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Abstract. Kernel ridge regression is an important nonparametric method for estimating smooth functions. We
introduce a new set of conditions under which the actual rates of convergence of the kernel ridge
regression estimator under both the L2 norm and the norm of the reproducing kernel Hilbert space
exceed the standard minimax rates. An application of this theory leads to a new understanding of
the Kennedy—O’Hagan approach [J. R. Stat. Soc. Ser. B. Stat. Methodol., 63 (2001), pp. 425-464]
for calibrating model parameters of computer simulation. We prove that, under certain conditions,
the Kennedy-O’Hagan calibration estimator with a known covariance function converges to the
minimizer of the norm of the residual function in the reproducing kernel Hilbert space.
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1. Introduction. A major challenge in computer simulation of complex systems is to
choose suitable model parameters. These parameters usually represent specific intrinsic at-
tributes of the system. The input values of the model parameters can significantly affect
the accuracy and usefulness of the computer output. When physical observations are avail-
able, one can adjust the computer model parameters so that the computer outputs match the
physical data. We call this activity the calibration of computer models.

The celebrated Bayesian calibration method by Kennedy and O’Hagan [13] is one of the
major and widely used approaches for the calibration of computer models. A remarkable
contribution of [13] is to incorporate a “discrepancy function” to model the difference between
the computer outputs and the physical process. This discrepancy does exist in most computer
simulation problems because we have to resort to simplifications and unrealistic assumptions
when building the computer models.

Without an informative prior, the Kennedy—O’Hagan (K-O) model is nonidentifiable be-
cause one cannot determine the model parameters and the discrepancy function simultane-
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ously. Kennedy and O’Hagan [13] used a Gaussian process as a prior for the discrepancy
function. Tuo and Wu [26] conducted a theoretical study on a simplified version of the K-O
method when the physical data are noiseless. Under this condition, the radial basis functions
approximation can be regarded as a frequentist version of Gaussian process regression. With
the help of related mathematical tools, Tuo and Wu [26] identified the limit value of the K-O
method as well as the rate of convergence.

A primary goal of this work is to establish an asymptotic theory for the K-O method
with noisy physical data. The frequentist version of the Gaussian process regression, in this
situation, is the kernel ridge regression [19]. With an improved rate of convergence for kernel
ridge regression, we prove that, under certain conditions, the K-O estimator tends to the
parameter value which minimizes the norm of the residual function in the reproducing kernel
Hilbert space. We also present the rate of convergence of the K-O estimator. As a consequence,
we relax a key and rather restrictive assumption in [26]. Tuo and Wu had to assume that the
physical experiments have no random errors, which is not realistic.

There is a vast literature on the theoretical properties of ridge kernel regression. It is known
that the rate of convergence of this method can be improved by imposing extra smoothness
conditions on the underlying function; see, e.g., [8]. We refer to [2, 5, 11, 15] and the ref-
erences therein for the recent advances in this area. In this work, we present some results
on the improved rates similar to the above works. Compared with the existing ones, our
model settings are closer to the practical applications in engineering and computer experi-
ments. First, the existing methods focus on kernels constructed by a set of eigenvalues and
orthonormal basis functions. This construction has, albeit mathematically general, not been
widely used in practice because the computational cost is high, and an orthonormal basis may
be difficult to obtain for a general input domain. In this work, we consider the widely used
Matérn kernels. Second, the existing results focus on random designs, which are not usually
adopted in engineering. The present work considers fixed designs satisfying some space-filling
properties. Third, the existing results for the improved rates are not sufficient to develop an
asymptotic theory for the K-O method. We obtain a strengthened version of the improved
rates, which lead to the desired asymptotic theory for calibration. It is worth noting that the
mathematical treatments in this paper differ from those in the works mentioned above, and
our work provides some new insight on kernel ridge regression.

This article is organized as follows. In section 2, we introduce some background of this
work and present the improved rates of convergence for kernel ridge regression. In section
3, we establish an asymptotic theory for the K-O calibration estimators. In section 4, we
validate our theoretical assertions with two numerical studies. Concluding remarks are made
in section 5. Appendix A contains the long proofs in this article.

2. Improved rates for kernel ridge regression. In this section, we discuss the mathemat-
ical tool and our results on the improved rates of convergence for kernel ridge regression.

2.1. Overview. Consider a nonparametric regression model

(2.1) yi = f(zi) + e,

where f is a smooth function whose domain of definition €2 is a convex and compact subset of
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R? and e;’s are independent and identically distributed random sequence with mean zero and
finite variance. The problem of interest is to recover f from the data (z;,v;),7 = 1,...,n. Ker-
nel ridge regression is one of the important methods to deal with this problem. This method
has been widely used in statistics and machine learning [19]. It also has close relationships
with classic kernel-based regression methods like smoothing splines or thin-plate splines [31].

Suppose f lies in the Sobolev space H™ () with m > d/2. By choosing a kernel function
with m degree of smoothness, the kernel ridge regression, as defined in (2.18), can reach the
standard rates of convergence

(22) an - f”Lz(Q) = Op(n72m+d)7
(2.3) 1 = fllm (@) = Op(1),
where || - ||z, () and || - || zm (o) denote the corresponding Lz and Sobolev norm, respectively.

See, for example, [8, 29] for details. These rates are known to be the minimax rates in the
current context [23]. That is, these rates are in general not improvable.

From (2.2), we can see that the convergence rate depends on the smoothness of the un-
derlying function. If we assume a higher smoothness condition for f, we can achieve a better
rate by applying the kernel ridge regression with a kernel function as smooth as f. However,
the smoothness of most practical underlying functions is unknown. Therefore, usually we
cannot identify the optimal kernel functions. In practice, kernel functions with relatively low
smoothness are frequently used. For instance, in spatial statistics and computer experiments,
Matérn kernels (see section 2.2 for the definition) with smoothness parameter 3/2 or 5/2 are
widely used [22, 18]. In this article, we show that if the underlying function f is smoother than
the kernel function, the rate of convergence of the kernel ridge regression may be improved.
Specifically, we identify a dense subset S C H™(Q2) in such a way that if f € S, we can reach
the improved rates of convergence

(2.4) 1frn = FllLa(@) = Op(n~ ),
(2.5) I fn — Fllzrm() = Op(n” Tmsa).

Clearly, there is a substantial improvement from (2.3) to (2.5) because (2.3) does not
entail convergence. We also prove an improved rate of convergence under the norm of the
reproducing kernel Hilbert space generated by the kernel function, denoted by N, as

(2.6) I fn — Fllar = Op(n~ Tmza).

2.2. Reproducing kernel Hilbert spaces. Our study will employ the reproducing kernel
Hilbert spaces (also called the native spaces) as the mathematical tool.

We consider functions defined on © C R? and adopt Assumption 2.1 throughout this
article.

Assumption 2.1. The set Q C R? satisfies the following conditions:

1. Q is compact.

2. The interior of €2, denoted as 2°, is nonempty and connected. Besides, {2 is the closure
of Q°.

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 06/14/21 to 128.194.2.207. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

IMPROVED RATES FOR KERNEL RIDGE REGRESSION 1525

3. 0° is convex.!

Let © be a subset of R?.
Assume that K : © x  — R is a symmetric positive definite kernel. Define the linear
space

(2.7) FK(Q): {ZﬁzK(aQ%) I,BiGR,SUiEQ,nEN},
=1

and equip this space with the bilinear form

(2.8) <Z Bl (i), Y K (-, ;g;)> =) B K (wi, o).
i=1 j=1

x  i=lj=1

Then the reproducing kernel Hilbert space N (Q) generated by the kernel function K is defined
as the closure of Fx (Q2) under the inner product (-, )k, and the norm of Nx () is || fl| v () =

A/ (s YN where () nre (@) is induced by (-, -)kx. More detail about reproducing kernel

Hilbert space can be found in [31, 32].

