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AMPLITUDE BLOWUP IN RADIAL ISENTROPIC EULER FLOW*
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Abstract. We show that the compressible Euler system for isentropic gas flow admits unbounded
solutions. The examples are radial flows of similarity type and describe a spherically symmetric and
continuous wave moving toward the origin. At time of focusing, both the density and the velocity
become unbounded at the origin. This is followed by an expanding shock wave which slows down
as it interacts with the incoming flow. While unbounded radial Euler flows have been known since
the work of Guderley [Luftfahrtforschung, 19 (1942), pp. 302-311], those are at the borderline of the
regime covered by the Euler model: The upstream pressure field vanishes identically (either because
of vanishing temperature or vanishing density there). In contrast, the solutions we build exhibit an
everywhere strictly positive pressure field, demonstrating that the geometric effect of wave focusing
is strong enough on its own to drive the primary flow variables to infinity.
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1. Introduction. We consider inviscid isentropic flow in n = 2 or 3 space di-
mensions as described by the compressible Euler equations which express conservation
of mass and linear momentum:

(1.1) pe + divx(pu) =0,
(pu); + div, [pu ® u] + grad, p = 0.

The independent variables are time ¢ and position x € R", and the primary dependent
variables are the density p and the fluid velocity u. In isentropic flow the pressure p
is given as

(1.3) p(p) = a®p” (a >0, v > 1 constants).

It is well known that even initially smooth flows in general suffer gradient blowup
(shock formation) [6]. In this work, we are concerned with the much less studied phe-
nomenon of amplitude blowup: For hyperbolic equations in several space dimensions,
the phenomenon of wave focusing may generate unbounded amplitudes (e.g., for the
linear wave equation).

In this setting it is natural to restrict attention to solutions with symmetry. We
shall consider so-called radial flows in which the variables depend on position only
through the distance = |x| to the origin, and in addition the velocity field is purely
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radial: u = u%. Under these assumptions (1.1)-(1.2) reduce to

(1.4) (™ p), + (™ pu), = 0,
(1.5) (r™ pu), + (r™ (pu® +p)), = mr™ 1y,

For smooth flows this reduces further to

(1.6) pt + upr + plur + %) =0,
up + uuy + 5py =0,

where p = p(t,7), u=u(t,r), and m =n — 1.

n (1.6)—(1.7) the multi-d aspect enters only through the geometric source term
MLY in (1.6). As this term contains the unbounded factor %, it appears reasonable that
the multi-d Euler system would admit unbounded solutions. For example, one could
reasonably expect a scenario in which the geometric effect of focusing (as encoded in
the term =£%) would be sufficiently strong to generate infinite amplitudes in a radially
converging flow.

On the other hand, the appearance of unbounded amplitudes of primary flow
variables raises issues about the physicality of the model. One might ask if there could
be a mechanism whereby the Euler system could “save itself” from such behavior. One
possibility would be that the upstream pressure in the fluid near the center of motion
could provide sufficient counterpressure to somehow prevent actual blowup.

As it turns out, there is a well-studied class of Euler solutions that do exhibit
unbounded amplitudes. These are the so-called Guderley solutions, which provide
one of the few instances where multi-d, compressible flows can be studied in detail.
They have received considerable attention in the literature of inertial confinement
fusion; see [1, 7, 13]. The flows in question are similarity solutions (see below) of
the Euler system for an ideal, polytropic fluid with equation of state p = RpT. The
solutions solve the full model (including energy conservation) and were first considered
by Guderley [8]. However, they are also—regardless of their blowup behavior—at the
borderline of where the Euler model can be expected to be physically valid.

To explain this, we recall [10, 12] that Guderley solutions involve a single, con-
verging spherical (or cylindrical) shock wave which invades a quiescent fluid near the
origin, the fluid being at rest and at constant density and pressure there. The shock
collapses on the origin with infinite speed and generates an expanding shock wave
which then propagates outward as it interacts with the still-incoming flow. At time of
collapse, the velocity, pressure, sound speed, and temperature (but not the density)
attain infinite values at the center of motion. However, as pointed out in [12], in
order to provide an exact solution of the Euler system, the sound speed within the
quiescent region must necessarily vanish. For the ideal gas case under consideration,
this means that there is no upstream counterpressure due to a vanishing temperature
field there. Thus, the flow regime exhibited by these solutions is a borderline case
where the Euler model is of questionable physicality.

In fact, it is reasonable to ask if it is precisely this absence of a counterpressure
which is responsible for the blowup, the idea being that the lack of counterpressure
would facilitate unbounded growth in shock speed, with concomitant increases of
amplitudes in the immediate wake of the converging shock wave. We stress that
Guderley solutions of the type described can be shown to be exact weak solutions
of the full Euler system: Despite the presence of infinite values of the primary flow
variables, they satisfy the weak form of the full, multi-d Euler system, [10].
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The upshot is that, although Guderley solutions provide examples of unbounded,
genuine weak solutions to the Euler system, they fail to settle the issue of whether
amplitude blowup is possible in the presence of an everywhere positive pressure field.
The goal of the present work is to demonstrate that this is possible and that, notwith-
standing unbounded amplitudes, such solutions provide genuine weak solutions of the
multi-d Euler system (see Definition 5.1).

We shall carry out the analysis for the simplified isentropic model (1.1)—(1.2) and
(1.3) with v > 1. While we expect that the same conclusion holds for the full Euler
model, it is of interest to establish this type of behavior separately for the isentropic
model. Indeed, this is the only Euler model for which an existence theory for radial
flows is currently available (see discussion below). On the other hand, the latter
theory is based on the method of compensated compactness and does not provide (or
has not yet provided) information about the possibility of amplitude blowup in radial
flows.

The authors have recently established the same conclusion (i.e., possibility of
blowup in absence of zero-pressure regions) for the isothermal model: (1.1)—(1.2) and
(1.3) with v = 1; see [11]. That work provided the existence of radial similarity so-
lutions in which an incoming wave approaches the origin in the presence of a strictly
positive upstream pressure field, collapses at the origin, and gives rise to an expand-
ing shock wave. There are two notable differences between the isothermal solutions
constructed in [11] and the Guderley solutions described above. First, the incoming
wave is continuous (possibly containing a weak discontinuity, i.e., a jump in its gradi-
ent), and, second, it is only the density field (and not the velocity field) which suffers
blowup at time of collapse. The isentropic blowup solutions we construct below ex-
hibit a mixture of these behaviors: The incoming wave will again be continuous, but
both the density and the velocity suffer blowup at collapse.

It turns out that the analysis of the isothermal model in [11] is rather different
and significantly simpler compared to the isentropic model or the full model. On
the other hand, for the isentropic case considered here, we can make use of results
established in earlier analyses. Our reference for these results (one among several
possibilities) is the comprehensive work of Lazarus [12], which built on earlier joint
work with Richtmyer (see references in [12]).

1.1. Similarity variables and similarity ODEs. Before formulating our main
result, we introduce the type of similarity solutions to be utilized to give examples of
isentropic amplitude blowup. The solutions are globally defined on all of space-time
and may be described as “converging-diverging flows” in which the blowup occurs
at, and only at, the origin at the time of collapse. Due to invariance under time
translation, we are free to let ¢ = 0 be the time of collapse, a choice which is built
into the type of solutions we consider.

