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ON STOKES–RITZ PROJECTION AND MULTISTEP BACKWARD

DIFFERENTIATION SCHEMES IN DECOUPLING THE

STOKES–DARCY MODEL∗

MAX GUNZBURGER† , XIAOMING HE‡ , AND BUYANG LI§

Abstract. We analyze a parallel, noniterative, multiphysics domain decomposition method for
decoupling the Stokes–Darcy model with multistep backward differentiation schemes for the time
discretization and finite elements for the spatial discretization. Based on a rigorous analysis of the
Ritz projection error shown in this article, we prove almost optimal L2 convergence of the numerical
solution. In order to estimate the Ritz projection error on the interface, which plays a key role
in the error analysis of the Stokes–Darcy problem, we derive L

∞ error estimate of the Stokes–
Ritz projection under the stress boundary condition for the first time in the literature. The k-step
backward differentiation schemes, which are important to improve the accuracy in time discretization
with unconditional stability, are analyzed in a general framework for any k ≤ 5. The unconditional
stability and high accuracy of these schemes can allow relatively larger time step sizes for given
accuracy requirements and hence save a significant amount of computational cost.
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1. Introduction. We consider a coupled Stokes–Darcy system in a polygonal
domain Ω = ΩD∪ΩS ⊂ R

2, which is divided into subdomains ΩD and ΩS by a smooth
interface Γ. In the porous medium region ΩD, the Darcy flow is described by

(1.1)

~uD = −K∇φD,

∂φD

∂t
+∇ · ~uD = fD,

where ~uD and φD denote the unknown fluid discharge rate and hydraulic head, re-
spectively; K is the hydraulic conductivity tensor; and fD is the sink/source term.
Eliminating ~uD, we obtain a second-order equation for the Darcy flow:

(1.2)
∂φD

∂t
−∇ · (K∇φD) = fD.

In the free-flow region ΩS , fluid velocity ~uS is governed by

(1.3)

∂~uS

∂t
−∇ · T(~uS , pS) = ~fS

∇ · ~uS = 0,
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where pS is the kinematic pressure, ~fS denotes the density of external body force,

T(~uS , pS) = 2νD(~uS)− pSI

denotes the stress tensor, ν is the kinematic viscosity, D(~uS) = 1
2 (∇~uS + ∇T~uS) is

the deformation tensor, and I is the identity tensor.
On the interface Γ, the mass conservation and balance of normal forces require

the following interface conditions:

(1.4) ~uS · ~nS = −~uD · ~nD and − ~nS · (T(~uS , pS) · ~nS) = g(φD − z),

where ~nS and ~nD denote the unit outer normal to the free flow and porous medium
regions at the interface Γ, respectively, and z denotes the vertical Cartesian coordi-
nate. In the tangential direction on the interface, the Beavers–Joseph–Saffman–Jones
interface condition [46, 48, 74]

(1.5) − ~τ · (T(~uS , pS) · ~nS) = β ~τ · ~uS

is often used, where β = αν
√
d

√

trace(Π)
, ~τ denotes the unit tangential vector on the

interface Γ and Π denotes the permeability of the porous media.
On the boundary of the domain, we impose no-flux boundary condition on ∂ΩD\Γ

and the free stress condition on ∂ΩS\Γ, respectively, i.e.,

K∇φD · ~nD = 0 on ∂ΩD\Γ(1.6)

T(~uS , pS)~nS = 0 on ∂ΩS\Γ.(1.7)

To summarize, the Stokes–Darcy system we consider is given by





∂φD

∂t
−∇ · (K∇φD) = fD in ΩD,

K∇φD · ~nD = 0 on ∂ΩD\Γ,
K∇φD · ~nD = ~uS · ~nS on Γ,

(1.8)

and




∂~uS

∂t
−∇ · T(~uS , pS) = ~fS in ΩS ,

∇ · ~uS = 0 in ΩS ,

−T(~uS , pS)~nS = 0 on ∂ΩS\Γ,
−T(~uS , pS)~nS · ~nS = g(φD − z) on Γ,

−T(~uS , pS)~nS · ~τ = β~uS · ~τ on Γ,

(1.9)

with certain initial conditions

φD(0, x, y) = φ0(x, y) and ~uS(0, x, y) = ~u0(x, y).(1.10)

Due to its wide range of applications in groundwater systems [24, 26, 44, 54], in-
dustrial filtrations [29, 42, 68], petroleum extraction [7, 6, 19, 45], etc., many different
numerical methods have been proposed and analyzed for the Stokes–Darcy model,
see [8, 9, 11, 12, 13, 14, 20, 23, 25, 27, 28, 31, 32, 34, 36, 43, 64, 65, 67, 73, 80]
and references therein. It is well known that Ritz projection plays a key role in the
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optimal-order L2-norm error estimates of finite element solutions for parabolic prob-
lems [79, 82, 83]. Therefore, Ritz projections have been often utilized in the existing
articles of the Stokes–Darcy model [15, 16, 17, 18, 21, 49, 55, 66, 72, 78, 81].

On the other hand, a three-step backward differentiation (BDF) scheme was di-
rectly used, without rigorous analysis, for a domain decomposition method of the
Stokes–Darcy model [15, 30]. Compared with the backward Euler scheme analyzed
in [15], this three-step BDF scheme can improve the accuracy in the temporal dis-
cretization to be third order. It can also fully make use of the unconditional stability
to significantly reduce the computational cost with many fewer time iteration steps.
Another third order IMEX-type scheme in time discretization was proposed for the
coupled weak formulation of the Stokes–Darcy model and analyzed for long time sta-
bility and high accuracy in time [22]. And there is no spatial discretization involved in
this analysis. To our best knowledge, for this sophisticated coupled model, there ex-
ists no rigorous analysis on k-step (3 ≤ k ≤ 5) BDF schemes, which rely on a different
multiplier technique compared with the one-step and two-step BDFs. Furthermore,
the analysis of the domain decomposition method with finite element spatial dis-
cretization requires rigorous estimates of the Darcy and Stokes–Ritz projection errors
on the interface, which are also not available in the literature.

In this paper, we analyze a parallel, noniterative, and multiphysics domain de-
composition method which was originally introduced and numerically demonstrated in
[15]. This domain decomposition method decouples the Stokes–Darcy system (1.8)–
(1.9) and makes it convenient to use separate Ritz projections for the Darcy and
Stokes equations, respectively. Instead of the three-step BDF scheme used in [15],
we consider a more general k-step (k ≤ 5) BDF scheme for time discretization in
the analysis, with finite elements for the spatial discretization. As usual, in order to
carry out an analysis of high-order accuracy, the solution of the Stokes–Darcy sys-
tem is assumed to be sufficiently smooth. In particular, we present rigorous analysis
of the L∞(ΩS)-norm and L2(Γ)-norm error estimates of the Stokes–Ritz projection
and prove almost optimal-order L2 convergence of the finite element solutions of the
domain decomposition method.

There are two major difficulties in the analysis: the analysis of the Ritz-projection
errors on the interface and error estimates of the multistep BDF schemes. Instead of
using a joint Ritz projection [15, 16, 21, 78], we consider separate Ritz projections for
the Stokes and Darcy equations, respectively, which are particularly suitable for the
analysis of our decoupled scheme. In particular, we define Ritz projections inside ΩD

and ΩS , respectively (see (3.1)–(3.3) on the definition of Ritz projections), without
involving any interface terms. Then one major difficulty arises from estimating the
L2(Γ)-norm errors of Ritz projections on the interface, which will play a key role in the
analysis of the interface terms. To overcome this difficulty, we carry out an L∞-norm
estimate of the Stokes–Ritz projection error in the domain under the stress boundary
condition. To our best knowledge, this is the first result for the L∞-norm estimate of
the Stokes–Ritz projection error with the stress boundary condition. Once we obtain
this estimate, we apply it to the L2(Γ)-norm error estimation of the Stokes–Ritz
projection. Finally, after establishing error estimates for Ritz projections, we analyze
the error of the multistep scheme by utilizing the multiplier technique of Nevanlinna
and Odeh [69], which has been used to analyze parabolic problems recently in [1, 3, 4].
For the recent advances in L∞ and Lp estimates for linear parabolic equations, see
[33, 50, 51, 53, 56, 59, 57, 60, 62, 63] and references therein.

The rest of the paper is organized as follows. In section 2, we present the multistep
BDF scheme for the domain decomposition method, which will be recalled from [15],
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and then present the main result of the error estimate. In section 3, we introduce and
analyze Ritz projection as a critical preparation for the error estimate. In section 4,
we prove the almost optimal L2-norm convergence rate of the numerical solution. In
section 5, we conclude our major contributions in this article.

2. Notations and main result. In this section, we briefly recall the parallel,
noniterative, and multiphysics domain decomposition method with finite elements for
the spatial discretization from [15]. But we will consider the more general k-step
BDF instead of the three-step BDF used in [15] for the time discretization. Then we
present the main theoretical result on the error estimate, which will be analyzed in
the next two sections.

Let 0 = t0 < t1 < · · · < tN = T be a uniform partition of the time interval [0, T ],
with step size τ = T/N , and for any function ϕ defined on the time interval [0, T ],
we denote ϕn := ϕ(tn) for simplicity. For a given integer k ≥ 1, the k-step backward
difference operator and extrapolation operator are defined by

Dτ,kϕ
n+1 :=

k∑

j=0

αk,jϕ
n+1−k+j and Iτ,kϕ

n+1 :=
k−1∑

j=0

γk,jϕ
n+1−k+j ,(2.1)

respectively, where the coefficients αk,j and γk,j are defined by

k∑

j=0

αk,jz
j :=

k∑

j=1

1

j
zk−j(z − 1)j and

k−1∑

j=0

γk,jz
j := zk − (z − 1)k.(2.2)

Then Dτ,kϕ
n+1 and Iτ,kϕ

n+1 are kth-order approximations of ∂tϕ(tn+1) and ϕ(tn+1),
respectively [2, 41].

With the following three Robin–Robin boundary conditions proposed on the in-
terface for the Stokes and Darcy equations in [15],

K∇φD · ~nD + gφD = ξD on Γ(2.3)

~nS · (T(~uS , pS) · ~nS) + ~uS · ~nS = ζS on Γ(2.4)

−~τ · (T(~uS , pS) · ~nS) = β ~τ · ~uS on Γ(2.5)

the solution of (1.8)–(1.9) satisfies

(
∂tφD, ϕ

)
ΩD

+
(
K∇φD,∇ϕ

)
ΩD

+
(
gφD, ϕ

)
Γ

=
(
fD, ϕ

)
ΩD

+
(
ξD, ϕ

)
Γ

∀ ϕ ∈ H1(ΩD)(2.6)

(
∂t~uS , ~v

)
ΩS

+
(
2νD(~uS),D(~v)

)
ΩS

− (pS ,∇ · ~v)ΩS

+ (~uS · ~nS , ~vS · ~nS)Γ + (β~uS · ~τS , ~vS · ~τS)Γ
=

(
~fS , ~v

)
ΩS

+
(
ζS , ~v · ~nS

)
Γ

∀ ~v ∈ ~H1(ΩS)(2.7)

(
∇ · ~uS , q

)
ΩS

= 0 ∀ q ∈ L2(ΩS)(2.8)

where

ξD := ~uS · ~nS + gφD(2.9)

ζS := ~uS · ~nS − g(φD − z).(2.10)
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Let the domain Ω be divided into quasi-uniform triangles which fit the interface.
Correspondingly, ΩD and ΩS are divided into quasi-uniform triangles, respectively.
For any given integer r ≥ 2, we define the Lagrange finite element spaces V r

h (ΩD) ⊂
H1(ΩD) and ~V r

h (ΩS) ⊂ ~H1(ΩS), which consist of continuous piecewise polynomials
of degree r, and let V r−1

h (ΩS) ⊂ L2(ΩS) denote the Lagrange finite element space
consisting of continuous piecewise polynomials of degree r − 1. It is well known that
the Taylor–Hood finite element space ~V r

h (ΩS) × V r−1
h (ΩS), with r ≥ 2, satisfies the

inf-sup condition

‖qh‖L2(ΩS) ≤ sup
~vh∈~V r

h (ΩS)

C|(qh,∇ · ~vh)|
‖∇~vh‖L2(ΩS)