In this work, we suppose the kernel function K is stationary; i.e., K(z,y) depends only on
x —y. We denote K(z,y) =: ®(x —y) and also denote the reproducing kernel Hilbert space
Nk () by No(Q). Specifically, we focus on the Matérn kernel function [18, 22] defined by

1

29) ®(a;v,0) = iz

(2vvelz)) K, (2v/ve|zl),

where K, is the modified Bessel function of the second kind, v and ¢ are fized parameters,
and | - | is Euclidean distance meaning that (2.9) is an isotropic kernel. In (2.9), ¢ is a
scale parameter, and v is often called the smoothness parameter because it is related to the
smoothness of the Gaussian processes associated with this kernel (covariance) function.

The smoothness of the kernel ® is somehow inherited by the reproducing kernel Hilbert
space Ng(Q) [32, Theorem 10.45]. Specifically, if ® is a Matérn kernel in (2.9), Ng(Q) is equal
to the (fractional) Sobolev space H*1%/2((),? with equivalent norms. See also Corollary 1 of
[26]. Here we see that the smoothness parameter v is also related to the smoothness of the
Sobolev space.

2.3. An improved rate in scattered data approximation. The current work is partially
inspired by a result (section 11.5 of [32]) in scattered data approximation, which gives an
improved rate of convergence for radial basis function interpolation. In this section, we briefly
review this result.

!Technically, this convexity assumption can be relaxed to that Q° has a Lipschitz boundary and satisfies a
uniform cone condition. We refer to [1] for the detailed description of the aforementioned concepts.

2As pointed out by a reviewer, Sobolev spaces are conventionally defined only on open subsets of R
Here we regard the functions in H*7%2(2) as the natural extensions of the functions in H**%/2(Q°), as these
functions are continuous according to the Sobolev embedding theorem [1].
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Let f be an underlying deterministic function. Suppose we have observed the function val-
ues of f over some scattered points X = {x1,...,2,}. Then an interpolant of f is constructed
by solving the optimization problem

min [|g]|n; @)

(2.10) ,
s.t. g(z;) = f(z;) fori=1,...,n.

We denote this interpolant by s; x, which is commonly known as the radial basis function
interpolant. Formula (2.10) is the limit case of the kernel ridge regression estimator introduced
later in (2.18), with A, } 0.

The error estimate for radial basis function interpolant is well established in the literature.
See [32]. Suppose Ng () is continuously embedded into a (fractional) Sobolev space H™ ()
and the design X is quasi-uniform (see section 2.4 for the formal definition). Then a standard
error bound is

(2.11) 1f = s.xllia0) < O™ f = sy xlnaio)

for some constant C' independent of f, n and the choice of a quasi-uniform design. It is worth
noting that the finiteness of the right-hand side of (2.11) requires f € Ng(2). Radial basis
function interpolation satisfies the orthogonality condition

(2.12) (f = 87.%: 87X )Wa(@) = 0.

Thus, we have the Pythagorean identity

If - 5f7X”/2\/¢(Q) + HSf,X”?\/@(Q) = ”f”/Q\/@(Q) = constant,

which implies || f — sy x || x5 () = O(1) as n tends to infinity. Therefore, ||f — sy x| 1,(q) decays
at least with the order O(n~"/¢) according to (2.11).

To pursue an improved rate of convergence, one may ask whether || f — sy, x || x, (@) = o(1).
Although this does not hold generally [7, 17], we do have an improved rate if there exists
v € La(£2), so that

(2.13) o) = /Q B(z — t)o(t)d.

Proposition 10.28 of [32] shows that functions with the form (2.13) are a dense subset of
No(Q). It shows that in this case, for any g € Ng(Q),

(2.14) (£ 9 Ns@) = (V,9) Lo
Combining (2.11), (2.12), and (2.14) and applying the Cauchy—Schwarz inequality yields
(2.15) 1 = sy < C 22 f — s/ xlBa

= CM7 U — spx, P ne@

= C*n 72U — 55 x,0) Ly

(2.16) < O L = spx o) 0] o).
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Canceling ||f — 57 x| 1,(q) from both sides of (2.16) and comparing (2.15) and (2.16) yields
the improved error bounds

1f = spxlza) < CPn 2™ oy

1f = srxlng@ < Cn” m/dHUHLQ(Q)

In section 2.4, we will use the same assumption (2.13) to derive improved rates of conver-
gence for kernel ridge regression.

If a Matérn kernel (2.9) is used, (2.13) is equivalent to imposing a certain higher-order
smoothness condition. Before introducing the condition, we discuss the extension theorem of
reproducing kernel Hilbert spaces.

Proposition 2.2. Each h € Ng(Q) has an estension he € Ng(R?), which defines an isomet-
ric map from Ng(Q) to No(R?). In other words, helo = h, and (he, he) Np )y = (R W) A ()
for all h,h' € Ngo(QQ), where he|q denotes the restriction of h. on the region Q.

The main steps in proving Proposition 2.2 are as follows. First, we consider the map from
Fp(Q) defined in (2.7) to Fp(R?) given by

ZBZ erHZBz —z;),z € RY,

=1

which defines an extension for each function in Fg(f2). Clearly, this map preserves the inner
product (2.8). Next, by using some functional analysis machinery such as taking Cauchy
sequences, we can extend the domain of definition of this map from Fg () to its closure, the
Hilbert space Ng(Q2), and the extended map is also isometric. We refer the reader to Theorem
10.46 of [32] for details of the proof.

Theorem 2.3 gives an equivalent statement of the condition (2.13).

Theorem 2.3. Suppose ® is a Matérn kernel (2.9) with smoothness parameter v =m —d /2
and f € Ng(). Then the integral equation

(2.17) Fa) = /Q B(z — t)o(t)dt

has a solution v € Lo(Q) if and only if the extended function f. € H*™(R?).
To maintain flow of the paper, all the long proofs are given in Appendix A.

Remark 2.4. Obviously, f. € H*™(R?) implies f € H?>™(Q). However, the converse is not
necessarily true. The stronger condition f, € H?™(R?) essentially requires the smoothness of
the function across the boundary of €. To illustrate this point, we consider a simple example.
Suppose Q = [-1,1],v = 1/2,¢é = 1. Then the Matérn kernel becomes ®(z) = e~ 1#. Let
f(z) =e'"% x € [-1,1]. Then f € C*°[-1,1]. However, since f(x) = ®(z—1) for z € [-1,1],
according to the discussion after Proposition 2.2, we have f, = ®(x — 1) = e~ 1*=11 which is
not in H?(R).
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2.4. Rates of convergence for kernel ridge regression. In this section, we return to
model (2.1). The goal is to estimate the underlying function f from the data {(z;,y;)}7 .
As in section 2.2, we choose a positive definite kernel function ®. The kernel ridge regression
estimator of f is defined as

n

1
(2.18) fr = argmin = "(y; — 9(:))” + Mgl s, 0y
9EN () T ; v
where )\, > 0 is a tuning parameter to balance the bias and the variance.
The optimization problem (2.18) can be solved analytically. With the help of the repre-
senter theorem [31, 21], we find that f has the form

(2.19) ful) =) e®(x —23),
=1

where ¢;’s are undetermined coefficients. Substituting (2.19) into (2.18) and invoking (2.8),
the estimation becomes a ridge regression problem weighted by the kernel matrix, and this is
where the name “kernel ridge regression” comes from. After some calculations, we can find
that the vector ¢ = (c1,...,c,)T is given by

(2.20) c=(®+n\,1,)" Y,
where ® = (®(zi,7;))ij, Y = (Y1,--.,yn)?, and I, is the identity matrix.