It is well known that the Euler system admits similarity solutions [5, 8, 15, 16].
Following [12], we introduce the similarity variables
(1.8)

T = ﬁ) p(t,’l“) =r R(Z‘), U(t,’/‘) = - A ’ c(t,r) = - A )

where A > 1 is the similarity exponent and the local sound speed c given by

c=/p(p) = ap'T .
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Ascox p'z, (1.8) is consistent only if

(1.9) K= —2(7)\__11),

which is assumed from now on. Thus, R(x) and C(x) are related by
C%*(z) = va®* N2> R (),

and the density field takes the form

rA

2 1551
C(x) ] 7 . t

(1.10) p(t,r) =r"R(z) =" L/\zazgﬁz -

Substitution of (1.8) into (1.6)—(1.7) yields the following similarity ODEs:

_ 1 GV(x),C(x),N)
Az D(V(z),C(z)) ’
_ 1 F(V(x),C(x),\)
Ax D(V(z),C(x)) ’

(1.11) V'(z) =

(1.12) C'(z) =

where the polynomial functions D, F', and G are given by

(1.13) D(V,C) = (1+V)* -2,
(1.14) G(V,C\) =C%*(nV — k) = V(A +V)A+V),
(1.15) F(V,C,\) =C{C? —ki(1+ V> + ko(1+ V) — ks },
where
ky=14 @000 g oDOSDEEEROSY g G2DOSY,

For later reference, we note the symmetries
(1.16) G(V,—C.0) = G(V,C,N),  F(V.=C,\) = —=F(V,C, \).
Combining (1.11) and (1.12) gives an autonomous ODE (no explicit a-dependence)

dC  F(V,C,))

(1.17) AR TR

relating V' and C along similarity solutions.

Equation (1.17) is of key importance: Trajectories of it will provide the various
parts of the flows we seek. While (1.17) can be analyzed in some detail (e.g., its critical
points, their locations and types, and their dependencies on n, v, and ), we have
found it necessary to assume a technical “property (II)” in order to generate flows in
which the blowup leads to the generation of an expanding shock wave. This technical
condition requires that the “Hugoniot locus” associated with a certain trajectory of
(1.17) intersects a certain other trajectory of (1.17). The precise formulations of
property (II) is given in section 4.4.

Remark 1.1. We stress that numerical calculations clearly indicate that the prop-
erty (IT) is satisfied for infinitely many solutions for each relevant choice of n, v, A.
(See Main Result below and Remark 4.7 for details.) On the other hand, it appears
challenging to provide an analytic proof of this.
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Next we list five physically motivated properties to be satisfied by the flows we
seek:
(A) The velocity at the center of motion vanishes: u(t,0) = 0 for all times ¢ 2 0.
(B) The density at the center of motion is finite and nonvanishing, except at time
of collapse: 0 < p(t,0) < oo for all times ¢ 2= 0.
(C) At any fixed location away from the origin the density and velocity approach
finite limits at the time of collapse; i.e., for each r > 0,

(1.18) }g% u(t,r) and tlgr(l) p(t,r)

exist as finite numbers «(0,7) and p(0,r), respectively. Equivalently, ¢ —
u(t,r) and ¢t — p(t,r) are continuous at ¢ = 0 at each position r > 0.
(D) The density is everywhere strictly positive: p(t,r) > 0 for all (t,r) € R x R™.
(E) The total energy density 1plul? + ,YL_zlp7 belongs to L}, .(R™) at all times.
We note that requirement (C) allows for the possibility that p(0, ) and/or «(0,7) blow
up as r | 0; see (4.17)—(4.18) for the blowup profiles that obtain. Also, as discussed
above, property (D) is central to the solutions we construct: For the isentropic model
it implies that the pressure field is everywhere strictly positive.
Our main result is the following (where we slightly abuse notation by employing
the same symbol for the density field in rectangular and radial coordinates).

Main Result. Consider the isentropic Euler system (1.1)—=(1.2) and (1.3) in
space dimension n =2 orn =3, and consider radial similarity solutions of the form

(1.19) p(t,x) = p(t,x])  u(t,x) = ult,[x]) &,

where (p,u)(t,r) solves (1.4)—(1.5) and are of the form (1.8), with V and C solving
(1.11)(1.12). Then for each v > 1 there is a number X = X(y,n) > 1 such that the
following holds:

1. For each similarity exponent \ € (1, 5\) there are infinitely many radial sim-
ilarity solutions (p,u)(t,r) in which both the density and the velocity suffer
amplitude blowup at the origin as t 1 0.

2. Furthermore, each solution satisfying condition (II) (see section 4.4) can be
continued to all times t > 0 and contains an admissible, expanding shock
wave emanating from the origin. These similarity solutions satisfy the prop-
erties (A)—(E) above. Finally, the pairs (p(t,x),u(t,x)) defined by (1.19) are
admissible weak solutions of the multi-d isentropic Euler system (1.1)—(1.2)
according to Definition 5.1 below.

We note that the similarity solutions described by the Main Result are defined
globally on all of space-time. Also, the weak forms of (1.1) and (1.2) are formulated
without any terms related to initial data; see (5.1)—(5.2). However, Definition 5.1 also
requires that the conserved quantities map time continuously into L}, (R?). It follows
from this that any weak solution will, when restricted to a time interval [ty, +00), also
be a weak solution to the Cauchy problem with initial data (p(to, ), u(to,)) at time
t=to.

The demonstration of the Main Result requires a rather detailed analysis of the
critical points of the similarity ODE (1.17) and the Rankine-Hugoniot relations and
admissibility conditions for the emerging shock wave. In particular, the shock will be
compressive: The density of a fluid parcel increases as it passes through the shock
surface.
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We conclude with some comments about known existence results for radial Euler
flows with “general” initial data. First, there is at present no general existence result
available for the full, multi-d Euler system that guarantees global-in-time existence of
radial solutions. Restricting to radial isentropic flows (v > 1) the results in [2, 3, 4]
provide existence of weak, finite energy solutions via the method of compensated
compactness. Schrecker [14] has recently established that the solutions so obtained
are weak solutions to the original, multi-d isentropic Euler system (1.1)—(1.2) on all of
space (i.e., including the origin). These works provide weak solutions for general, finite
energy data; however, they yield no information about the possibility /impossibility
of amplitude blowup.

The rest of the paper is organized as follows. Section 2 records the Rankine—
Hugoniot relations and the admissibility condition for shocks in similarity solutions.
The construction of the radial similarity flows described in the Main Result is some-
what involved. We have found it convenient to first give an outline in section 3. This
is followed by a detailed argument in section 4, including a precise formulation of con-
dition (IT). (This analysis makes use of several technical results from [12].) Section
4.6 collects some additional properties (in particular, locally bounded total energy)
of the constructed solutions, which are then used in section 5 to verify that they pro-
vide genuine, weak solutions to the multi-d isentropic Euler system, completing the
demonstration of the Main Result. Finally, section 6 includes two observations about
characteristics and particle trajectories for the constructed solutions. In particular,
we argue that the type of amplitude blowup exhibited by these solutions can occur
also in flows with finite total mass and energy.

2. Jump and entropy conditions for similarity shocks. Consider the ra-
dial isentropic Euler system (1.6)—(1.7) and (1.3), and assume that a discontinuity
propagates along the path r = R(t). The Rankine-Hugoniot conditions are

(2.1) R[p] = |[pu] and R[pu] = |[,0u2 +a2p'y]],
where we use the convention that, for any quantity ¢ = q(¢,r),
|[Q]l =+ —q- = Q(taR(t)+) - q(t7R(t)_)7

where the subscript “—” denotes the value on the inside (i.e., closer to r = 0) of the
discontinuity. The entropy conditions for 1-shocks and 2-shocks require that

(2.2) u_ —c_ >R >uy —cy and u_+c. >R >uy+cy,

respectively. We next specialize to “similarity shocks” propagating along z = 7, i.e.,
along

P

(2.3) r=R(t) = (%)

With p, u, ¢ as in (1.8), with the same values of v and A on each side of the shock,
and with

8|+

W.=14V and a? = a?\2z?,
the Rankine-Hugoniot conditions (2.1) take the form

(2.4) [RW] =0 and  [RW?+a@°R7] =0,

where [-] now denotes jump across x = Z. We note that the entropy condition for a
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2-shock propagating along x = z, with z > 0, takes the following form in terms of V'
and C:

(2.5) 1=V —C_>0>-1-V, - C,.

