinogradov (4, 1, 1)-
plates with angle D has volume O(%).

The long side has direction t(I) x t(I2). The short side has direction t(I;), where
(due to eccentricity reasons) i may be chosen either 1 or 2.

The proof is left to the reader.

LEMMA 6.3 (Small angle). Let 6 < D < 62 and let J = [tg,to + D). Let P; be
a plank centered at the origin, with dimensions (c8,cD~'8,¢), ¢ a small enough
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constant independent of §, D. The short side points in the direction t(to), while the
long side points in the direction t(ty) x t(tg + D).

Then for each Vinogradov plate S centered at the origin and associated with
some [ € 15, I C J, we have Py C S.

Proof. Recall that the normal to S is t(¢;), for some arbitrary ¢; € J. The main
concern is with the face of Py having the smallest eccentricity, namely the one with
dimensions (cd, c). We have to make sure that the change in angle from t(¢g) to
t(t1) does not rotate this face with an angle greater than the eccentricity §. We
project t(to) — t(¢1) onto the plane spanned by t(tg) and t(tp) x t(to + D) (this
is the plane parallel to the face we mentioned). We need to prove that the angle
between this projection and t(tp) is O(d). Note that this angle 6 is comparable
(since cos(§ — 0) =sinf ~ 0) to

t(to) x t(to + D) 1
t(to) — t(t1)) - ~ —|t(t1) - (t(tg) x t(tg + D))|.
Finally
(1 2ty 3t3
[t(t1) - (t(to) x t(to + D))| ~ |det |1 2t 3t2 < D3
12(to + D) 3(to + D)?
We conclude that § < D? < 4, as desired. O

We can prove the following analog of Proposition 5.2, that we will find useful in
the future.

PROPOSITION 6.4 (Linear Kakeya for Vinogradov plates). Let S be a collection of
Vinogradov (6, 1, 1)-plates, with at most m plates associated with each I € Is. Then

1> 1slle £ me (Zm)

Ses Ses

Proof. The angle between any S1, S2 € S is (comparable to) j6, for some 0 < j < 6L
Moreover, if Sy is fixed, there can only be m plates Sy € S that make a fixed angle
(comparable to jd) with S;. In this case, Lemma 6.2 shows that

1)
<7
|S1 N S| S IESE

We may thus write

ZZ|51QSQ\<mZ Z i7HS1 < mlog(6 Z|Sl 0

S,E€S S>eS S1€S j=1
We will now seek for a stronger Kakeya-type estimate for Vlnogradov plates, in

a trilinear framework.
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DEFINITION 6.5. Given families Fi, Fo, F3, Q of sets in R? we introduce the corre-
sponding collection of trilinear (ry,rg,13)-rich sets

Qi rars (F1, Fo, F3)={qeQ : q is a subset of at least r; sets from each family F;}.

In the forthcoming arguments the collections F; will consist of either plates or
planks that will display a certain transversality (or broadness), while the collection
Q will consist of (pairwise disjoint) A-cubes of various scales A. The distinction
between “q is a subset of 7 and “q intersects” will bear no significance to us and will
be ignored.

Here is our main result in this section.

Theorem 6.6. Let % <a< % Define W = 632, and note that § < W~ < 1.
Assume that we have a collection S of Vinogradov (6, 1,1)-plates with the following
structure. For each I € s we denote by Sy the plates in S associated with I

(1) broad structure: there are collections of intervals I} C 15([0,1/6]), I, C I5([1/3,
1/2]) and Ty C T5([2/3, 1]), such that |T}| ~ M) and each plate in S is associated
with some interval in

I'=TUl,uUls.

We denote by S1,Ss,Ss the collections of plates associated with intervals in
I}, 1, 1%, respectively.

(2) periodicity: the plates in each Sy, I € I, are periodic in the x direction with
period W1,

(3) uniformity: for each I € 1, tile [0, 1] with fat (W1, 1,1)-plates & with direc-
tion t(I). We assume that each ¥ contains ~ N@) thin plates S € S;. Thus

ISt| ~ NOW and |S;| ~ NOMOW.

For 1 < r; < MY, let us denote by Qr, ry.r,(S1,Se,S3), the collection of trilinear
(r1,79,73)-rich 6-cubes determined by Si,Sy,S3. Let M = (MMM MONH/3 N =
(NON@NGYB = (pryrs)l/3.

For each € > 0 we have the upper bound

NM\ st (NM\?
|Qr1,r2,r3(Sl>S2783)|§e 5_6< ) < ) w. (15)

r26 r

The argument (S1,Sg, S3) in Qp, r,.rs (S1,S2, S3) will be dropped when the family
of plates is clear from the context. When ry = ry = r3 = r, we denote Q;, r, », by
9, and refer to it as the family of trilinear r-rich cubes.

The only relevance of the choice of intervals [0,1/6], [1/3,1/2] and [2/3, 1] is that
they are pairwise disjoint. The arguments work equally well for arbitrary triples of
such intervals.

Before we prove (15), it helps to assess its strength in relation to a previously
known estimate. Let Si,Sy,S3 be three families of plates in [0, 1]3. They need not
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be Vinogradov plates, but we require that the unit normal vectors n;, ny, n3 to any
S1 € S1, 59 €S9, S3 € S3 satisfy the transversality assumption

\nl VAN ¢ D)) /\ng‘ Z 1.
In particular, we have
151N Sy N S3| ~ 83

Combining this with Chebyshev’s inequality we derive the following known estimate
for the trilinear r-rich d-cubes determined by Sy, Ss, S3

10| < 07 / Yo Y1 ¥ 1, |Sl \S2||sz (16)

S1€S1 S2€S, S3€S3

A simple computation shows that when a < % the upper bound (15) is stronger
6

than (16), that is
NM\ i (NM\> MNW\?
il W< ,
r28 r - r

precisely when r > (NMW)'/2. Our improved bound for large 7 will take advantage
of periodicity, uniformity and the fact that we deal with Vinogradov plates. However,
in the main argument we will also make use of the weaker bound (16) at appropriate
scales.

When a = 2/3, we have that W = 1, so there is no periodicity. The upper bounds
(15) and (16) are essentially identical, so Theorem 6.6 is verified in this case.

The upper bound (15) is probably not sharp in general, but it suffices for our
purposes. The various exponents were picked so that they fit into the induction
scheme described in the next two subsections.

Let us now comment on the strategy for proving Theorem 6.6 in the range % <
a < % We denote by C(4, «) the smallest constant such that the upper bound

s (NMY®
() v
r
holds for each family of plates as in Theorem 6.6. Our goal is to prove that C'(d, «) <,

0~ €. We achieve this via a two-step induction on scales. More precisely, we will prove
that

w

NM
Qrrrans] < C(6.0) ( )

r2f

C(5,0) S C <523a, 3(213&)> (17)

for % <a< %, and that

C(5, o) S max <c <53a ! 33:3) ,1> (18)
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for % <a< %
When « = 1/2, inequality (17) reads

1 2
)< 1/2 2
0(6,2>%C<5 ,3).

This suffices to conclude that C(d, 5) < 1, since we have established that C(6, 2) < 1.
LEMMA 6.7. Assume (17) and (18) hold. Then C(6,c)) S¢ 6~ for each + < o < 2.

Proof. Note that m € (3,2) when § < a < i and that 3°=2 € (4, 2] when
3 < a < 2. Using (16) and the trivial bound ]X% > 1 (recall that r < M < 671), it

follows that C(d,a) < W2 = %4, Thus, we have the uniform bound

sup C(0,a) <572 (19)
a€(5:5)
which will serve as the base of our induction.
Assume o € (3, %). The exponents 2 — 3a and 3 — 1 are both in (0,1) when
: < a<iand § < a < 2, respectively. Iterating (17) and (18) we arrive at
inequalities of the form

max(C(d, a),1) S max(C(6%,a'),1).

We have two scenarios. If o eventually becomes %, we stop and use that C/(67, %) S L
Otherwise, we claim that 3 can be pushed arbitrarily close to 0 while always keeping
o' in (%,%) (this together with (19) is enough to conclude that C(d, ) Se 679).
Indeed, note that g is a product of factors of the form fi(a/) = 2—3a’ and fa(a) =
3a/ — 1, with o/ in the forward orbit of a. The only way for 3 to stay away from
zero is if all o’ are eventually converging to either % or % (since fl(%) = fg(%) =1).
This however is impossible, since

.
9ac — 3 32—-a)
This means that if « is close to % (or %), its successor o is further away from % (or
2). O
We close this preliminary discussion with an elementary lemma that will be used
repeatedly throughout the forthcoming argument.

LEMMA 6.8. Let Fy, Fa, F3 and B be families of sets in R3. Assume that for each
1<:i<3

Fi= U 7
1<j51
Then
19, (F1, Fa, F3)| £ max max [Qp(Fuj,, Fojy, Fsj,)l-

]17]27j3 r'rRr

The proof of the lemma is immediate and will be omitted.
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Figure 2: Plates and planks 1.

6.1 The case % <a< % In this subsection we deal with the first half of the
induction approach (Fig. 2).

Theorem 6.9. Let % <a< % We have

C(5,0) S C <52—3a, M) . (20)

Proof. Let us fix a collection of plates as in Theorem 6.6. To simplify the numerology
in the exposition, we only analyze the diagonal case. More precisely, we assume that
M® = M, N@ = N and r; = r for each 1 < i < 3. The reader is invited to check
that our argument extends to the general (non-diagonal) case. In short, all rounds
of pigeonholing for various parameters (e.g. My, Mo, N1, No) as well as the estimates
for them are done individually for each of the components i € {1,2,3}. In Step 8,
the number of cubes @ is estimated using bilinear Kakeya. In the non-diagonal case,
there are three such estimates available (for each pair of indices in {1,2,3}), and
one uses the geometric average of these estimates to recover (26).
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We need to prove that

1 NM\ 51 (NM\>
< 2—3a
IerzC<5 ,3(2_3a)>(r25> ( . > w. (21)

The argument involves several stages. The first few steps pigeonhole key parameters
that add more uniformity to the problem. The counting of -cubes in [0, 1]? is grad-
ually localized to cubes @ of scale §*~!. Inside @, the original Vinogradov plates
S are reduced to tiny plates. When Q is rescaled to [0,1]3, the tiny plates become
Vinogradov (6273% 1, 1)-plates, and the induction hypothesis is applicable.

Let us also say a few words about the most subtle part of our argument, that has
to do with distinguishing between various cubes ). The hypotheses of our theorem
imply that each @ is intersected by the same number ~ M N gzi—; of plates S € S.
From this limited perspective, all ) are the same. We replace plates with planks (the
intuition behind this is suggested by Lemma 6.3), at the expense of introducing new
uniformity parameters. Planks have an extra direction, and this allows us to exploit
the initial trilinear transversality in the form of the bilinear Kakeya inequality. This
will provide us with a satisfactory upper bound on the number of “heavy” cubes Q,
those with many contributing directions.

1. Pigeonholing the parameters M, Ms

We organize the large intervals J € T ([0,1/6]) into different families, according
to how many small intervals from I} they contain. A typical family will be associated
with dyadic parameters M, Mo, as follows. It will contain ~ M; intervals J, with
each J containing ~ My intervals from I}. Note that

MMy S M. (22)

We apply the same procedure to I ([1/3,1/2]) and I, ([2/3,1]). Since there are < 1
relevant dyadic values of My, Mo, it suffices to work with plates S corresponding to
a fixed choice of these parameters, for each of the three families. We caution that
the parameters M7, My could in principle be different for each of the three families,
however, we will only analyze the case when they are the same. This assumption
will simplify the numerology in the forthcoming argument. We will apply this type
of simplification a few more times, without always mentioning it explicitly again.