∀ qh ∈ V r−1
h (ΩS).(2.11)

For given initial data {(φn
h, ~u

n
h) : n = 0, . . . , k − 1}, the k-step BDF scheme seeks

φn+1
h ∈ V r

h (ΩD), ~un+1
h ∈ ~V r

h (ΩS) and pn+1
h ∈ V r−1

h (ΩS), n = k, . . . , N − 1, such that

(
Dτ,kφ

n+1
h , ϕh

)
ΩD

+
(
K∇φn+1

h ,∇ϕh

)
ΩD

+ (gφn+1
h , ϕh)Γ

=
(
fn+1
D , ϕh

)
ΩD

+
(
Iτ,kξ

n+1
h , ϕh

)
Γ

∀ ϕh ∈ V r
h (ΩD),(2.12)

(
Dτ,k~u

n+1
h , ~vh

)
ΩS

+
(
2νD(~un+1

h ),D(~vh)
)
ΩS

−
(
pn+1
h ,∇ · ~vh

)
ΩS

+
(
~un+1
h · ~n,~vh · ~n

)
Γ
+
(
β~un+1

h · ~τ ,~vh · ~τ
)
Γ

=
(
~fn+1
S , ~vh

)
ΩS

+
(
Iτ,kζ

n+1
h , ~vh · ~nS

)
Γ
, ∀ ~vh ∈ ~V r

h (ΩS)(2.13)

(
∇ · ~un+1

h , qh
)
ΩS

= 0 ∀ qh ∈ V r−1
h (ΩS)(2.14)

where

ξjh := ~uj
h · ~nS + gφj

h(2.15)

ζjh := ~uj
h · ~nS − g(φj

h − z).(2.16)

In the following, we present our final error estimate for the above scheme, which
will be proved in section 4 by using the Ritz-projection error estimates in section 3
and the multiplier technique of multistep BDFs.

Theorem 2.1. For 1 ≤ k ≤ 5, if the solution of (1.8)–(1.9) is sufficiently
smooth, i.e.,

∂k+1
t φD ∈ L∞(0, T ;L2(ΩD)), φD, ∂tφD ∈ L∞(0, T ;W r+1,∞(ΩD))(2.17)

∂k+1
t ~uS ∈ L∞(0, T ;L2(ΩS)

2), ~uS , ∂t~uS ∈ L∞(0, T ;W r+1,∞(ΩS)
2)(2.18)

pS ∈ L∞(0, T ;W r,∞(ΩS))(2.19)

then the finite element solution given by (2.12)–(2.14) satisfies

max
k≤n≤N

(
‖φn

h − φn
D‖L2(ΩD) + ‖~un

h − ~un
S‖L2(ΩS)

)(2.20)

+

( N∑

n=k

τ‖∇(φn
h −Rh,Dφn

D)‖2L2(ΩD) +
N∑

n=k

τ‖∇(~un
h −Rh,S(~u

n
S , p

n
S))‖2L2(ΩS)

) 1
2

≤ C(τk + hr+1| lnh|) + CIk
h ,
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where

Ik
h := max

0≤n≤k−1

(
‖φn

h − φn
D‖L2(ΩD) + ‖~un

h − ~un
S‖L2(ΩS)

)

+

( k−1∑

n=0

τ‖φn
h −Rh,Dφn

D‖2H1(ΩD) +

k−1∑

n=0

τ‖~un
h −Rh,S(~u

n
S , p

n
S)‖2H1(ΩS)

) 1
2

(2.21)

denotes the errors of the initial data, in which Rh,D and Rh,S are Ritz projections
defined in the next section.

Theorem 2.1 states that the global error of the multistep method is bounded by
an optimal-order error bound plus a constant multiple of the errors of initial data.
Our analysis is based on the following regularity result [5, 38].

Lemma 2.2. Assume the boundaries of the domains ΩD and ΩS are either smooth
or piecewise smooth. For the piecewise smooth case, assume the angles of the corners
of ΩD and ΩS are all between 0 and π. Then any weak solution of the equation

{
−∇ · (K∇φ) = f1 in ΩD,

K∇φ · ~nD = f2 on ∂ΩD

(2.22)

with the normalization condition
∫
ΩD

φ(x) dx = 0 satisfies

‖φ‖H2(ΩD) ≤ C‖f1‖L2(ΩD) + C

JD∑

j=1

‖f2‖H1/2(ΓD,j),(2.23)

where ΓD,j, j = 1, . . . , JD, denote the smooth pieces of the boundary ∂ΩD, and any
weak solution of the stationary Stokes equation





−∇ · (2νD(~w)− qI) = ~f1 in ΩS ,
∇ · ~w = f2 in ΩS ,

2νD(~w)~n− q~n = ~f3 on ∂ΩS ,

(2.24)

with the normalization
∫
ΩS

~w dx = 0 satisfies

‖~w‖H2(ΩS) + ‖q‖H1(ΩS) ≤ C
(
‖~f1‖L2(ΩS) + ‖f2‖H1(ΩS) + ‖f2/ρ‖L2(ΩS)

)

+ C

JS∑

j=1

(
‖~f3‖H1/2(ΓS,j) + ‖~f3/

√
ρ‖L2(ΓS,j)

)
,(2.25)

where ρ(x) denotes the minimal distance between x and the corners of the domain
ΩS and ΓS,j, j = 1, . . . , JS, denote the smooth pieces of the boundary ∂ΩS. If the
boundary of ΩS is smooth (without corners), then ρ(x) ≡ 1.

Remark 2.3. The regularity (2.23) is a special case of [5, Lemma 2.4 with βj = 0],
and (2.25) is a special case of [38, Theorem 4.15 with β = 0 and ` = 1]. In the rest
of this paper, to simplify our notations, we denote by C a generic positive constant
which may have different values at different locations and denote by ε an arbitrary
small enough constant such that 0 < ε < 1.

3. Ritz projection. In this section, we define and analyze Ritz projections for
the above decoupling method of the Stokes–Darcy model, which is a critical prepara-
tion for the proof of Theorem 2.1 in section 4.
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First, we let Rh,D : H1(ΩD) → V r
h (ΩD) and (Rh,S , Ph,S) : ~H1(ΩS) × L2(ΩS) →

~V r
h (ΩS)× V r−1

h (ΩS) be projection operators defined by

(
K∇(φ−Rh,Dφ),∇ϕh

)
ΩD

= 0 ∀ ϕh ∈ V r
h (ΩD)(3.1)

and

(
2νD(~u−Rh,S(~u, p)),D(~vh)

)
ΩS

−
(
p− Ph,S(~u, p),∇ · ~vh

)
ΩS

= 0 ∀ ~vh ∈ ~V r
h (ΩS)

(3.2)

(
∇ · (~u−Rh,S(~u, p)), qh

)
ΩS

= 0 ∀ qh ∈ V r−1
h (ΩS)

(3.3)

respectively, with the normalization conditions
∫

ΩD

(φ−Rh,Dφ) dx = 0 and

∫

ΩS

(~u−Rh,S(~u, p)) dx = 0(3.4)

for the well-posedness of the projection operators. Unlike the existing literature on the
Stokes–Darcy model, Ritz projections defined above do not contain interface terms.
Therefore, it is well known that the following L2 and L∞ error estimates hold for the
Poisson–Ritz projection:

‖φ−Rh,Dφ‖L2(ΩD) + h‖∇(φ−Rh,Dφ)‖L2(ΩD) ≤ C‖φ‖Hm+1(ΩD)h
m+1, 1 ≤ m ≤ r

(3.5)

‖φ−Rh,Dφ‖L∞(ΩD) + h‖∇(φ−Rh,Dφ)‖L∞(ΩD)

(3.6)

≤ C‖φ‖Wm+1,∞(ΩD)h
m+1| lnh|, 1 ≤ m ≤ r

where (3.5) is a standard consequence of the H2 estimate (2.23) and (3.6) is a con-
sequence of [33, Theorem A.3] and the standard duality argument used in [71, p. 2]
(as p → ∞ in the duality argument a logarithmic fact “| lnh|” appears). The corre-
sponding maximum-norm error estimate of Ritz projection with Dirichelt boundary
condition can be found in [75], where we can see that the logarithmic factor can be
removed when r ≥ 2.

Since we do not include the interface terms in Ritz projections, we will need to
control the Ritz-projection errors on the interface Γ in the later analysis. For this
purpose, we need the following error estimates of the Stokes–Ritz projection.

Theorem 3.1. The Stokes–Ritz projection satisfies

‖~u−Rh,S(~u, p)‖L2(ΩS) + h‖~u−Rh,S(~u, p)‖H1(ΩS) + h‖p− Ph,S(~u, p)‖L2(ΩS)

≤ C(‖~u‖Hl+1(ΩS) + ‖p‖Hl(ΩS))h
l+1(3.7)

‖~u−Rh,S(~u, p)‖L∞(ΩS) ≤ C
(
‖~u‖W l+1,∞(ΩS) + ‖p‖W l,∞(ΩS)

)
hl+1| lnh|(3.8)

for any 1 ≤ l ≤ r.

Since the maximum-norm error estimate of the Stokes–Ritz projection with the
stress boundary condition has not been proved in the literature, we shall prove The-
orem 3.1 in the next subsection.

For φD and ~uS satisfying the requirements of Theorem 2.1, the inequality (3.6),
Theorem 3.1, and trace theory imply
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‖φD −Rh,DφD‖L2(Γ) ≤ C‖φD −Rh,DφD‖L∞(ΩD)

≤ Chr+1| lnh|‖φD‖W r+1,∞(ΩD)(3.9)

‖~uS −Rh,S(~uS , pS)‖L2(Γ) ≤ C‖~uS −Rh,S(~uS , pS)‖L∞(ΩS)

≤ Chr+1| lnh|(‖~uS‖W r+1,∞(ΩS) + ‖pS‖W r,∞(ΩS))(3.10)

which are crucial error estimates on the interface for our proof of Theorem 2.1 in
section 4.

In the rest of this section, we will prove the above theorem. We will first prepare
the related concepts and lemmas in subsections 3.1 and 3.2 and then show the proof
of Theorem 3.1 in subsection 3.3.

For the simplicity of notations, we denote ~uh = Rh,S(~u, p) and ph = Ph,S(~u, p) so
that (~uh, ph) is a finite element approximation of (~u, p) in the sense that

(2νD(~u− ~uh),D(~vh))− (p− ph,∇ · ~vh) = 0 ∀~vh ∈ ~V r
h (ΩS)(3.11)

(∇ · (~u− ~uh), qh) = 0 ∀ qh ∈ V r−1
h (ΩS).(3.12)

By the definition of the projection operators Rh,S and Ph,S , we also have
∫
ΩS

(~u −
~uh) dx = 0.

3.1. Regularized and discrete Green functions. To estimate the error in
the maximum norm, we consider an arbitrary point x0 contained in the mesh element
Kx0

and present estimates for |~uh(x0) − Πh~u(x0)|, where Πh~u denotes the Fortin
projection of ~u; see Lemma 3.4. Our estimates will not depend on the point x0 or the
element Kx0

. We choose a regularized delta function δ̃(x, x0) ∈ C3
0 (Kx0

) such that

(δ̃, χh) = χh(x0) ∀χh ∈ V r
h (ΩS)(3.13)

∫

ΩS

δ̃ dx = 1(3.14)

‖δ̃‖W l,p(ΩS) ≤ Ch−l−2(1−1/p) for 1 ≤ p ≤ ∞, l = 0, 1, 2, 3.(3.15)

Existence of such a regularized delta function has been proved in [77], which was also
used in many other works [39, 61, 76]. With this regularized delta function, we can

define a regularized Green function ( ~Gm, pm) = ( ~Gm(·, x0), pm(·, x0)), m = 1, 2, as a
solution of





−∇ · (2νD( ~Gm)− pmI) = (δ1,m, δ2,m)δ̃ − 1
|ΩS | (δ1,m, δ2,m) in ΩS ,

∇ · ~Gm = 0 in ΩS ,

2νD( ~Gm)~nS − pm~nS = 0 on ∂ΩS ,

(3.16)

satisfying the normalization condition
∫
ΩS

~Gm dx=0, where δi,m is the Kronecker
symbol.