The next result amounts to the fact that, with £ > 0 and (V,C.) satisfying the
last inequality in (2.5), there is a unique state (V_,C_) which connects to (V,C.)
through an entropy-admissible 2-shock across x = Z. This will be used to locate the
expanding shock wave in the solutions described in the Main Result.

LEMMA 2.1. Assume V4, Cy satisfy —1 — Vi < Cy <0 and & > 0. Then there
is a unique pair (V_,C_) such that

(a) (V_,C-) and (Vy,Cy) satisfy the Rankine—Hugoniot conditions (2.4);

(b)y —1-V_>C_.

Proof. 1t is convenient to use the variables R and W =1+ V. We first calculate
R, from (1.10) (noting that Ry > 0) and proceed to solve for R_. Setting M :=
R;yW, and defining the function f(R) := M?R~! + a*R", (2.4); gives R_-W_ = M,
while (2.4)q gives

(2.6) f(R-) = f(Ry).

It follows from the properties of f that (2.6) has a unique solution R_ > 0 (R— # R)
and that Ry are located at opposite sides of the unique minimum point R, of f,
the latter being given by RIT = %2 W_ and C? are then determined from R_
by using (2.4); and (1.10), respectively. Note that part (a) of the lemma is now
satisfied by construction. However, C_ is so far only determined up to a sign, and it
remains to verify that part (b) will be satisfied by appropriately choosing this sign.
By assumption, we have —W, < C; <0, so that C3 < W2, which is equivalent, via
(1.10), to RIH < RI™. Thus, Ry < R, < R_. In turn, the last inequality yields,
again via (1.10), W2 < C2. Also, since Ry > 0, it follows from the assumption
Wi > 0that R_W_ =M = R, W, > 0, so that W_ > 0. We therefore have 0 <
W_ < |C_|. Thus, (b) will be satisfied if and only if C_ is chosen negative. With this
choice, we have identified unique values V_ and C_ so that (a) and (b) both hold. 0O

We note that the proof above establishes the inequality Ry < R_; this shows
that admissibility implies that the shock is compressive.

3. Construction of converging-diverging flows: Outline. The goal is to
construct particular solutions (V(x),C(z)) of (1.11)—(1.12) that give, via (1.8), un-
bounded solutions of the radial Euler system (1.6)—(1.7) and also satisfy the require-
ments (A)—(E). The details of the construction are somewhat involved, and we find it
helpful to first give an outline in this section. In particular, we explain the property
(IT) that we need to assume; this will be formulated precisely in the next section.
From now on, we fix n =2 or 3 and v > 1.

We first formulate the requirements (A)—(D) in terms of the similarity variables

(recall that ¢ pWTfl, so that the conditions on p may be expressed in terms of C):

Q

x|l A
(B) 0 < limg—+oo ‘ﬂ—ﬁ)' < 00;
x| A
(C) the limits lim,_,o @ and lim,_,q % both exist as finite numbers;
(D)

(@) <0 for all z € R.

x
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To build the relevant solutions of (1.11)—(1.12), we shall make use of particular trajec-
tories of the autonomous ODE (1.17). This requires knowing the locations and types
of its critical points, i.e., the points of intersection between the zero-level curves

F:={(V,O)|F(V,C)=0} and G:={(V,0)|G(V,C)=0}.

This analysis was carried out in detail by Lazarus [12], and we shall make use of those
results. For this discussion it is convenient to define the “critical lines”

(3.1) Ly ={(V,O)|C=x1+V)}.
First, (1.17) has two critical points at infinity, namely,

(3.2) Py = (Vi #00), where V, := £ = - 22=1

is the location of the vertical asymptote of G in the (V, C)-plane (see Figure 1). The
analysis of these two points (of which only P_. played a role in [12]) is carried out
in the next section and shows that in the variables (V, Z), Z := C~2, Py, are saddle
points. There are therefore unique trajectories of (1.17) tending to Pi., along which
V 1 V. It follows from the uniqueness of these two solutions and from the symmetry
properties (1.16) that if C' = C,(V) denotes the solution approaching P, ., then the
solution approaching P_., is given as —C, (V). These trajectories will provide parts
of the sought-for similarity solution (V(z),C(z)) of (1.11)—(1.12). We therefore have,
by construction, that

(33) J_EI:'I}OO(V(LE)’ C(:L‘)) = Pioo,
and this ensures that requirement (A) is met.

The requirements (C) and (D), together with the form of (1.11)—(1.12), imply that
any relevant solution (V(z), C(x)) of these must pass through the origin (V,C) = (0,0)
with z = 0. Thus, the solution we seek must necessarily cross the critical line L} on
its way from P, to the origin. As the resulting flow we seek is to be continuous
for negatives times (corresponding to x < 0), it follows from (1.11)—(1.12) that the
crossing must occur at a critical point of the ODE (1.17).

By exploiting the analysis in [12], we shall show that for each similarity exponent
A€ (1,) (X as in the Main Result and to be determined in the construction process)
the unique trajectory of (1.17) approaching P, will connect to a certain critical
point Py = (Vg, Cs) (notation as in [12]) which is located on the critical line L. This
solution is given by the function C,(V'); we denote its trajectory by I'y, and we shall
verify that this is contained in the strip Vg < V < V,. Also, within this strip, I'y is
located below G and above F, which in turn is located above L, (see Figure 1). We
are free to choose an z-parametrization of I'y by setting, e.g., (V(xq),C(z0)) := Py
for any choice of xg < 0. This fixes the z-parametrization of the entire solution
(V(x),C(x)) under consideration.

It turns out that Ps is a node for (1.17) when X € (1, A). There are therefore two
ways for the solution to pass through Py as x increases through xg: either smoothly or
by changing direction discontinuously at Pgs. In the former case an inspection of the
phase portrait of (1.17) shows that there are infinitely many trajectories continuing on
to the origin after vertically crossing G; we denote any one of these by I'y (see Figure
1). In the latter case there is a unique trajectory denoted I, connecting Pg to the
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Fic. 1. A Maple plot of a complete solution of ODE (1.17) with n =3, v =3, A = 1.22. The
thick solid curve is the solution consisting of the four parts 't T'4; The thin solid curve and the
dashed curves are the zero levels F and G of F' and G, respectively; the dotted lines are the critical
lines L+ ; the gray line is V = Vi (the vertical asymptote of G); and the dash-dot curve in the lower
half-plane is the Hugoniot curve corresponding to I's. Note that I's in this case crosses the negative
C-azis: The corresponding flow undergoes stagnation (vanishing velocity) along a curve x = const.
located on the outside of the expanding shock.

origin. In this case the resulting flow will suffer a weak discontinuity (i.e., a gradient
discontinuity) across the path r = (w—to)% for t < 0, which is a 1-characteristic.

Next, linearizing (1.17) at (V,C) = (0,0) shows that this is a star point for
all choices of n, v, A\. It follows from (1.11)-(1.12) that any solution (V(z),C(z))
approaching the origin does so with both V(z) and C(z) proportional to z, say,
V(z) ~ va and C(x) ~ px for & < 0. Thus, there are infinitely many choices for
trajectories connecting Py to the origin, arriving there with constant slopes £. The
only constraint is that p # 0; otherwise, according to (1.8), we would have p(0,r) =0,
which is clearly unphysical.