The reduction we used in this step follows via an application of Lemma 6.8.
Once we decide to work with the restricted families of plates corresponding to the
parameters My, Mo, the value of » may become smaller, but only by some logarithmic
fraction. This is of course acceptable, due to the use of < in (21).

2. Replacing the plates S with planks P

Fix J=[t,t + %], one of the ~ M intervals selected in the previous step. Note
that due to eccentricity considerations, the plates ¥ can be thought of as being the
same for all I C J. We denote by Sy, the plates S € UrcsSt lying inside . Recall that
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only ~ Ms intervals I contribute. We tile each Y with planks P parallel to >, with
dimensions (6, §3~1, 1). call this collection Pyx;.. These are translates of the plank Py
introduced in Lemma 6.3. Since % < 81/2 this lemma is applicable in our context.
Recall that the long side of P is in the direction t(¢) x t(t + 7). The relevance of
these directions comes (only somewhat loosely) in the use of bilinear Kakeya in Step
8. Bilinear Kakeya only demands ~ 1 separation between the (directions of the) two
families of tubes, but does not demand separation between the tubes in either family.
What will also matter is that the normals to these planks (which coincide with the
normals to their parents ) will be sufficiently separated for planks associated with
different intervals J. This will be needed in Step 9, when the induction hypothesis
will be invoked for small pieces of these planks.

Given any P € Py and S € Sy, we can think of P as either lying inside S, or
being disjoint from it. This is a very harmless assumption. We discard the planks
that do not intersect any S € Syx. We can thus think of the remaining planks as
covering the same area as the plates S € Sy.

3. Pigeonholing the parameter Fo

For each ¥ we partition the planks P € Py according to the number Fs of plates
S € Sy, they belong to. Note that Ey < Ms. Since there are < 1 such dyadic values
of Es, it suffices to work with the planks corresponding to a fixed Fy. We will call
them Fjs-planks.

Recall that we are interested in counting trilinear r-rich d-cubes with respect to
S. We can now rethink this problem as counting the trilinear z--rich J-cubes with
respect to the family of Ep-planks P. Note that if 7= > M then there cannot be

any such cube in the collection. Thus we may assume that ELz < M, in particular

r

Ey=—<W. 23

=g S (23)

The reduction in this step relies on another application of Lemma 6.8. From now
on, each mentioning of planks P will implicitly refer to Fs-planks.

4. Pigeonholing the parameters N7, No and the boxes 7

Split each ¥ into parallel (%,(530‘*1, 1)-boxes 7, in such a way that each P €
Py, fits inside some 7. Note that % < 53271 since a < % Invoking again dyadic
considerations, we may restrict attention to those 7 containing ~ Nj planks P, for
some fixed dyadic parameter Ny. Call these 7 Nj-rich.

Moreover, we may restrict attention to those ¥ containing ~ %‘ such 7, for some
fixed No > N;. We will say that 3 has (N7, Na)-configuration. There will be ~ Ny
planks P inside each such X.

Due to our periodicity assumption, the collections Py, and Sy, are the same (up to
translation in the z direction) for all ¥ associated with a fixed J. Thus, if some ¥ has
(N7, Na)-configuration, then so does every other ¥’ parallel to 3. However, only part
of the original collection of M intervals J will contribute to the (N1, Ny)-family.
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The parameter M can be thought of as getting smaller, reflecting the number of
intervals J that have survived these last two rounds of pigeonholing. But note that
My, Ep, Es have not changed in the process, and that (22) continues to hold.

To summarize, we only keep the plates ¥ with (N1, No)-configuration, the Ni-
rich boxes 7 C ¥ and the ~ N7 planks P contained in each such 7. All other plates,
boxes and planks are discarded at this point. This step demands another application
of Lemma 6.8.

At this point we are done with pigeonholing. What remains to be done is to
estimate the various parameters, and to assemble the derived inequalities into the
desired final estimate.

5. An upper bound for Nj via a double counting argument

Let us prove the following inequality
NiEy S MaN. (24)

There are ~ My N plates S inside a fat plate 3, roughly N for each of the ~ My
contributing directions. The value NjFsy represents the number of plates S that
intersect the N planks P (recall that each P is Fy-rich) in some fixed Nj-rich box
T C . Now (24) follows from the fact that a given S can intersect at most O(1)
such planks P.

6. An upper bound for Ns via linear Kakeya

As observed in the previous step, there are ~ My N plates S inside a fat plate 2.
Proposition 6.4 leads to the inequality

2 1s

SC¥

2
S ON? M.

2

Since there are ~ Ny (Es-rich) planks P in X, combining this upper bound with
Chebyshev’s inequality leads to

N 2
Ny S 6173 M, <> . (25)
Es

The factor §173 represents the ratio between the volume of S and the volume of P.

7. The plates S

The boxes 7 are periodic in the x direction with period % For each contributing
J we tile [0,1] with (1,631 1)-plates S, so that each 7 fits inside such an S. We
caution that these are not Vinogradov plates. There are ~ % parallel plates S for

each of the < M intervals J, and each S contains ~ W Ny planks P.

8. Counting 63*~!-cubes using bilinear Kakeya
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In this step we are about to exploit the bilinear transversality of the plates S , a
feature inherited from the original trilinear transversality of the plates S.

We partition [0, 1] into a family of cubes @ with side length ~ §3~1. We classify
these cubes according to a new dyadic parameter M < M; which represents the
number of plates S that intersects them, for each of the three transverse directions.
We are making again a harmless reduction to the diagonal case, restricting our focus
to the case when M is the same for all three families. In other words, we assume
that there are at least M contributing J in each of the intervals [0,1/6], [1/3,1/2]
and [2/3,1]. In our terminology, each such cube will be trilinear M-rich.

We count the trilinear Ej-rich §-cubes lying inside some cube Q. Since there are
< 1 dyadic values of M, it suffices to focus attention on the cubes @) corresponding
to a fixed M and to estimate the number of trilinear Ej-rich d-cubes they contain.
This is a two-stage process. _

First, we count the number of such cubes (). Since each S is parallel to the z
axis, this is a planar problem. We use the bilinear Kakeya inequality (Proposition
5.3) for the projections of the plates S on the yz-plane. These are planar tubes,
and recall that we have three such families of tubes. It is easy to see that the angle
between tubes in two distinct families is 2 1.

We dominate the number of such cubes @ by

2
gl (N2%> . (26)
N M

9. Counting trilinear E1-rich §-cubes inside a cube @ using the induction hypoth-
esis

Let us fix a 63~ !-cube @ with parameter M introduced in the previous step. For

each contributing J there are ~ §3*~'W boxes 7 intersecting @, that are Nj-rich.
We localize the analysis to (). The intersection of a plank P C 7 with @ is a tiny
(8,031 §32=1)_plate. There are ~ §3*~1W N; such tiny plates for each of the M
directions, and they are %—periodic in the x direction.

We rescale @ so that it becomes [0, 1]2. The tiny plates become (g, 1, 1)-plates,
where

g _ 52—304 .

Note that they are Vinogradov plates, as they share the normal vectors of their
parent plates ¥. Also, it is easy to see that they have J-separated directions, as the
directions of the plates ¥ are themselves d-separated. These new Vinogradov plates
are 63~%periodic in the  direction. We introduce parameters W and & satisfying

1 j—

w

637604 _ 5273&

We have
- 1
a=———.
3(2 - 3a)
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We find that the number of trilinear Fi-rich §-cubes inside @ is bounded by

—6a

PN —~\ 3
1 NiM N\ ([ NNM\ —~
<: 62‘*30{ 1 _ 1
<o ’3<2sa>><Ega> <E W

6—12c

— —~\ 3
1 NiM\ " ([ NIM\ ~
_ 5273a 1 - 1 ) 2
d ’3(2—3a>><Ega> <E W @)

10. Reaching the final estimate
Combining (26) with (27) we conclude that the number of trilinear Ej-rich o-

cubes lying inside trilinear M-rich cubes () is dominated by

6—12c«

17\ Ba—1 ~\ 3
0 (50 ) () 7 (2
32-3a)/ \ F}s B N M

We next use that Wel—3a = W, Also, since the cumulative exponents of both Ny
and M in the expression from above are positive, we may invoke (24) and M < M;
to dominate this expression by

6—12c

o <52_3a 1 > MyMN '\ >~ <M2M1N>3 <N2E2>2W
’ 3(2 — 30[) E%EQE E1E2 MQN '

Using (22) and (23), this is further dominated by

6—12«
3a

o (5230 1 MN\ 5=t (MN 3 [ NoEs 2W
32—3a)) \Ero r MyN

In order to verify (21), it now suffices to prove that

NM\ % (NpEp\? _ (NM i
El’l“g MyN ~A\ 2o ‘

6 — 12a 4 — 6
+2=—,
3a—1 3a — 1
this will follow once we verify that
NM < NM

Since

- 28
121r5 ~ T25 ( )
and NoEy _ NM
2452
MQN é ?”2(5 ' (29)

SISO

Note that (28) is equivalent to the immediate inequality Fy <
Using (25), inequality (29) is reduced to proving

r? < ME,W.
This is also immediate since r < M and r = E1Fy < W Es. O
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6.2 The case 1 <a< g We now complete the second step in the proof of
Theorem 6.6, by deahng Wlth the case a € (3, 2).

Theorem 6.10. Let % <a< % We have

C(0,a) § max (C (630‘1, 32 : §> ,1> i

Proof. Let us fix a collection of plates as in Theorem 6.6. We need to prove that

oy 9a—4 NM\ 3 (NM\®
|Qr|§maX(C(53 L ' on _3> 1)<r25> ( . > W. (30)

The proof shares similarities with that of Theorem 6.9. Because of this, some
details will be omitted this time. We again focus only on the diagonal case for the
parameters M@ N® r; and also for the new parameters arising in our argument.

There will be two important scales in the argument, W = 632 and § = §3*~L.

Recall that we have ~ M relevant intervals I € ;. In addition to these, we will
deal with intervals J € Isso—1 and with longer intervals J &€ I52-3.. Recall that the
family of fat plates 3 is the same for all intervals I € I5(.J). We will say that the
plate ¥ is associated with J. B

We will start by selecting intervals J that are uniform with respect to the number
of relevant intervals I they contain (Fig. 3).

1. Pigeonholing the parameters M, My
We fix My, My with MM, < M such that there are M; intervals J of length

~

532=1 each containing ~ My relevant intervals I. We keep the corresponding plates
S and discard the other ones.

2. Pigeonholing the parameters No, Moo

Fix a fat plate ¥ associated with some J and fix a contributing J C J. The
number of such J inside J will not enter our computations. Tile > with (8371 1,1)-
plates 3 with direction t(J). Recall that 1/2 < < 2/3, 50 we have 61 < 5273,
Note that plates 3 associated with different J have different orientations.

There are ~ N My plates S C X associated with intervals I C J. Call them S is

Each S € S5, will fit inside one such 3. We fix dyadic parameters No, Moo satisfying

Ny < N and May < Ms. We only keep those ) that contain ~ NoMosy plates S,
with ~ Ny plates for each of ~ Myy directions from among the ~ Mj directions in
J. Note that there are at most ]]VV ]\J\f? such plates > C X for each contributing J.