Let δh be the discrete delta function, i.e., the L2 projection of δ̃ onto the finite
element space, and let ( ~Gh,m, ph,m) be the discrete Green function, i.e., the finite
element solution of (3.16). Then
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(2νD( ~Gh,m),D(~vh))− (ph,m,∇ · ~vh)

= (δ1,m, δ2,m) · ~vh(x0)− (δ1,m, δ2,m) · 1

|ΩS |

∫

ΩS

~vh dx

=
((

δh − 1
|ΩS |

)
(δ1,m, δ2,m), ~vh

)
∀~vh ∈ ~V r

h (ΩS)(3.17)

(∇ · ~Gh,m, qh) = 0 ∀ qh ∈ ~V r−1
h (ΩS).(3.18)

Here ( ~Gh,m, ph,m) is equivalent to the Stokes–Ritz projection of ( ~Gm, pm). Let the
corners of ΩS be denoted by xi (i = 1, 2, . . . , cI), define ρj = diam(ΩS)2

−j (j =
0, 1, 2, . . .), and choose J = [log2(diam(ΩS)/(κh))] so that ρJ ∼ κh, where the symbol
∼ denotes equivalence. The constant κ needs to be large enough, such as κ = 32, so
that the Ωj , Ω

′
j , and Ω′′

j (j = 0, 1, . . . , J), which are defined below, have no intersection
with the element Kx0

. Let the domain ΩS be divided into

(3.19) ΩS = ∪J
j=0Ωj(x0) ∪ Ω∗(x0)

with

Ωj(x0) := {x ∈ ΩS : ρj/2 ≤ min
0≤i≤cI

dist(x, xi) < ρj}(3.20)

Ω∗(x0) := {x ∈ ΩS : min
0≤i≤cI

dist(x, xi) < ρJ/2}.(3.21)

For simplicity of notations, we shall denote Ωj = Ωj(x0) and Ω∗ = Ω∗(x0) in the rest
of this paper. Then |Ωj | ∼ ρ2j and |Ω∗| ∼ κ2h2. Let

Ω′
j = Ωj−1 ∪ Ωj ∪ Ωj+1, Ω′′

j = Ω′
j−1 ∪ Ω′

j ∪ Ω′
j+1,

and Ω′′′
j = Ω′′

j−1 ∪ Ω′′
j ∪ Ω′′

j+1, j = 0, 1, 2, . . . .(3.22)

We refer the reader to [39, 58, 77] for these notations. In the following (using the
notations of [76]), we denote by

∑
j the summation over all Ωj (j = 1, . . . , J), ex-

cluding Ω∗, and denote by
∑

j,∗ the summation, including Ω∗. The generic positive
constant C in the rest part of this section will be independent of x0 and κ (until κ is
determined).

With the notations introduce above, we have the following local energy estimates
for the regularized Green function.

Lemma 3.2. The regularized Green function satisfies

‖~Gm‖H2(Ωj) + ‖pm‖H1(Ωj) ≤ Cρ−1
j , j = 0, 1, 2, . . .(3.23)

‖~Gm‖H2(ΩS) + ‖pm‖H1(ΩS) ≤ Ch−1(3.24)

where the constant C does not depend on x0; (3.23) is also true if Ωj is replaced by
Ω′

j or Ω′′
j .

Proof. Note that (3.24) is a consequence of the estimate (2.25) together with
(3.15) and (3.16):

‖~Gm‖H2(ΩS) + ‖pm‖H1(ΩS) ≤ C‖δ̃ − 1/|ΩS |‖L2(ΩS) ≤ Ch−1 + C.(3.25)

It remains to prove (3.23). To this end, we shall prove that the local H2 norm in a
subdomain away from the singular point x0 can be controlled by a local L∞ norm in a



406 MAX GUNZBURGER, XIAOMING HE, AND BUYANG LI

slightly bigger subdomain (see (3.40) and (3.42)). This can be done by estimating the
H2 norm of the Green function on some balls whose union can cover the subdomain
Ωj . For each of these balls, we shall choose a smooth cutoff function which equals 1
on the ball, and perform the standard H2 estimate for the Green function multiplied
by the cutoff function.

Note that the subdomain Ωj can be covered by a finite number of balls of radius
ρj/24, say, Bj,k, k = 1, 2, . . . ,M , where M is a constant (depending only on the
domain ΩS) and Bj,k

⋂
Ωj is not empty for each k = 1, 2, . . . ,M . If we let B′

j,k

denote the ball of radius ρj/12 (double of the radius of Bj,k) with the same center as
Bj,k, then by the triangle inequality,

(3.26) dist(B′
j,k, x0) ≥ dist(Ωj , x0)− 2 radius(B′

j,k) ≥ ρj/2− ρj/6 ≥ ρj/3.

We shall derive the estimates for ~Gm and pm on each of these balls and then combine
them together to obtain (3.23).

Let B̃j,k denote the ball of radius 3ρj/48 with the same center as Bj,k. Define

B1
j,k = Bj,k ∩ ΩS , B

2
j,k = B̃j,k ∩ ΩS , and B3

j,k = B′
j,k ∩ ΩS . Then by the definition

of Bj,k, B̃j,k, and B′
j,k, we obtain that B1

j,k ⊂ B2
j,k ⊂ B3

j,k and dist(Bl
j,k,ΩS\Bl+1

j,k ) ∼
ρj (l = 1, 2).

For l = 1, 2, let ωl
j be a smooth cutoff function such that ωl

j = 1 in Bl
j,k but

ωl
j = 0 outside Bl+1

j,k with

(3.27) |∂αωl
j | ≤ Cαρ

−|α|
j

for any multi-index α. Such smooth cutoff functions have been widely used in the
literature; see [39, 61, 76, 77, 79]. For any fixed point y0 ∈ B1

j,k, define ~Gm :=
~Gm(·, x0)− ~Gm(y0, x0). One can easily verify that ~Gm is also a solution of (3.16). In
other words, we have





−∇ · (2νD(~Gm)− pmI) = (δ1,m, δ2,m)δ̃ − 1
|ΩS | (δ1,m, δ2,m) in ΩS ,

∇ · ~Gm = 0 in ΩS ,

2νD(~Gm)~nS − pm~nS = 0 on ∂ΩS .

(3.28)

Moreover, due to the product rule D(ω1
j
~Gm) = ω1

jD(
~Gm) + 1

2
~Gm ⊗s ∇ω1

j and (3.28),

(ω1
j
~Gm, ω1

j pm) is the solution of





−∇ · (2νD(ω1
j
~Gm)− ω1

j pmI) = −2νD(~Gm)∇ω1
j + pm∇ω1

j − ν∇ ·
[
~Gm ⊗s ∇ω1

j

]

+ω1
j (δ1,m, δ2,m)δ̃ − ω1

j
1

|ΩS | (δ1,m, δ2,m) in ΩS ,

∇ · (ω1
j
~Gm) = ~Gm · ∇ω1

j in ΩS ,

2νD(ω1
j
~Gm)~nS − ω1

j pm~nS = ν
[
~Gm ⊗s ∇ω1

j

]
~nS on ∂ΩS ,

(3.29)

where ~Gm⊗s∇ω1
j = ~Gm⊗∇ω1

j +∇ω1
j ⊗ ~Gm, and we have denoted ~u⊗~v as the matrix

with component (~u⊗ ~v)ij = uivj for any two vectors ~u and ~v.
By the definition of B2

j,k, one can easily see that B2
j,k ⊂ Ω′

j . Since κ is large enough
such that the Ωj and Ω′

j (j = 0, 1, . . . , J) have no intersection with the element Kx0
,

then B2
j,k has no intersection with Kx0

. Since ω1
j = 0 outside of B2

j,k, then ω1
j = 0

on the element Kx0
, which is the support of δ̃. Hence, the term ω1

j (δ1,m, δ2,m)δ̃ can
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be removed in (3.29). Applying (2.25) to the equation above (with ~w = ω1
j
~Gm −

1
|ΩS |

∫
ΩS

ω1
j
~Gm dx and q = ω1

j pm) and using (3.27), product rule, and trace inequality,

we have

‖ω1
j
~Gm‖H2(ΩS) + ‖∇(ω1

j pm)‖L2(ΩS)

(3.30)

≤ C

∣∣∣∣
1

|ΩS |

∫

ΩS

ω1
j
~Gm dx

∣∣∣∣

+ C
(∥∥∥− D(~Gm)∇ω1

j + pm∇ω1
j −∇ ·

[
~Gm ⊗s ∇ω1

j

]
− ω1

j

1

|ΩS |
(δ1,m, δ2,m)

∥∥∥
L2(ΩS)

+ ‖~Gm · ∇ω1
j ‖H1(ΩS) + ‖~Gm · ∇ω1

j /ρ‖L2(ΩS)

+ ‖~Gm ⊗s ∇ω1
j ‖H1/2(∂ΩS) + ‖~Gm ⊗s ∇ω1

j /
√
ρ‖L2(∂ΩS)

)

≤ C‖~Gm‖L2(B2
j,k)

+ C + Cρ−1
j

(
‖∇~Gm‖L2(B2

j,k)
+ ‖pm‖L2(B2

j,k
)
)

+ Cρ−2
j ‖~Gm‖L2(B2

j,k)
+ Cρ

−3/2
j ‖~Gm‖L2(∂ΩS∩B2

j,k)

≤ Cρ−1
j

(
‖∇(ω2

j
~Gm)‖L2(ΩS) + ‖ω2

j pm‖L2(ΩS)

)

+ Cρ−1
j ‖~Gm‖L∞(B2

j,k)
+ Cρ−1

j ‖~Gm‖L∞(∂ΩS∩B2
j,k)

,

where the last inequality is due to ω2
j = 1 on B2

j,k and the Hölder inequality.

Now we need to estimate ‖∇(ω2
j
~Gm)‖L2(ΩS) + ‖ω2

j pm‖L2(ΩS) on the right-hand
side of (3.30). In order to do this, integrating the first equation of (3.28) with the

test function (ω2
j )

2 ~Gm, applying integration by parts and product rule, and using the

second equation in (3.28) and ω2
j = 0 on the support of δ̃, we obtain

2ν(ω2
jD(~Gm),D(ω2

j
~Gm)) + ν

(
D(~Gm)ω2

j , ~Gm ⊗s ∇ω2
j

)
− (pm, 2ω2

j∇ω2
j · ~Gm)

=

∫

ΩS

(ω2
j )

2 ~Gm · (δ1,m, δ2,m)δ̃ dx−
∫

ΩS

1

|ΩS |
(ω2

j )
2 ~Gm · (δ1,m, δ2,m) dx

= −
∫

ΩS

1

|ΩS |
(ω2

j )
2 ~Gm · (δ1,m, δ2,m) dx.(3.31)

Plugging the product rule ω2
jD(

~Gm) = D(ω2
j
~Gm)− 1

2
~Gm⊗s∇ω2

j into the first two terms
of (3.31), we obtain

2ν‖D(ω2
j
~Gm)‖2L2(ΩS) =

ν

2
‖~Gm ⊗s ∇ω2

j ‖2L2(ΩS) + (pm, 2ω2
j∇ω2

j · ~Gm)(3.32)

−
∫

ΩS

1

|ΩS |
(ω2

j )
2 ~Gm · (δ1,m, δ2,m) dx.

By using (3.27), ω2
j = 0 outside B3

j,k, the Cauchy–Schwarz inequality, and Young’s
inequality, the last equation leads to

2ν‖D(ω2
j
~Gm)‖2L2(ΩS) ≤

ν

2
‖~Gm ⊗s ∇ω2

j ‖2L2(ΩS)

(3.33)

+ ε‖ω2
j pm‖2L2(ΩS) + Cε−1‖∇ω2

j · ~Gm‖2L2(ΩS) + C‖ω2
j
~Gm‖L2(ΩS)

≤ ε‖ω2
j pm‖2L2(ΩS) + Cε−1ρ−2

j ‖~Gm‖2L2(B3
j,k)

+ C‖ω2
j
~Gm‖2L2(ΩS) + C

≤ ε‖ω2
j pm‖2L2(ΩS) + Cε−1‖~Gm‖2L∞(B3

j,k)
+ C.



