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Abstract

We report on a numerical investigation of black hole evolution in an Einstein

dilaton Gauss–Bonnet (EdGB) gravity theory where the Gauss–Bonnet cou-

pling and scalar (dilaton) field potential are symmetric under a global change

in sign of the scalar field (a ‘Z2’ symmetry). We find that for sufficiently small

Gauss–Bonnet couplings Schwarzschild black holes are stable to radial scalar

field perturbations, and are unstable to such perturbations for sufficiently large

couplings. For the latter case, we provide numerical evidence that there is a band

of coupling parameters and black hole masses where the end states are stable

scalarized black hole solutions, in general agreementwith the results ofMacedo

et al (2019 Phys. Rev. D 99 104041). For Gauss–Bonnet couplings larger than

those in the stable band, we find that an ‘elliptic region’ forms outside of the

black hole horizon, indicating the theory does not possess a well-posed initial

value formulation in that regime.

Keywords: modified gravity, numerical relativity, black hole scalarization

(Some figures may appear in colour only in the online journal)

1. Introduction

The recent advent of the field of gravitational wave astronomy has led to increased interest

in testing modifications/extensions of general relativity (GR) (e.g. [2]). This requires under-

standing the dynamics of those theories during binary black hole inspiral and merger. While

perturbative solutions to modified gravity theories may be sufficient to describe their predic-

tions during the inspiral phase, where the black holes are well separated and gravitational

fields are relativity weak, the loudest signal during binary inspiral comes from the merger

phase, where gravity is in the strong field, dynamical regime (e.g. [3]). Order reduction solu-

tions to a modified gravity theories offer a potential route to extracting predictions from those

1Author to whom any correspondence should be addressed.
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theories (e.g. [4, 5]). Solving the full equations of motion without using order reduction poten-

tially offers certain advantages though, as in this approach one does not have to consider

delicate issues (e.g. ‘secular effects’) regarding when the perturbative order-reduction approx-

imation may fail. Motivated by this, here we consider the nonlinear spherical dynamics of

a variant of Einstein dilaton Gauss–Bonnet (EdGB) gravity in spherical symmetry. While

much of the relevant physics to gravitational wave astronomy (most importantly, gravitational

waves) are not present in spherical symmetry, our study explores the dynamics of the scalar

degree of freedom in the theory, which will be relevant when solving for the dynamics of

the theory in less symmetrical spacetimes.

The variant of EdGB gravity we study has been shown to possess spherically symmet-

ric scalarized black hole solutions that are stable to linear, radial perturbations [1]. We

find numerical evidence that stable scalarized black holes can be formed in this theory, but

for large enough Gauss–Bonnet coupling the theory dynamically loses hyperbolicity. Our

results, along with the recent work of [6, 7], suggests that for sufficiently small couplings

scalarized black hole solutions in this theory could be studied in binary inspiral and merger

scenarios.

An outline of the remainder of the paper is as follows. In section 2 we describe the partic-

ular EdGB theory we consider, and the resulting equations of motion in spherical symmetry.

In section 3 we briefly summarize earlier work on scalarized black holes in this theory. In

section 4 we describe our numerical code. In sections 5 and 6 we describe our initial data

and evolution results respectively. We present concluding remarks in section 7. In appendix

A we describe the characteristic analysis we employ during evolution, contrasting it with lin-

ear perturbation analysis, and in appendix B we derive the approximate scalarized initial data

we used in some of our simulations.

We use geometric units (8πG = 1, c = 1) and follow the conventions of Misner et al [8].

2. Equations of motion

The action for the class of EdGB gravity theories we consider is

S =

∫

d4x
√−g

(

1

2
R− 1

2
(∇φ)2 − V(φ)+W(φ)G

)

, (1)

where φ is a scalar field (the ‘dilaton’ field), g is the metric determinant, V(φ) andW(φ) are (so
far unspecified) functions of φ, R is the Ricci scalar, and G is the Gauss–Bonnet scalar:

G ≡ 1

4
δµναβρσγδ R

ρσ
µνR

γδ
αβ , (2)

where δµναβρσγδ is the generalizedKronecker delta tensor andRρσ
µν is the Riemann tensor. Varying

1 with respect to the metric and scalar fields, the EdGB equations of motion are

E(g)
µν ≡ Rµν −

1

2
gµνR+ 2δγδκλαβρσR

ρσ
κλ

(

∇α∇γW(φ)
)

δβ (µgν)δ − Tµν = 0, (3a)

Tµν ≡ ∇µφ∇νφ− gµν

[

1

2
(∇φ)2 + V(φ)

]

,

E(φ) ≡ ∇µ∇µφ− V ′(φ)+W ′(φ)G = 0, (3b)

2
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where the ‘prime’ operation defines a derivative with respect to the scalar field φ; e.g.