At the end of this step, the initial parameter M; may be thought as becoming
smaller, as we only keep those J with parameters (N2, Maz). We also restrict the
plates S accordingly. We denote by Ss, the ~ NaMay plates S inside 3.

We estimate |Q,(S1,S2,S3)| in two ways, see steps 10 and 13. The first method
is a direct argument that does not make use of induction.
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yA 530—1

52—3@

Figure 3: Plates and planks 2.

3. Replacing plates S with planks P. Pigeonholing the parameter Fs.

We cover the plates S € Sg with (9, 62732 1)-planks P parallel to 3. The dimen-
sions of these planks are suggested by Lemma 6.3. Indeed, note that in this case
D = %=1 < /2 (since o > %), as required in Lemma 6.3. We restrict the analysis
to Ex-planks P, those intersecting ~ F» plates S € Sg.. We have

Ey < Mos. (31)

From now on, we investigate the incidences between the Fo-planks. We write

r

Bl = —.
1 2

4. Estimating the number of planks P inside ¥ using linear Kakeya

Let & be associated with .J.
The linear Kakeya estimate in Proposition 6.4 combined with Chebyshev’s inequal-
ity shows that the number of planks P inside X is bounded by

Ny \ 2
S =] MyW.



1026 C. DEMETER ET AL. GAFA

Recall that there are at most N% 1\]\/;[;2 plates 3 associated with J inside 3. Com-
bining these last two estimates, we find that the number Ny of planks P inside X
satisfies

N M, <N2>2 NNy My W (32)
0 v\ = =5 -
Ny May \ E2
From now on, we restrict attention to those 3 associated with a dyadic number Nj.
5. Pigeonholing N; and the boxes 7

Fix J C J and ¥ associated with .J. We tile ¥ with (7 s

each plank P associated with J fits inside some 7. We only keep those 7 which
contain ~ N7 planks P, and call them N;j-rich.

We caution that the tiling into boxes 7 is identical for all JcJ , as it follows
using simple geometry. This allows repetitions of a given 7. So each 7 may be Nj-
rich for some J and not rich for some other J. Multiplicity brings no harm to the
forthcoming argument, as the bilinear Kakeya inequality works just as fine at this
level of generality.

1)-boxes 7 so that

6. An upper bound for Ny
A double counting argument shows that

N Mo

N1 < 33
e (33)
7. The plates S
The boxes T are periodic in the « direction. For each 7 we tile [0, 1]* with (1, ¢, 1)-

plates S , so that each 7 fits inside some S. Note that these are not Vinogradov plates.
We only keep those S containing some Nj-rich 7. There are < Mﬁ such parallel plates

S for each of the M intervals J.
In line with an earlier observation, we note that the tiling with plates S is the
same for all J C J. Consequently, a plate S is allowed to have multiplicity.

8. Counting W—cubes using bilinear Kakeya

We partition [0, 1]? into a family of cubes @ with side length % We classify these

cubes according to a new dyadic parameter M < M which represents the minimum
number of plates S that intersects them, for each of the three broad directions.
Then by the bilinear Kakeya inequality for the plates .S, the number of these

cubes is
()
N{M

9. Counting trilinear Ej-rich d-cubes inside a p-cube @
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Inside each %—cube @, we estimate the number of trilinear Fq-rich §-cubes for
the Fs-planks using trilinear Kakeya by

—~\ 3
< NiM .
~ El

Combining this with the estimate from the previous step, we conclude that the
number of trilinear F4-rich d-cubes lying inside trilinear M-rich cubes @ is

W. (34)

10. The first upper bound for Q,(Sy,Ss, S3)
We combine (32), (33) and (34) to write

MN\® (N\?
1Qr(S1,82,83)| < <T> <E§> we. (35)

Now we proceed to the second estimate for |Q,(S;,Sg,S3)|. This involves two
steps. First we estimate the number of larger cubes {2 which are intersected by
many plates Y. In the second step, we use the classical trilinear Kakeya inequality
to estimate the number of §-cubes inside each (2.

11. Counting the trilinear r-rich S-cubes Q using the induction hypothesis

The plates S have thickness 6 = 61432 and are periodic in z—direction with

periodicity
1 _ 53642 _ 53042 _ i
W W

Hence a = 3(93%__41). Recall that the normal to ¥ is t(j ), so each Sisa Vinogradov

plate.
Let us fix a dyadic parameter
Tz E. (36)

In this step we count the number of trilinear r-rich S-cubes Q with respect to the
plates . Recall that the number of parallel plates X in a box of width % is < %
and that there are at most M; directions for these plates.

The number of §-cubes is at most

- MoMiN \sass / MN \?
56«5@)(“ ) ( )W

M22N2?25 FM22N2
- MN \&i [ MN \*
<C,q) | ——= — | W. 37
S0 <M22N2F‘25> (TM22N2> (37)

12. Counting trilinear Ej-rich d-cubes inside {2
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Fix Q as in the previous step. We need an upper bound for the number of trilinear
FE1-rich cubes inside €2, with respect to the Fs-planks. Since Fq Eo = r, this number
is certainly smaller than the number of trilinear r-rich §-cubes inside €2, with respect
to the original plates S. So we choose to estimate this latter number instead.

Recall that the thin plates S are packed inside fat plates 3. Each ¥ contains
~ Mo N5 plates S. Thus, there are ~ 7 Moy No plates S intersecting 2

We now apply the trilinear Kakeya inequality (16). The number of trilinear r-rich

d-cubes inside 2 is bounded by
<FM22N2 ) s (38)

r

13. The second upper bound for Q,(S, Sz, S3)
Combining (37) and (38) we find

. MN N\t [ MN \? [7MxpNy\?
0,(51.5.83)| < C(.a () <~) () w
‘ (1 2 3)‘ ( ) MQQNQ 1) 7Moo No r

MN \si (MN\?

() ()
Since ggﬁ& = é;ﬁ?), we rewrite this as
o MN 6o /MN\?
sl 06 (2ns) T (MR w (39)

14. Combining the two estimates for Q,(S1,Sa,S3)
Taking a geometric average of the upper bounds (35) and (39) leads to

MN\? - MN  \éas [ NoW\2
0,(S1,S2,S sw() min | C(3, <~> < )
|9, (S1,S2,S3)| £ . (0, ) Voo Nai®3 7

4—6a 6a—3 2(2—3a)
< max(C(5,d) < N) < _ > o (N;W)
MQQNQT‘ ) 2
— max(C(3, ). W (2 N) (AgiQ;VN)
2
< max(C(8, @) < ) < 25)
r

In the last inequality we combined (31) and (36) to write
IS
MQQEQ’FQ ~ o2
The inequality (30) is now verified. 0
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7 Refined I? Decoupling at Canonical Scale for the Moment Curve

Let us consider the moment curve I' in R?
Y(t) = (t,8%,1%), t € [0,1].

For each 6 < 1 and each interval H C [0, 1] we introduce the anisotropic neighbor-
hood of the arc I'y

Tr(0) = {(61,62,8&) : & € H, € — €3] <82, |& — 3616 + 263] < 8%},

When H = [0, 1] we will write I'(d).

We consider the partition of I'(§) into almost rectangular boxes I'7(6), I € Iy,
with dimensions (4,62, 6%). We call these boxes 6.

The following result is a close relative of the main theorem from [BDG16]. Its
proof appears in [Dem20]. This is a decoupling for boxes of canonical scale.

Theorem 7.1. Assume that F : R3 — C has spectrum inside I'(§). Then for 2 <
p<12

1/2
HFHLP(IW) Sed (Z HPGF”%P(W)) : (40)
0

We will use planks for wave packet decompositions. These are boxes introduced
in the beginning of Chapter 6. The planks dual to the boxes 6 are the subject of the
following definition.

DEFINITION 7.2 (Vinogradov planks). A (6=1,672,873)-plank P is called a Vino-
gradov plank associated with an interval I € I if its long axis points in the direction
b(I) and the normal to the (§=2,673)-face is in the direction t(I).

We recall from Chapter 6 that the face with dimensions (6=1,572) is parallel to
the xy plane. Each Vinogradov plank is an almost rectangular box.
We will frequently use the spatial scale R = 63, as in the following lemma.

LEMMA 7.3. Consider an interval J C [0, 1] of length o > 0. For each I € I5(J) let
Pr be a Vinogradov plank associated with I and containing the origin.
There is a rectangular box B centered at the origin, containing all these planks
Py, and with dimensions ~ (Ro?, Ro, R) with respect to the axes (t(J),n(.J),b(J)).
Let o = 6'/3 = R=Y/9_ If all planks P; are centered at the origin, the intersection
of all Py is an almost rectangular box with dimensions (RY?, R*9 R5/9).

Proof. We will only prove the first part, the second part follows via a similar argu-
ment.

Consider the family of linear maps A,, on R? given by (2/,¢/,2') = Ay u(®,y, 2)
with

o(x + 2ay + 3a?z),
o?(y + 3az), (41)
o

3

x/
/

Yy

z z.
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If J = [a,a+0], then Ay ,(Pr) is a Vinogradov plank containing the origin, associated
with the interval I — a. Because of this, it suffices to assume J = [0, o]. We take B
to be parallel to the z,y, z axes.

Let ¢ € I. Recall that any point (z/,9,2') € P; has coordinates (O(R'?3),
O(R?3),0(R)) with respect to the vectors t(c),n(c), b(c), whose (z,v,2) coordi-
nates up to scaling are (1, 2¢, 3¢?) = (1,0(a),0(c?)), (2¢+9¢3,9¢* — 1, =3¢ — 6¢%) =
(0(0),0(1),0(c)) and (3¢%,—3¢,1) = (O(0?),0(0),1). It is now immediate that
7' = O(Ro?), ¥ = O(Ro) and 2/ = O(R), so P; C B. O

The proof of the following wave packet decomposition is standard, see for example
Exercise 2.7 in [Dem20).

Theorem 7.4 (Wave packet decomposition at scale ¢). Fix a scale § < 1 and F
with spectrum in I'(§). There is a decomposition

S T S
0 PeP;s(F)
where Ps(F) is a collection of Vinogradov (6~1,572,6~3)-planks, such that

(W1) each Fpis supported on 2T'1(§) for some I € 15, and P is associated with I. We
denote by P;(F') the corresponding planks, so PgF' = Y pep, Fp if 0 = T'1(9).
(W2) Fp is spatially concentrated near P, in the sense that for each M > 1
|FP(‘T7 Y, Z)| S/M ‘|FP”ng($7 Y, Z)'
Moreover, for each p > 1
1Epllp ~ [[Fpllool PIP.
(W3) for eachp > 2 and each P1 C Py C IP;(F') such that || Fp|/« ~ const for P € Py,

we have

S ZFP

PeP,

> e

PePy

Lr(R?) Ly (R3)

(W4) for each p > 2 and each Py C P;(F') such that ||Fp||s ~ const for P € Py, we
have

> b

PeP,

1/p
. (z |er||’gp(R3)> |
I ()

PeP,
A fair enough representation of Fp is
Fp(z,y,2) = ||Fplloclp(z,y, 2)e((z,y, 2) - (¢, %, ¢))

where ¢ is some (irrelevant) point in 7.
The following is the extension of Theorem 5.6 to the moment curve.
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Theorem 7.5. Assume that the spectrum of F' is inside I'p-1/s. Let Q be a collec-
tion of pairwise disjoint cubes ¢ in R3, with side length R'/3. Assume that each g
intersects at most M fat planks R®P with P € Pp-1/s(F), for some M > 1 and
A > 0.