408 MAX GUNZBURGER, XIAOMING HE, AND BUYANG LI

In order to estimate ‖ω2
j pm‖2L2(ΩS) on the right-hand side above, we replace ω1

j by ω2
j

in (3.29) and multiply the first equation of (3.29) by ~v − ~c with a constant vector ~c
to obtain

|(ω2
j pm,∇ · ~v)| =

∣∣∣∣∣(2νD(ω
2
j
~Gm),D(~v)) + (δ1,m, δ2,m) · 1

|ΩS |

∫

ΩS

ω2
j (~v(x)− c) dx

+ (2νD(~Gm)∇ω2
j − pm∇ω2

j , ~v − ~c) + (ν ~Gm ⊗s ∇ω2
j ,∇~v)

∣∣∣∣∣

≤C‖D(ω2
j
~Gm)‖L2(ΩS)‖D(~v)‖L2(ΩS) + ‖~v − ~c‖L2(ΩS)

+ Cρ−1
j (‖∇~Gm‖L2,∞(ΩS) + ‖pm‖L2,∞(ΩS))‖~v − ~c‖L2,1(B3

j,k)

+ Cρ−1
j ‖~Gm‖L2(B3

j,k)
‖∇~v‖L2(ΩS)

≤C(ε‖ω2
j pm‖L2(ΩS) + Cε−1‖~Gm‖L∞(B3

j,k)
+ C)

‖∇~v‖L2(ΩS) + C‖~v − ~c‖L2,1(B′

j,k)

+ Cρ−1
j (‖∇~Gm‖L2,∞(ΩS) + ‖pm‖L2,∞(ΩS))‖~v − ~c‖L2,1(B′

j,k)

+ C‖~Gm‖L∞(B3
j,k)

‖∇~v‖L2(ΩS),(3.34)

where we extend ~v to be zero outside ΩS for any ~v ∈ H1
0 (ΩS), use the duality between

the two Lorentz spaces L2,∞(B3
j,k) and L2,1(B3

j,k), and substitute (3.33) into the

inequality above in estimating ‖D(ω2
j
~Gm)‖L2(ΩS). By choosing ~c = 1

|B′

j,k|
∫
B′

j,k
~v dx,

we have

‖~v − ~c‖L2,1(B′

j,k)
≤ C‖1‖

L6, 3
2 (B′

j,k)
‖~v − ~c‖L3(B′

j,k)
≤ C|B′

j,k|
1
6 ‖~v − ~c‖L3(B′

j,k)

≤ Cρ
1
3

j ‖~v − ~c‖L3(B′

j,k)
≤ Cρj‖∇~v‖L2(B′

j,k)
≤ Cρj‖∇~v‖L2(ΩS),(3.35)

where the first inequality uses Hölder’s inequality for the Lorentz spaces (cf. [52,
Proposition 5.1.1]); the second inequality uses such basic property of the Lorentz

space as ‖1‖
L6, 3

2 (B′

j,k)
≤ C|B′

j,k|
1
6 , with |B′

j,k| denoting the area of the ball B′
j,k (cf.

[37, Example 1.4.8]); and the fourth inequality is due to the (3, 2)-type Poincáre
inequality (cf. [10, Theorem 5.1]).

Since ‖∇~Gm‖L2,∞(ΩS) + ‖pm‖L2,∞(ΩS) ≤ C (cf. [70, Theorem 1.1]), then (3.34)
and (3.35) lead to

|(ω2
j pm,∇ · ~v)| ≤

(
Cε‖ω2

j pm‖L2(ΩS) + Cε−1‖~Gm‖L∞(B3
j,k)

+ C(3.36)

+ C‖~Gm‖L∞(B3
j,k)

)
‖∇~v‖L2(ΩS).

Applying the inf-sup condition (2.11) to the last inequality yields

‖ω2
j pm‖L2(ΩS) ≤

(
Cε‖ω2

j pm‖L2(ΩS) + Cε−1‖~Gm‖L∞(B3
j,k)

+ C + C‖~Gm‖L∞(B3
j,k)

)
.

(3.37)

By choosing a sufficiently small ε, the last inequality implies

‖ω2
j pm‖L2(ΩS) ≤C‖~Gm‖L∞(B3

j,k)
+ C,(3.38)
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which together with (3.33) implies

‖∇(ω2
j
~Gm)‖L2(ΩS) + ‖ω2

j pm‖L2(ΩS) ≤ C‖~Gm‖L∞(B3
j,k)

+ C.(3.39)

Plugging (3.39) into (3.30) and using the definitions of ~Gm, ωl
j , and Bl

j,k with the

property B1
j,k ⊂ B2

j,k ⊂ B3
j,k, we obtain

‖~Gm‖H2(Bj,k∩ΩS) + ‖∇pm‖L2(Bj,k∩ΩS) ≤ Cρ−1
j ‖~Gm(·, x0)(3.40)

− ~Gm(y0, x0)‖L∞(B′

j,k∩ΩS) + Cρ−1
j .

A fundamental pointwise estimate for the Green function is (see [70, Theorem 1.1],
which also holds for the regularized Green function)

| ~Gm(x, x0)− ~Gm(y0, x0)| ≤
C|x− y0|α
|x0 − y0|α

when |x0 − y0| > 2|x− y0|.(3.41)

Since (3.26) leads to dist(B′
j,k, x0) ≥ ρj/3 = 4 radius(B′

j,k), it follows that |x0 − y0| >
2|x−y0| when x ∈ B′

j,k. Hence, (3.41) implies that ‖~Gm(·, x0)− ~Gm(y0, x0)‖L∞(B′

j,k∩ΩS)

≤ C. Then (3.40) implies

‖~Gm‖H2(Bj,k∩ΩS) + ‖pm‖H1(Bj,k∩ΩS) ≤ Cρ−1
j , k = 1, 2, . . . ,M.(3.42)

By summing up the estimate above for k = 1, 2, . . . ,M , we obtain (3.23).
When κ is large enough, such as κ = 32, Ω′

j , Ω
′′
j , and Ω′′′

j (j = 0, 1, . . . , J) also
have no intersection with the element Kx0

. Then based on the definition (3.22), (3.23)
is also true if Ωj is replaced by Ω′

j or Ω′′
j .

Remark 3.3. In the proof of Lemma 3.2, we have estimated ~Gm := ~Gm(·, x0) −
~Gm(y0, x0) by subtracting ~Gm(y0, x0) from the solution ~Gm(·, x0). This makes it
possible to control the right-hand side of (3.40) by using the local Hölder continuity

estimate (3.41). Without subtracting the constant ~Gm(y0, x0), we can only have

‖~Gm‖H2(Bj,k∩ΩS) + ‖∇pm‖L2(Bj,k∩ΩS) ≤ Cρ−1
j ‖~Gm(·, x0)‖L∞(B′

j,k∩ΩS) + Cρ−1
j

instead of (3.40). In this case, the best estimate for the right-hand side above is

‖~Gm(·, x0)‖L∞(B′

j,k∩ΩS) ≤ C ln(2 + 1/h),

which is logarithmically worse than the estimate (3.42) proved in Lemma 3.2.

3.2. Two estimates. In order to prove Theorem 3.1, we also need the following
two lemmas. The first one is concerned with the existence of a “Fortin projection
operator” [35, 40].

Lemma 3.4. There exists a positive constant κ, independent of the mesh size h,
such that there exists a local projection operator Πh : ~H1(ΩS) → ~V r

h (ΩS), called the
Fortin projection, satisfying

(∇ · (~v −Πh~v), qh) = 0 ∀~v ∈ ~H1(ΩS), qh ∈ V r−1
h (ΩS)(3.43)

‖~v −Πh~v‖Hs(Ωj) ≤ Chl−s|~v|Hl(Ω′

j)
∀~v ∈ ~H l(ΩS), s = 0, 1, 1 ≤ l ≤ r + 1(3.44)

‖~v −Πh~v‖Hs(ΩS) ≤ Chl−s|~v|Hl(ΩS) ∀~v ∈ ~H l(ΩS) s = 0, 1, 1 ≤ l ≤ r + 1(3.45)
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‖Πh~v‖H1(ΩS) ≤ C‖~v‖H1(ΩS) ∀~v ∈ ~H1(ΩS),(3.46)

‖~v −Πh~v‖L∞(Ωj) ≤ Chl|~v|W l,∞(Ω′

j)
∀~v ∈ ~W l,∞(ΩS) 1 ≤ l ≤ r + 1(3.47)

and there exists a local projection operator Ih : H1(ΩS) → V r
h (ΩS) such that

‖q − Ihq‖W s,p(Ωj) ≤ Chl−s|~v|W l,p(Ω′

j)
∀~v ∈ ~W l,p(ΩS)(3.48)

for all 1 ≤ p ≤ ∞ and 0 ≤ s ≤ 1 ≤ l ≤ r + 1.

Remark 3.5. The Fortin projection satisfies Πh~vh = ~vh for ~vh ∈ ~V r
h (ΩS) (see

[40, proofs of Theorems 3.7 and 4.1]). Let Lh denote the Lagrange interpolation
operator. Lemma 3.4 implies the local superapproximation property: If ω̃ = 0 outside
a subdomain D of ΩS and |∂αω̃| ≤ Cαρ

−|α| for all multi-indices α and any positive
number ρ ≥ h, then by using (3.46), the Lagrange interpolation error, and the inverse
inequality, we have

‖ω̃~vh −Πh(ω̃~vh)‖H1(ΩS) = ‖ω̃~vh − Lh(ω̃~vh)−Πh(ω̃~vh − Lh(ω̃~vh))‖H1(ΩS)

≤ C‖ω̃~vh − Lh(ω̃~vh)‖H1(ΩS)

≤
∑

|α|+|β|=r+1
and |β|≤r

Chr‖∂αω̃∂β~vh‖L2(ΩS)

≤ C
∑

|α|+|β|=r+1
1≤|β|≤r

ρ−|α|hr+1−|β|‖∇~vh‖L2(D)

+ Cρ−r−1hr‖~vh‖L2(D)

= C
∑

|α|+|β|=r+1
1≤|β|≤r

(h/ρ)r−|β|hρ−1‖∇~vh‖L2(D)

+ C(h/ρ)r−1hρ−2‖~vh‖L2(D)

≤ Chρ−1‖∇~vh‖L2(D) + Chρ−2‖~vh‖L2(D) ∀~vh ∈ ~V r
h (ΩS).(3.49)

Similarly, we have

‖ω̃ϕh − Lh(ω̃ϕh)‖L2(ΩS) ≤ Chρ−1‖ϕh‖L2(D) ∀ϕh ∈ V r−1
h (ΩS).(3.50)

We are going to choose D = Ω′
j and ρ = ρj in the following proof.

The second lemma is a local energy error estimate with stress boundary condition.
Similar local energy error estimates have been proved for the Stokes problem with
Dirichlet boundary condition in [39]. Here we will prove it for the stress boundary
condition.

Lemma 3.6 (local energy error estimates). The following inequality holds for
any ε ∈ (0, 1):

‖∇( ~Gm − ~Gh,m)‖L2(Ωj) + ‖pm − ph,m‖L2(Ωj)

(3.51)

≤ε
(
‖∇( ~Gm − ~Gh,m)‖L2(Ω′

j)
+ ‖pm − ph,m‖L2(Ω′

j)

)
+ Cε−1‖∇( ~Gm −Πh

~Gm)‖L2(Ω′

j)

+ Cε−1‖pm − Ihpm‖L2(Ω′

j)
+Cε−1ρ−1

j

(
‖~Gm −Πh

~Gm‖L2(Ω′

j)
+ ‖~Gm − ~Gh,m‖L2(Ω′

j)

)
,

where j = 1, 2, . . . , J .