V′(φ) ≡ dV(φ)/dφ. We see that if φ = const., then the Gauss–Bonnet scalar term does not

contribute to the equations of motion; this is a consequence of the fact that the Gauss–Bonnet

scalar is locally a total derivative in four dimensional spacetime (see e.g. [9]). In this article

we will solve equation (3a) with the following choice for functions V(φ) andW(φ)

V(φ) =
1

2
µ2φ2

+ λφ4, (4a)

W(φ) =
1

8
ηφ2, (4b)

where µ,λ and η are constant parameters2. In our earlier works on EDGB gravity we used the

potentials V = 0,W = λφ [10–12]); that choice encompasses the leading order term for shift

symmetric φ→ φ+ const. EdGB gravity models. Here, we focus on the form (4a) and (4b),

the leading order contributions to theories that have φ→−φ (Z2) symmetry [1]3. We note that

with the code we have developed we could in principle investigate the spherical dynamics of

EdGB gravity theories with arbitrary functions V(φ) andW(φ) (see section 4.1).
The potential W(φ) satisfies an ‘existence condition’ for pure GR solutions [13]: at the

minimum φ0 of the potentialW(φ), here φ0 = 0, the potential satisfies:

W ′|φ=0 = 0. (5)

That is, for W that obey equation (5) we can obtain dynamical GR solutions with φ = 0, as

the φ will not be sourced by curvature (although it could still potentially be sourced by other

matter fields, and once there are regions where φ �= 0, W′ �= 0 and the scalar field could then

be sourced by curvature terms).

We evolve this system in Painlevé–Gullstrand (PG)-like coordinates (e.g. [14–17])

ds2 = −α(t, r)2dt2 + (dr + α(t, r)ζ(t, r)dt)2 + r2
(

dϑ2
+ sin2 ϑ dϕ2

)

, (6)

so-named since t = const. cross sections are spatially flat as in the PG coordinate representation

of the Schwarzschild black hole (which in these coordinates is given by α = 1, ζ =
√

2m/r).
We define the variables

Q ≡ ∂rφ, (7a)

P ≡ 1

α
∂tφ− ζQ = nµ∂µφ, (7b)

and obtain the following system of evolution equations for φ, Q and P:

E(φ) ≡ ∂tφ− α (P+ ζQ) = 0, (8a)

E(Q) ≡ ∂tQ− ∂r (α [P+ ζQ]) = 0, (8b)

E(P) ≡ A(P)∂tP+ F(P) = 0. (8c)

2These are the same potentials used by the authors in [1]; for the particular numerical values of the coupling param-

eters µ, λ, and η we have rescaled ours to match those in [1], taking into account our different choice of scalar field

normalization.

3We note though that we do not have a (∇φ)4 term in our action, even though it is symmetric under φ→−φ and is of

no higher order than the Gauss–Bonnet term, as in this work we only wish to consider how black hole dynamics are

affected by the addition of a scalar Gauss–Bonnet coupling.
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The evolution equation for φ (equation (8a)) follows from the definition of P (equation (7b)),

and the evolution equation for Q (equation (8b)) follows from taking the radial derivative of

equation (8a). The evolution equation for P (equation (8c)) comes from taking algebraic com-

binations of equation (3b) and the tr, rr, and ϑϑ components of equation (3a) (cf [12]). The

quantitiesA(P) and F(P) are lengthy expressions of {α, ζ,P,Q} and their radial derivatives. In

the limit W = 0, equation (8c) reduces to

∂tP− 1

r2
∂r

(

r2 α [Q+ ζP]
)

+ αV ′
= 0. (9)

Interestingly, in PG coordinates the Hamiltonian and momentum constraints do not change

their character as elliptic differential equations (or more properly, as ordinary differential

equations in the radial coordinate r) going from GR to EdGB gravity:

E(g)
µνn

µnν ∝
(

1− 8QW ′

r
− 12PζW ′

r

)

∂rζ +

(

ζ − 8QζW ′

r
− 12Pζ2W ′

r

)