2.4.1. Standard rates of convergence. In this paper, we are interested in the conditions
that ensure a consistent estimation for f using the kernel ridge regression and the rate of
convergence. First, we review the existing results and the standard proof.

Throughout the paper, we assume that the reproducing kernel Hilbert space Ng(Q) is
equal to some (fractional) Sobolev space H™(2) with equivalent norms for some m > d/2.
Recall that if ® is a Matérn kernel in (2.9), Np(Q) is H*t%2(Q). We also assume that the
random error e;’s are sub-Gaussian in the sense that there exists universal constants K, g > 0
such that

(2.21) P(|e;| > t) < Ke ¥/

holds for all ¢ > 0. This condition can be relaxed, but the technical details will become more
involved, and we do not pursue such a treatment here.
Define the empirical seminorm by

1712 =237 £,
=1

and write a V b = max{a, b}. The standard convergence results are stated in Proposition 2.5.

Proposition 2.5. Suppose f € H™(Q) and \,;! = O(n%md). Then, the estimator f, given
by (2.18) satisfies

A 14
(2.22) 1 fo = flln = Op(0/ V=20 ™),

2m-+d

~ 1 -
[fnlln@) = Op(LV 72 A, #).
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Because the main idea of proving Proposition 2.5 is also useful in establishing the improved
rate of convergence, we give a sketch of proof for Proposition 2.5. A detailed version can be
found in Theorem 10.2 of [29].

Sketch of proof for Proposition 2.5. The optimization condition (2.18) implies the basic
inequality

*Z fn zi)) +)‘n‘|fn”j2\/’¢(ﬂ)
(2.23)

< - Z 2+ Xl v -

After some rearrangement, we can see that (2.23) is equivalent to

(2.24) 1 = FI% + Aall Fal R ) < 206 o = Fhn + Mall FllRv ()

where
(2.25) (e, g)n = lzn:e' ()
* 7gn'_nZ:1 Zgl 1)

It follows from a standard result in empirical process theory that

<67 f’ﬂ - f>n
1= Flln > 1o = FI3E 0

(2.26) = Op(n™/?);

see Lemma A.1 in Appendix A for details. With some elementary algebraic calculations, also
seeing Lemma A.2 and the proof of Theorem 3.2 in Appendix A, it is not hard to find that
(2.24) and (2.26) yield the desired results. [ |

The smoothing parameter A, makes a trade-off between the bias and the variance of the

2m
estimator. If A, decays no faster than Op,(n~ 2m+d), the bias term dominates the variance
term, and the rate of convergence under the empirical seminorm is O ()\1/ 2). On the other
hand, if A\, decays faster than O,(n~ 2m+d), the variance term dominates the bias term, and
_d .

the rate of convergence under the Ly norm is Op(n_%)\n ™). In this case, ||fn — fllng () may
go to infinity. Therefore, to reach the best rates of convergence, one needs to balance the bias

2m
and the variance. By choosing A\, ~ n~ 2m+d_ one can obtain the best rates

[fn = flln = Op(n~2m+d),
1fn = Fllnvw@) = Op(1).
An important question is whether the convergence results in (2.22) imply a convergence
under a more commonly used norm, like the Ls norm. Such a result relies on whether the

design points {x1,...,z,} are allocated in a space-filling manner. To address this point, we
introduce the concept of quasi-uniformity [3, 28].
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Definition 2.6. For a set of design points {x1,...,zn} C Q, define its fill distance as

hy, = maxmin ||z — x|
zeQ i
and its separation distance as

Gn = rin;jnij — i,

where ||-|| denotes the Euclidean distance. Call a design sequence x1, ..., Zn, ... quasi-uniform
if there exists a universal constant B > 0 such that

(2.27) hn/gn < B

holds for all n > 1.

Remark 2.7. Most commonly used space-filling designs are quasi-uniform, like regular
lattices and Sobol sequences [18].

For any {x1,...,z,} C Q, the balls centered at x;’s with radius ¢,/2 are disjoint. By
comparing the volume of these balls and that of €2, we find that the inequality

(2.28) nVy(gn/2)% < 2Vol(Q)

holds if ¢, = O(n~'/9), where V; denotes the volume of d-dimensional unit ball and Vol(2)
denotes the volume of Q. If {xy,...,2z,} also satisfies (2.27), (2.28) yields

9 0 1/d
(2.29) h, < 2B (V‘O/%U> n~ Y4 —. g'p-1/4d
d

Under certain conditions, the empirical seminorm and the Lo norm are equivalent. The
following Proposition comes from Theorems 3.3 and 3.4 of [28].

Proposition 2.8. Suppose the design sequence is quasi-uniform. Then there exist constants
Cy and Cy (depending only on m, d, Q, and B) and hy such that, for any g € H™(Q2) and
hy < hg, we have

91134y < C1 {llgll2 + B2 gl pmery }

(2.30) ) ) ) )
lgli2 < €2 {930 + B2 g l3mey }

Corollary 2.9 gives the standard results for the rates of convergence of ridge kernel regres-
sion, which is a direct consequence of Proposition 2.5, (2.29), and Proposition 2.8.

Corollary 2.9. Under the condition of Proposition 2.5, suppose the design sequence is quasi-
uniform. Then the estimator f,, given by (2.18) satisfies

A 1 4
[ fr = fllLo) = Op(AY2 v n=3 ), ),
2m-+d

(2.31) ’ o
[ fallam@) = Op(L VT2, o).
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2.4.2. Improved rates of convergence. We can regard the rates of convergence (2.31) as
a stochastic version of the error bound (2.11). They are both standard convergence results
under their respective settings. In view of the improved rate of convergence in interpolation
discussed in section 2.3, we also expect an improved rate of convergence for the regression
problem (2.1) by imposing the same assumption that there exists v € Lo(£2) so that (2.13)
holds.

Now we give more details about the intuition of why improved rates of convergence can
be obtained. Note the identity

(2.32) 1R () = 1ol R0y = 2062 F = Fadwac@) = IF = Fal ()

which, together with the basic inequality (2.24), yields

1 fn = F17 + Aallfn = F R
< 2<€a fn - f)n + 2>\n<f7f - fn>N¢(Q)

Invoking identity (2.14) and the Cauchy—Schwarz inequality, we obtain

(2.33)

(o f = Fadww@ = W F = Fad o) < 10l La@llfn = FllLa()s

which, together with (2.33), implies

o = FI2 + Al fn = £l )

(2.34) ' )
< 2<€7 Jn— f>7’b + 2)‘7IHUHLQ(Q)”JCTL - fHLQ(Q)

We call (2.34) the improved basic inequality because it gives a refined version of the basic
inequality (2.24). Compared to (2.24), the right-hand side of (2.34) is significantly deflated
because anHi/@(Q) in (2.24) has the order O,(1) according to Proposition 2.5, while in (2.34),

1 Fn = £l Lo(@) = 0p(1) if Ay = 0,(1). This explains why we can expect improved rates of
convergence for the two terms on the left-hand side of (2.34). These rates can be obtained by
employing additional algebraic calculations. We summarize our findings in Proposition 2.10.

Proposition 2.10. Suppose there exists v € La(2) such that

(2.35) @) = /Q B — £)o(t)dt.