RITZ PROJECTION AND BDFs FOR STOKES–DARCY MODEL 411

Proof. Let ω be a smooth cutoff function which equals 0 outside Ω′
j but equals 1

on Ωj with

(3.52) |∂αω| ≤ Cαρ
−|α|
j

for all multi-indices α. Then by using the definition of ω, Korn’s inequality (see [47]),
the product rule, the triangle inequality, ω = 0 outside Ω′

j , and (3.52), we have

‖∇( ~Gm − ~Gh,m)‖L2(Ωj) ≤ ‖∇[ω( ~Gm − ~Gh,m)]‖2L2(ΩS)

(3.53)

≤ C
(
‖D[ω( ~Gm − ~Gh,m)]‖2L2(ΩS) + ‖ω( ~Gm − ~Gh,m)‖2L2(ΩS)

)

≤ C
(
‖ωD( ~Gm − ~Gh,m)‖2L2(ΩS)

+ ‖( ~Gm − ~Gh,m)∇ω‖2L2(Ω′

j)
+ ‖ω( ~Gm − ~Gh,m)‖2L2(Ω′

j)

)

≤ C
(
‖ωD( ~Gm − ~Gh,m)‖2L2(ΩS) + ρ−2

j ‖~Gm − ~Gh,m‖2L2(Ω′

j)

)
.

Hence, we need to estimate ‖ωD( ~Gm − ~Gh,m)‖L2(ΩS) as follows. Using the Cauchy–
Schwarz inequality, the product rule, and Young’s inequality, we obtain

2ν‖ωD( ~Gm − ~Gh,m)‖2L2(ΩS)

(3.54)

=(2νω2
D( ~Gm − ~Gh,m),D( ~Gm − ~Gh,m))

=(2νω2
D( ~Gm − ~Gh,m),D( ~Gm −Πh

~Gm)) + (2νω2
D( ~Gm − ~Gh,m),D(Πh

~Gm − ~Gh,m))

≤ν‖ωD( ~Gm − ~Gh,m)‖2L2(ΩS) + ν‖ωD( ~Gm −Πh
~Gm)‖2L2(ΩS)

+ (2νD( ~Gm − ~Gh,m),D[ω2(Πh
~Gm − ~Gh,m)])

− (2νωD( ~Gm − ~Gh,m), (Πh
~Gm − ~Gh,m)⊗s ∇ω).

The first term on the right-hand side can be absorbed by the left-hand side. Thus,

ν‖ωD( ~Gm − ~Gh,m)‖2L2(ΩS)

≤ν‖ωD( ~Gm −Πh
~Gm)‖2L2(ΩS) + (2νD( ~Gm − ~Gh,m),D[ω2(Πh

~Gm − ~Gh,m)])

− (2νωD( ~Gm − ~Gh,m), (Πh
~Gm − ~Gh,m)⊗s ∇ω).(3.55)

In order to estimate (2νD( ~Gm − ~Gh,m),D[ω2(Πh
~Gm − ~Gh,m)]) by using the local su-

perapproximation properties (3.49)–(3.50), we consider the following error equations,
which can be obtained from (3.16)–(3.18) and (δ̃ − δh, ~vh) = ~vh(x0)− ~vh(x0) = 0:

(2νD( ~Gm − ~Gh,m),D(~vh))− (pm − ph,m,∇ · ~vh) = 0 ∀~vh ∈ ~V r
h (ΩS)(3.56)

(∇ · ( ~Gm − ~Gh,m), qh) = 0 ∀ qh ∈ V r−1
h (ΩS).(3.57)

Choosing ~vh = Πh(ω
2(Πh

~Gm − ~Gh,m)) in (3.56), we obtain

− (2νD( ~Gm − ~Gh,m),D[Πh(ω
2(Πh

~Gm − ~Gh,m))])

+ (pm − Ihpm,∇ ·
[
Πh(ω

2(Πh
~Gm − ~Gh,m))

]
)

+ (Ihpm − ph,m,∇ ·
[
Πh(ω

2(Πh
~Gm − ~Gh,m))

]
) = 0.(3.58)
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Adding (3.58) to (3.55), we obtain

ν‖ωD( ~Gm − ~Gh,m)‖2L2(ΩS) ≤ ν‖ωD( ~Gm −Πh
~Gm)‖2L2(ΩS)

+ (2νD( ~Gm − ~Gh,m),D[ω2(Πh
~Gm − ~Gh,m)

−Πh(ω
2(Πh

~Gm − ~Gh,m))])

+ (pm − Ihpm,∇ · [Πh(ω
2(Πh

~Gm − ~Gh,m))])

+ (Ihpm − pm,h,∇ · [Πh(ω
2(Πh

~Gm − ~Gh,m))])

− (2νωD( ~Gm − ~Gh,m), (Πh
~Gm − ~Gh,m)⊗s ∇ω])

=: I1 + I2 + I3 + I4 + I5.(3.59)

Now we need to estimate Ii (i = 1, . . . , 5) and then plug (3.59) back into (3.53). First,
we have

Ch‖D( ~Gm − ~Gh,m)‖L2(Ω′

j)

(3.60)

≤ Ch‖∇( ~Gm −Πh
~Gm)‖L2(Ω′

j)
+ Ch‖∇(Πh

~Gm − ~Gh,m)‖L2(Ω′

j)

≤ Ch‖∇( ~Gm −Πh
~Gm)‖L2(Ω′

j)
+ C‖Πh

~Gm − ~Gh,m‖L2(Ω′

j)
(by inverse inequality)

≤ Ch‖∇( ~Gm −Πh
~Gm)‖L2(Ω′

j)
+ C‖Πh

~Gm − ~Gm‖L2(Ω′

j)
+ C‖~Gm − ~Gh,m‖L2(Ω′

j)
.

Choose ~vh = Πh
~Gm − ~Gh,m, ω̃ = ω2, D = Ω′

j , and ρ = ρj in the local superap-
proximation properties (3.49)–(3.50). Using ω = 0 outside Ω′

j , the Cauchy–Schwarz
inequality, (3.49), (3.60), Young’s inequality, (3.46), the product rule, the triangle
inequality, (3.52), (3.43), (3.57), and (3.50), we have the following estimates for the
right-hand side of (3.59):

I1 =C‖ωD( ~Gm −Πh
~Gm)‖2L2(ΩS) ≤ C‖∇( ~Gm −Πh

~Gm)‖2L2(Ω′

j)
(3.61)

I2 =|(2νD( ~Gm − ~Gh,m),D[ω2(Πh
~Gm − ~Gh,m)−Πh(ω

2(Πh
~Gm − ~Gh,m))])|

(3.62)

≤C‖D( ~Gm − ~Gh,m)‖L2(ΩS)‖D[ω2(Πh
~Gm − ~Gh,m)−Πh(ω

2(Πh
~Gm − ~Gh,m))]‖L2(ΩS)

≤Ch‖D( ~Gm − ~Gh,m)‖L2(Ω′

j)
(ρ−1

j ‖∇(Πh
~Gm − ~Gh,m)‖L2(Ω′

j)

+ ρ−2
j ‖Πh

~Gm − ~Gh,m‖L2(Ω′

j)
) (by (3.49))

≤Ch‖D( ~Gm − ~Gh,m)‖L2(Ω′

j)
(ρ−1

j ‖∇(Πh
~Gm − ~Gm)‖L2(Ω′

j)

+ ρ−1
j ‖∇( ~Gm − ~Gh,m)‖L2(Ω′

j)

+ ρ−2
j ‖Πh

~Gm − ~Gm‖L2(Ω′

j)
+ ρ−2

j ‖~Gm − ~Gh,m‖L2(Ω′

j)

≤ρ−1
j

(
Ch‖∇( ~Gm −Πh

~Gm)‖L2(Ω′

j)
+ C‖Πh

~Gm −Gm‖L2(Ω′

j)

+ C‖~Gm − ~Gh,m‖L2(Ω′

j)

)

·
(
‖∇(Πh

~Gm − ~Gm)‖L2(Ω′

j)
+ ‖∇( ~Gm − ~Gh,m)‖L2(Ω′

j)
+ ρ−1

j ‖Πh
~Gm − ~Gm‖L2(Ω′

j)

+ ρ−1
j ‖~Gm − ~Gh,m‖L2(Ω′

j)

)
(by (3.60))
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≤
(
Cε−1h2ρ−2

j ‖∇( ~Gm −Πh
~Gm)‖2L2(Ω′

j)
+ Cε−1ρ−2

j ‖Πh
~Gm −Gm‖2L2(Ω′

j)

+ Cε−1ρ−2
j ‖~Gm − ~Gh,m‖2L2(Ω′

j)

)
+
(
ε‖∇(Πh

~Gm − ~Gm)‖2L2(Ω′

j)

+ ε‖∇( ~Gm − ~Gh,m)‖2L2(Ω′

j)
+ ερ−2

j ‖Πh
~Gm − ~Gm‖2L2(Ω′

j)

+ ερ−2
j ‖~Gm − ~Gh,m‖2L2(Ω′

j)

)

I3 =|(pm − Ihpm,∇ · [Πh(ω
2(Πh

~Gm − ~Gh,m))])|
(3.63)

≤‖pm − Ihpm‖L2(ΩS)‖∇ · [Πh(ω
2(Πh

~Gm − ~Gh,m))]‖L2(ΩS)

≤C‖pm − Ihpm‖L2(ΩS)‖∇[ω2(Πh
~Gm − ~Gh,m))]‖L2(ΩS) (by (3.46))

≤C‖pm − Ihpm‖L2(Ω′

j)
‖∇[ω(Πh

~Gm − ~Gh,m)]‖L2(Ω′

j)

+ ρ−1
j ‖ω(Πh

~Gm − ~Gh,m)‖L2(Ω′

j)
)

(by product rule, triangle inequality, (3.52), and ω = 0 outside Ω′
j)

≤C‖pm − Ihpm‖L2(Ω′

j)
(‖∇(Πh

~Gm − ~Gm)‖L2(Ω′

j)
+ ‖∇[ω( ~Gm − ~Gh,m)]‖L2(Ω′

j)

+ ρ−1
j ‖(Πh

~Gm − ~Gm)‖L2(Ω′

j)
+ ρ−1

j ‖( ~Gm − ~Gh,m)‖L2(Ω′

j)
),

≤Cε−1‖pm − Ihpm‖2L2(Ω′

j)
+
(
ε‖∇(Πh

~Gm − ~Gm)‖2L2(Ω′

j)

+ ε‖∇[ω( ~Gm − ~Gh,m)]‖2L2(Ω′

j))

+ ερ−2
j ‖Πh

~Gm − ~Gm‖2L2(Ω′

j)
+ ερ−2

j ‖~Gm − ~Gh,m‖2L2(Ω′

j)

)

I4 =|(Ihpm − pm,h,∇ · [Πh(ω
2(Πh

~Gm − ~Gh,m))])|
(3.64)

=|(Ihpm − pm,h,∇ · [ω2(Πh
~Gm − ~Gh,m)])|

=|(Ihpm − pm,h, ω
2∇ · (Πh

~Gm − ~Gh,m) + 2ω∇ω · (Πh
~Gm − ~Gh,m))|

(by product rule)

=|(ω2(Ihpm − pm,h)− Lh[ω
2(Ihpm − pm,h)],∇ · (Πh

~Gm − ~Gh,m))

(by (3.43) and (3.57))

+ (Ihpm − pm,h, 2ω∇ω · (Πh
~Gm − ~Gh,m))|

≤Chρ−1
j ‖Ihpm − pm,h‖L2(Ω′

j)
‖∇ · (Πh

~Gm − ~Gh,m)‖L2(Ω′

j)

+ Cρ−1
j ‖Ihpm − pm,h‖L2(Ω′

j)
‖Πh

~Gm − ~Gh,m‖L2(Ω′

j)

(by (3.50), (3.52) and ω = 0 outside Ω′
j)

≤Cρ−1
j ‖Ihpm − pm,h‖L2(Ω′

j)
‖Πh

~Gm − ~Gh,m‖L2(Ω′

j)
(by inverse inequality)

≤Cρ−1
j (‖Ihpm − pm‖L2(Ω′

j)
+ ‖pm − pm,h‖L2(Ω′

j)
)

· (‖Πh
~Gm − ~Gm‖L2(Ω′

j)
+ ‖~Gm − ~Gh,m‖L2(Ω′

j)
)

≤ε‖pm − pm,h‖2L2(Ω′

j)
+
(
Cε−1ρ−2

j ‖Πh
~Gm − ~Gm‖2L2(Ω′

j)

+Cε−1ρ−2
j ‖~Gm − ~Gh,m‖2L2(Ω′

j)

)
+ Cε−1‖Ihpm − pm‖2L2(Ω′

j)

+
(
ερ−2

j ‖Πh
~Gm − ~Gm‖2L2(Ω′

j)
+ ερ−2

j ‖~Gm − ~Gh,m‖2L2(Ω′

j)