∂rα

α

+
ζ

2r
− r

2ζ
ρ− 4W ′ζ

r
∂rQ− 4W ′′Q2ζ

r
= 0, (10a)

E(g)
µr n

µ ∝
(

1− 8W ′Q

r
− 8W ′Pζ

r
+

4W ′Qζ2

r

)

∂rα

α
− r

2ζ
jr

+
4W ′ζ

r
∂rP+

4W ′Qζ

r
∂rζ +

4W ′′PQζ

r
= 0, (10b)

where

ρ ≡ nµnνTµν =
1

2

(

P2
+ Q2

)

+ V , (11a)

jκ ≡ −γκ
µnνTµν = −PQ, (11b)

and nµ ≡ (−α, 0, 0, 0).

3. Earlier work on Z2 symmetric EdGB gravity

Here we briefly review recent work on Z2 symmetric EdGB gravity theories. Potentials of

the form V = 0 and W = w2φ
2 were considered in [13]. There the authors found scalarized

black hole solutions, which were subsequently found to be mode unstable to radial perturba-

tions in [18]. Subsequently, radial mode-stable scalarized black hole solutions were found for

couplings of the form V = 0,W = w2φ
2
+ w4φ

4 in [19, 20]. Couplings of the form V = 0 and

W = c0 + exp
(

ceφ
2
)

have been investigated in [18, 21], and also give rise to radially stable

scalarized black hole solutions.

The authors in [1] introduced the model we study in this article, V = µ2φ2
+ 2λφ4, W =

ηφ2/4. This model is motivated by effective field theory arguments: assuming the action is

invariant under the Z2 symmetry φ→−φ, the action contains all terms (except for the term

(∇φ)4, which we do not consider in this article) of mass dimension equal to or less than the

mass dimension of φ2G, which is the lowest order term that couples φ to the Gauss–Bonnet

scalar subject to this symmetry. Though like the authors in [1], while we motivate this model

from effective field theory we in fact will treat the theory as a complete classical field the-

4
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ory, and consider exact (to within numerical truncation error) solutions to the equations

of motion.

In [1], the authors found scalarized black hole solutions stable to linear radial perturbations

for certain ranges of the dimensionless parameters

M̂ ≡ M

η1/2
, (12a)

Φ̂ ≡ Φ

η1/2
, (12b)

µ̂ ≡ µη1/2, (12c)

λ̂ ≡ λη, (12d)

where M is the asymptotic mass of the black hole plus scalar field configuration and Φ is

the asymptotic scalar ‘charge’, i.e. for scalarized black hole solutions to the theory it is the

coefficient to the leading nonzero term in φ(t, r) as r goes to infinity [1]

lim
r→∞

φ(t, r) ∼ e−µr

(

1

r
Φ + · · ·

)

. (13)

A nonzero value of λ̂ is necessary to have radially linear mode stable scalarized black hole

solutions, and the value of λ̂ needed to stabilize a given scalarized black hole increases as

µ̂ increases [1]. For example, when µ̂ = 0, the minimum value of λ̂ ≈ 0.2. There is also a

maximum value of M̂ for a scalarized black hole (above this the Schwarzschild solution is

stable); for example for µ̂ = 0, found this maximum to be M̂ ≈ 0.6.

4. Description of code and simulations

4.1. Code description

Our basic evolution strategy is the same as in [11]: we freely evolve P and Q using

equations (8b) and (8c), and solve for α and ζ using the constraint equations, equations (10a)

and (10b). The boundary condition for ζ at the excision boundary is obtained by freely evolv-

ing it using the Etr equation of motion (with algebraic combinations of the other equations

of motion to remove time derivatives of α and P). We do not need to impose any bound-

ary condition for α on the excision boundary due to the α→ α+ c(t) residual gauge sym-

metry in PG coordinates. The full equations of motion for P and the freely evolved ζ on

the boundary are long and unenlightening, although see appendix C of [11] for their full

form in PG coordinates for the special case V = 0 (and note that there we use the notation

W ≡ f ).

As in [11], we solve the constraint equations using the trapezoid rule (a second order

method) with relaxation. Unlike [11] though, we solve the evolution equations for {P,Q},
and ζ on the excision boundary using a fourth order method of lines technique: we use

fourth order centered difference stencils to evaluate the spatial derivatives, and evolve in time

with a fourth order Runge–Kutta integrator (e.g. [22, 23]). At the excision boundary and

the boundary at spatial infinity we used one-sided difference stencils to evaluate spatial

derivatives. We solve the equations over a single grid (unigrid evolution). An example of a

convergence study with the independent residual Err is shown in figure 3.