Then for each 2 < p <12 and ¢ > 0 we have

1FlEreaxn Sae BM="0 (3 0 (1P, g

PeP, _1/3(F)

Proof. The proof is very similar to that of Theorem 5.6. We sketch it briefly, ignoring
the Schwartz-type technicalities relevant to the scale A.

The argument involves induction on the scale R. Let us assume we have verified
the claim for the smaller scale R%/3. To verify it for scale R, let F be as in the
hypothesis of our theorem.

Partition [0,1] into intervals J of length R~Y/°. For each J, cover R? with
rectangular boxes B with dimensions ~ (R7/ 9 R8/ 9 R) with respect to the axes
(t(J),n(J),b(J)). The relevance of this choice comes from Lemma 7.3 with o =
R~ Each plank P € Pg-1/:(F) will lie inside some B. Call P the collection of
all these planks. We will say that B is associated with J.

Let My, M5 be dyadic parameters with M;Ms < M. We may restrict attention
to the family of those cubes ¢ € Q which are intersected by ~ M; boxes B, and by
M> planks P from each family Pg. We write ¢ ~ B to denote this special relation.
The remaining boxes B will contribute negligibly to ¢ and will be ignored.

First, using (the local version of) Theorem 7.1 (with § replaced with 6/3), we
may write for each such ¢

1/p

Al

”FHLP(X < REME

YooY Felfg,

B: qNB PEPB

We have used Holder’s inequality and the fact that for each J as above we have
Urer,(nL'1(9) C I';(6'/3). In particular, the spectrum of > pep, Fp lies inside L (6/3)
whenever B is associated with J. Summing over ¢ we find

1/p
(Z I3 Fell, s Xq)> . (42)

PePp

:HH

1_
2

[EN Loy xn) Se B

Let us now fix B. Recall that each ¢ with ¢ ~ B is intersected by ~ My planks
P € Pp. We tile B with rectangular boxes 7 with the same orientation as B
and dimensions (Rl/ 3 RY9 RS/ 9). This choice is suggested by the second part of
Lemma 7.3. We replace the family of cubes ¢ with the family of boxes 7 which
covers them.

Assume that B is associated with the interval J = [a,a + R~'/9]. Let A be the
map in (41) corresponding to a and o = R~1/9. Note that A maps each 7 to an
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R?/9-cube ¢ and each plank P € Pp to a Vinogradov (R?°, RY9 R%/®)-plank P.
Each ¢ will intersect < M, such planks P

We aim to use the induction hypothesis for £ = (X pep, Fp)o A1 at scale R2/3.
We write F]g, = Fpo A~!. Thus

P
S Ep = RPF|s
Pefs Nr (S, x)
z_q
S RN > Vol
B_1
=RM; Y HFPH’;,,(RB).
PePp
It now suffices to combine this with (42). 0

8 Proof of Theorem 3.3 in the Range 0 < 3 <1

We begin with a trilinear-to-linear reduction.
Fix % <a< % We denote by Qg an arbitrary cube in R? with side length R.
Let Dec(R, p, ) be the smallest constant such that the inequality

j* j* B
Z aje ( e + Y e + zRSO) < Dec(R,p,a)R>=
LY (Qr)

holds true for each cube Qg as above and each a; € C with |a;| = 1. Our task is to
prove that for p = 6 + % we have

Dec(R,p, o) Se RE.
We will achieve this by relating Dec(R, p, ) to its trilinear counterpart. This argu-
ment is standard, but we include it for reader’s convenience.

Fix a parameter K = O(1), to be chosen large enough. Consider the partition of
[0,1] into K intervals I € T of length 4. Let TriDec(R, p, &) be the smallest constant
such that the inequality

1/3
j* 7 : a
H Z aje( x— + Y e +z RSa) < TriDec(R, p, @) R >

L} (Qr)

holds true for each cube Qg, each a; € C with |a;| = 1 and each triple of pairwise
non-adjacent intervals I, Is, I3 € 7.
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PROPOSITION 8.1. Assume

p 1
4<=+4—. 43
5T (43)
There exists a constant C' independent of R such that
R .
Dec(R, p, o) < Dec P ,p,a | + CgTriDec(R, p, ).
Proof. Fix a; € C with unit modulus and fix @Qg. For each interval I, let
. .2 .3
J J J
Qf](aj,y,z) = Z a;e (xm + yﬁ + Z}%?)a> .
el
We write I ¢ Iy o4 I3 if I, Is, I3 € T are pairwise non-adjacent. Note that
’6(0,1] (.%', Y, Z)’
< 100 r?eaIX ](’31(30, Y, Z)’ + Kloollglgzljéfl (iL', Y, 2)612 (l’, Y, Z)szs (1‘, Y, Z)‘%v
SO
€0, (@5, 2P S 1€1 @y, 2P + KOO 3™ (€, (2,5, 2)€0, (2,1, 2) €1, (2,5, 2)| 5
IeT LIyt ls
(44)
_ Jotl

Let us analyze a term from the first sum. Fix I with left endpoint ¢+ % = .
Let A consist of the points A = K (3= — ¢) with gz € I. Define by = a;. Note that

2 3c? 3
ij(x,y,z):e(cx+c2y+c3z)§b>\€ (A:c+ ci{+ c Z+/\2y—;(202+)\3;3>.

Let R’ = RK~«. The points in A are of the form (ij, with 1 < j < (R')®. The

image Pgr of Qr under the map

(2,1, 2) = T+ 2cy + 3%z y+3cz z
7y7 K Y K'2 ’Kg

lies inside a rectangular box with dimensions %, 1[(3];”, %. Thus, it can be covered

with a finitely overlapping family Q consisting of roughly K =73 cubes Q with diam-
eter R'. That is since the height % of Pg is smaller than R’, a consequence of our
assumption o > % It is worth noting that the squares @) cover a larger area than
that of Pr. This however does not turn out to be lossy.
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P

We thus have, after a change of variables
> bae(yr + Nya + Nys)| dyrdyadys

/ & (2)Pdz = K /
Qr Pr AEA

SK6Z/Q

QReQ
< K |QI(R) % Dec(R, p, )P
Q

p

Z bae(Ay1 + Ny2 + Ay3)
XeA

dy1dyadys

S KR () Declitpay

= K* o iR ¥ Dec(RK ™+, p, a)P.

Along the way we have used the definition of Dec(R/, p, «) on each Q. Since 4 < g—i—é
we conclude by summing over all I € 7 that

/ Z’Q‘ff\p SCRH%DGC(RK*%,?,OOP- (45)
Qr 1e7

The constant C' can be chosen as small as we wish, if K is chosen large enough.
Next we analyze a term from the second sum in (44). It is immediate that

/ (€7, ¢, ¢ |5 < R¥T % TriDec(R, p, a)P. (46)

R

The combination of (44)-(46) concludes the argument. 0

The following corollary follows by iterating the inequality in the previous propo-
sition.

COROLLARY 8.2. Assume TriDec(R, p, a) <S¢ R for each € > 0. Then
Dec(R,p, o) <¢ R".

Next, we focus on proving that TriDec(R,p,a) <. R if p = 6+§ and % <a< %

Let n : [—15, 75> — R be a Schwartz function and let ng(¢) = R3n(¢R). To
simplify notation, for an interval H we write Py F = Py yr2F. For each F : R? — C
we write F| = P[071/6}F, = 73[1/371/2]F and F3 = 73[2/3’1]F.

Our main result in this section is the following small cap decoupling for special
functions with spectrum near the moment curve.

Theorem 8.3. Assume that % <a< % Let a; € C with unit modulus. Define

- i j & 5
F(§) = a;n <f —775 —7&75 —a>' (47)
p 3R 1 R 2 R2 R3
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Then for p =6 + % we have, with an implicit constant independent of a;

1/p

IFEE) P o S RGOS 120 | - @9)
JElp—a

Invoking standard Schwartz tail considerations, the integration domain [0, R]?
can easily be replaced with R3. Let us first observe the following immediate conse-
quence.

COROLLARY 8.4. If% <a< %, p =6+ %, laj| = 1 and Qg is an arbitrary cube
with side length R

<. R .y
Sae (o v o )| SR
=1 LY (Qr)
Proof. Let
J J J
@H,a(x,y,z) = Z CLje (Q?m + yﬂ + Z_R?)Ol) .

€H
Invoking the trilinear-to-linear reduction explained earlier, it suffices to prove that
1/3 a
1(€0,1/6],a€1/3,1/21,a€[2/3,1),a) / IL2(Qn) Se R:Te

The three intervals considered here may be replaced with any three non-adjacent
intervals. To prove this inequality, assume Qr = (7o,%0,20) + [0, R]>. Let b; =

J Jj2 j°
aje(Tops + Yofizs + 20pms) and

¢ _ b J j° 5°
Hy(T, Y, 2) = Z i\ T ha TY e T ¥ pa )
Is€H

Note that
1(€0.1/610%11/3,1/2,0€2/3,10,0) 2N L2 (@m) = 1(€10,1/65€11/3,1/200€2/3,10) 2l Lz (10,71 -
We use (48), with a choice of 7 satisfying || > 1j91s and with a; replaced with

b;. Note that if J = [2=2, 7221 then

PyF(x,y,z) = nr(x,y, z)bje a:i+yi—i-zi .
e e J R R2a R3a

Thus |F1| > [€.1/6)6]: [F2] > |€[1/31/2)6] and |F3] > [€5/317] on [0, R]?. O
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This corollary implies Theorem 3.3 in the range 0 < 8 < 1. Indeed, use 8 = 3— é,
N = R%, rescaling and periodicity.
The proof of Theorem 8.3 will be done in several steps. Note that

F= Z P, F.

[E]IR71/3

By splitting F' in two, we may assume that the sum contains no neighboring intervals
1.

We start with a wave packet decomposition of F at scale R~1/3

F= Y Fp (49)

PeP, _15(F)

, as in Theorem 7.4

Since we are interested in estimating (F} F»F3)'/3 on [0, R]?, we will assume that all
planks in Pp1/5(F) are contained in [0, R]?. For the rest of the argument we will
replace the integration domain [0, R]? with R3.

We partition Pr-1/s(F) into families P(®) with the following three properties. The
parameters A, Ny, N will depend on i. The uniformity assumptions in (S1) and (S3)
are achieved via pigeonholing. A discussion about (S2) is included at the end of this
section, see Remark 8.9.

Structure of P():

(S1) (magnitude) ||Fpl|loo ~ A for all P € P&, for some dyadic parameter A,
(S2) (x and y periodicity) For each I € I-1/s we write Py) = PO N P;(F). We
assume that either ]P’y) =0 or,
IPY| ~ NpRZ3 (50)

for some dyadic integer Ny. If the latter happens, we will refer to I as “contributing”.
The number of the contributing intervals I, and thus the total number of planks in
PO will never enter our considerations. ‘

If IP’gl) # (), then we assume that the planks in sz) are R%-periodic in the z-
direction and R?*-periodic in the y-direction.

Let us understand better the structure of IP’?) in this latter case. Tile [0, R]?
with (R®, R*®, R)-planks ¥y with axes parallel to those of a typical P € sz)' Each

P e Pgi) is contained in some unique Y. Note that due to R*-periodicity in the x
direction and RQ?‘—periodiCity in the y direction, all ¥ will contain the same number
of planks P € IP’([Z). This number must be ~ Ny, due to (50).