)



414 MAX GUNZBURGER, XIAOMING HE, AND BUYANG LI

I5 = |(2νωD( ~Gm − ~Gh,m), (Πh
~Gm − ~Gh,m)⊗s ∇ω])|(3.65)

≤ Cρ−1
j ‖∇( ~Gm − ~Gh,m)‖L2(Ω′

j)
‖Πh

~Gm − ~Gh,m‖L2(Ω′

j)

≤ ε‖∇( ~Gm − ~Gh,m)‖2L2(Ω′

j)
+ Cε−1ρ−2

j ‖Πh
~Gm − ~Gh,m‖2L2(Ω′

j)

≤ ε‖∇( ~Gm − ~Gh,m)‖2L2(Ω′

j)
+ Cε−1ρ−2

j ‖Πh
~Gm − ~Gm‖2L2(Ω′

j)

+ Cε−1ρ−2
j ‖~Gm − ~Gh,m‖2L2(Ω′

j)

where ε ∈ (0, 1) is arbitrary. Since ρj = diam(ΩS)2
−j , j = 0, 1, 2, . . . , J , and ρJ ∼ κh,

we have hρ−1
j ≤ C. Plugging (3.61)–(3.65) into (3.59), plugging (3.59) into (3.53),

and using hρ−1
j ≤ C and ω = 0 outside Ω′

j , we obtain

‖∇[ω( ~Gm − ~Gh,m)]‖2L2(ΩS) ≤ ε‖∇[ω( ~Gm − ~Gh,m)]‖2L2(ΩS) + ε‖pm − pm,h‖2L2(Ω′

j)

+ ε‖∇( ~Gm − ~Gh,m)‖2L2(Ω′

j)

+ Cε−1‖pm − Ihpm‖2L2(Ω′

j)

+ Cε−1‖∇( ~Gm −Πh
~Gm)‖2L2(Ω′

j)

+ Cε−1ρ−2
j ‖~Gm −Πh

~Gm‖2L2(Ω′

j)

+ Cε−1ρ−2
j ‖~Gm − ~Gh,m‖2L2(Ω′

j)
.(3.66)

When ε is chosen to be small enough such that 0 < ε
1−ε < 1, the term ε‖∇[ω( ~Gm −

~Gh,m)]‖2L2(ΩS) can be absorbed by the left-hand side of (3.66) since ε
1−ε can be defined

to be a new ε in the following proof. Furthermore, ω was defined as a smooth cutoff
function which equals 0 outside Ω′

j but equals 1 on Ωj . Then the inequality above
and (3.53) lead to

‖∇( ~Gm − ~Gh,m)‖2L2(Ωj)
≤ ‖∇[ω( ~Gm − ~Gh,m)]‖2L2(ΩS)

≤ ε‖pm − pm,h‖2L2(Ω′

j)
+ ε‖∇( ~Gm − ~Gh,m)‖2L2(Ω′

j)

+ Cε−1‖pm − Ihpm‖2L2(Ω′

j)
+ Cε−1‖∇( ~Gm −Πh

~Gm)‖2L2(Ω′

j)

+ Cε−1ρ−2
j ‖~Gm −Πh

~Gm‖2L2(Ω′

j)

+ Cε−1ρ−2
j ‖~Gm − ~Gh,m‖2L2(Ω′

j)
.(3.67)

This proves the estimate of ‖∇( ~Gm − ~Gh,m)‖L2(Ωj) in Lemma 3.6.
It remains to prove the estimate of ‖pm−ph,m‖L2(Ωj) in Lemma 3.6. To this end,

we consider (3.56) with ~vh ∈ ~V r
h (ΩS) such that supp(~vh) ⊂ Ωj . For such ~vh, (3.56)

leads to

|(Ihpm − ph,m,∇ · ~vh)| = |(2νD( ~Gm − ~Gh,m),D(~vh))− (pm − Ihpm,∇ · ~vh)|
≤ C(‖∇( ~Gm − ~Gh,m)‖L2(Ωj)

+ ‖pm − Ihpm‖L2(Ωj))‖∇(~vh)‖L2(Ωj).(3.68)

Then the local inf-sup condition [35, Lemma 3.1] implies

‖Ihpm − ph,m‖L2(Ωj) ≤ C(‖∇( ~Gm − ~Gh,m)‖L2(Ωj) + ‖pm − Ihpm‖L2(Ωj)).(3.69)
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Substituting (3.67) into (3.69) and using the triangle inequality

‖pm − ph,m‖L2(Ωj) ≤ ‖pm − Ihpm‖L2(Ωj) + ‖Ihpm − ph,m‖L2(Ωj),

we obtain the estimate of ‖pm − ph,m‖L2(Ωj) and hence complete the proof of
Lemma 3.6.

3.3. Proof of Theorem 3.1. The L2 and H1 estimates in (3.7) are standard
once we have the H2 estimate (2.25). This subsection is devoted to the maximum-
norm error estimate (3.8), for which we need to investigate the error at an arbitrary
point x0 by using the properties of the regularized/discrete delta function and equa-
tions (3.16)–(3.17) of the regularized Green function and discrete Green function.

Denote ~u by (u1, u2) and ~uh by (uh,1, uh,2), and denote δh as the L2 projection

of δ̃ onto the finite element space V r
h . Then by the definition of δh and (δ1,m, δ2,m),

we have
∣∣∣∣uh,m(x0)− (Πh~u)m(x0)−

1

|ΩS |

∫

ΩS

(uh,m(x)− (Πh~u)m(x)) dx

∣∣∣∣

=
∣∣∣
((

δh − 1
|ΩS |

)
(δ1,m, δ2,m), ~uh −Πh~u

)∣∣∣

=|(2νD( ~Gh,m),D(~uh −Πh~u))− (ph,m,∇ · (~uh −Πh~u))|
(by (3.17) with ~vh = ~uh −Πh~u)

=|(2νD( ~Gh,m),D(~u−Πh~u))− (2νD( ~Gh,m),D(~u− ~uh))

+ (ph,m,∇ · (~u− ~uh))− (ph,m,∇ · (~u−Πh~u))|.

Choosing ~vh = ~Gh,m in (3.11), we have

(2νD( ~Gh,m),D(~u− ~uh)) = (p− ph,∇ · ~Gh,m).

Choosing qh = ph,m in (3.12) and (3.43), we have

(ph,m,∇ · (~u− ~uh)) = 0 and (ph,m,∇ · (~u−Πh~u)) = 0.

Using the above three equations, we have
∣∣∣∣uh,m(x0)− (Πh~u)m(x0)−

1

|ΩS |

∫

ΩS

(uh,m(x)− (Πh~u)m(x)) dx

∣∣∣∣

=|(2νD( ~Gh,m),D(~u−Πh~u))− (p− ph,∇ · ~Gh,m)|
=|(2νD( ~Gh,m),D(~u−Πh~u)) + (p− Ihp,∇ · ( ~Gm − ~Gh,m))|

(by (3.57) and ∇ · ~Gm = 0 of (3.16))

=
∣∣∣(2νD( ~Gh,m − ~Gm),D(~u−Πh~u))

+(p− Ihp,∇ · ( ~Gm − ~Gh,m)) + (2νD( ~Gm),D(~u−Πh~u))
∣∣∣ .

By using (3.16) with test function ~u−Πh~u and (3.43), we have

(2νD( ~Gm),D(~u−Πh~u))

=(pm,∇ · (~u−Πh~u)) + um(x0)− (Πh~u)m(x0)−
1

|ΩS |

∫

ΩS

(um(x)− (Πh~u)m(x)) dx
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=(pm − Ihpm,∇ · (~u−Πh~u)) + um(x0)− (Πh~u)m(x0)

− 1

|ΩS |

∫

ΩS

(um(x)− (Πh~u)m(x)) dx.

By using the last two equations, Hölder’s inequality, and Lemma 3.4, we obtain

∣∣∣∣uh,m(x0)− (Πh~u)m(x0)−
1

|ΩS |

∫

ΩS

(uh,m(x)− (Πh~u)m(x)) dx

∣∣∣∣

(3.70)

=

∣∣∣∣(2νD( ~Gh,m − ~Gm),D(~u−Πh~u)) + (p− Ihp,∇ · ( ~Gm − ~Gh,m))

+ (pm − Ihpm,∇ · (~u−Πh~u)) + um(x0)− (Πh~u)m(x0)

− 1

|ΩS |

∫

ΩS

(um(x)− (Πh~u)m(x)) dx

∣∣∣∣

≤C‖∇( ~Gh,m − ~Gm)‖L1(ΩS)

(
‖∇(~u−Πh~u)‖L∞(ΩS) + ‖p− Ihp‖L∞(ΩS)

)

+ C‖pm − Ihpm‖L1(ΩS)‖∇(~u−Πh~u)‖L∞(ΩS) + C‖~u−Πh~u‖L∞(ΩS)

≤C‖∇( ~Gh,m − ~Gm)‖L1(ΩS)(‖~u‖Wk+1,∞(ΩS) + ‖p‖Wk,∞(ΩS))h
k

+ C‖pm − Ihpm‖L1(ΩS)(‖~u‖Wk+1,∞(ΩS) + ‖p‖Wk,∞(ΩS))h
k + C‖~u‖Wk+1,∞(ΩS)h

k+1.

By using the decomposition ΩS=∪J
j=0Ωj(x0)∪Ω∗(x0) introduced in (3.20)–(3.21), the

definition of
∑

j,∗, the Cauchy–Schwarz inequality, (3.48), (3.23), J=[log2(diam(ΩS)/
(κh))], ρJ ∼ κh, (3.7), and (3.24), we have

‖Ihpm − pm‖L1(ΩS) ≤ C
∑

j,∗
‖1‖L2(Ωj)‖Ihpm − pm‖L2(Ωj)

≤ C
∑

j,∗
ρj‖Ihpm − pm‖L2(Ωj)

≤ C
∑

j,∗
ρjh‖pm‖H1(Ω′

j)
≤ C

∑

j,∗
h ≤ CJh ≤ Ch

∣∣∣ ln
C

κh

∣∣∣(3.71)

and

‖∇( ~Gh,m − ~Gm)‖L1(ΩS) ≤ C
∑

j,∗
ρj‖∇( ~Gh,m − ~Gm)‖L2(Ωj)

≤ Cκh‖∇( ~Gh,m − ~Gm)‖L2(Ω∗)

+ C
∑

j

ρj‖∇( ~Gh,m − ~Gm)‖L2(Ωj)

≤ Cκh2(‖~Gm‖H2(ΩS) + ‖pm‖H1(ΩS))

+ C
∑

j

ρj‖∇( ~Gh,m − ~Gm)‖L2(Ωj)

≤ Cκh+ C
∑

j

ρj‖∇( ~Gh,m − ~Gm)‖L2(Ωj).(3.72)
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By using the Cauchy–Schwarz inequality, (3.7), and (3.45), we obtain
(3.73)∣∣∣∣
∫

ΩS

(uh,m(x)− (Πh~u)m(x)) dx

∣∣∣∣ ≤ C‖uh,m− (Πh~u)m‖L2(ΩS) ≤ Chk+1‖u‖Hk+1(ΩS).