The code is written in C++, and can be accessed at [24].

5
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4.2. Diagnostics

Our code diagnostics are as in [10–12], which we very briefly review here. Themass of a given

simulation is determined by the value of the Misner–Sharp mass at spatial infinity:

mtotal = lim
r→∞

mMS(t, r) = lim
r→∞

r

2
ζ(t, r)2. (14)

Another diagnostic we compute is the radial characteristic speed of the dynamical degree of

freedom of EdGB gravity in spherical symmetry. To compute the radial characteristic speeds,

we compute the characteristic vector ξa by finding the zeros of the characteristic equation:

det

[(

δE(P)/δ(∂aP) δE(P)/δ(∂aQ)
δE(Q)/δ(∂aP) δE(Q)/δ(∂aQ)

)

ξa

]

= 0. (15)

and then compute the ingoing and outgoing characteristic speeds c± ≡ ∓ξt/ξr. Expanding
equation (15) gives us a quadratic equation for the radial characteristic speeds

Ac2 + Bc+ C = 0, (16)

where A, B, and C are complicated functions of the metric and scalar fields, and their time

and radial derivatives (cf [11]). The discriminant D ≡ B2 − 4AC determines the hyperbolic-

ity of the theory at each spacetime point. Where D > 0, the radial characteristic speeds are

real and the equations of motion for the theory at that spacetime point are hyperbolic. Where

D < 0, the radial characteristic speeds are imaginary and the equations of motion for the

system defined by equations (8a)–(8c) at that spacetime point are elliptic4. We discuss the

difference between computing the radial characteristics and computing the modes of radial

linear perturbations about a stationary solution in appendix A.

We determine the location of the black hole horizon in our simulation by computing the

location of the marginally outer trapped surface (MOTS) for outgoing null characteristics

[25]. In PG coordinates the radial null characteristics are

c
(n)
± = α (±1− ζ) , (17)

thus the location of the MOTS is at the point ζ(t, r) = 1.

5. Initial data

5.1. General considerations

We may freely specify φ and ∂tφ (or, φ and P) on the initial data surface as φ satisfies a second

order in time wave-like equation, provided the characteristics for that equation are real. The

variables α and ζ must satisfy the constraint equations, and are not freely specifiable.

Note that φ = 0, ∂tφ = 0 is not just a solution to the initial value problem for EdGB gravity

with this coupling potential (4a) and (4b), it is also a consistent solution to the full evolu-

tion equations (in fact this was one criterion used by the authors in [13] in constructing this

4Note that even though our evolution system consists of three transport equations, the system is degenerate and

describes the evolution for a single degree of freedom, which we can define the ingoing and outgoing radial char-

acteristic for. The system defined by equations (8a)–(8c) is degenerate as Q ≡ ∂rφ, and the equation of motion for Q

is just the radial derivative of the equation of motion for φ.

6
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model of EdGB gravity). This is in contrast to EdGB gravity with a linear shift-symmetric

potential, where φ = 0, ∂tφ = 0 can by imposed as an initial condition, but then φ will

generically evolve to non-zero values with time.

5.2. Black hole initial data with a small exterior scalar pulse

Our class of initial data is similar to that we used in [11]: the free initial data is φ and P, from

which we can determineQ,α, ζ. To have black hole initial data, at the initial excision boundary
xexc we set

α|x=xexc = 1, (18)

ζ|x=xexc =

√

2M

r
, (19)

with φ and P compactly supported away from the excision boundary, and then integrate out-

wards in r to obtain α and ζ over the initial data surface. The quantity M in equation (18) is

the initial mass of the black hole.