Moreover, suppose the sequence of design points is quasi-uniform and the random error e;’s
are sub-Gaussian satisfying (2.21). Then

N __d
| fn = flln = Op <)\n \ n_%)\n 4m> ,

(2.36)
; 12\ =ty
[fn = Fline@) = Op | X/ " V2N, .
Proof. This result is a special case of Corollary 3.3 in section 3. |
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Remark 2.11. The improved rates in Proposition 2.10 are known; see [2, 8, 5, 11, 15] and
the references therein. Despite these known rates, the conditions in Proposition 2.10 differ
from these works. These works focus on kernels represented by eigenvalues and eigenfunctions
and random designs. We consider Matérn kernels and quasi-uniform designs, which are widely
used in engineering and computer experiment applications. Also, the mathematical tools used
here are different from those in the above works, and our analysis yields a stronger result,
given in Theorem 3.2, which leads to an asymptotic theory for the K-O calibration estimator.

Corollary 2.12. Under the conditions of Proposition 2.10, we can apply Proposition 2.8 to
derive

A l _l
Ifrn = fllzo() = Op (An VI, 4m) ,

3. Calibration of computer models. In this section, we use the improved convergence
theory established in section 2.4 to study the asymptotic theory for the K-O method for the
calibration of computer models.

In computer experiments, calibration is the activity of identifying the computer model
parameters by matching the computer and physical outputs. Consider a physical experiment,
with a vector of input variable denoted as x. To reduce the cost of the physical experiment,
researchers often conduct a computer simulation to mimic the physical system as well. Usually,
the computer code input consists of the physical input x and model parameters . The model
parameters are not observed in the physical experiment; they commonly represent certain
intrinsic attributes of the system. Here we consider only deterministic computer experiments;
i.e., the computer output is a deterministic function of the inputs, denoted by y*(z, 6).

In the K-O approach, the physical experimental data are modeled as

(3.1) yi =&(x) +e,i=1,...,n,

where £ is an underlying function called the true process, x;’s are fixed input points, and e;’s
are independent and identically distributed random error with mean zero.

Because the computer models are built under inevitable simplification and approximation,
their outputs cannot coincide with the true process; [13] used the following model to link these
functions:

(3.2) §(x) = y*(x,00) + (),

where 6y is the “optimal choice” of the model parameter and ¢ denotes the discrepancy
function. The model (3.2) is clearly nonidentifiable because both 6§y and § are unknown.
We refer the reader to [16, 24, 25, 26, 27] for related theoretical discussions regarding the
identifiability. Kennedy and O’Hagan [13] proposed to impose a Gaussian process prior on §
to facilitate the estimation of 6.

Given the widespread use of the K-O method in computer experiments and related sci-
entific and engineering problems, understanding the asymptotic properties of this method is
of interest. In this work, we do not assume that § (or (§,y*)) is random; that is, we regard
the Gaussian process modeling technique in the K-O’s approach only as a computational
method. This nonrandom model setting can be justified as follows. Because the computer
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code is deterministic, y® should be nonrandom. Also, the true process £ is usually presumed
as nonrandom in industrial statistics, for example, in the response surface methodology [33].
The main objective of this section is to study the asymptotic behavior of the K-O calibration
estimator under the above deterministic setting. Our findings in the section should not be
interpreted under the usual framework of Gaussian process regression, where the underlying
function is truly random.

3.1. A frequentist version of the K-O approach. We consider estimating 6 by maximizing
the following “likelihood function”:

(3.3) L(8,0%,72) = det(c?® + r21)"/?
X exp {_;(Y -y (X; 9))T(02§> + TQI)_I(Y —5(X; 9))} :

where ® = (®(zi,25))ij, ¥ = (y1,.- - )L, ¥°(X50) = (v°(2150),...,y%(2,;0))T, and T
denotes the identity matrix.

Under some extra conditions, (3.3) is indeed the likelihood function induced by the K-O
approach. First, we suppose that e;’s in (3.1) follow the normal distribution N(0,72),® and we
impose a Gaussian process prior on y°. Second, suppose this Gaussian process has mean zero
and covariance function o2®(-,-). Here we assume that ® is given. Then it is easily shown
that the likelihood function of (6,02, 72) is (3.3).

The maximum likelihood estimators (MLEs) of o and 72 in (3.3) do not have explicit ex-
pressions. To ease the mathematical treatments, we denote A = 72/(nco?) in a non—data-driven
manner. We will show that, a deterministic choice of A (depending on n) can sufficiently lead

to a desired asymptotic theory. Once A is given, we have the following simplified expression
of 0:

(3.4) 0 = argmin(Y — y*(X;0))7(® + nA) (Y — y*(X;0)).
fcO
Our goal is to develop an asymptotic theory for 6 under the assumption that £ and y*®
are deterministic functions. We call 0 the frequentist estimator of the K-O approach. Of
course, we adopt a totally different model setting compared with [13]. Computationally, the
two methods are also different in the following aspects:
1. In [13], prior distributions are imposed on the parameters 6,02, 72 and possibly the
hyperparameters associated with ®. In this work, we do not impose those distributions.
Also, we do not introduce extra hyperparameters on the kernel ®.
2. In [13], Bayesian analysis is conducted by calculating the posterior distribution. In
this work, we focus on the MLE.
3. In [13], both 02 and 72 are estimated from the data. In this work, we choose A\ =
72/(no?) in a non-data-driven manner to facilitate our mathematical analysis.
4. In [13], the computer model can be expensive to run, so that a surrogate model is
introduced to reconstruct y°. In this work, we assume that y® is a known function.
This assumption is reasonable when the computer model is inexpensive.

3In our theoretical analysis in Theorems 3.2-3.4, we relax this assumption by incorporating sub-Gaussian
noise.
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3.2. Asymptotic theory. The MLE estimator  in (3.4) has a close relationship with the
kernel ridge regression discussed in section 2.4. The following proposition is the same as
Lemma 2.1 of [10].

Proposition 3.1. The MLE estimator 0 and the estimator of discrepancy function & can be
expressed as the estimator of the kernel ridge regression as follows:

(0,6) = argmin [(6,0),
09€0.5€N(Q)

where
1o s
(3.5) [(9,6) = > (i =y (@i;0) — 6(22))” + MR, -
i=1
Define

() = () — v*(2:0), ¢ = yi — v° (w33 6).
For each 6 € ©, denote

R 1 —
¢! = argmin — ¥ (¢! — g(:))* + Mgl s, )
geN3(Q) T ; A

which is the kernel ridge regression estimator for ¢?. Then 6 can be represented as

6 = argmin (0, (%)

0cO
(36 — argmin & 3¢~ ) + ME 2 o
gco T ' Ael®

=1

To employ the theory developed in section 2.4, we assume that ¢? lies in Ng(Q) or a
subspace of it. This assumption does not hold when ¢? is sampled from a Gaussian process
because the set N (2) has probability zero under the probability measure of the correspond-
ing Gaussian process [6]. Our discussion, however, should not be affected because we are
not adopting a Gaussian process model. Also, we believe that (! € N(Q) is a reasonable
assumption in the context of computer experiments because the reproducing kernel Hilbert
space is large enough, which covers all smooth functions.

For notational consistency with section 2.4, we write 6 as 6, to emphasize its dependency
on n. Similarly, we write A as A,. Then (3.6) becomes

n

. 1 . .
0, = argmin — f—gxz 24N, 22 ,
m n;(( Cn (i) ¢l )

with

n

. 1
G = argmin > 7(¢! — g(2:))* + M gll3, -
9 i=1
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Following the standard framework for establishing asymptotic theory for M-estimation, we
should consider the limiting behavior of the objective function:

(3.7) - Z Cz Cn ;) 2+ An”éﬁ”?\@(ﬂ)

Although this function is related to the kernel ridge regression, the standard rates of conver-
gence for kernel ridge regression given by Corollary 2.9 are insufficient to provide an asymptotic
result for 0,,. To see this, we note that according to Corollary 2.9, the second term in (3.7) is
merely known to be Op(Ay,). This error bound is too crude to ensure a convergence result for
On.