At this stage, by translating back to p and u via (1.8), we have obtained a con-
tinuous solution of the radial Euler system (1.6)—(1.7) which suffers blowup of density
and velocity at 7 = 0 as ¢ 1 0; the blowup profiles are recorded in (4.17)—(4.18) below.
To continue to positive times, we need to trace the solution (V(z), C(z)) through the
origin and into the lower half of the (V, C')-plane. We note that condition (C) requires

that the crossing of the origin occurs in a smooth manner.
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After passing smoothly through the origin along one of the trajectories I'y (or the
particular trajectory I';), we must next determine the z-value x5 > 0 at which the
solution is to suffer a jump discontinuity. For this, let I'3 denote the trajectory of that
part of the solution x — (V(z),C(z)) which corresponds to 0 < x < x4, where zy is
to be determined. With z increasing from 0, we apply Lemma 2.1 with (V(x), C(z))
for (V4,Cy) and z for T to obtain a unique point (Vg (z),Cg(z)) = (V_,C_) with
the property that it connects to (V(x),C(z)) through an admissible 2-shock. We
denote the curve z — (Vi (x),Ch(z)) by 'y and refer to it as the “Hugoniot curve”
corresponding to I's (see Figure 1).

Next, let I'y denote the unique trajectory of (1.17) which approaches P_; accord-
ing to the discussion above, this is the graph of the function —C, (V). To determine
Zs, we need to impose property (II): T'y must intersect the Hugoniot curve T'y at
a point Py = (Vi(zs),Cr(zs)) located below L_. As it turns out, it appears that
for 'y and I'y to meet, it is necessary that the solution under consideration crosses
the origin into the fourth quadrant (equivalently, 'y or I, reach the origin with a
finite, negative slope). As noted in Remark 1.1 (see Remark 4.7 below for further
details), numerical computations indicate that for fixed n = 2 or 3, v > 1, and
A e (1, S\(n,v)), property (II) is satisfied for infinitely many solutions. The property
Py = (Vi (xs),Cr(xs)) € Ty yields, by definition, the value of x5 > 0. (Numerics
indicate that I'y N 'y, if nonempty, always consists of a single point; however, this is
not essential for our purposes.)

Finally, from Py € TI'y, the solution follows I'y down to P_o, = (Vi,—o0) as
T — 400, completing the construction of the similarity solution we seek. We note
that the solution crosses the critical line L_ by jumping from (V' (z5), C(zs)) (located
strictly above L_) to Py (located strictly below L_) through an admissible 2-shock.
In contrast, the solution crossed the critical line Ly by passing through it at the
critical point Pg.

The requirements (A), (C), and (D) will follow from the construction of the solu-
tion; the requirements (B) and (E) will be verified separately in sections 4.5 and 4.6,
respectively.

We end this section with two points that require further comment, both having
to do with the fact that we build solutions of the similarity ODEs (1.11)—(1.12) by
first solving the z-independent ODE (1.17) for C(V).

Remark 3.1 (xz-parametrization of solutions). As indicated above, we have some
freedom in choosing the a-parametrization of solutions to (1.11)—(1.12). For concrete-
ness, consider the solution C' = C,(V), Vg <V < V,, of (1.17) whose graph I'; in the
(V, C)-plane connects Pg to Pioo. To obtain a corresponding solution of (1.11)—(1.12),
we fix any strictly negative value zy and pose the Cauchy problem

_ 1 GV(@), Cu(V(@)), N)
A D(V(x),Cu(V ()

(3.4) V'(z) =

We need to argue that (3.4)—(3.5) has a solution V(z) which is defined for all 2 < xq
and that V(z) 1 Vi corresponds to x | —oo. If so, it is immediate to verify that the pair
(V(x),C(x)), where C(z) := C.(V(x)), solves (1.11)—(1.12) with (V (zo), C(z0)) = Ps.

The first thing to verify is that the right-hand side of (3.4) remains bounded as
r T xo—which is not obvious since both its numerator and denominator vanish at xg.
As xq is chosen strictly negative, the prefactor —ﬁ is harmless. For the quotient %,
we make use of the results of section 4 below. Taylor expanding G and D about Pg,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/05/20 to 157.182.150.22. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

2482 HELGE KRISTIAN JENSSEN AND CHARIS TSIKKOU

we obtain that for (V,C) € T'y near Py

GV,C,N)  Gy(V - V&) +Ge(C —Cs) Gy +0Ge
D(\V,C)  Dy(V—Vs)+Dc(C~Cs) Dy +oDc’

where the partials of G and D are evaluated at Pg and o := C’(Vs). According to

Lemma 4.6, 0 = )‘*G;GV, where A_ is given by (4.16). Thus,

G(V,C,\) A A
D(V,C) ~ Dy tobe 201 Va)1 o)

It is readily verified that ¢ > 1 in all cases under consideration in section 4 (see

Lemma 4.3), and it follows that G[gy",’cék))
shows that (3.4)—(3.5) is a well-posed initial value problem.

Next, consider the situation as x decreases from xg; V' (z) then increases toward
V., and we claim that © | —oco as V(x) 1T V... Now, as V(z) 1 Vi, we have C(x) =

C.(V(x)) 1 o0, and it follows from the proof of Lemma 4.4 that

remains bounded along I'y as V' | Vg. This

V'(z) ~ f%(V(z) - Vi) for V(x) near Vi,
which yields the claim. We note that the foregoing arguments also show that if we
were to “start” the Cauchy problem for (3.4) at some value x1 < g, then Py will be
reached for a finite x-value.
Finally, similar considerations apply at the origin and at P_.,. Specifically, having
started at Ps with a strictly negative z-value, the solutions under consideration will
necessarily pass through the origin for z = 0 and tend to P_, as x T oco.

Remark 3.2 (direction of flow). We also need to check that the resulting trajectory
x — (V(z),C(z)) moves in the “correct manner” in the (V, C)-plane as z increases
from —oo to +o00. (Along I't, the vector (V'(z),C’(x)) given by (1.11)—(1.12) should
point in a south-west direction, etc.) This is easily verified once the results of the
analysis in section 4 have been obtained. In particular, the verification exploits the
fact that the solutions under consideration of the similarity ODEs (1.11)—(1.12) pass
through the origin for x = 0. For convenience, we have included, for a representative
case, the direction field of the similarity ODEs (1.11)—(1.12) in Figure 1.

4. Construction of converging-diverging flows: Details. We next turn to
the details of the steps in the outline in section 3. In the process, we impose several
constraints on the similarity exponent A, leading to the definition of A = A(n,7) in
(4.8) below. Note that A is always assumed to be strictly larger than unity. In the
following, we often suppress dependencies on n and ~.

4.1. Critical points of (1.17). The critical points of (1.17) are the points of
intersection between the zero level sets F and G of F' and G, respectively. The location
of these depend on A (as well as n and ). In section 3 of [12] it was demonstrated
that the ODE (1.17) has up to nine critical points in the (V, C)-plane (excluding the
critical points Pyo, at infinity). We shall follow the terminology and numbering in
[12] and denote these by P; = (V;,C;), i = 1,...,9. Due to the properties (1.16),
the critical points are located symmetrically about the V-axis. Only four critical
points are directly relevant for us: P,, Py, Ps, located in the upper half-plane, and
P; = (0,0). The locations of the first three points depend on A, with Ps and Py
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disappearing for sufficiently large values of A\. For our purposes, we shall need that
Ps and Py exist and satisfy Vg < V; < Vs.

First, recall that G has a vertical asymptote located at V =V, = % < 0. The
analysis in [12] establishes that, with
(4.1)

z=2z(A):= % and w=w(2) = +/(7—3)222 = 2(y + 1)z + 1,

the values of Vj, Vi, and Vg are given by

(4.2) W:—mv ‘/6:%[_7«”‘1‘(7—3)2—1]; Vg:%[w+(7—3)z—1}.
We want our solutions to pass through Ps, which requires that w is a real number.
This gives the first condition on A: A calculation shows that w is real and strictly
positive provided

— (n—1)(y-1)
(4.3) 1 <A< dmax =1+ N TWoEL
which is assumed from now on, in particular, V5 < V. A direct calculation verifies
the nonobvious fact that both Ps and Pg lie on the critical line Ly (cf. (3.1)).