Substituting the last three estimates into (3.70) yields
∣∣uh,m(x0)− (Πh~u)m(x0)

∣∣ ≤Chk+1‖u‖Hk+1(ΩS)

+ Cκh
k+1

∣∣∣ ln
C

κh

∣∣∣(‖u‖Wk+1,∞(ΩS) + ‖p‖Wk,∞(ΩS))

+ Chk
(
‖u‖Wk+1,∞(ΩS) + ‖p‖Wk,∞(ΩS)

)

×
∑

j

ρj‖∇( ~Gh,m − ~Gm)‖L2(Ωj).(3.74)

It remains to prove that
∑

j

ρj‖∇( ~Gh,m − ~Gm)‖L2(Ωj) ≤ Ch| lnh|.(3.75)

To this end, we apply Lemma 3.6. Multiplying (3.51) by ρj and taking the summation
for j = 1, . . . , J on both sides, we obtain

∑

j

ρj

(
‖∇( ~Gm − ~Gh,m)‖L2(Ωj) + ‖pm − pm,h‖L2(Ωj)

)

≤ε
∑

j

ρj

(
‖∇( ~Gm − ~Gh,m)‖L2(Ω′

j)
+ ‖pm − pm,h‖L2(Ω′

j)

)

+
C

ε

∑

j

ρj

(
‖∇( ~Gm −Πh

~Gm)‖L2(Ω′

j)
+ C‖pm − Ihpm‖L2(Ω′

j)

)

+
C

ε

∑

j

(
‖~Gm −Πh

~Gm‖L2(Ω′

j)
+ ‖~Gm − ~Gh,m‖L2(Ω′

j)

)

≤3ε
∑

j

ρj

(
‖∇( ~Gm − ~Gh,m)‖L2(Ωj) + ‖pm − pm,h‖L2(Ωj)

)

+ εκh

(
‖∇( ~Gm − ~Gh,m)‖L2(Ω∗) + ‖pm − pm,h‖L2(Ω∗)

)

+
C

ε

∑

j

ρj

(
‖∇( ~Gm −Πh

~Gm)‖L2(Ω′

j)
+ C‖pm − Ihpm‖L2(Ω′

j)

)

+
C

ε

∑

j

(
‖~Gm −Πh

~Gm‖L2(Ω′

j)
+ ‖~Gm − ~Gh,m‖L2(Ω′

j)

)
.(3.76)

By fixing a sufficiently small ε, the first term on the right-hand side of (3.76) can be
absorbed by its left-hand side. Now we estimate the last three terms on the right-hand
side of (3.76). Recall that J = [log2(diam(ΩS)/(κh))] and

∑
j is the summation over

all Ωj (j = 1, . . . , J). Using (3.7), (3.19), and (3.22), we obtain

‖∇( ~Gm − ~Gh,m)‖L2(Ω∗) + ‖pm − pm,h‖L2(Ω∗)

≤ ‖∇( ~Gm − ~Gh,m)‖L2(ΩS) + ‖pm − pm,h‖L2(ΩS)

≤ Ch(‖~Gm‖H2(ΩS) + ‖pm‖H1(ΩS)).(3.77)
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and

∑

j

‖~Gm − ~Gh,m‖L2(Ω′

j)
≤ C



∑

j

12




1/2 

∑

j

‖~Gm − ~Gh,m‖2L2(Ω′

j)




1/2

≤ C(C + | lnh|)1/2‖~Gm − ~Gh,m‖L2(ΩS)

≤ C(C + | lnh|)1/2h2
(
‖~Gm‖H2(ΩS) + ‖pm‖H1(ΩS)

)
(3.78)

Using (3.44), (3.48), and (3.77)–(3.78), (3.76) becomes

∑

j

ρj

(
‖∇( ~Gm − ~Gh,m)‖L2(Ωj) + ‖pm − pm,h‖L2(Ωj)

)

≤Ch2
(
‖~Gm‖H2(ΩS) + ‖pm‖H1(ΩS)

)
+ C

∑

j

ρjh
(
‖~Gm‖H2(Ω′′

j )
+ ‖pm‖H1(Ω′′

j )

)

+ C
∑

j

h2‖~Gm‖H2(Ω′′

j )
+ C(C + | lnh|)1/2h2

(
‖~Gm‖H2(ΩS) + ‖pm‖H1(ΩS)

)
.(3.79)

Recall that J = [log2(diam(ΩS)/(κh))] and
∑

j is the summation over all Ωj (j =

1, . . . , J), excluding Ω∗. With Lemma 3.2 and hρ−1
j < C, (3.79) can be further

reduced to

∑

j

ρj

(
‖∇( ~Gm − ~Gh,m)‖L2(Ωj) + ‖pm − pm,h‖L2(Ωj)

)

≤Ch2h−1 + C
∑

j

ρjhρ
−1
j + C

∑

j

h2ρ−1
j + C(C + | lnh|)1/2h2h−1

≤Ch+ Ch| lnh|.(3.80)

This completes the proof of (3.8).

4. Proof of Theorem 2.1. In this section, we prove Theorem 2.1 based on the
Ritz-projection error estimate shown in the last section. The following lemma was
proved in [69] and has been recently introduced in [1, 4] to analyze high-order BDFs
for parabolic equations.

Lemma 4.1. For 1 ≤ k ≤ 5, there exists ηk ∈ (0, 1) and a symmetric positive
definite matrix G = (gij) ∈ R

k×k such that

(Dτ,kv
n+1)(vn+1 − ηkv

n) ≥ Dτ

( k−1∑

i,j=0

gijv
n+1−ivn+1−j

)
(4.1)

for n = k − 1, . . . , N − 1, where Dτf
n+1 := (fn+1 − fn)/τ .

Remark 4.2. Since the matrix (gij) is positive definite, there exists a positive
constant κ such that

k−1∑

i,j=0

gijv
n+1−ivn+1−j ≥ κ

k−1∑

i=0

|vn+1−i|2.(4.2)
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Second, we recall Korn’s inequality (see [47]):

‖∇~u‖L2(ΩS) ≤ C‖D(~u)‖L2(ΩS) + C

∣∣∣∣
∫

Ω

~u dx

∣∣∣∣.(4.3)

Considering (2.6)–(2.8) at tn+1 and using the definition of the projection operators
Rh,D and (Rh,S , Ph,S), we obtain

(
Dτ,kRh,Dφn+1

D , ϕh

)
ΩD

+
(
K∇Rh,Dφn+1

D ,∇ϕh

)
ΩD

+ (gRh,Dφn+1
D , ϕh)Γ

(4.4)

= −
(
Dτ,k(φ

n+1
D −Rh,Dφn+1

D ), ϕh

)
ΩD

− (g(φn+1
D −Rh,Dφn+1

D ), ϕh)Γ

+
(
fn+1
D , ϕh

)
ΩD

+
(
Iτ,kξ

n+1
D , ϕh

)
Γ
+
(
En+1

φ , ϕh

)

ΩD

+
(
En+1

ξ , ϕh

)

Γ

∀ ϕh ∈ V r
h (ΩD)

(
Dτ,kRh,S(~u

n+1
S , pn+1

S ), ~vh
)
ΩS

+ 2ν
(
D(Rh,S(~u

n+1
S , pn+1

S )),D(~vh)
)
ΩS

(4.5)

−
(
Ph,S(~u

n+1
S , pn+1

S ),∇ · ~vh
)
ΩS

+
(
Rh,S(~u

n+1
S , pn+1

S ) · ~nS , ~vh · ~nS

)
Γ

+
(
βRh,S(~u

n+1
S , pn+1

S ) · ~τ ,~vh · ~τ
)
Γ

= −
(
Dτ,k(~u

n+1
S −Rh,S(~u

n+1
S , pn+1

S )), ~vh
)
ΩS

−
(
(~un+1

S −Rh,S(~u
n+1
S , pn+1

S )) · ~nS , ~vh · ~nS

)
Γ

−
(
β(~un+1

S −Rh,S(~u
n+1
S , pn+1

S )) · ~τ ,~vh · ~τ
)
Γ

+
(
~fn+1
S , ~vh

)

ΩS

+
(
Iτ,kζ

n+1
S , ~vh · ~nS

)
Γ
+
(
En+1

u , ~vh
)
ΩS

+
(
En+1

ζ , ~vh · ~nS

)

Γ
∀ ~vh ∈ ~V r

h (ΩS)

(
∇ ·Rh,S(~u

n+1
S , pn+1

S ), qh
)
ΩS

= 0 ∀ qh ∈ V r−1
h (ΩS)

(4.6)

where En+1
φ = Dτ,kφ

n+1
D − ∂tφ

n+1
D , En+1

ξ = ξn+1
D − Iτ,kξ

n+1
D , En+1

u = Dτ,ku
n+1
S −

∂tu
n+1
S , and En+1

ζ = ζn+1
S − Iτ,kζ

n+1
S are truncation errors due to the time discretiza-

tion, satisfying that

‖En+1
φ ‖L2(ΩD) ≤ C‖∂k+1

t φD‖L∞(0,T ;L2(ΩD))τ
k(4.7)

‖En+1
ξ ‖L2(Γ) ≤ C‖∂k

t ξ‖L∞(0,T ;L2(Γ))τ
k(4.8)

‖En+1
u ‖L2(ΩS) ≤ C‖∂k+1

t ~uS‖L∞(0,T ;L2(ΩD))τ
k(4.9)

‖En+1
ζ ‖L2(Γ) ≤ C‖∂k

t ζ‖L∞(0,T ;L2(Γ))τ
k.(4.10)

Let

en+1
h,φ = φn+1

h −Rh,Dφn+1
D(4.11)

~en+1
h,u = ~un+1

h −Rh,S(~u
n+1
S , pn+1

S )(4.12)

en+1
h,p = pn+1

h − Ph,S(~u
n+1
S , pn+1

S ).(4.13)

Then the difference between (2.12)–(2.14) and (4.4)–(4.6) can be written as

(
Dτ,ke

n+1
h,φ , ϕh

)
ΩD

+
(
K∇en+1

h,φ ,∇ϕh

)
ΩD

+
(
gen+1

h,φ , ϕh

)
Γ

(4.14)

=
(
Dτ,kφ

n+1
D −Rh,DDτ,kφ

n+1
D , ϕh

)
ΩD

+ (g(φn+1
D −Rh,Dφn+1

D ), ϕh)Γ

+
(
Iτ,k(ξ

n+1
h − ξn+1

D ), ϕh

)
Γ
−
(
En+1

φ , ϕh

)
ΩD

−
(
En+1

ξ , ϕh

)
Γ
, ϕh ∈ V r

h (ΩD)
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(
Dτ,k~e

n+1
h,u , ~vh

)
ΩS

+ 2ν
(
D(~en+1

h,u ),D(~vh)
)
ΩS

−
(
en+1
h,p ,∇ · ~vh

)
ΩS

(4.15)

+
(
~en+1
h,u · ~nS , ~vh · ~nS

)
Γ
+
(
β~en+1

h,u · ~τ ,~vh · ~τ
)
Γ

=
(
Dτ,k(~u

n+1
S −Rh,S(~u

n+1
S , pn+1

S )), ~vh
)
ΩS

+
(
(~un+1

S −Rh,S(~u
n+1
S , pn+1

S )) · ~nS , ~vh · ~nS

)
Γ

+
(
β(~un+1

S −Rh,S(~u
n+1
S , pn+1

S )) · ~τ ,~vh · ~τ
)
Γ
+
(
Iτ,k(ζ

n+1
h − ζn+1

S ), ~vh · ~nS

)
Γ

−
(
En+1

u , ~vh
)
ΩS

−
(
En+1

ζ , ~vh · ~nS

)
Γ
, ~vh ∈ ~V r

h (ΩS)

(
∇ · ~en+1

h,u , qh
)
ΩS

= 0, qh ∈ V r−1
h (ΩS).