(S3) For each contributing I we tile [0, R]> with (R®, R?/3, R)-planks ¥ with axes

parallel to those of a typical P € IP’?). Each ¥ is contained in some unique .

)

We will assume that there are either ~ N or zero planks P € Py inside each
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z
RQ// R?/P/
s
2o
R
Py
Y
¥ G ; x

Figure 4: Plates and planks 3.

such ¥, for some dyadic number 1 < N < Ny independent of I. In the first
case, we will refer to ¥ as “contributing”. Note that

In summary, for each contributing I, each >y contains ~ % contributing . See

Fig. 4.

Write FO) =", by Fp so that F =Y, F®,

Standard considerations allow us to argue that only < 1 values of ¢ are significant
(the small values of A contribute negligibly), in particular

I(FLEFs) 3| sy S sup [[(FYY ESS S Y3 sy

~
11,12,3

To ease the notation, we will analyze the case when i1 = iy = i3 = . Also, we
will denote F® by ¢, P() by P and IP’?) by P;. Invoking (W1) and our assumption

on F we have
g9=> Pug=>»_ > Fp. (51)
I

1 PeP;
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If P; # () we will say that I contributes to g. Due to (W2)-(W4) in Theorem 7.4,
(S1), (S2) and (51), we have

A(NoR*3)1/P_if I contributes to g,

. (52)
0, otherwise.

P21gl e (r3) ~ {

To prove Theorem 8.3 it will suffice to show that for p =6 + %

1/p

I(019295)"*lrcesy Se B2GT207 [ 57 1PSFID,
Jel, o

This will immediately follow from combining two results, in line with our two-step
decoupling philosophy.

The first one is about decoupling I into intervals J. The proof of this combines
L? orthogonality with L5 decoupling, exploiting the fact that the support I';(R~!) of
73/1?’ is essentially planar. Note that this result does not use trilinear transversality.
In the grand scheme of the proof, this plays the same role as the role played by
Corollary 4.2 in our earlier argument for the parabola.

PROPOSITION 8.5. For each I contributing to F (that is, for half of the intervals
I €lzp-1/5) and each p > 2 we have

A(NGR*3)/r <, NP min(N-1/2, Ny /0 p(o=5)(173)+e

1/p
Y IPIFI @
Jelp—a(l)

In light of (52), for each I that contributes to g (the number of such I will never
enter our considerations), the above inequality is equivalent to

1Pargll Lo ey Se Ny/P min(N—12, Ny /°)
1/p
RO S pyry

J€elz—o(l)

P(R%)

The second result is about decoupling into intervals I of canonical scale.

ProrosiTION 8.6. We have for p =6 + %

||(glg?g3)1/3“LP(R3) Se A(NOR4—3a)1/pNO—1/P maX(Nl/Q’N&/G)R§<lf;)+a(;75)+e'
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In light of (52), if most I were contributing to g, this inequality would be equiv-
alent to

||(919293)1/3||LP(R3) 56 NO—I/PmaX(Nl/2 1/6)R§( f;)+a(;fg)+e
1/p

Z ”P219H1£p(]1g3)

IE]IR_1/3

We cannot prove this stronger inequality in the most general case, essentially because
the upper bound in Proposition 8.8 is not sensitive to the number of contributing I
(it does not get smaller if this number is smaller). The superficially weaker bound in
Proposition 8.6 is compensated by the universal bound from Proposition 8.5, which
holds for all I contributing to F' (including those that do not contribute to g). It is
worth observing that we can carry on this type of argument precisely because of the
built-in uniformity of the function F, which manifests in the fact that ||P;F|", (R)
is essentially independent of J.

8.1 Proof of Proposition 8.5. Note that for each J € Ig-«(I)
1Py F | o ey ~ BR3P, (53)

s0 (2 ser, . (1) H73JF||pp(R3))1/p is essentially independent of I. We choose an I that
contributes to g. We need to prove two upper bounds. We recast the first one into
an L? inequality whose proof will follow from almost orthogonality. Using (52) and
(53), the first upper bound
1/p
1 _ — ) (1-2)+e
1Pargllioes) Se NoPN-1/2R(e=3)(73) o PSR, e
Jelp—a(l)

is equivalent to

AL RY5TENT:, (54)

To prove this, we pick a cube ) with side length R?/3 that intersects significantly
some contributing ¥ (see (S3)). Both families of functions (Fp)pep,_,,,(r) and
(PsF)jer,_. (1) are almost orthogonal on €2, hence '

1/2

1Pargllzz) SIPIF 2wy S| D, I1PIFI T2
Jel,—o(I)

The structure assumption (S3) implies that the decomposition of Porg has ~ N Ri—
planks P that intersect  significantly, more precisely [N P| ~ R:. Thus

T \1/2
1Porglza 2 A (NRE)
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Also, it is rather immediate that
1/2

Z HPJF”%2(,LUQ) ~ Rngg.
Jelp—a ()

The desired upper bound (54) follows by combining the last three inequalities.
Using again (52) and (53) alongside earlier reasoning, the second upper bound

1/p
1P2rgl ey Se ]\701/[)_1/61[3@7%)(17%)+€ Y. IPIFIG s
Jel, o (D)
is similarly seen to be equivalent to the following estimate in L%
1/2
IPargllemsy Se R Y. IPsFlFo@s | (55)

Jel,—a(I)

To justify (55), we start by recalling that the Fourier transform of PrF is supported
in the %—neighborhood of the arc I';. This in turn lies inside the vertical parabolic
cylinder

({(&,6%): €I} +O(R™)) x R.

The intervals J € Iz-«(I) have length at least R~1/2. Planar LS decoupling (some-
times referred to as cylindrical decoupling) is thus available for F' and gives

1/2

||7DIF”L6(R3) 56 R* Z "PJF||%6(R:3)
Jelp—a(l)

We combine (W3) and (51) to write [|Pargllzsms) S [|PrF||zsms)- The desired
upper bound (55) follows by combining the last two inequalities.

8.2 Proof of Proposition 8.6.  Recall that P are the planks of g. Call Py, Py, P3
the planks of g1, g2, g3. We will interpolate Theorem 7.5 (p = 12) with the following
standard reformulation of the trilinear restriction estimate for curves.

PROPOSITION 8.7. Let ¢ be any cube in R® with side length R'/3. Then
1/6

> |Fp)

PelP,

> IFp)

PelP,

> |FpP

PelPs

1(919293) 3|5 (g) S

L3(xq) L3(xq) L3(xq)
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For ry,7r2,73 > 1, let Q,, ,, r, be the collection of R'/3-cubes ¢ in [0, R]? that
intersect ~ ry, ~ ro and ~ rsg planks from Py, Py and P3, respectively. Invoking
dyadic considerations and Schwartz-type decay we may write

1/3 < 1/3
209 Pl 5, e 10619209 Vit o

To reduce unnecessary technicalities, we only analyze the diagonal contribution rq =

rg = r3 = r. We denote Q,, ,, », by Q,.
We use Proposition 8.7 to derive a first estimate
1/6
L3(Z Xq))
1/6
) » (by W2)
)

> |Fp)?

PEP,

SA(

~ A(|Q,|Rr3)1/6

> |Fp)?

PEPy

> |Fp)?

y
1(919293) 1 L6 (Uye 0, 0) (
PePs

Ls(z XQ) LS(Z XQ)

ZXP

PePy

ZXP

PEPy

ZXP

PEPs

L3(X xq) L3(X xq) L3 (X xq

R3a—3|QT|T3>%

— A(N, B3 1/6(
(No ) No

To simplify technicalities, we have replaced xp with 1p and x, with 1,. We make a
similar simplification when we apply Theorem 7.5 to each of g1, g2, g3

| (919293)1/3 HL“(uqegrq)
1/12

5
Se riz R Z ||P219H£212(R3)
IEHR71/3
< A(NOR4—3Q)1/12T%R§+6.

We combine the last two inequalities with Holder’s inequality to write for each
6<p<12

e 0 % R AR iy (R
1(919293) ||LP(UQEQTq) Se REA(NoR )/P(rizR3s )" » N

1

= REA(NgRY3) /PR DG4 55 Fs NE T 7| Qo o,

It remains to be shown that for p =6 + % and each r < RY/3

2

RODG-DT 553 NG Q58 S Ny 7 max(NV2, NY/ORI-D+eG—3),

This boils down to
360—4—27a2
R 96a+2)

9at2
r6(3at1)

_ .
‘Qr|6(33a+11) é NO 6(3a+1) maX(N1/2,Né/6)
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or equivalently

2— 10
< RSa—a1+?_3a -3 1 T 1 1 6(3a+1)
3a— 5 6
19r] = e N, max(Nz, N§) sa-1 .
’,"3&71

This inequality will be proved in the next subsection. See Proposition 8.8.
8.3 Plank incidences.

PROPOSITION 8.8. Suppose that P satisfies the structural requirements (S2) and
(S3) introduced at the beginning of this section. Let Py, Py, P3 be the planks in
[P associated with intervals I in [0,1/6], [1/3,1/2] and [2/3,1]. Let Q,(Py,IPy,P3)
denote the collection of trilinear r-rich R*3-cubes q with respect to Py, Py, Ps. Then
for each 1 < r < RY/3

_ R;;—Ql_i_%_ga _3(11_1 1 é 6(3a+1)
|Qr(P1, P, P3)| § —am— Ny max(Nz, Ny ) sa-1 . (56)
7‘3(!71

Proof. For each contributing I € Ip-1/s we tile [0, R]® with (R, R*/3, R)-plates S
with normal vector n(J). Note that each S can be partitioned into planks ¥. Due
to our assumption (S3) on ¥ and to R“-periodicity in the x direction, we can split
the plates S into two categories. Those that contain ~ NR'™® planks P € P; will
be referred to as heavy and will be denoted by Spequy,r, While those that contain no
P € Py will be called light, and will play no role in the forthcoming argument. Let
Sheavy be the union of all Spequy, 7. It is immediate that

No

N

This upper bound is only sharp if most I are contributing, but it is always good
enough for us.

Let us partition [0, R]? into R%/3-cubes Q. Each small R'/?-cube ¢ in Q,(Py, Py, P3)
lies inside such a large cube Q. Since each ¢ is trilinear r-rich and since each plank
P lies inside some plate S € Spequy, all relevant large cubes () can be assumed to be
trilinear M-rich with respect to the family Sjeqyy, for some dyadic number M > r.
There are $ 1 such values of M.

For fixed M > r, we simply denote by Qs (Sheqvy) the collection of these cubes Q.
In preparation for an application of Corollary 5.5, we define the separation param-
eter Wiy to be Wy, = R172¢if M = ka% and Wy, = 1 otherwise. We estimate
QM (Sheavy) using purely planar considerations, since each plate S is parallel to the
x-axis. More precisely, we consider the projections of each S € Spequy onto the
yz-plane—these are planar tubes—and find upper bounds for the M-rich squares
associated with these tubes. If we multiply this upper bound with RY3—the num-
ber of mutually parallel cubes @ in the z direction-, we find an upper bound for
QM (Sheavy). When M 2 RI_QO‘% we apply Corollary 5.5 with W = Wy, As a
side remark, note that our tubes satisfy a slightly stronger assumption, they are

4_
‘Sheavy’ ,S R 2
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R?*periodic. This additional structural assumption will not be needed, but it is
interesting to ask whether Theorem 5.4 admits an easier proof in this case. Other-
wise we content ourselves with using bilinear Kakeya, Proposition 5.3. In both cases

the estimate reads
Ri“2N
3 0
T (m) - (57)

Fix Q € Qur(Sheqvy)- To estimate the number of cubes ¢ in Q,(P1,P2,P3) that
lie inside Q we apply Theorem 6.6 with § = R~/3, and rescale. Indeed, note that
each PN (@ is a rescaled Vinogradov plate.