LEMMA 4.1. Assuming that n =2 or 3 and v > 1 and that (4.3) is satisfied, we
have

(44) — 1< Vg, Vg, Vs <V, <O.

Proof. With one exception, these inequalities are straightforward to verify by
using the expressions in (4.2). For example, a calculation shows that —1 < V3 < V,
holds if and only if A < 1+ % (v — 1), which is easily seen to hold when (4.3) is met.
Only the inequality Vg < Vi requires more work. It may be rewritten as

(4.5) w<1— 2220 - (y-3).

A calculation shows that the right-hand side of (4.5) is positive provided A < 1 +

n(n=1)(y=1)
n(y+1)—4

of (4.5), substituting from (4.1), and simplifying, we obtain that V5 < V; if and only

if

which is indeed the case when (4.3) holds. Thus, by squaring both sides

0<(y=D+A=D[(y—1)—2].

This is clearly satisfied if y—1 > %; in the opposite case, we rewrite the last inequality
as P
n(y—1
A<1+ 2-n(y-1)’
which turns out to hold whenever (4.3) is met. |

LEMMA 4.2. Assumingn =2 or 3 and v > 1, there is a A = S\(Py,n) > 1 so that
(4.6) Vo< Vi< Vs whenever 1 < X < \.

Proof. Define g(\) := Vg(A)—V4(A\) and h(A) := Vi (A)—=V(XA). Direct calculations
using the expressions in (4.1) yield g(1), h(1) > 0, ¢’(1), A'(1) < 0, and ¢”(N), B (A) <
0. It follows that both g(\) and h()) are strictly decreasing on [1, Apax]. If g remains
positive on this interval, we set Ay := Anax; otherwise, we let A\, denote the unique
zero of g. We similarly define \j,. Finally, setting A := min(\,, A), we obtain the
claim. |
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We shall require that the resulting radial flow has locally finite energy, and this
will impose an additional constraint on the possible values of the similarity exponent:

(4.7) L<A<A=1+5(1—2);
see the proof of Proposition 4.8 below. We now define
(4.8) A = A(7y,n) := min(}, A).
This is the A in the Main Result, and the restriction
(4.9) 1<A<A

is assumed from here on.

4.2. The trajectory I';. We next show that there is a unique trajectory of
(1.17), denoted T'y, connecting P_,, = (Vi,+00) to Ps. We first analyze the relative
locations of F, G, L.

LEMMA 4.3. Assume (4.9) holds. Then, within the half-strip S := {(V,C) | Vs <
V < Vi, C > 0}, we have the situation depicted in Figure 1: G is located above F,
and F is located above Ly in the (V,C)-plane.

Proof. Tt follows from the results above and the analysis in [12] that there is
no point of intersection between F and G within S. Since C' T +oo along G and
C remains finite along F, as V 1 V,, it follows that G lies above F within S.
Next, according to (1.15), we have that F within S is the graph of Cp(V) :=
+vk1(L+ V)2 —ka(1 + V) + k3. Thus, F lies above L, there provided

(4.10) Cr(V)>1+4V for Vs <V < V,,

or, equivalently,
(4.11) fO) =k —DA+V)2 = k(1 +V)+ k3 >0 for Vg <V < V..

Since Ps € FN Ly, f(Vg) =0. As f(V) is quadratic in V with a positive leading
coefficient, (4.11) follows once we verify that f/(Vs) > 0. A calculation using (4.2)
and (4.1); shows that f'(Vg) > 0 if and only if w(z(\)) > 0, which is satisfied for all
Ae (1,0). 0

LEMMA 4.4. Assume (4.9) holds. Then there is a unique solution C = C,(V)
of the ODE (1.17) passing through Py and satisfying C.(V) 1 400 as V 1 Vi. Iis
trajectory 'y is located below G and above F (see Figure 1).

Proof. By changing variables to W := V — V, and Z := C~2 and linearizing the
ODE for dZ/dW at (W, Z) = (0,0), we obtain

o
dW — aW —aZ’

It follows that the origin in the (W, Z)-plane is a hyperbolic rest point for (4.12), that
the latter has a unique solution Z, (W) passing through the origin, and that Z.(W)
approaches the origin along the straight line Z = ”T“W, which has negative slope in
the (W, Z)-plane. Translating back to (V,C)-variables, we conclude that there is a
unique solution C, (V) := (Z,(V = V.))~2 of (1.17) satisfying C, (V) 1 +o0 as V 1 V.
Finally, consider any solution C(V') of (1.17) passing through any point in S located
in the region between F and G. It follows from the signs of F' and G there that
the solution cannot exit this region as V' | Vg, and it must therefore approach Cg as
V | V. In particular, this applies to the solution C, (V). d

(4.12) where a = (1 + V) )V.(A+ V4) < 0.
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We next analyze the critical point Ps, whose type depends on the eigenvalues of
the matrix
| Gv Gc¢
A8 - |: FV FC :| )

where the partials derivatives are evaluated at (Vg, Cs, A). To determine the signs and
relative sizes of these, we first note that the Wronskian Ws = Gy Fo — GoFy at Py
is given by

Wy = 2kC2 (Vs — Vi) (Vs — V) for a constant £ > 0

(see equation (5.11)3 in [12]). According to Lemma 4.2 and the standing assumption
(4.9), we thus have Wg > 0 for all A under consideration.

LEMMA 4.5. Assume (4.9) holds. Then, at Pg, we have
(4.13) Fe >0, Ge<0, Gy+Gec>0, Fy+Fo<O.

It follows that Fyy <0, Gy >0, and Gy + Fo > 0 at Pg.

Proof. Throughout, all partials are evaluated at Ps. By using that Ps is a zero
of F, G, and 1 —V — C, we obtain Fo = 2C? > 0 and Goc = 2V(A+V) < 0. A
similar calculation shows that Gy + G¢ = (n — 1)Cw > 0. It follows that Gy > 0,
and hence Gy + Fo > 0. Finally, by differentiating the identity F(V,1+ V,\) =
—"’TflG(V7 14V, \) with respect to V, we obtain Fy + Fo = —VTA(GV +Ge) <0,
and thus Fy < —Fg < 0. O

LEMMA 4.6. Assume (4.9) holds. Then the matriz As has two real and strictly
positive eigenvalues 0 < A_ < Ay. The corresponding eigenvectors v+ are parallel to
lines with slopes

AL—Gy _ (Fo—Gv)Ey/(Fc—Gv)2+4Gc Fy
Ge - 2G ¢ ?

(4.14)

respectively, and these slopes satisfy

A —G A_—G
(4.15) oot <0< =

Proof. The eigenvalues AL of Ag are given by

_ (Gv-i-Fc)i (Gv+Fc)2—4W _ (Gv+Fc)ﬂ:\/(Gv—Fc)2+4GcFv
(416) Ai - 2 s = 2 .