In contrast, if the conditions of Proposition 2.10 are fulfilled, the improved rate of conver-
gence gives the asymptotic representation

161X () = 1€ IR ) + Op(An),s
which gives a much finer error bound. Thanks to the improved rates of convergence, we can
establish an asymptotic theory for 0.

We first consider the prediction problem: how accurate 5,2 can approximate ¢? in a uniform
sense. The result, which is a generalization of Proposition 2.10, is given by Theorem 3.2. As
in section 2.4, we assume that the reproducing kernel Hilbert space Ng () is equal to some
(fractional) Sobolev space H™(£2) with equivalent norms for some m > d/2. Specifically, if ®
is a Matérn kernel in (2.9), then m = v + d/2.

In Theorem 3.2, we pursue nonasymptotic error bounds; that is, the sample size n is as-
sumed to be fixed rather than tending to infinity. In the rest of this article, we use ¢y, co, c3, . ..
to denote universal positive constants. They are independent of n. They may depend on
m,d, and the quasi-uniformity constant B in (2.27) but are independent of the specific col-
location scheme of the design points. For simplicity, we may use the same ¢; in different places
to denote different constants.

Theorem 3.2. Suppose the set of design points is quasi-uniform, i.e., (2.27) holds. Suppose
for each 6 € ©, we have (! € Np(Q), and there exists vg € Lo(Y) such that

() = /Q Bz — t)up(t)dr,

(3.8)
v 1= sup |lvg|| 1, () < +oo.
0cO
Then, for n > c1, the inequalities
d

. L a
sup [|C2 — ¢||n < oty Vestn 2N,
9c6

2m-+d

~ 1 1=
sup 162 — CPllnp() < caTAZ Vestn™2), ™"

hold simultaneously on the event

(3.9) A= sup ‘<€ 9| < tn~ V2

d
9EN2(@) | gl 2”\\9\\,\/@(9

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 06/14/21 to 128.194.2.207. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

1536 RUI TUO, YAN WANG, AND C. F. JEFF WU

Condition (3.8) is a uniform version of the condition (2.13) because in (3.8) we require
not only the existence of vy € L2(€2) but also the uniform boundedness of their Ls norms.
Suppose a Matérn kernel in (2.9) with m = v+ d/2 is used. Theorem 2.3 shows that (2.13) is
equivalent to || fe| g2m(ray < o0. From the proof of Theorem 2.3, one can justify that (3.8) is
equivalent to supgeq ||C?|| m2m(rdy < 00. From Theorem 3.2, we can establish the asymptotic
rates of convergence as given in Corollary 3.3.

Corollary 3.3. Suppose e;’s are sub-Gaussian. Then, under the conditions of Theorem 3.2,
we have the rates of convergence

a I
SUPHCz—Can:Op ()\n\/n 2)\n4m> s
[USC]

20 9 1 1 _ 2m+d
oup 2 - o) = Oy (A%vn P, )

Proof. According to Lemma A.1, A; has probability at least 1 — c; exp{—cat?} for all
t > c3, which tends to one as t — +o00. The rates then follow from Theorem 3.2. |

Next we state the convergence results for 6,,. We will show that under certain conditions,
0,, will tend to

(3.10) 0' = argmin [[¢°|| sy (0
0cO

as n — co. Here we only present the error bound of ||, — | for the case A\, = Op(nﬁn}rd)
because this case gives the best rate of convergence. By using similar but more cumbersome
mathematical analysis, we can show that 6, converges to @ if A= op(n%). The general
error bounds are more complicated, and we choose not to pursue them here.

Theorem 3.4. Suppose the conditions of Theorem 3.2 are fulfilled. In addition, we suppose
that 0’ is the unique solution to (3.10). Moreover, there exists constants az,as,y > 0 such
that

(3.11) 16713y () = I Ry () = a2 minf]|6 — 6|7, a5}

for all 0 € ©, where || - || denotes the Euclidean distance. Let A; be the event defined in (3.9)
and

4m—+d

(3.12) ™ > ay o Hn T2

for some a1 > 0. If 5°\, < c1, then on the event Ay,
16, — 0] < 0¥/ TA7,

Remark 3.5. Condition (3.11) is a counterpart of the local strong convexity around the
minimum point. Specifically, (3.11) requires ||C9HJ2\/¢(Q) — HCOIH_%\/:I)(Q) > agl|d — 0|7 for 0
near #', which is a Holder condition. If h(f) := HC&H?\@(Q) — HCGIH/Z\@(Q) is continuously twice
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differentiable around #’, then we can apply Taylor’s theorem to conclude that (3.11) holds with
v = 2. When 6 is far away from €', (3.11) requires that ‘|<9H3\/¢(Q) — HC(’/H?\/@(Q) is bounded
below from zero, which means that we do not require the whole function to be convex. If ©
is bounded, the only global assumption here is that the minimizer is unique. The condition
92\, < c1 requires that ), should be small enough, which can be fulfilled asymptotically by
choosing A,, | 0 but not decreasing too fast so that (3.12) holds as well.

Corollary 3.6. Under the conditions of Theorem 3.4 and \,;! = O(n“ﬁd), we have the
rate of convergence |0, — 0| = Op()\}/w). Specifically, if h(6) := HCQHJQ\/@(Q) - ||<9/H3\/’¢(Q) is
1/2)

continuously twice differentiable around @', then |6, — 0| = Op( Ay

Proof. According to Lemma A.1, A; has probability at least 1 — ¢; exp{—cot?} for all
t > c3, which tends to one as t — 4+00. The rate then follows from Theorem 3.4. |

Remark 3.7. [26] observed that under certain conditions, the limit value of the K-O
method is 0" defined in (3.10), i.e., §p = 6. In Theorem 4.2 of [26], they prove the limit
result when the physical observations y; have no random error, i.e., e;’s in (3.1) are zero.
In Tuo-Wu’s result, the condition (3.8) is also necessary in the mathematical treatments.
In Theorem 3.4 of this paper, we generalize the Tuo—Wu theory by assuming that e;’s are
independent and identically distributed sub-Gaussian random variables and obtain the rate
of convergence. Given the fact that physical responses are always subject to random noise,
Theorem 3.4 in this paper is much more useful than Theorem 4.2 of [26] for practical applica-
tions. Therefore, the result we obtain here can be viewed as a substantial improvement over
the Tuo—Wu theory.

Remark 3.8. It is worth noting that the limit value of the K-O calibration estimator under
the current framework differs from that of some other methods, including [9, 10, 24, 25]. These
existing methods converge to the minimizer of ||C9HL2(Q), ie.,

(3.13) 6 = argmin |’ 1, 0)-
0cO

Note that (3.13) differs from the definition of € in (3.10) because the reproducing kernel
Hilbert space norm in (3.10) is replaced by the Lo norm. Besides, these existing methods
turn out to have faster rates of convergence. Especially, a n~1/2 rate of convergence and
a semiparametric efficiency can be achieved [24, 25]. We believe that such a high rate of

convergence cannot be achieved in the current context, in which we require the limit value to
be 0 instead of 6*.

4. Numerical studies. We conduct numerical studies in sections 4.1 and 4.2 to validate
the theoretical results in sections 2.4 and 3.2, respectively.