We choose the following for the exterior scalar pulse

φb(t, r)|t=0 =











a0

n0
(r − rl)

2(ru − r)2 exp

[

− 1

r − rl
− 1

ru − r

]

rl < r < ru,

0 otherwise

(20a)

Qb(t, r)|t=0 = ∂rφ(t, r)|t=0, (20b)

Pb(t, r)|t=0 = 0, (20c)

where ru > rc > rl > 2M, and the normalization n0 is chosen such that

max φb(t, r)|t=0 = a0. (21)

5.3. Approximate scalarized profile

We also consider initial data that approximates the static decoupled scalarized profile on a

Schwarzschild black hole background (see also [1]):

φ(t, r)|t=0 =
Φ0

r
exp (−µ (r − 3M)) , (22)

Q(t, r)|t=0 = ∂rφ(t, r)|t=0, (23)

where Φ0 is a constant; see appendix B for a derivation. We choose P so that ∂tφ ≈ 0|t=0 (see

(7b)): we set

P(t, r)|t=0 = −Q(t, r)ζ(t, r)|t=0, (24)

and initially set α = 1, ζ =
√

2M/r. We then resolve the constraints for α and ζ , set P as

above, and iterate this process until the maximum change in P, |∆P|∞, between iterations is

less than 10−3.

6. Numerical results

We will only present results for η > 0, and absorb η into the definition of the dimensionless

parameters (equations (12a)–(12d)). As one check of the code we did perform simulations

7
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Figure 1. Onset of elliptic region formation, from evolution of perturbed Schwarzschild
initial data as described in section 6.1. The blue dots are our numerically computed

values of M̂, equation (12a), (for a given λ̂, equation (12d)) below which an elliptic
region eventually forms outside the horizon. The error bars about each point come from
truncation error estimates, computed by taking the difference of the elliptic onset point
computed with two different resolutions: Nx = 210 + 1 and Nx = 211 + 1 radial points.
The solid purple horizon line is the minimum M̂ for a stable Schwarzschild black hole,

and the dash-dotted yellow vertical line is the minimum λ̂ for a stable scalarized black
hole, with respect to linear radial perturbations according to the analysis of [1].

with the GR case η = 0; in these simulations some of the scalar field would fall into the

black hole, and some of the field would disperse to infinity, leaving a vacuum Schwarzschild

solution behind. This is consistent with the no hair theorems for a canonically coupled

scalar field with a potential in asymptotically flat spacetimes (for a review and references

see e.g. [26]), along with perturbative solutions of scalar fields around a Schwarzschild black

hole background (for a review and references see e.g. [27]).

8
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Figure 2. Example evolution for EdGB solution with compact scalar field initial data
as described in section 6.1. Regarding the scalarized black hole case (b), there is some
truncation error induced decay of the scalar field at late times, most evident in the lower
resolution case (dash-dot green curve), however with increasing resolution we do find
convergence to a stable, static scalarized black hole. Low resolution for cases (a) and (c)
is Nx = 210 + 1 grid points, and for case (b) Nx = 29 + 1 grid points. In all cases med
and high resolution are double and quadruple the low resolution respectively.

We find that for both classes of initial data described in the previous section, we can

separate the solutions into three types: (1) the scalar field disperses, leaving behind a

Schwarzschild black hole, (2) the black hole scalarizes and approaches a static solution, or

(3) an elliptic region eventually forms outside the black hole (i.e. exterior to the apparent

horizon).

9
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Figure 3. Two-norm of the independent residual Err for a run that forms a naked elliptic
region, with compact scalar initial data (see lower panel of figure 2). We see convergence
up until near the formation of the elliptic region. Low resolution corresponds to Nx =

210 + 1 grid points, and med and high resolution correspond to double and quadruple
that number of grid points. See section 6.1 for simulation parameters.

6.1. Compact scalar pulse initial data

In figure 1 we show several points on a plot of M̂ versus λ̂ [for the definition of M̂ and λ̂ see

respectively equations (12a) and (12d)], indicating the division between evolution that forms

elliptic regions and that which does not, beginning from the compact pulse initial data described

in section 5.2. To arrive at the numerical data points in the figure, we fixed the initial data

parameters rl, ru, and a0 and black hole mass. Specifically, we chose rl = 0.24, ru = 32, a0 =

5× 10−3 (20a) and initial Schwarzschild black hole mass M ≈ 10 (18). The contribution of

the scalar field to the total mass of the spacetime is Mφ ∼ 9.6× 10−3. 5 We then performed

a bisection search for the value of η that would lead to regular evolution within a run time of

t/M ∼ 200 (sufficiently long for the solution to settle to a near-stationary state if no elliptic

region formed). As we varied η, we varied µ and λ such that µ̂ and λ̂ remained fixed (see

equations (12a)–(12d)). Figure 1 shows that the theory can remain hyperbolic for perturbations

of at least some black hole solutions.