Lemma 4.5 gives GoFy > 0, so that the radicand in (4.16) is positive and Ay are real.
As Wsg > 0, the first expression gives sgn A1 = sgn(Gy + F¢), which, by Lemma 4.5, is
positive. Therefore, 0 < A_ < Ay. A direct calculation shows that the corresponding
eigenvectors r1 are parallel to lines with slopes given by (4.14). Again by Lemma 4.5,
GcFy > 0> G, giving (4.15). 0

It follows from Lemmas 4.4 and 4.6 that the unique solution C, (V) of (1.17)
introduced above approaches Pg with positive slope along r_. We now choose any
2o < 0 and fix the parametrization of the solution (V' (z),C(z)) under construction
by requiring that (V(z), C(z¢)) = Ps.
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4.3. The trajectories I'; and I'},. Assuming (4.9), Lemma 4.6 shows that Ps
is a node. Thus, there are two ways to continue the solution (V(x),C(z)) from Pg
(see section 3): either in the same direction as C.(V') reached Ps (i.e., parallel to
r_) or by changing direction and leaving Ps with increasing V(z) and decreasing
C(z) in the direction parallel to ;.. In the former case, both V(z) and C(z) will
start out decreasing. In this case there are infinitely many continuations to choose
from, the only requirement being that the trajectory crosses the zero level G before
continuing on to the origin in the (V, C)-plane (see Figure 1). For all such solutions
the resulting flow will be smooth. If instead we choose to leave Py parallel to r
(with V increasing and C decreasing), the flow will suffer a “kink”; i.e., the first
partials of p and u will be discontinuous across the curve ro(t) := (m—toﬁ A gradient
discontinuity in an otherwise smooth flow can propagate only along a characteristic
curve [5], and this is the case here: Since Py € L, we have C(zg) — V(x¢) = 1, which
gives 7o(t) = u(t,ro(t)) — c(t,ro(t)); i-e., ro(t) is a 1-characteristic.

Next, the linearization of (1.17) at P, = (0,0) is % = W =< s0
that the origin is a star point. Linearizing (1.11) and (1.12) at the origin, we obtain
%, % ~ df It follows that both V(z) and C(x) approach the origin proportionally
to z: V(x) ~ vz and C(x) ~ px for x < 0, where p and v are constants. The ratio
£ is the slope with which the chosen trajectory from Py reaches the star point P;.
This slope parametrizes the solutions through the origin, and since there are infinitely
many trajectories of (1.17) that connect Py to it, it follows that there are infinitely
many trajectories through Pg that reach the origin. As noted in section 3, the only
restriction in choosing one of the trajectories I's (or ') is that p = lim, o % must
be strictly negative (to avoid an everywhere vanishing density field at time ¢ = 0).

We note that both Pg and P; are critical points of (1.17) and that we have a
choice as to how the solution passes through Ps. However, no such choice is available
for P;: Condition (C) requires in particular that the two limits lim, o+ % agree.
Therefore, the solution must pass smoothly through the origin; as the latter is a
star point, this determines uniquely the continuation of I's (or T',) into the lower
half-plane.

Finally, let us express explicitly the flow variables at time ¢ = 0. With the notation

introduced above, (1.8) gives

(4.17) u(0,7) = —¥ri=A, c(0,r) = —Lypl=A
and
1
— 4 _ 2 1T 2001
(4.18) p(0,r) = Kr*, K= || k= -2,

Since A > 1, this shows that u, ¢, p and thus also p all blow up at the origin at time
t = 0. This establishes part (1) of the Main Result.

4.4. The trajectories I's and T'y and property (II). We next trace the
chosen solution (V(z),C(x)) through the origin and into the lower half-plane for
x > 0. The trajectory of (1.17) corresponding to 0 < x < zy is denoted I's. Here,
is to be determined so that it gives the path r4(t) = (zi)% of an admissible 2-shock in
the (r,t)-plane, connecting I's to the unique trajectorySI‘4 of (1.17), which approaches
the critical point Pio, = (Vi, —00). As noted earlier, T'y is the graph of —C,(V),
C, (V) being the unique trajectory approaching P = (Vi, +00).

Since I's starts out from the origin, it follows that there is an ' > 0 so that
(V(x),C(x)) is located strictly above L_ for € (0,2'). For each such z, we ap-
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ply Lemma 2.1 with (V,C}) = (V(x),C(x)) and T = = to obtain a unique point
(V_,C-) = (Vu(z),Cy(z)) with the property that the latter point is the inside
state of an admissible 2-shock with outside state (V' (x),C(x)). We denote the curve
x+— (Vi (z),Ch(x)) by 'y and refer to it as the Hugoniot curve corresponding to I's.
It follows from Lemma 2.1 that (Vg (z), Cy(x)) is located strictly below L_ for each
2 € (0,2"). The defining property of xg is that the trajectory starting from the point
(Vi (xs), Cu(xs)) is part of the trajectory I'y, i.e., x5 is defined by the requirement
that

— O (Vi (25)) = Crr ().

As discussed earlier, we have found it necessary to assume that this equation has a
solution:
(IT) The trajectory I'y intersects the Hugoniot curve I'yy corresponding to I's at
a point below the critical line L _.
If Ty were to intersect I'y in more than one point (located below L_), any one of
these will work for our purposes.

Remark 4.7. As noted above, numerical calculations indicate that for fixed n = 2
or3,y>1,and X € (1, 5\(71, 7)), there are infinitely many solutions of (1.17) satisfying
property (IT). On the other hand, it appears that for fixed n = 2 or 3 and v > 1 and A
sufficiently small, there are choices of I'y or I'; that generate solutions violating (II).
Based on the numerical evidence we have analyzed, we conjecture that property (II) is
satisfied if and only if Ty or T arrives at the origin with a finite and strictly negative
slope. This is reasonable on physical grounds: Assuming p < 0, I'y or I, will reach
the origin with a finite and strictly negative slope if and only if v > 0. According
to (4.17), this means that the fluid velocity is everywhere directed inward at time
of collapse (¢ = 0), with unbounded amplitude of the velocity as one approaches
the origin. It is reasonable to expect that such initial data at ¢ = 0 will necessarily
generate an expanding shock wave.

In fact, we further conjecture that if the solution (V(x),C(z)) arrives at the
origin with either a positive or an infinite slope (such that the fluid at ¢ = 0 is
everywhere either outward moving or at rest, respectively), then the corresponding
flow will remain smooth for all times. We shall not pursue such scenarios in this work
and instead focus on cases where a shock wave is generated at the center of motion.

Having thus determined xs, we solve (1.11)—(1.12) for = € (xs, +00) with initial
condition (V(xs),C(xs)) = (Vu(xs), Cr(xs)). By construction the solution therefore
approaches P_,, = (V,,—00) as T +oo. This concludes the construction of the
relevant solution (V(z),C(z)) of (1.11)—(1.12), which finally yields (via (1.8)) the
globally defined similarity solutions (p(¢,7),u(t,r)) described in the Main Result.

Note that the requirements (A) and (C) are satisfied by construction. The same
applies to requirement (D): The solutions cross from the upper to the lower half
of the (V,C)-plane by passing through the origin for x = 0, and they do so with

= p < 0. This shows that % < 0 for all z € R, verifying require-
ment (D). Requirements (B) and (E) are verified in the following two subsections.
Finally, the analysis in section 5 will verify that the constructed solutions provide
weak solutions to the original, multi-d Euler system (1.1)—(1.2).

4.5. Behavior at x = +o0o. By (3.3) the solutions (V(x), C(z)) under consid-
eration satisfy

V(z) 1V and C(z) —» o0 as x — Foo.
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In order to analyze the local energy content of the solutions and also the weak forms of
the equations, we shall need the leading order behavior of C(z) as * — +oo. Consider
the case x | —oco. We follow [12] and posit series expansions of the forms

(419) V(@) =Vi+Vig+Vay?+--- and Clz)=y ' +Co+Cry+---,

where y := k|x| ™7 for positive constants k, . To determine the exponent o, we write
the ODE (1.12) in terms of y in the form

AoyC'(y)D(V (y), C(y)) = F(V(y),C(y), \),

substitute from (4.19), and collect powers of 3. We obtain Aoy ™2 +--- =y 3 4+ ... |
giving o = % A similar calculation applies as = T +00, and we conclude that

(4.20) V(z) ~ Vi and 1C ()] ~ |=|> as  — Foo.

Specifically, this shows that requirement (B) is satisfied by the solutions under con-
sideration.