4.1. Numerical results for kernel ridge regression. Corollary 2.12 shows that under

__2m ~
certain conditions and A, ~ n~ 4m+d we have the rate of convergence of f,:

~ __2m
(4.1) 1fn = fllLa@) = Op(n” #ntd).
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In this section, we consider the following model to verify whether the rate of convergence
2m
Op(n~ 3m+d) is sharp. We start by taking the logarithm on both sides of (4.1) to get

A 2m
log || fn = fllro@) < —4m+dlogn+ c.
This inspires us to consider a set of sample sizes, denoted as {n1,...,n;}, and for each n;, we
conduct an independent simulation and compute L; = ||fn; — f|l1,(q)- Next we consider the
regression problem given by
(4.2) logLj =a+blogn;+e;, j=1,...,k.

We estimate the regression coefficients (a,b) by the least squares method and denote the

estimator as (&, b). Then we can regard Op(ni’) as the estimated rate of convergence. We shall
check whether b is close to — 43{:3 7

In our simulation study, we need functions that satisfy the condition (2.35). Suppose ®(z)
is the exponential kernel function ®(x) = exp{—|z|}, which is also the Matérn kernel function
(2.9) with ¢ = 1 and v = 0.5, and the experimental region Q = [—1,1]. The corresponding
Sobolev space is H'[—1,1], that is, m = 1 and d = 1.

Suppose the true function f is

(4.3) f(:L') _ /11 (I)(x — t)(ID(t)dt — €*|33\ + ‘$|67|x\ i 6172/2 . e—(x+2)/2.

Clearly, f satisfies the condition (2.35). Suppose we observe data
Y :f(xz)—i_elalz 17"'7”7

where e;’s are independent and identically distributed random errors following N (0, 72) and
7=0.1.

To estimate the regression coefficient in (4.2), we choose 30 different Sobol designs [18]
with sample sizes n; = 20j,5 = 1,...,30. For each j, we use the Monte Carlo method to

calculate || fnj — fllLo()> Where fn]. is computed by using (2.19). Following the theoretical

guidance in Corollary 2.12, we choose \; = f]nj_Zm/ (#m+d) 1nd determine the constant 7 by

the following cross-validation approach. We consider the largest sample size in the simulation
ng = 600, and the estimate 7 is obtained by the K-fold cross-validation method [12] in one
simulation run with K = 10. We use the caret package [14] in R to find 7 = 0.0668, and then
we use this value in the rest of this simulation study.

We repeat the simulation 100 times and calculate the Monte Carlo sample mean to reduce
the random error. The scattered plot of log L; against logn; is shown in Figure 1. The
estimated regression coefficient is —0.399, which closely agrees with our theoretical assertion
—-0.4.

4.2. Numerical results for the K-O calibration. In this section, we verify the rate of
convergence given by Theorem 3.4. Theorem 3.4 asserts that under certain conditions and
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Figure 1. The scattered plot and the regression line of the simulated data for kernel ridge regression.

Ap ~ n_4*2nrid, we have the rate of convergence ||f,, — /|| = Op()\IL/I). Specifically, if h(0) :=
||C9||/2\/<I> @ ~ ||C9/||/2\/®(Q) is continuously twice differentiable around ¢, then

(4.4) 16n =8l = Op(A/?) = Op(n~757).
Denoting E; = IIén] — ¢'||, we consider the regression problem given by
(4.5) logFj =a+blogn;+ej, j=1,... k.

We shall check whether b is close to —M:L”m, the theoretical rate of convergence asserted by
Theorem 3.4. Suppose the true process £(x) is same as the function (4.3) in section 4.1 and
the computer model is
1
v(2.0) =€) = [ Do =)0 +08)dy,

where ®(z) = exp{—|z|} and 6 is the model parameter to be calibrated.
Clearly, the discrepancy function ¢?(x) = f_ll ®(x —1)(0y? +0.8)dy satisfies all conditions
of Theorem 3.4. The identity (2.14) implies

1P 1R ) = /1 /1 (62” + 0.8)0(x)®(x — y)®(y) (0y* + 0.8)dxdy.
-1J-1

By numerical search, we find that, as a function of 6, IICGH/Q\@(Q) is minimized at §' = —2.348.
Suppose we observe data according to

yi:é-(ﬂfi)+€i,i:1,...,n,
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Figure 2. The scattered plot and the regression line of the simulated data for K-O calibration.

where x;’s are same as the ones in section 4.1 and e;’s are independent and identically dis-
tributed random errors following N(0,72). Now we can compute § in (3.6). We choose
Aj = ﬁnj_Qm/ (4m+d), and the constant 7 is determined by a cross-validation approach similar
to that in section 4.1. The resulting 7 = 0.0615. For each j, we repeat the simulation 100
times and calculate the Monte Carlo sample mean to reduce the random error.

The scattered plot of log EJ; against logn; is shown in Figure 2. The estimated regression

coefficient is —0.227, which closely agrees with our theoretical assertion —0.2.

5. Discussion. In this work, we obtain some new results on the improved rates of conver-
gence for kernel ridge regression. We apply this theory to study the asymptotic properties of
the K-O calibration method for computer experiments. This new result generalizes the work
of [26].

Several related problems can be studied in the future. In this article, we suppose the
design set {z1,...,x,} is fixed and quasi-uniform. A further question is whether the improved
rates still hold if the design points are random samples, for instance, if the design points are
independent and follow the uniform distribution over €.

As is discussed in section 2.4, compared to the existing results, the bias of the kernel ridge
regression estimator is reduced by imposing the condition (2.35), while the variance remains
the same. Improved rates of convergence are achieved by rebalancing the bias and the variance.
In other words, the choice of the smoothing parameters A, is crucial in achieving the optimal
rate of convergence. Suppose condition (2.35) is fulfilled. Proposition 2.10 implies that the

2m
optimal tuning parameter is \,, ~ n~ #m+d. If condition (2.35) is not satisfied, we should return
to the classic results given by Proposition 2.5. In this case, the optimal tuning parameter
2m 2m
is Ap ~n 2mtd and A\, ~ n 4mt+d would render a suboptimal rate of convergence. In most
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practical scenarios, we do not know whether the condition (2.35) holds or not. Therefore, there
is no a priori optimal choice of A\,. One would ask whether the optimal order of magnitude for
An can be obtained by a data-driven approach. We conjecture that model selection criteria
like generalized cross validation [31] can automatically adapt an optimal choice of A,,.

Appendix A. Technical proofs.

Proof of Theorem 2.3. Without loss of generality, we can assume that the scale parameter
¢ in (2.9) is 1/(24/v) because otherwise we can stretch the region 2 to make this happen. In
this situation, the Matérn kernel becomes

1
——|z|" K, .
gl Kol
Suppose f(z) = [ ®(z — t)v(t)dt with v € Ly(Q). It can be justified that fo = [, P(x —

t)v(t)dt for x € Rd See Lemma 11.34 in [20] for details. Define

_Jou(x), TeQ,
ve(®) = {O, x ¢ Q.

Clearly, fe(z) = [ga ©( ve(t)dt. For h € La(R%), denote its Fourier transform and inverse
Fourier transform by f (h) and F~1(h), respectively. Then by the convolution theorem,
F(f.) = (2m)Y2F(®)F(v,). Direct calculations [22, 32] give

F(®)(w) = (%WWO |2y

(A1) = Co(L+ [lw]®) ™/

Note that F(f.)/F(®) = (2m)¥2F(v.) € Ly(R?), which gives
(A.2) /Rd(l F w2 F (fe) (@) Pdw < oo

According to Paragraph 7.62 of [1], (A.2) is equivalent to f. € H?™(R).