Also overlaid on figure 1 are the estimated minimum λ̂, min λ̂, to have a stable scalar-

ized black hole solution, and the minimum M̂, min M̂, to have a stable Schwarzschild black

hole solution with respect to linear radial perturbations computed in [1]. From those results

one would expect for M̂ < min M̂ and for λ̂ > min λ̂, Schwarzschild black holes would

be unstable under radial scalar field perturbations to forming (stable) scalarized black hole

solutions. Our numerical results are in general agreement with this reasoning (except

that for small enough M̂ an elliptic region grows outside of the black hole horizon). In par-

ticular, above the horizontal purple line in figure 1 initial small perturbations in φ decay and

leave behind a Schwarzschild black hole, while below this and to the right of the dashed

yellow line the black holes scalarize (and the solutions above the line implied by the blue

dots are free of elliptic regions exterior to the black hole horizon). For λ̂ to the left of the

yellow dashed line, we find only two regimes: either the scalar field disperses and the solu-

tion settles to a Schwarzschild black hole solution, or a naked elliptic region forms. From

figure 1, we see that the dividing line between elliptic region formation and Schwarzschild

end state solutions for λ̂ < min(λ̂) does not quite lie on the value of min(M̂) predicted for

5We estimate the scalar field contribution to the total asymptotic Misner–Sharp mass by subtracting off from the initial

Misner–Sharp mass the mass of the black hole initial data we had before we resolved the constraints with scalar field

initial data.

10
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Figure 4. Onset of elliptic region formation, from evolution of approximate scalarized
black hole initial data as described in section 6.2. This is the analog of figure 1, and the

same caption applies here. For definitions of M̂ and λ̂ see respectively equations (12a)
and (12d).

stable Schwarzschild black hole solutions by [1]. That being said, our value is not in sig-

nificant ‘tension’ with what they computed, given the estimated errors of our calculation

and given that the authors in [1] performed a linear perturbation analysis about a static

background.

In figure 2 we show example scalar field solutions at three different resolutions to demon-

strate convergence for the three kinds of behavior we generally observe in our simula-

tions—decay to Schwarzschild, scalarization, and development of an elliptic region.

Figure 3 provides an example of an independent residual for a run that formed an ellip-

tic region, demonstrating convergence of the solution prior to the appearance of the elliptic

region. The mass of the initial scalar field for this case is Mφ ≈ 0.01, compared to the ini-

tial black hole mass of M ≈ 10. Once the scalar field interacts with the black hole, it begins

11
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Figure 5. Formation of stable scalarized black hole from approximate scalarized initial
data as described in section 6.2. We show runs with three different resolutions: ‘low’,
‘med’, and ‘high’; ‘low’ resolution corresponds to Nx = 210 + 1 radial grid points and
‘med’ and ‘high’ correspond to double and quadruple this number of radial points.

to grow near the horizon, and an elliptic region grows and expands past the black hole hori-

zon. This behavior is qualitatively similar to what we found for shift-symmetric EdGB gravity

[11].

6.2. Numerical results: approximately scalarized black hole initial data

The results of evolving the approximate scalarized initial data described in section 5.3 are

qualitatively similar to that of the perturbed Schwarzschild case described in the previous

section; figure 4 is the analogous plot to that of figure 1 to illustrate. For the relevant ini-

tial data parameter we chose Φ0 = 0.05 and M = 10 in equation (22). We found empirically

that choosing Φ0 = 0.05 provided a scalarized profile reasonably close to the final stable

scalarized profiles for the M̂, µ̂, and we considered [for the definition of M̂, µ̂, and λ̂ see

respectively equations (12a), (12c) and (12d)]. See figure 5 for an example of evolution of this

initial data to a stable scalarized profile.

We also note that the onset of elliptic region formation in this parameter space does appear

to depend on the initial data as well. Comparing figures 1 and 4 we see that our results support

the conclusion that an elliptic region may form at a larger value of M̂ when we start with

approximately scalarized initial data.

7. Discussion

We have numerically investigated perturbed black hole solutions in a Z2 symmetric (i.e. a

theory with an action invariant under the operation φ→−φ) variant of EdGB gravity. We

have found, consistent with the linear analysis of [1], that stable scalarized black holes exist

within this theory. However, for sufficiently large couplings relative to the scale of the black

hole the theory dynamically loses hyperbolicity: the scalar field grows around the black hole

until an elliptic region expands past the black hole horizon. These results, along with the

recent results of [6, 7], suggests that in a limited parameter range scalarized black holes are

subject to well-posed hyperbolic evolution. It would be interesting to see whether this con-

clusion extends beyond spherical symmetry, for example for binary black hole inspiral and

merger. The existence of naked elliptic regions in the theory for sufficiently large couplings

though strongly suggests that the theory makes most sense from an effective field theory
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point of view (which was the original motivation for the particular form of EdGB gravity

studied here [1]).