Putting these bounds together we find that

RY3NM MN 2
|QT(P17]P>27]P>3)‘ é |QM(Sheavy)| <> ( > R3 “

72 r

194 2 513 Fr 3
< L s (RN R\/3NM MN\ L2,
~ Wy NM 72 r

—3a

1 3-3a 2a Msa 1

= — ON3a 1R?_5O‘+ga 1
W

|t (Sheavy)| 3

5—3a °*

T3a—1

Now we discuss how this inequality implies (56).
If Wy = R'72%, a simple computation reveals that

3-3a 10
7_3 +3 —2a |[3a—1 RSa S 3
R3 °Y T sa—1
5—3a - 9a+42
r3a—1 r3a—1

because r, M < RY3 and a > % It remains to check that

9 A 3=30 T 1 1 6(3atl)
NiNza—1 < Ny *'max(Nz,Ng) sa-1 .

Raising to the power 3a — 1 we write, using a geometric average with exponents

6= gaj’_‘i‘ and 1 — 0 = gg;% in the first step, and the fact that o < % in the second
step

(9a+3)(2—3a) _
max(N%F3 NZotl)y > N e bt

> N3*301Ngo¢—1.

Thus (56) is verified in this case.
We next analyze the remaining case Wy = 1.

) 1 1
Using that max(Nz, Nj) > Ny, it suffices to prove that

3-3a +Q—3a
3-3 2-20 |f3a-1 da 1 -1 3atl
NZN3a1 R o0+ ias < R N, ** PN~
0 5—3a z 9a+2 0 0 )
7’3&—1 7"3&—1
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which, when rearranged, reads

_ 2
Ba—2 334 3-3a 12a-3 atz

1
NO3"‘*1 Nsa—1 M sa—1psa—1 < RQO{_E—"_BQ*l .

If we plug in the bound r, M R1*2O‘%, we reduce things to showing that

12a—2

N, 3a—1 " 1, at2-9a(l-2a)
<0 N1 < R2a—zt—H51
N ~Y

This follows via a simple computation that uses the bounds N < R 5 and %
R2a7§ .

O A

REMARK 8.9. Let us now comment on the periodicity assumption in (S2) from the
structure result for P() introduced earlier in this section. We start with the heuris-
tics on why this assumption is genuine, and then give hints about how a rigorous
argument can be put into place. In a “perfect world”, the wave packets Fp would
be perfectly localized inside the planks P, with |Fp| = Aplp. Let us assume for a
moment that we are in this ideal setup (incidentally, this setup exists, if the Fourier
transform is replaced with the Walsh-Fourier transform). Recall that

. .2 .3
_— J J J
PrF(z,y,2) = Nr(x,y,2) Y aje (fﬁRa tYpaa T ZR3a) '
el

Then PrF(z,y,z) = Fp(z,y, 2), where P is the plank containing (x,y, z). Note that,
when restricting attention to [0, R]?, we have |PrF(z,y,2)| ~ |PiF(x + Ry +
R?* 7)|. This is the key point where we use the periodicity of our exponential sums.
It implies that Ap, ~ Ap,, where P} and P» are the planks containing (z,y, z) and
(x + R,y + R>¥, 2), respectively. Because of this, the pigeonholing leading to the
structure assumption (S1) for P() will place the wave packets Fp, and Fp, in the same
family. This is the periodicity we referred to in (S2). It is worth re-emphasizing that
throughout all arguments in this section, the actual planks P are defined somewhat
loosely, indistinguishable from their neighbors. Thus, the fact that P, may not be
an honest translation of P; by (R*, R?*,0) is not a problem for our argument.

We now sketch the more rigorous argument on why periodicity may be enforced.
We first observe that PrF(z,y,z) receives contribution from not just the plank
P(x,y, z) containing the point, but also from nearby planks. Fix some € > 0 and write
ReP for the R dilate of P around its center. Recall Fp has weight Ap = ||Fp||co-
We assign the new weight Ap e to Fp defined as follows

AP,new = Ppcl%}gP Apr.
Within this more rigorous framework, the pigeonholing in (S1) is with respect to
these new weights, and enforces Ap e, ~ A for all P within each family. There are a
few things that we need to check in order to make sure that this change does not alter
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the structure of P() and the proof of Theorem 8.3. Let us start with (S2). Let Py and
P» be the planks containing (z,y, z) and (z + R,y + R?, 2), respectively. We need
to prove that ﬁ?ﬁ € [R=9), RO(9)]. This is a bit weaker than AP, new ~ AP, new
and will lead to 12° losses, but these are harmless, as € can be chosen to be arbitrarily
small. The verification (left to the reader) involves L? orthogonality and the fact that

for each P and P’ = P + (R®, R?>*,0) we have
IPrF | 22(repy ~ IP1F || p2(Re P

To summarize, the structure of P is preserved.

Recall that the proof of Theorem 8.3 was reduced to verifying Propositions 8.5
and 8.6. We claim that both results continue to hold true, with the slight modification
for the weights. First, the reader will note that the argument for Proposition 8.6 only
used the upper bound ||Fp||« S A. Since we have increased the weights (Appew >
Ap), Proposition 8.6 remains true in the new context.

To make sure that Proposition 8.5 continues to hold, we need to verify that (52)
(or rather its slight weakening allowing for R losses) remains true. The upper bound
is clear since we increased the weights. For the lower bound, note first that among
the ~ NoR?>™3% wave packets Fp contributing to Psrg, all having A Pnew ~ A, there
are at least ~ NyR23¢=0() of them satisfying Ap ~ A. Call this family P*. Due to
(W2)—(W4) in Theorem 7.4 we may write

> £

PeP+

|Pargllrms) 2

1/p
~ <Z HFPHPP(RB)) > A(N0R4*3a*0(6))1/p.
L»(R3) PeP+

9 Proof of Theorem 3.3 in the Range 1 < 8 <

N

Throughout this section, fix % <a< % Let
Tr = [0, R] x [0, R**] x [0, R].
Let 7 : [—5, 5]> = R be a Schwartz function and let
1y (€) = R*T2n(RE, R* &, RE).

Our main result in this section is the following small cap decoupling for special
functions with spectrum near the moment curve. This complements Theorem 8.3, it
covers the case of decoupling into even smaller arcs.

Theorem 9.1. Let a; € C with unit modulus. Define

- i j & 5
F(§) = a;NTy <§1—a7§2—2a>§3—3a>-
e R R R
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Then for p =6 + % we have

1/p

alt—1)+e
H(FlFQFS)l/SHLp(TR) ,-SE R (2 P) Z HP]FHiP(Rd)
JElf—a

The proof of the following corollary is essentially identical to the one of Corol-
lary 8.4.

COROLLARY 9.2. If p=6+ % and assume a; € C have unit modulus. Then for each
translate Tx of Ty we have

< i .y
Zaj@ (;pRaerRQaJrzR&l) Se B2 (58)
= L}(T)

We mention a few key points on how to adapt the trilinear-to-linear reduction
from the previous section to this case. The linear and trilinear decoupling constants
will be with respect to averages over arbitrary translates Dy of D = [0, R?*] x
[0, R2%] x [0, R]. More precisely, we let Dec(R, p,a) be the smallest constant such
that the inequality

- iR -
e (v v o) <DeelRpR:
= L?(Dr)

holds true for each such D and each a; € C with |a;| = 1. We note that by making
the first component of Dy larger than the first component of Tg, the new averages do
not change, due to periodicity. We make this superficial change just for convenience,
as explained below.

The proof of the analogue of Proposition 8.1 for this new case follows the same
lines. The constraint (43) remains the same

P 1
4 <=+ —.
2+a

This is clearly satisfied in our context. The image of D under the map

(2,1, 2) x + 2cy + 3%z y+3cz z
7y7 K ) K2 7K3

. .. . . . 20 200 .
lies inside a rectangular box with dimensions ~ (R7, 1}2(—2, %) Thus, it can be

covered with ~ K translates of D/, where as before R = RK “a. It is important
that the needed number of such translates is independent of R. This is possible
due to our choice of the slightly larger domain Dg (compared to Tg). We leave the
details to the reader.
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Let us now justify our choice of Tr in Theorem 9.1. Since

A Y

o
Z <wm+yR2a+zR3a> ZR
7=1

for x € UkR:la [kR* kR*+¢|, |y|, |z| < ¢ (for ¢ a small enough constant), we see that
(58) is false if Tg is replaced with any smaller box [0, R] x [0, R®] x [0, R], 8 < 20

The use of the larger domain T in Theorem 9.1 does not alter its small-cap-
decoupling nature. The important thing is that we did not enlarge the domain of
integration for the variable z. This way, the result is strong enough to capture
the desired application. Indeed, (58) immediately implies Theorem 3.3 in the range
1<p< % It suffices to use 6 =3 — =, N = R®, rescaling and periodicity.

The proof of Theorem 9.1 will be done in several stages. We use the wave packet
decomposition (49) for F' and assume that the planks P € Pg-1/s(F') are inside Tg
and are R“-periodic in the x direction. Note however that there is no periodicity in
the y-direction. We will replace the integration domain T with R3.

We split Pp-1/:(F) into collections P() with the following properties. Note that
there is a new parameter X, which makes (S2) below slightly more substantial than
its earlier counterpart for the case o € (%, %]

Structure of P;:

(S1) ||Fplec ~ A for all P € PO, for some dyadic parameter A.
(S2) We cover Tg with R2*~! cubes QQ with side length R. For each I € Iz-1/s and

() we denote by sz)Q those planks in P®) N P;(F) that lie inside Q.

We assume that for some dyadic integers No and X the following holds: for each
I and each @ we either have IP’?)Q =0 or

g NoR'™. (59)

Q| ~
Moreover, for each I the number of those @ satisfying (59) is either ~ X or 0. We
call “heavy” those I in the first category. The number of heavy intervals I, and thus
the total number of planks in P(®) will not enter our considerations.

If (59) holds, we will refer to I as “contributing” to @. The collection of those
~ X cubes ) to which a given I contributes may vary with /. Similarly, the number
of those I contributing to a given ) will be a function of () that will not concern us.

Let us understand better the structure of ]P’() in case when I contributes to
Q. We tile @ with (R%, R, R)-plates ¥y with axes parallel to those of a typical

P € P/(F). Each P € IP’g)Q is contained in some unique ¥y. Note that due to R*-
(@)

periodicity in the x direction, all 3 will contain the same number of planks P € IP’
This number must be ~ Ny, due to (59).

(S3) For each I contributing to @, we tile @ with (R, R2/3, R)-planks ¥ with axes
parallel to those of a typical P € P;(F'). Each ¥ is contained in some unique
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>o. We will assume that there are either ~ N or zero planks P € ]P’( " inside
each such ¥, for some dyadic number 1 < N < Ny independent of I In the
first case, we will refer to ¥ as “contributing”. Note that

1 No 1
N < R% s d — < Rs.

In summary, for each I contributing to ), each ¥y C ) contains ~ %
planks X.