Suppose f. € H*™(R). Then by (A.2) and (A.1), we have F(f.)/F(®) € Lo(R?). Theorem
4.3 of [20] proves that in this case, hy := F~1(F(fe)/F(®)) is zero almost everywhere outside
Q2. Then according to the convolution theorem, v := h¢|q satisfies (2.17). [ |

Lemma A.1. Suppose {z1,...,x,} CQ, e1,...,e, are independent and identically distrib-
uted random variables which are sub-Gaussian. Then, for all t > ¢, we have

9N (@) | gl P gllRE o

with probability at least 1 — cg exp{—cst®}, where (e, g)y, is defined in (2.25).
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Proof. For g € No(Q2), let h = g/||gllnp()- It is easily verified that

(ecgbal  _ leh)al
T A 2
ol lglZE @ Nl >

Let H = {h € No(Q) : [|h||np () = 1} Noting that Ng(2) can be embedded into H™(£2), we
can use the metric entropy of the Sobolev spaces [7, 25] to find an upper bound of the metric
entropy of H as

H(e, || - ln) < cae™ /™,

We refer the reader to [30] for the definition and detailed discussions about the metric en-
tropy of a function space. The remainder of the proof follows by invoking the concentration
inequality given by Corollary 14.6 of [4]. [ ]

Proof of Theorem 3.1. Using (2.19) and (2.20), we find that ¢? can be expressed by
n
= Ao — ),
i=1

with ¢ = (cf,...,c?)T defined as
& = (® +nAl,) 1Yy,

where ® = (®(z,2;))i; and Yy = (¢,...,¢%)T. The norm of ¢? in Np(2) can be calculated
using (2.8), given by

(A.4) 1S3y () = Yo (@ +nAL,) ' ®(® + nAl,) 'Y
Also, C?(X) == (C?(x1),...,C%(x,))T can be expressed by
(X)) = ®(® + n),) 1Yy,
which yields
Yo = (X)) = (I - (@ +nl) )Y
= n\(® + nAl,) 'Y,
Thus,

S @) = (Y~ X)) (Y — (X))
=1
(A.5) =AY (@ + nAl,) %Y.

From (A.4) and (A.5) we obtain

n

1 . . B
- Z(Cf — (@) + MR @) = A9 (@ +nAL,) 'Y,
=1

which implies the desired results. |
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Lemma A.2. Let A\, P,Q, s,t be nonnegative numbers and n be a positive integer. If there
exist constants ai, as,as,aqs > 0 such that

(A.6) P2+ a\Q? < agsAP + agtn~3 P~ 3w Qo
then we have
P < bysAV bgtn~ 3\~ Fm

2m+d

Q < bysA3 V bytn~ 3\~ ZEn"

Here by, bs, b3, by are independent of P,Q, A, s, and t.
Proof. Clearly, (A.6) implies either

P? 4+ a1 AQ?% < 2a9s\P

or

P2 4 a1 \Q? < 2aztn~ /2Pl 5w Qo

Next we consider these two cases separately.
Case 1. Suppose P2 + a1 A\Q? < 2assAP. Then we have

P? < 2a9s\P,
al)\QQ < 2a98AP,
which yields
P < 2ass\ = bysA,

(A.7) B
Q < 2a2a, 1/25)\1/2 = bgs)\l/Q.
Case II. Suppose P? + a;\Q? < 2a3n_1/2P17%Qﬁ. Then we have
P2 < 2astn~ /2 P12 Qi
(A-8) 2 1/2 pl—st ~52
a1 AQ? < 2aztn~ V2Pl am Q.
By elementary calculations, we find that (A.8) implies

P < bstn~ 3\ T,

(A.9) m
Q < bytn~3 A" it
The desired results then follows by combining (A.7) and (A.9). [ ]

Proof of Theorem 3.2. Following similar arguments as those in (2.32)—(2.34), we can de-
duce the improved basic inequality

167 = 2112 + Anlic? = Sl )
< 2(e, ¢ — ¢%)n + 22nllvoll L 1€° = 2l a0
which holds for all 8 € ©.

(A.10)
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It follows from Proposition 2.8 and (2.29) that, for sufficiently large n,
~ ~ _m ~

167 = Ellzaey < CVIC? = 12 + 07 [1C0 = Elpm gy

< C{II¢? = Bl + 1= = ey }

(A11) < Cl¢” = Galln + C'n 417 = Gl -
where the last inequality follows from the assumption that | - ||gmq) and || - ||y, ) are
equivalent.

Combining (A.10), (A.11), and the condition v = supgcg ||vgl| L, () < +oo yields
167 = GaliR + Anlle” = ClR @) < 20 Ca = ¢
+200,9(1¢7 = &l o) + 20" A0n ™ @ (|7 = (-

Now we consider three diﬁ’e{ent cases. R
Case 1. Suppose n_%HCG — CzH./\@(Q) < HCQ — CTOL”LQ(Q) Then we obtain from (A.12) that

167 = E212 + Anlc? = 13, < 2(enE8 — ¢
+2(C + CMatll¢? = &l

Case IL. Suppose n™ 4 ¢! — (g () > 1€ = (lla(0) and 4000~ < 1K — (o).
Then we can cancel the term \,,||¢? — CfLHJQ\/@(Q)/Q from both sides of (A.12) and get

(A.12)

(A.13)

~ 1 R .
(A14) 167 = Gz + 520 l1¢” = Gl o) < 2, G = ¢
+2000(1¢% = &l L)

Case I11. Suppose n™ 4 [[¢? = (flln @) > 1€ = ¢l Ly(o) and 4C"on~ @ > [I¢? = 8|x (0-
It follows directly from this assumption that

167 = (2l np) < AC"TNRT 4,
2 _2m
167 = (2Nl 1p) < ACTOMTa,

from which we have already arrived at the desired results.
Now we only need to consider the first two cases. Clearly, both (A.13) and (A.14) can be
expressed as

16% = &II2 + Bidall¢® — Gl

< 2(e, CA;?L - C6>n + B2)‘n77HCQ - ézHLz(Q)'
On the event A;, we have the inequality
(e, ¢h — ¢P)l

|eag> = -5 o o
< sup —NODnl oo oylosmyce ooz
N 1 4>( )
9N || gl gl 7

(A.15)

— I~ 17i ~ L
(A.16) < tn V2N = Clln 2GR = 3 -
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Combining inequalities (A.15)—(A.16) yields
167 = Call% + BidnllS® — &R
< BN = &l + 26m 2 E0 = 020 — COIZE -
Then we obtain the desired results by applying Lemma A.2. |

Proof of Theorem 3.4. Under the condition (3.12), it is not hard to verify that v\, and

d _ 2m+d
17)\711/ % are bounded by the product of tn=Y2\, %" and tn~/2), *" . respectively. Thus,
Theorem 3.2 gives

(A.17) sup || — ¢“ln < c20An,
9e6

(A.18) sup [|¢? — ¢l < c3AY
0cO

Using the definition of én, we obtain the basic inequality

*Z Cnn i ) "")‘nHéani@(Q)

1 r s aps
. Z(Cie — G (@) + Al 1R )

i=1
which is equivalent to
Or, ¢’

A {167 Byt = 167 Wiy }

< {16 = ™2 = 16 — P2}
(Alg) +2 {<€7 éﬁn - Cén>n - <€7 ézl - Cal>n}

An {|’C9"H/2\/q>(n) - ||éz"||/2\/¢(9) —I¢? H?\/@(Q) +11¢ ||/2\/¢(Q)}
=: Dy +2Dsy + A\, Ds.
Now we bound D;, Do, and D3 conditional on the event A;. Using (A.17), we have
(A.20) Dy < sup €9 — P2 < dyp?a2.
0cO

By (A.17)—-(A.18) and the definition of A;, we obtain
Dy < 2sup|(e, ¢ — ¢*)al
0cO

e, )l : - e 3
< 2sup — G sup G =l sup 167~ IR
9 Ngln 2 19127 o <0 7e0
g 9 N3 (Q2)
Adm—d
< dstn~ 211)\ n i
(A.21) < dyv* A},
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where the last inequality follows from condition (3.12). For any 6 € ©, we bound

160 = 1 W |
= (168 = ¢ + 2668 = ¢ O
<8 = Iy +2 (€ = ¢ oo
= 1168 = ¢l +2 ‘@2 - ¢, Ue)mm’

<|I¢% - C0||/2\/¢(Q) + 2)voll Lo @ I8 = Pl
< P\, 4 2000% 0,
= dsiv*\,,,

where the second equality follows from (2.14), the second inequality follows from the Cauchy—
Schwarz inequality, and the third inequality follows from (A.17) and (A.18). Therefore, we
obtain the bound

(A.22) D3 < 2d30*\,,.