The code [24] we wrote and used to produce the simulation results presented here can

easily be altered to accommodate other forms of Gauss–Bonnet coupling W(φ) and scalar

field potential V(φ). It would be interesting to investigate how these potential functions influ-

ence the structure of scalarized black holes that can form, and the region of solution space

hampered by naked elliptic regions. It would also be interesting to include the (∇φ)4 term

in action, to see the full range of dynamics that could occur for this class of Z2 symmetric

scalar–tensor theories.
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Appendix A. Characteristics versus linearized perturbation analysis

Herewe provide a brief discussion of the difference between linear perturbation theory analysis

to identify stable/unstable modes (which is what is done in [1]) and characteristic analysis

(which is the analysis we perform in our code).

The scalar field offers the only dynamical degree of freedom in EdGB gravity in spherical

symmetry. The authors in [1] linearized the dynamics of that degree of freedom (which we

denote by ϕ), and found that for a static background it obeys an equation of the form

h(r)
∂2ϕ

∂t2
− ∂2ϕ

∂r2
+ k(r)

∂ϕ

∂r
+ p(r)ϕ = 0, (A.1)

where h, k, p are functions of the static background geometry. They considered solutions of the

form ϕ(t, r) = eiωtψ(r), and searched for conditions that would make ω2 < 0.

The characteristics of equation (A.1) are found by keeping only highest derivative terms

and replacing ∂t → ξt, ∂r → ξr, where ξa ≡ (ξt, ξr) is the characteristic vector (see e.g. [28,

29], or [10, 12] in the context of shift symmetric EdGB gravity), and finding the zeros of this

principal symbol of the system:

h(r)ξ2t − ξ2r = 0. (A.2)

The solutions c ≡ −ξt/ξr to this equation give the radial characteristic speeds. Finding ω
2 < 0

solutions to equation (A.1) can simply indicate a particular background solution is unstable

to perturbations. In that case, as long as the theory remains hyperbolic the unstable solution

could evolve to a different, stable one. By contrast, finding a c2 < 0 solution to equation (A.2)

indicates a breakdown of hyperbolicity of the theory evaluated at that solution. When hyper-

bolicity has broken down, the equations of motion can no longer be solved as evolution

equations.

We emphasize that the form of the characteristic equation we solve, equation (15), does not

take the form equation (A.2), as we solve the characteristic equation within a dynamical space-

time, and we use a different coordinate system than is used in [1]. Instead the characteristic

equation takes the schematic form (compare to equation (16))

13
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Aξ2t − Bξtξr + Cξ2r = 0, (A.3)

where A, B, and C depend on the background fields α, ζ, P, Q, and their radial and time

derivatives.

From the forms of equations (A.1) and (A.2) it is clear that linear (in)stability does not

necessarily imply (lack of) hyperbolicity, or vice versa. Nevertheless our hyperbolicity analysis

does conform with the general results of [1].

Appendix B. Approximate scalarized profile

Here we provide a derivation of the approximate scalarized black hole initial data presented in

section 5.3.

Consider a Schwarzschild background: we set α = 1, ζ =
√

2m/r, set ∂tφ = 0, and solve

equation (3b)

∇µ∇µφ−
(

µ2 − 1

4
ηG

)

φ− 4λφ3
= 0. (B.1)

Plugging things in, we find

(

1− 2m

r

)

d2φ

dr2
+ 2

(

1− m

r

) 1

r

dφ

dr
−
(

µ2 − 12ηm2

r6

)

φ− 4λφ3
= 0. (B.2)

In the far field limit (r→∞), and assuming limr→∞ φ = 0, we have to leading order

d2φ

dr2
+

2

r

dφ

dr
= µ2φ. (B.3)

The solution consistent with the field going to zero at spatial infinity is

φ(r) =
C

r
exp (−µr) , (B.4)

where C is a constant. We can split up this constant into two as follows:

φ(r) =
c1

r
exp (−µ(r − c2)) . (B.5)

In our simulations we set c2 = 3m on the initial data slice, see equation (22).
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