Let us fix an arbitrary 7. To ease notation, we will denote ) ppi) Fp by g, P
by P and IP’( ) by Pr.g. We have as before for p > 2

contributing

A(X NoR3=*)Y/P_if I is heavy,

0, otherwise.

| P2rgllrrmsy ~ {

To prove Theorem 9.1 it will suffice to show that for p =6 + %
1/p

1_1)4¢
19192990 ogeny Se BGT20F (ST IPFIL, )
J€ly-a

This will immediately follow from combining two results, similar to those from the
previous section.

PROPOSITION 9.3. Let q =
the intervals I € lp-1/3) and each p > 2 we have

A(XNoR3~)U/p <,

1

1/p
1 4
min(N71/2(XN0)1/P’(XNO)%_E7No—l/Q(XNO)l/P)R(‘l*5)(1*5>+6 ( Z |PJF||I[),P(R3)) .
JEL, o (D)

PROPOSITION 9.4. We have for p = 6 + 2

1/3
(919293)" 2| Lo m3) Se

A(X NoR¥=) /P max(NY/2(X No) /7, (X No)8 ~ 5, N3/ 9(X No)~ /7)™ )+ 5 (1= 30+

9.1 Proof of Proposition 9.3.  Note that for each J € Ip-o(I)

242a
|PsF Lowsy ~ R » (60)

We choose an I that contributes to g (also known as “heavy”) and prove the propo-
sition with the left hand side replaced with ||Parg|| s (rs)-

There are three upper bounds we need to prove, with the first two being essen-
tially identical to the ones in Proposition 8.5.
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The first upper bound

1/p

A(X NgR¥ )P < (XNO)l/prl/2R(a—§)(1—%) Z HPJFH%J(RS)
Jelp—a(l)

is equivalent to

A< RSN a. (61)

To prove this, we pick a cube Q with side length R?/® that intersects significantly
some contributing ¥ (see (S3)). Almost orthogonality implies

1/2

1Pargllrze) S IPFlzwn S | Y 1PIFIRe
Jelgz—a(I)

The structural assumption (S3) implies that the decomposition of Porg has ~
NR:~® planks P that intersect {2 significantly, that is QN P| ~ R:. Thus

T\ /2
IPargllnaey 2 A (NRI=)

Also, it is rather immediate that

> IPIFI ~ RiT%,
Jely—a(l)

The desired upper bound (61) follows by combining the last three inequalities.
The second upper bound

1/p

AXNoR¥ )P S (X No)» s RO S 1By, )
Jel,—a(I)

is similarly seen to be equivalent to the following estimate in L%

1/2
1Pargllro@s) Se B\ D IPsFlZoqms
Jel o (l)
This will follow (cf. (W3)) once we prove
1/2

”PIFHLG(R3) Se R* Z HP]F”%G(RB)
Jel oD
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If7 = [R‘;, #e + R 1/3] this boils down to the estimate

Jot+R -2 -3 1

J J J Gl W

S e(omtrmmtoam)|  SETT
=0 Lg(Tr)

Changing variables, using periodicity in the first variable and letting a; = e(zé%;),

this follows from the uniform estimate over z (consequence of Theorem 2.2)

Jot R sl
> aje(as+yi?) SRt
J=do L ([0,1)2)

Let us now pick a cube @ with side length R to which I contributes. The third
upper bound

1/p
A(XNORS—a)l/p Se (XNO)iNO_ER(a—i)(l—%)-i-e Z ”PJFHPP ®9)
JE€lp—a(I)
is equivalent with the LY inequality
1/2
P219lLe(q) Se R Z ||73JFH%q(wQ)

Jel,—o(l)
We will in fact prove the following superficially stronger inequality (cf. (W3))
1/2

||PIF”Lq(wQ 56 R Z HPJFH%q(wQ)

Jel o (D)
Recalling the definition of F', if [ = [R‘j,, e + R~1/3] this is equivalent with
Jo+R . .2 .3 1
] ] “”3 +e
Z: <:cRa+ Yga 7 R3a> ScR7 T
J=Jo Lg(Q)

When we make the change of variables = RY/32/, y = R?/3y/, = = RZ', the cube
() becomes an (Rz/ 3 R/3, 1)-rectangular box B with the third side equal to some
interval H. We need to prove

Jo+R j j2 j3 a-1
/ / / < R 23+e.
J=Jo Lg(B)
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Let us cover B with boxes Br, x H, with each Bpr, a square with side length
Ry = RY3. It further suffices to prove that for each 2/ € H

j0+Ra7% ] ]2 1
A ! ! < pte
Z ¢ <$ RO Ty RQ(a—§)> Se T
J=Jo LS(BRO)

RSTi%)) This however is a consequence of Corollary 3.2, with R
‘ 6

replaced by Ry and « replaced with 3a — 1. Indeed, note that 2 + 3a{1 = 3007 = ¢
9.2 Proof of Theorem 9.4. Recall that P are the planks of g. Call Py, Py, P35
the planks of g1, g2, g3. For r > 1, let O, be the collection of R'/3-cubes in Tx that
intersect ~ r planks from each of the families P1, Py, Ps.

We use Proposition 8.7 as before to derive the first estimate

where a; = e(2

_ R2|Q,|r3 s
1(919293) 2| o Uy 0, ) = AU Qe[ RIS = A(X NoRP=)M/0 (X’No‘>

We apply Theorem 7.5 to each of g1, g2, g3
1/12
5
1(919293) " | 112U, o q) Se 712 RE j{: 1Pargl e gs)
I€l, 13
5 A(XNORS—a)l/HT%R%—i—e.
We combine the last two inequalities with Holder’s inequality to write for each

6<p<12

H(9192g3)1/3HLP(Uq€QTq)
5 1\ 2—12 a—2 3,
Se REA(XNoRP )P <r§R%) g (RX‘]\%V)F_
0
:ReA(XNOR?)fa)l/pR(Oé* )(2 1)+ 3p’r‘p (XNO) 2‘Qr|%7é‘

It remains to prove that

7

RTG53 (X Ng) o2 | Q0
< max(NV2(X No) M7, (X No)s ™, No/U(X No)~V/P)ReG—2)+3075),

which after rearranging the terms becomes

2_1 11 1 11 Ra(%_é)_i 3
[AE Gsmaxwl/?(XNo)p L (X No)7, No  1(X No)» ™ ¢) =———
re’3
Using that p = 6O‘+2 and g = 5%y, this is equivalent to
—3a2 +7o<7§
< R 3a—1 30 Bat1 !
19| Tmax(NSa 1(XN0) st , (XNp)3a=1, Ny = (X Np) #-1). (62)
T 3a—1

This upper bound will be proved in the next subsection.
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9.3 Plank incidences.  We first prove an intermediate estimate, using our ear-
lier bounds for plate incidences.

LEMMA 9.5. Suppose that P satisfies requirements (S2) and (S3) introduced at the
beginning of this section. Let Q,.(P) denote the collection of trilinear r-rich R'/3-
cubes q in Ty with respect to P (or rather Py, Py, P3). Then for each 1 < r < RY/3

5—3a
RL/BN st .o
Q) £ X <T> RU-aNZINEE

Proof. We split the R-cubes Q C Tx according to the number M of intervals 1
contributing to them. It suffices to focus on a fixed dyadic M. Let us assume that
we have Y such cubes. Note that MY < XRY3.

We use that

3—3a

Y M-t < X(RY3)sa

This is immediate if Y < X since M < RY/3. Also, when Y > X, we use M < §R1/3
and the fact that g;fol‘ > 1, since a < %
Thus, it suffices to prove that for each of the Y cubes Q)

3—3«

Rl/3 Tort M 3a—1 B 3-3a
@Is(T0)" () R, (0

r

where Q,(Q) are those ¢ € Q,(P) lying inside Q.

For each I that contributes to Q we tile Q with (R, R¥?, R)-plates S with normal
vector n(/). Note that each S can be partitioned into planks ¥. Due to our assump-
tion (S3) on ¥ and to R%*-periodicity in the z direction, we can split the plates S
into two categories. Those that contain ~ NR!'~® planks P € P; will be referred to
as heavy and will be denoted by Spequy,r, while those that contain no P € Py will
be called light, and will play no role in the forthcoming argument. Let Sjcq0y be the
union of all Spequy,r- It is immediate that

NoM
s

Let M < M. The number of bilinear M-rich R2/3_cubes Q C () with respect to Spequy
is O(RY/ 3(%)2), due to bilinear Kakeya. By (the rescaled version of) Theorem 6.6

|Sheavy ‘ ~

4—6c

RN\ (N .
QS| —=— Rs™7,

r r

where Q,(2) are those ¢ € Q,(IP) lying inside Q.
Thus
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Finally, we compare this to (63). The needed estimate

e 1/3\ 57 5 .
M-;iga (R1/3) 1 Rl OéNQNSa I < (R / ) 3 <M) 3 Rl—aNgNg;il;
T3a—l r r
boils down to M < RY/3. 0

We now finish the proof of (62) using the bound from the previous lemma

o —3a24+3a+2
R1/3 Sa—1 - 3-3a R se-1 3-3a
|Q7"§X<T Rl aNO2N3a—1 :TXN(?N:}a—l'

~
""‘3(‘1—1

Let 81 = ;%f‘l, Ba = 32%, B3 = 5447 A simple verification shows that

3-3a 9a+3
XNZNSE = [NE (X No) ™5 (X No) 055 [N = (X No) 5]

+

< max(N 55 (X No)~ 51, (XNo) 521, N, * (X Np)~57).

Also, the inequality

—3a2+30+% —3a2+7(x—%
R 3a—1 R 3a—1
5—3a ~ 9a+2
r3a-1 r3a-1

1203 < R4a—1

is equivalent to r , which in turn is a consequence of our assumption

r < RY3.

10 Proof of Theorem 3.6

Each 6 € O¢,:(R™1) is essentially a rectangular box with dimensions ~ (R_%, R711)
with respect to axes (e}, e2,e}).
Assume Py F has wave packet decomposition (see (6))

The plank P has dimensions ~ (Rz, R, 1) with respect to the axes (e}, e2,e}).

Let 7Ty be a tiling of R? with tubes 7 with dimensions ~ (R%,R, Ré) oriented
along the axes (eé, eg, eg) of . Each P € Py sits inside exactly one tube 7 € 7y, and
we will say that 7 and P have the same orientation.

For each 6, let P, C Py be such that |wp| ~ w for each P € Pj and such that
each tube 7 € Ty contains either ~ N planks P € [P, with the same orientation, or
no such plank. Let

G:Z Z wpWhp.

0 PeP,
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Write
P = UylP).
We will need the following Kakeya-type input.
LEMMA 10.1. (Kakeya-type estimate for planks). We have

D>l D> 1

PcP PcP

2
< (log R)N

2 1

Proof. Let 7' be a collection of tubes 7 containing all the planks in P, with each
7 containing roughly N planks (with the same orientation). The angle between two
planks is the same as the angle between the corresponding tubes. These angles are
of the form jR™'/2 with 1 < j < RY/2.

Two planks P, P’ with angle w have intersection

|PNP'| < RY2w2,
For each fixed 7 and w we have
{r': 7 nr£0, <(r,7) = w}| < RY?w.
This is because all 7/ in the collection are essentially coplanar and satisfy |[107 N
107'| ~ R3/2w~ 1,
Using these observations we write (the first sum runs over w = JRT12 1< <
Rl/?)