(4.16)

Choose ϕh = en+1
h,φ − ηke

n
h,φ in (4.14). We have the inequalities

(
K∇en+1

h,φ ,∇(en+1
h,φ − ηke

n
h,φ)

)
ΩD

=
(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

− ηk
(
K∇en+1

h,φ ,∇enh,φ
)
ΩD

≥
(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

− ηk

√(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

√(
K∇enh,φ,∇enh,φ

)
ΩD

≥
(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

− 1

2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

− η2k
2

(
K∇enh,φ,∇enh,φ

)
ΩD

=Dτ

(
τη2k
2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

)
+

1− η2k
2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

(4.17)

and

(
gen+1

h,φ , en+1
h,φ − ηke

n
h,φ

)
Γ
= g‖en+1

h,φ ‖2L2(Γ) − gηk
(
en+1
h,φ , enh,φ

)
Γ

≥ g‖en+1
h,φ ‖2L2(Γ) − gηk‖en+1

h,φ ‖L2(Γ)‖enh,φ‖L2(Γ)

≥ g‖en+1
h,φ ‖2L2(Γ) −

g

2
‖en+1

h,φ ‖2L2(Γ) −
η2kg

2
‖enh,φ‖2L2(Γ)

= Dτ

(
τη2kg

2
‖en+1

h,φ ‖2L2(Γ)

)
+

(1− η2k)g

2
‖en+1

h,φ ‖2L2(Γ).(4.18)

Using Lemma 4.1, (3.5), (3.9), and (4.17)–(4.18), we obtain

Dτ

( k−1∑

i,j=0

gij
(
en+1−i
h,φ , en+1−j

h,φ

)
ΩD

+
τη2k
2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

+
τη2kg

2
‖en+1

h,φ ‖2L2(Γ)

)
(4.19)

+
1− η23

2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

+
(1− η23)g

2
‖en+1

h,φ ‖2L2(Γ)

≤‖Dτ,kφ
n+1
D −Rh,DDτ,kφ

n+1
D ‖L2(ΩD)‖en+1

h,φ − ηke
n
h,φ‖L2(ΩD)

+ g‖φn+1
D −Rh,Dφn+1

D ‖L2(Γ)‖en+1
h,φ − ηke

n
h,φ‖L2(Γ)

+ ‖Iτ,k(ξn+1
h − ξn+1

D )‖L2(Γ)‖en+1
h,φ − ηke

n
h,φ‖L2(Γ)

+ ‖En+1
φ ‖L2(ΩD)‖en+1

h,φ − ηke
n
h,φ‖L2(ΩD) + ‖En+1

ξ ‖L2(Γ)‖en+1
h,φ − ηke

n
h,φ‖L2(Γ)

≤Chr+1‖en+1
h,φ − ηke

n
h,φ‖L2(ΩD) + Chr+1| lnh|‖en+1

h,φ − ηke
n
h,φ‖L2(Γ)

+ ‖Iτ,k(ξn+1
h − ξn+1

D )‖L2(Γ)‖en+1
h,φ − ηke

n
h,φ‖L2(Γ)
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+ Cτk‖en+1
h,φ − ηke

n
h,φ‖L2(ΩD) + Cτk‖en+1

h,φ − ηke
n
h,φ‖L2(Γ)

≤Cε−1(h2r+2| lnh|2 + τ2k) + Cε−1‖Iτ,k(ξn+1
h − ξn+1

D )‖2L2(Γ)

+ ε(‖en+1
h,φ − ηke

n
h,φ‖2L2(ΩD) + ‖en+1

h,φ − ηke
n
h,φ‖2L2(Γ)).

Choose ~vh = ~en+1
h,u − ηk~e

n
h,u in (4.15). We have the identity

(
en+1
h,p ,∇ · (~en+1

h,u − ηk~e
n
h,u)

)
ΩS

= 0(4.20)

and the inequalities s

2ν
(
D(~en+1

h,u ),D(~en+1
h,u − ηk~e

n
h,u)

)
ΩS

= 2ν
(
D(~en+1

h,u ),D(~en+1
h,u )

)
ΩS

− 2νηk
(
D(~en+1

h,u ),D(~enh,u)
)
ΩS

≥ 2ν‖D(~en+1
h,u )‖2L2(ΩS) − 2νηk‖D(~en+1

h,u )‖L2(ΩS)‖D(~enh,u)‖L2(ΩS)

≥ 2ν‖D(~en+1
h,u )‖2L2(ΩS) − ν‖D(~en+1

h,u )‖2L2(ΩS) − νη2k‖D(~enh,u)‖2L2(ΩS)

= Dτ

(
τνη2k‖D(~en+1

h,u )‖2L2(ΩS)

)
+ (1− η2k)ν‖D(~en+1

h,u )‖2L2(ΩS),(4.21)

(
β~en+1

h,u · τ, (~en+1
h,u − ηk~e

n
h,u) · τ

)
Γ

= β‖~en+1
h,u · τ‖2L2(Γ) − βηk

(
~en+1
h,u · τ, ~enh,u · τ

)
Γ

≥ β‖~en+1
h,u · τ‖2L2(Γ) − βηk‖~en+1

h,u · τ‖L2(Γ)‖~enh,u · τ‖2L2(Γ)

≥ β‖~en+1
h,u · τ‖2L2(Γ) −

β

2
‖~en+1

h,u · τ‖2L2(Γ) −
η2kβ

2
‖~enh,u · τ‖2L2(Γ)

= Dτ

(
τη2kβ

2
‖~en+1

h,u · τ‖2L2(Γ)

)
+

(1− η2k)β

2
‖~en+1

h,u · τ‖2L2(Γ),(4.22)

(
~en+1
h,u · ~nS , (~e

n+1
h,u − ηk~e

n
h,u) · ~nS

)
Γ

≥ Dτ

(
τη2k
2

‖~en+1
h,u · ~n‖2L2(Γ)

)
+

(1− η2k)

2
‖~en+1

h,u · ~nS‖2L2(Γ).(4.23)

Using Lemma 4.1, (3.7), (3.10), and (4.20)–(4.23), we can obtain

Dτ

( k−1∑

i,j=0

gij
(
~en+1−i
h,u , ~en+1−j

h,u

)
ΩS

+ τη2kν‖D(~en+1
h,u )‖2L2(ΩS)

)
(4.24)

+Dτ

(
τη2k
2

‖~en+1
h,u · ~nS‖2L2(Γ) +

τη2kβ

2
‖~en+1

h,u · ~τ‖2L2(Γ)

)

+ (1− η2k)ν‖D(~en+1
h,u )‖2L2(ΩS) +

(1− η2k)β

2
‖~en+1

h,u · τ‖2L2(Γ) +
(1− η2k)

2
‖~en+1

h,u · ~nS‖2L2(Γ)

≤‖Dτ,k~u
n+1
S −Rh,S(Dτ,k~u

n+1
S , Dτ,kp

n+1
S ))‖L2(ΩS)‖~en+1

h,u − ηk~e
n
h,u‖L2(ΩS)

+ ‖~un+1
S −Rh,S(~u

n+1
S , pn+1

S )‖L2(Γ)‖~en+1
h,u − ηk~e

n
h,u‖L2(Γ)

+ β‖~un+1
S −Rh,S(~u

n+1
S , pn+1

S )‖L2(Γ)‖~en+1
h,u − ηk~e

n
h,u‖L2(Γ)

+ ‖Iτ,k(ζn+1
h − ζn+1

S )‖L2(Γ)‖~en+1
h,u − ηk~e

n
h,u‖L2(Γ)
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+ ‖En+1
u ‖L2(ΩS)‖~en+1

h,u − ηk~e
n
h,u‖L2(ΩS) + ‖En+1

ζ ‖L2(Γ)‖~en+1
h,u − ηk~e

n
h,u‖L2(Γ)

≤Cε−1(h2r+2| lnh|2 + τ2k) + Cε−1‖Iτ,k(ζn+1
h − ζn+1

S )‖2L2(Γ)

+ ε(‖~en+1
h,u − ηk~e

n
h,u‖2L2(ΩS) + ‖~en+1

h,u − ηk~e
n
h,u‖2L2(Γ)).

Let

En+1
h =

k−1∑

i,j=0

[
gij

(
en+1−i
h,φ , en+1−j

h,φ

)
ΩD

+ gij
(
~en+1−i
h,u , ~en+1−j

h,u

)
ΩS

]

+
τη2k
2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

+ τη2kν‖D(~en+1
h,u )‖2L2(ΩS)

+
τη2kg

2
‖en+1

h,φ ‖2L2(Γ) +
τη2k
2

‖~en+1
h,u · ~n‖2L2(Γ) +

τη2kβ

2
‖~en+1

h,u · ~τ‖2L2(Γ).(4.25)

Since 0 < ηk < 1, the sum of (4.19) and (4.24) gives that

DτEn+1
h +

1− η2k
2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

+ (1− η2k)ν‖D(~en+1
h,u )‖2L2(ΩS)

(4.26)

≤Cε−1(h2r+2| lnh|2 + τ2k) + Cε−1(‖Iτ,k(ξn+1
h − ξn+1

D )‖2L2(Γ)

+ ‖Iτ,k(ζn+1
h − ζn+1

S )‖2L2(Γ)) + ε(‖en+1
h,φ − ηke

n
h,φ‖2L2(ΩS) + ‖en+1

h,φ − ηke
n
h,φ‖2L2(Γ))

+ ε(‖~en+1
h,u − ηk~e

n
h,u‖2L2(ΩS) + ‖~en+1

h,u − ηk~e
n
h,u‖2L2(Γ)),

which hold for arbitrary 0 < ε < 1.
Using (2.1), (2.9), (2.15), (3.9)–(3.10), and the trace inequality, we have

‖Iτ,k(ξn+1
h − ξn+1

D )‖2L2(Γ)

≤C

n∑

j=n+1−k

(
‖~uj

h −Rh,S(~u
j
S , p

j
S)‖2L2(Γ) + g‖φj

h −Rh,Dφj
D‖2L2(Γ)

+ ‖Rh,S(~u
j
S , p

j
S)− ~uj

S‖2L2(Γ) + g‖Rh,Dφj
D − φj

D‖2L2(Γ)

)

≤C

n∑

j=n+1−k

(
‖~ejh,u‖L2(Γ) + ‖~ejh,φ‖L2(Γ)

)
+ Ch2r+2| lnh|2

≤C

n∑

j=n+1−k

(
ε−1
1 ‖~ejh,u‖2L2(ΩS) + ε1‖∇~ejh,u‖2L2(ΩS)

)

+ C

n∑

j=n+1−k

(
ε−1
1 ‖~ejh,φ‖2L2(ΩD) + ε1‖∇~ejh,φ‖2L2(ΩD)

)
+ Ch2r+2| lnh|2.(4.27)

Similarly, using (2.1), (2.10), (2.16), (3.9)–(3.10), and the trace inequality, we have

‖Iτ,k(ζn+1
h − ζn+1

S )‖2L2(Γ)

≤C

n∑

j=n+1−k

(
ε−1
1 ‖~ejh,u‖2L2(ΩS) + ε1‖∇~ejh,u‖2L2(ΩS)

)

+ C

n∑

j=n+1−k

(
ε−1
1 ‖~ejh,φ‖2L2(ΩD) + ε1‖∇~ejh,φ‖2L2(ΩD)

)
+ Ch2r+2| lnh|2.(4.28)
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Summing up (4.26) for n = k − 1, . . . ,m and using the above two inequalities as
well as the trace inequality, we obtain that (with ε1 = ε2)

Em+1
h +

m∑

n=k−1

τ

[
1− η2k

2

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

+ (1− η2k)ν‖D(~en+1
h,u )‖2L2(ΩS)

]

≤Ek−1
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+ ε−1
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)
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)
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(
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)
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)
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(
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h,u ‖2L2(ΩS) + ‖∇~en+1
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[
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)
.(4.29)

By choosing a small ε, the last term on the right-hand side of (4.29) can be eliminated
by the left-hand side, and (4.29) reduces to

Em+1
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m∑

n=k−1

τ

[
1− η2k

4

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

+
(1− η2k)ν

2
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h,u )‖2L2(ΩS)

](4.30)

≤Cε−3|Ik
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τ
(
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)

+ Cετ
(
‖em+1

h,φ ‖2L2(ΩD) + ‖~em+1
h,u ‖2L2(ΩS)

)

≤Cε−3|Ik
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τEn
h + CετEm+1
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By choosing ε small enough and applying the discrete Gronwall inequality, we obtain

Em+1
h +

m∑

n=k−1

τ

[
1− η2k

4

(
K∇en+1

h,φ ,∇en+1
h,φ

)
ΩD

+
(1− η2k)ν

2
‖D(~en+1

h,u )‖2L2(ΩS)

]
(4.31)

≤C|Ik
h |2 + C(h2r+2| lnh|2 + τ2k).

The proof of Theorem 2.1 is complete.

5. Conclusion. In this paper, the Stokes–Darcy system is decoupled by a
noniterative, multiphysics domain decomposition method [15] with multistep BDFs
for the time discretization, which allows us to introduce Ritz projections for the Stokes
and Darcy equations, respectively, without involving interface terms. We have proved
the corresponding L∞ error estimates for the Stokes–Ritz projection under the stress
boundary conditions in order to control the Ritz-projection error on the interface.
By using these theoretical results and the multiplier technique of multistep BDFs,
we have proved an almost optimal-order L2-norm convergence rate of the proposed
method. As far as we know, both the L∞ error estimate of the Stokes–Ritz projection
(under the stress boundary condition) and the analysis of multistep BDFs with finite
element spatial discretization for the Stokes–Darcy model are new contributions.
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