4.6. Time continuity and locally bounded total energy. It remains to
verify requirement (E), i.e., locally bounded total energy, for the solutions constructed
above. It is convenient to establish this as a consequence of a more general continuity
result which will be used to show that the solutions in question are genuine weak
solutions of the multi-d Euler system (1.1)—(1.2) (see section 5).

PROPOSITION 4.8. Consider the radial isentropic Euler system (1.3)—(1.4) and
(1.5) in dimension n =2 or 3. Assume that the similarity exponent X satisfies (4.9),
and let p, u be given by (1.8), where (V,C) is the solution of (1.11)—~(1.12) constructed
in sections 4.1-4.4. Then the maps t — p(t)? for q¢ € [1,7] and t + p(t)u(t)* for

k=1, 2 are continuous as maps from Ry into L}, .(R*;r™dr).

Proof. The argument is similar for both types of maps, and we give the details
for the representative case t — p(t)u(t)*, (k = 1, 2). We first argue that p(t)u(t)*
belongs to L, .(RT;7™dr) at all times ¢t € R. Fix # > 0. For ¢ # 0, (1.8) and (1.10)
give

k
dr.

T | V()
t/r)

T -
421)  [o()ul)* (|1 (o.mrmar) ~ /0 Tﬁ+m+k<H>’C%>

According to the construction of V(x) and C(x) above, V(x) is globally bounded,
|C ()]

while T remains bounded as x — 0. In particular, (4.20)s implies that

< px! for x € (0, 00).

(4.22) ’ Olx)

Using this in (4.21) gives

o) u®)* || L1 0,mymmary S |t|§*k/O PR dr < 0o for t # 0.

For t =0, (4.18) and (4.17) give

1200 ex@ryman ~ [ 77N ar
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The last integral is finite provided x4+ m + k(1 — ) > —1, or, equivalently, A <

1+ % The stricter constraint occurs for k = 2, which requires that A < X

(see (4.7)), which holds by assumption since A < A. This shows that p(t)u(t)*
L} (R*;rmdr) for k=1, 2 and for all times ¢ € R.

Next, consider the continuity of ¢ + p(t)u(t)* at any time ¢ # 0. For s ~ t, with
sgn s = sgnt, we have

lp()u(®)* = p(s)uls)® |1 (,msrmar)
N / k(1)) 7T (va/r*))’“ ~ ’as/r*)
0

t/r) s/r™
Since C(z) and V (z) are almost everywhere continuous, the integrand tends pointwise
a.e. to zero as s — t. To bound the integrand by a fixed L'((0,#); dr)-function, we
use (4.22) and the boundedness of V(x) to get that the integrand in the last integral
is bounded by

t/rA s/

’C(t/rk)

o (vwm)k\ ar.

K

rn+m+k(1—)\) (|t|§—l~c7,/\k—n + ‘S‘i—kr)\k—n) 5 Tm-i-k c Ll((O,f);dr).

An application of the dominated convergence theorem now shows that p(s)u(s)*

p(Bu(t)* in LY((0,7); r™dr) when s — t # 0.
However, the last estimate involves a multiplicative factor ~ [t/X~* and a more
detailed argument is required for ¢ = 0. We have from (4.18) and (4.17) that

—

1(0)u(0)* = p(s)u(s)* | 1 ((0,7)m ar)

(423) N /7‘ phtmtk(1-X) Mﬁyk _ ‘CS/TT) e (ng/r,;x)y‘ o
0
Since %) 5 4 and @ — v as ¢ — 0, we have that the integrand in (4.23) tends

pointwise to zero as s — 0. To uniformly bound the integrand, we observe that the
constructed solutions C(x) and V (x) satisfy

(4.24)

<2, SRl V@I ST for o] > 1

‘V(a:)

<1 for |z| <1, while )%

Using these properties, we get that the integrand in (4.23) is bounded (up to a mul-
tiplicative constant) by

5k
KtmAk(1=X) Isl\» _ rtFmAk(1=-X 5k m+k
' (HX{OJSM(” () ) - R R Y O L

In the last expression, the values of the second term are pointwise bounded by those of
the first term (agreeing at r = |s|%). It follows that the integrand in (4.23) is pointwise
bounded by a constant multiple of r*T™m+k(1=) " Finally, as shown above, the latter
function belongs to L ((0,#); dr) for all Ad-values under consideration. The dominated
convergence theorem therefore gives that p(s)u(s)* — p(0)u(0)* in L1((0,7);r™dr)
as s — 0. This establishes the stated continuity of the map t + p(t)u(t)* for k = 1, 2
at all times ¢ € R. O

We recall [6] that the total energy of the radial solution (p, w)(t, r) within the ball
of radius 7 > 0 about the origin is given as

E(t,7) = / (3pu® + Wa—jlp“f)rnfl dr.
0
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Thanks to the continuity of the maps ¢ — p(t)u(t)?, p(t)” € L}, .(RT;7™dr), we thus
have the following.

COROLLARY 4.9. With the same setting and assumptions as in Proposition 4.8,
the radial similarity solutions constructed in sections 4.1-4.4 satisfy requirement (E).

5. Radial similarity solutions as weak solutions to multi-d Euler. In
section 5.1, we first give the definition of general weak solutions of the original, multi-
d Euler system (1.1)-(1.2) and specialize it to radial solutions. We then verify that
the radial similarity solutions generated above satisfy the latter definition, thereby
showing that they provide genuine weak solutions of (1.1)—(1.2).

5.1. Weak and radial weak Euler solutions. We write p(t) for p(t,-) etc.,
u = (u1,...,un), u:=|ul, and let x = (x1,...,z,) denote the spatial variable in R".

DEFINITION 5.1. Consider the compressible Euler system (1.1)~(1.2) in n space
dimensions with pressure function p = p(p). The measurable functions p, uy, ..., up :
R; x RZ — R constitute a weak solution of (1.1)—(1.2) provided that

(1) the maps t — p(t) and t — p(t)u(t) belong to CO(Re; L}, .(RD));

(2) the functions pu® and p(p) belong to L}, (R x RZ);

(3) the conservation laws for mass and momentum are satisfied weakly in sense

that

(5.1) / / ppe + pu - Vypdxdt =0
R n

and
(5.2) / / puipr + puia - Vi + p(p)pg, dxdt =0 fori=1,....n
R JR?

whenever ¢ € CL(Ry x R2) (the set of C1 functions with compact support).

Remark 5.2. In this definition, condition (1) requires that the conserved quanti-
ties define continuous maps into L}, .(R%), which is the natural function space in this
setting. Taken together, conditions (1) and (2) ensure that all terms occurring in the
weak formulations (5.1) and (5.2) are locally integrable in space and time.

We next rewrite Definition 5.1 for radial solutions. For this, we set r = |x|,
m=n—1, and

R* = (0,00), Ry = [0, 00), L%loc) (dt x r™dr) = L%loc) (R x RS, dt x r™dr).

It is convenient to introduce the following (nonstandard) notation: CI(R x RY)
denotes the set of real-valued C! functions ¢ : R x Rf — R that vanish out-
side [—,%] x [0,7] for some %, 7 € R*. Also, C3(R x R{) denotes the set of those
0 € CL(R x Ry) with the additional property that 6(¢,0) = 0.

DEFINITION 5.3. With the same setup as in Definition 5.1, the measurable func-
tions p, u : Ry x RY — R constitute a radial weak solution of (1.4)—(1.5) provided
that

(i) the maps t — p(t) and t — p(t)u(t) belong to CO(Ry; L}, (r™dr));

(i) the functions pu?® and p(p) belong to L}, (dt x r™dr);

loc
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(iii) the conservation laws for mass and momentum are satisfied in the sense that

(5.3) / / (ptr + puth) r™drdt =0 Vi € CL(R x RY),
R JR+

(5.4)
/ / (puby + pu®0, + p(p) (6, + 22)) r™drdt =0 V0 € C(R x RY).
R JR+

We record the fact that the latter definition is consistent with the former one as
follows.