2

Y YY Y Siear)

2  w=R-1/27€T' PCT SR, Prer

TOT! £0

S

PeP

1

Z Z Z R'V2uNRY?w~2

w=R-1/27€T’' PCT

1
~P| Y RNw™

w=R~1/2

N

~ (log RN R3/?|P'|. O

The following result represents a refinement of the 1*(L*) decoupling for boxes
of canonical scale covering the cone. It replaces the factor Rs in Theorem 2.8 with
the smaller Nx.
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ProrosITION 10.2. We have

=

1G||La(rs) Se RN® > PG s
0€Oc,2(R™1)

Proof. We may assume that w ~ 1. We first observe that

4

> IPeGlamsy | ~ Re[P[5.
0€0.,2(R-1)

We use Theorem 3.5 to evaluate the left hand side

2

G Lorey Se Bl (Z !PaG\z) s (ra)
0

1
<c RY|l Z XPH22(R3)
PePr

e RN P|5
In the last inequality we have used a standard variation of Lemma 10.1. O

Let us now see the proof of Theorem 3.6. Invoking interpolation (Exercise 9.21
in [Dem20]) it will suffice to prove the case p = 4, that is

HF|’L4(R3) Se Rz+6 Z ||,P’YF||%4(R3) ,
yel(R™)

for each F: R? — C with the Fourier transform supported inside Ny (R™!). Recall
that

F = Z wpWp,
PecP

where P = Ug Upep, P. By normalizing we may assume that the largest coefficient
lwpl is 1. We split

(lOg R)O(l)

P = U Pj U ]Psmall'
j=1

The collection Pg,,q; contains all planks with coefficients |wp| < R~190 The contri-
bution from the corresponding wave packets is easily seen to be negligible. The planks
in each IP; have two properties. First, we have |wp,| ~ w; for some w; € (0,00). Sec-
ond, each P € P; sits inside some tube 7 € 7; C 7 (having the same orientation),
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and there are roughly N; > 1 planks P € P; inside each tube 7 € 7; with the same
orientation as 7.

Fix j and write

G = Z ’U)PWP.
PeP;

Invoking the triangle inequality, it will suffice to prove that

N

Gy Se RYS S0 1Py Fllfagsy | (64)
yel(R-1)

First, we use Proposition 10.2 to write

=

Gl La(s) Se RN Z 1PoG Logsy | - (65)
0€Opa(R-1)

Second, Corollary 4.2 gives for each 6

N

€ R 1
PG sy Se R Sk > P FlLs |
J ~er(rR—1)

and summation leads to

€ R 1
> IPGlltagsy | SR () Yo PPl | - (66)
0€Oc,2 (R-1) J vel(R-1)

Now (64) follows from (65) and (66).
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11 Appendix: An Improved Fourth Derivative Estimate for
Exponential Sums (D.R. Heath-Brown, Mathematical Institute,
Oxford)

In this appendix we will show how Theorem 3.3 may be applied to establish an
improved version of the “fourth derivative estimate” for exponential sums. The clas-
sical van der Corput k-th derivative estimate (Titchmarsh [Tit86, Theorems 5.9,
5.11, & 5.13], for example), can be given as follows. Suppose that k > 2 is an inte-
ger, and let f(z) : [0, N] — R have a continuous k-th derivative on (0, N) with
0 < M < f®)(x) < AN Then

S e(fm) S ATTNAS TR N1 ), (67)
n<N

where the implied constant is independent of k.
By using the (essentially) optimal estimate for Vinogradov’s mean value, as proved
by Bourgain, Demeter and Guth [BDG16], one can obtain an alternative bound

3" e(f(n) Sape NI N1k g y=2/k0e1) N 2REEL) T gg)
n<N

for any fixed € > 0 (see Heath-Brown [Heal7, Theorem 1]). In most situations this
is superior to the classical estimate as soon as k > 4, and the object of this appendix
is to show how Theorem 3.3 of the present paper allows one to produce a further
improvement in the case k = 4. The result we obtain is the following.

Theorem 11.1. Let f(x) : [0, N] — R have a continuous 4th derivative on (0, N)
with 0 < A4 < f(4)(1:) < AM\ for some constant A > 1. Write \y = N~ %, and
suppose that N~2 < \y < N~L. Then

Z e(f(n) <ae N1-@/(4w+8)+e + N8/9+€, (69)
n<N

for any fixed € > 0.

In practice one would usually apply the third derivative bound when \y < N72,

giving a stronger result than can be obtained from the fourth derivative estimates.
When k=4 and Ay = N~ the bound (68) yields

lew/12+s’ Ay > Nfl’
Z e(f(n)) Sae { NI/124e N2 < ), < N1 (70)
n<N ’ ~ ~ ’
while (69) produces
Nl—w/(4w+8)+67 N-8/5 5 A\ g N‘l,
ORTOIETER RNONUIE St NN (6)

n<N
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Thus we get a significant saving when N2 < ) g < N1,
As an application of Theorem 11.1 we will prove a bound for the Lindelof u(o)
function associated to the Riemann Zeta-function.

Theorem 11.2. We have
C(3f +it) Se ([t + 1)H/15Fe

for any fixed e > 0, so that p(}t) < 1

15

Strictly speaking, we do not claim that this bound is new. Indeed given the plethora
of published bounds and the convexity of (o) it is not easy to say with confidence
that a given result is new. Moreover one can make further small improvements
on Theorem 11.2 by using exponent pairs to sharpen the application of the third
derivative bound in the argument below, and by replacing the trivial bound (for
small V) by the case k = 5 of (68). However our main purpose with Theorem 11.2
is to demonstrate a neat bound coming directly from the new fourth derivative
estimate.

The proof of Theorem 11.1 begins by following the argument from [Heal7, Section 2].
We assume that k = 4, although the initial stages of the method work for arbitrary
k> 3. We write H = [(A\;)~/*] and for a € [0,1]F~! we define

via)=#{n <N —H:||[f9DMn)/j! —aj|| <H for 1 <j<k—1}.
If we set a* = f=1(0)/(k — 1)! then whenever v(a) # 0 we must have

| FE=D (n) — FE=D(0)]
(k—1)!

g1 — o < + HYF <k Ny + )\,(Ck*l)/k

for some n < N — H. If we write this as |ax_1 — a*| < &, say, then in our situation
we have £ <4 Ny, since Ay > N~2. We may now replace Lemma 1 of [Heal7] by
the estimate

1/2s
3 e(f(n) Sae H + NN/ grassimn L
n<N

with

f(j)(m) f(j)(n)
N:#{m’"SN‘H I

§2H_jfor1§j§k:—1}

and
2s

1 1 por+€
J = / .. / / Z e(agn + -+ ak_lnkfl) dap_1dag,_o ... doy
0 0 Jar—¢

n<zx

for some x < H. Note that the argument of [Heal7, Section 2] works for any real
s> 1.
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We now specialize to £k = 4, and plan to apply Theorem 3.3. As remarked in con-
nection with Theorem 3.3 the proof allows us to replace the range [0, N~7] by any
interval of length N~%. What is less clear is whether the estimate of the theorem
holds uniformly with respect to 5. To clarify this point we suppose that the theorem
yields the bounds

f[0,1}2x[T,T+N—ﬁ} | anN e(ain + apn? + a3n3)|12_2’8da1da2da3
< C(e,B)N6-26+¢ ,

for 0 < B < 2, uniformly in 7. Set R = [3¢] and r = [2RA3]. If we then write

Br = 3r/2R it follows that 0 < 3, < 3/2 and 3, — ¢ < § < (.. We now observe
firstly that

\ Z e(ain + agn® + agn®)[12720 < N2(5-—0)| Z e(arn + agn?® + azn®) 12720
n<N n<N

and secondly that the interval [r,7 + N %] can be covered by at most N¢ intervals
of length N—7-. Thus

/ | Z e(arn + agn® + azn®) |2~ day dagdas
[071]2>< [7—77—+N_ﬁ] n<N

< N¥* sup/ ] Z e(ain + asn? + agng)\lz’w"daldagdag
o J12x[oo+N-#]

< C(E’ﬂT)N672ﬁ7.+45
< C(e,ﬁr)N6_2ﬁ+4€.

We therefore see that Theorem 3.3 holds (with e replaced by 4¢) with implied con-
stant C'(¢) = max,<r C(e, 8,) depending only on ¢.

We proceed to apply this uniform version of Theorem 3.3. We have assumed that
Ay < cN~! for some constant ¢. With this in mind we define 3 by the relation

HP = min {C(N)\4)_1 : HS/Q} .
We then have 0 < § < % as required. Moreover,
H = [(A)\4)_1/4] _ Nw/4+O(1/logN)

and 1 5 (o, S 1, whence N = HA/@+0(1/logN) 414

C(NA4)_1 = H4(w_1)/w+0(1/10g N)

2o ()

We therefore see that

[ = min
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Since ¢ <x Ny < H P we can cover the range [o* — &, o* + €] with O4(1) intervals
of length H—?. Tt then follows on taking s = 6 — 3 that

25—6
J <. H*76%¢,

Moreover [Heal7, Lemma 3] yields N' Sa. N when N72 < )\ < N7L We
therefore conclude that

S e(f(n) Sae A4 N1t
n<N

However

1 1 o 1
— = = mj ~ 4+ 0((logN)™*
25 12— 2 mm{4w+8’9}+ (log N)™),

whence

Z e(f(n)) S»Aa Nw/4 + lew/(4w+8)+s +N8/9+€.
n<N

Theorem 11.1 then follows.
To deduce Theorem 11.2 it suffices by the approximate functional equation (see
Chapter 2 in [GK91] or [Tit86]) to show that

Z nit <. N1L/1541/15+4<
N<n<2N

for N < t'/2 and any fixed ¢ > 0. The bound is trivial for N < ¢t!/4, and so we focus
on the remaining range t'/* < N < /2. When f(z) = t(logz)/2m one may apply
the third derivative estimate, taking A3 to have order tN~3. The bound (67) then
shows that

Z nit < N1/241/6 | np=1/6.
N<n<2N
This gives a satisfactory bound O(N'V/15¢1/15) when t3/7 < N < t'/2. For the
remaining range t1/4 < N < ¢3/7 we use our various fourth derivative estimates,
with A4 of order tN—* When t'/* < N < t'/3 the bound (70) yields
Z nit <. NHE)\}/H < N2/3+eg1/12 < N11/15+e41/15
N<n<2N

For t°/12 < N < t3/7 we have N=%/3 < Ny < N~8/5 5o that (71) produces an
estimate

Z nit <, NB/9+e < N11/15+e41/15
N<n<2N
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Finally, when t'/3 < N < t%/12 we find that N=8/° < Ay < N~1. In this case (71)
shows that

§ : nit SE Nl—w/(4w+8)+5.
N<n<2N

If we write t = N™ we will have 22 < 7 < 3, and @ = 4—7+0(1/log N). It therefore
suffices to show that

4 —T1 11 T
- <=4
24 — 47 — 15 15

1

for % < 71 < 3, and this is readily verified, completing the proof of Theorem 11.2.

The reader will note that the critical case is that in which A4 is of order IV —5/3,
Mathematical Institute,

Radcliffe Observatory Quarter,

Woodstock Road,

Oxford

0X2 6GG

UK

rhb@maths.ox.ac.uk
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