Combining (A.19), (A.20), (A.21), and (A.22) and using the condition ¢ > 1 yields

(A.23) 1 R ) = 17 IRy < da®*An:

The assumption (3.11) implies

azmin]ld, — 07, a3} < 167 B @ — 17 e -

which, together with (A.23) and the condition 72\, < ¢; := a3/(aady), yields the desired
results. |

REFERENCES

[1] R. A. ApamMs AND J. J. FOURNIER, Sobolev Spaces, Vol. 140, Academic Press, New York, 2003.
[2] G. BLANCHARD AND N. MUCKE, Optimal rates for regularization of statistical inverse learning problems,
Found. Comput. Math., 18 (2018), pp. 971-1013.
[3] S. BRENNER AND R. ScoTT, The Mathematical Theory of Finite Element Methods, Vol. 15, Springer,
New York, 2007.
[4] P. BUHLMANN AND S. VAN DE GEER, Statistics for High-Dimensional Data: Methods, Theory and
Applications, Springer, New York, 2011.
[5] L. H. DICKER, D. P. FOSTER, D. Hsu, ET AL., Kernel ridge vs. principal component regression: Minimax
bounds and the qualification of regularization operators, Electron. J. Stat., 11 (2017), pp. 1022-1047.
. F. DriscoLL, The reproducing kernel Hilbert space structure of the sample paths of a Gaussian process,
Probab. Theory Related Fields, 26 (1973), pp. 309-316.
. E. EDMUNDS AND H. TRIEBEL, Function Spaces, Entropy Numbers, Differential Operators, Vol. 120,
Cambridge University Press, Cambridge, 1996.
[8] C. Gu, Smoothing Spline ANOVA Models, Vol. 297, Springer, New York, 2002.
[9] M. Gu AND L. WANG, Scaled Gaussian stochastic process for computer model calibration and prediction,
SIAM/ASA J. Uncertain. Quantif., 6 (2018), pp. 1555-1583.

=
=

=
o

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 06/14/21 to 128.194.2.207. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

IMPROVED RATES FOR KERNEL RIDGE REGRESSION 1547

(10]
(11]

(12]

(13]

(14]
(15]

(16]
(17]
(18]

(19]

20]
(21]

[22]
23]

[24]
[25]
126]
[27]
28]
[29]
[30]
[31]

(32]
33]

M. Gu, F. X1, AND L. WANG, A Theoretical Framework of the Scaled Gaussian Stochastic Process in
Prediction and Calibration, preprint, https://arxiv.org/abs/1807.03829, 2018.

7Z.-C. Guo, S.-B. LIN, AND D.-X. ZHOU, Learning theory of distributed spectral algorithms, Inverse
Problems, 33 (2017), 0740009.

G. JaMmes, D. WITTEN, T. HASTIE, AND R. TIBSHIRANI, Bias-variance trade-off for k-fold cross-
validation, in An Introduction to Statistical Learning: With Applications in R, Springer, New York,
2013, p. 183.

M. C. KENNEDY AND A. O’HAGAN, Bayesian calibration of computer models, J. Roy. Statist. Soc. Ser.
B, 63 (2001), pp. 425-464.

M. KUHN, A short introduction to the caret package, R Found. Stat. Comput., 1 (2015), pp. 1-10.

S.-B. LN, X. Guo, AND D.-X. ZHOU, Distributed learning with reqularized least squares, J. Mach. Learn.
Res., 18 (2017), pp. 3202-3232.

M. PLUMLEE, V. R. JOSEPH, AND H. YANG, Calibrating functional parameters in the ion channel models
of cardiac cells, J. Amer. Statist. Assoc., 111 (2015), pp. 500-509.

G. SANTIN AND R. SCHABACK, Approzimation of eigenfunctions in kernel-based spaces, Adv. Comput.
Math., 42 (2016), pp. 973-993.

T. J. SANTNER, B. J. WILLIAMS, AND W. 1. NoTZz, The Design and Analysis of Computer Experiments,
Springer, New York, 2003.

C. SAUNDERS, A. GAMMERMAN, AND V. VOVK, Ridge regression learning algorithm in dual variables,
in International Conference on Machine Learning, Morgan Kaufmann, San Francisco, CA, 1998,
pp. 515-521.

R. SCHABACK, Improved error bounds for scattered data interpolation by radial basis functions, Math.
Comp., (1999), pp. 201-216.

B. ScHOLKOPF, R. HERBRICH, AND A. J. SMOLA, A generalized representer theorem, in International
Conference on Computational Learning Theory, Springer, New York, 2001, pp. 416-426.

M. L. STEIN, Interpolation of Spatial Data: Some Theory for Kriging, Springer, New York, 1999.

C. J. STONE, Optimal global rates of convergence for monparametric regression, Ann. Statist., (1982),

pp. 1040-1053.

. Tuo, Adjustments to computer models via projected kernel calibration, SIAM/ASA J. Uncertain.

Quantif., 7 (2019), pp. 553-578.

Tuo aND C. F. J. Wu, Efficient calibration for imperfect computer models, Ann. Statist., 43 (2015),

pp. 2331-2352.

. Tuo AnD C. F. J. Wu, A theoretical framework for calibration in computer models: Parametrization,

estimation and convergence properties, SIAM/ASA J. Uncertain. Quantif., 4 (2016), pp. 767-795.

. Tuo anxp C. F. J. Wu, Prediction based on the Kennedy-O’Hagan calibration model: Asymptotic

consistency and other properties, Statist. Sinica, 28 (2018), pp. 743-759.

F. I. UTRERAS, Convergence rates for multivariate smoothing spline functions, J. Approx. Theory, 52
(1988), pp. 1-27.

S. A. VAN DE GEER, Empirical Processes in M-estimation, Vol. 6, Cambridge University Press, Cam-

bridge, 2000.

. W. VAN DER VAART AND J. A. WELLNER, Weak Convergence and Empirical Processes with Applica-

tions to Statistics, Springer, New York, 1996.

. WAHBA, Spline Models for Observational Data, Vol. 59, SIAM, Philadelphia, 1990.

. WENDLAND, Scattered Data Approzimation, Vol. 17, Cambridge University Press, Cambridge, 2004.

F. J. Wu AND M. S. HAMADA, Ezxperiments: Planning, Analysis, and Optimization, Vol. 552, John

Wiley & Sons, New York, 2009.

¥ & A

ama »

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/1807.03829

	Introduction
	Improved rates for kernel ridge regression
	Overview
	Reproducing kernel Hilbert spaces
	An improved rate in scattered data approximation
	Rates of convergence for kernel ridge regression
	Standard rates of convergence
	Improved rates of convergence


	Calibration of computer models
	A frequentist version of the K-O approach
	Asymptotic theory

	Numerical studies
	Numerical results for kernel ridge regression
	Numerical results for the K-O calibration

	Discussion
	Appendix A. Technical proofs