PROPOSITION 5.4. Assume that (p(t,7),u(t,r)) is a radial weak solution of (1.4)-
(1.5) according to Definition 5.3, and define the functions
x
(5.5) plex) = plt ). ) = . x) o
Then (p,u) is a weak solution of the multi-d system (1.1)—(1.2) according to Definition
5.1.

Proof. This was established in [9] (Theorem 5.7) for the isothermal Navier—Stokes
system; the same proof applies to the Euler system. ]

5.2. Verification of weak forms of the equations. For fixed parameters n
and A as in the Main Result, we let p(t,7) and u(t,r) be the similarity solutions
constructed above. It follows from Proposition 4.8 that (p,u) satisfies parts (i) and
(ii) of Definition 5.3. Thus, to verify that (p,u) provides a radial weak solution to the
isentropic Euler system, it only remains to argue for part (iii) of Definition 5.3, i.e.,
the weak forms of the equations.

For this, we fix ) € CLRxR{) and § € C(RxR{) (recall the definition of these
function spaces above) with supp v, supp8 C [—T,T] x [0,7]. As in Definition 5.3, ¢
and 6 will be test functions for the mass and momentum equations (5.3) and (5.4), re-
spectively. By increasing 7 or T if necessary, we may assume without loss of generality
that z, = T/7*. Next, for any § < 7, we define the open regions (see Figure 2)

Ks={(tr)|0<t<T, 6 <r<7, 5 >u}

e Js={t,r)| —T<t<T,0<r<7 % <uz}.
We set
M) = [ (ot ) s
= {//ﬂ{x[076]+//J§+//](5}(pwﬁpuwr)rmdrdt
(5.6) =)+ { [ + /[ ot pu)
" I1(0) := //RX]R+ (pu@t + pu?0, +p(9r + mTG)) " drdt
- {//Rx[o,a] +//J§ -1—//K5 } (puby + pu6, + p(6, + 22)) r™drdt
BT = Iy(0) + {//J + //K } (pudh + pu6, + p(6, + 720)) rdrdt,
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t

Fic. 2. Regions of integration in the weak formulation.

Part (iii) of Definition 5.3 amounts to the statement that M () and I(#) vanish. We
establish this by showing that the right-hand sides of (5.6) and (5.7) tend to zero as
0 J 0. First, according to the continuity properties established in Proposition 4.8, the
integrands in the expressions for M (v) and () are all locally r™drdt-integrable. It
follows that both Ms(¢)) and I5(0) tend to zero as § | 0. (For I5(8), we exploit that
0 belongs to Cg(R x R{); specifically, the function mTe is uniformly bounded.)

It remains to estimate the integrals over J; and K in (5.6) and (5.7). For this,
we use that (p,u), by construction, is a classical (Lipschitz continuous) solution of
the isentropic Euler system (1.4)—(1.5) within each of the open regions Js and Kj.
Furthermore, the Rankine-Hugoniot relations (2.1) are satisfied across their common
boundary along the curve r = R(t) = ()*. Applying the divergence theorem to

Ty
each region, we therefore have

(5.8) { / /, + / /K 6}(P¢t+puwr) rMdrdt = 6™ / i(pw/z)(t,é) dt

and
(5.9)
T
{// + // } (puby + pu0, + p(0, + 22)) r™drdt = (57"/ [(pu? + p)0](t,8) dt.
Js Ks -T
Using (1.8) and (1.10) and changing integration variable from ¢ to x, we get for (5.8)
that
2
| V@)

xT

T
o [ e

-1 1 T/6*
< gne / +/ +/ (’C‘(I) ) d,
—T/5* —1 1 *

where we have split up the z-integration into three parts (assuming that § < T %).
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Making use of (4.24), we obtain that the three integrals add up to an O(1) term, so
that

< 5n+n_

T
6"{/‘<pu¢xaa>dt

-T

(5.10)

The condition that n+# > 0 is equivalent to A < A := 145 (y—1). By construction,

we have that A < \ < X. Also, it is immediate to verify that X < Ao. It therefore
follows from (5.10) that the right-hand side of (5.6) vanishes as § | 0 for all values of
A under consideration. This establishes the weak form of the mass equation (5.3).

We argue similarly for the momentum equation. From (1.8) and (1.10), changing
integration variable from ¢ to z, and using (4.24), we get for (5.9) that

T
o [ o+ )0l e

-1 1 T/6*
< 5m+/\+n’y / 4 / + / <‘ C(x)
—T/6* -1 1 *

5 6m+)\+nw (1 + 671%/7)\) _ 6m+/<;'y+)\ + 5m

_2
T | V@)

x

C(z)

x

2y
7_1> dx

2
|

As m+ XA +vk > n+ vk > 0 (the latter inequality being equivalent to A < )), we
obtain from (5.9) that the right-hand side of (5.7) vanishes as § | 0. This establishes
the weak form of the momentum equation (5.4). This concludes the proof that (p,w)
satisfies part (iii) of Definition 5.3.

This establishes part (2) of the Main Result, concluding its demonstration.

6. Concluding remarks. The solutions constructed above have locally finite
mass and energy; however, their total mass and energy are unbounded (e.g., (4.18)
and the condition n + k > 0 shows that fooo p(0,7)r™dr = 400). We shall argue
that the blowup behavior exhibited by these solutions can occur also in the presence
of finite mass and energy. For this it suffices to establish the following property
of the constructed solutions: The 1-characteristics passing through the points on a
curve {(r,t) | -5 = z}, with < 0 and sufficiently small, all pass through points on
the strictly positive r-axis at time ¢ = 0. Indeed, we can fix any time ¢y < 0 and
modify any one of the solutions described in the Main Result at time ¢y at locations
r > Ty = (%’ﬁ The modification can be made so as to give finite total mass
and energy at time ¢ = 0. Assuming for now that the stated property holds, there
is an interval near the origin where the original solution remains unaffected by the
modification, so that blowup still occurs in the modified solution. In this manner, we
obtain initial data at time t;, which leads to solutions exhibiting amplitude blowup
at the origin as described in the Main Result and whose total mass and energy are
finite.

To argue for the stated property, recall that the solutions (V' (x),C(x)) of (1.17)
used in the construction above are such that Y& and €& approach finite, nonzero

x x

limits as @ — 0 (see section 4.3). There are therefore finite constants A > 0 and
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B < 0 such that

0<V(QE)<A7 B< W g for zg < x <0,

x x

where we recall that (V(xo), C(20)) = Ps. Next, fix & € (x0,0), let (7,#) be any point
on the curve X := {(r,t) | -5 = &}, and let t(t) be the 1-characteristic through (7, ).

Since the constructed flow is continuous for negative times and since {(¢,7)| -5 = zo}

is a 1-characteristic (see section 4.3), it follows that the 1-characteristic t(¢) remains
inside the region {(t,r) |zo < & < 0} for ¢ € (£,0). Along t(t), we therefore have

. 1=A x T —A _
t(t) = (u—0)|@ee) = % (M — M) |yt > %t(t)1 A

x x r(t))‘

Integrating from time £ to time 0 yields t(0)* > #*(1 + (A — B)z). As A — B > 0,

this shows that, for Z sufficiently small (negative), we have v(0) > 0. Thus, all
1-characteristics through points along X cross the r-axis at time ¢ = 0 at strictly
positive locations.

Finally, a similar argument shows that the same property holds for the particle
trajectories (i.e., solutions to 7 = u(t,(t))) through points along X. This provides
confirmation of the fact that there is no “accumulation of mass” at the origin; i.e.,
the density field never contains a Dirac distribution at the origin, including at time
t=0.
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