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Abstract

This work is devoted to the study of long-term qualitative behavior of randomly perturbed dynamical
systems. The focus is on certain stochastic differential equations (SDE) with Markovian switching, when
the switching is fast varying and the diffusion (white noise) is slowly changing. Consider the system

dX&0(t) = F(X5% 1), af (1))dt + /5o (X0 (1), af (1)dW (1), XE0(0) =x, o (0) =1,

where of(¢) is a finite state Markov chain with irreducible generator Q = (q,¢). The relative chang-
ing rates of the switching and the diffusion are highlighted by two small parameters ¢ and §. Asso-
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ciated with the above stochastic differential equation, there is an averaged ordinary differential equa-
tion (ODE)

dX (1) = f(X(0)dt, X(0) =x,

where f() = 2721 f(, 0y, and (vy, ..., vp,) is the unique stationary distribution of the Markov chain
with generator Q. Suppose that for each pair (g, §), the process has an invariant probability measure pf*‘s,
and that the averaged ODE has a limit cycle in which there is an averaged occupation measure wY for the
averaged equation. It is proved in this paper that under weak conditions, if f has finitely many stable or
hyperbolic fixed points, then ©® 8 converges weakly to 1 as & — 0 and § — 0. Our results generalize to
the setting where the switching process «® is state-dependent in that

Plaf(t 4+ A) = L]a® =1, X&0(s), 0 (s), 5 <1} = qe (XEP () A + 0(A), (#£2

as long as the generator Q(-) = (g,¢(-)) is locally bounded, locally Lipschitz, and irreducible for all x € R4,
Finally, we provide two examples in two and three dimensions to showcase our results.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Natural phenomena are almost always influenced by different types of random noise. In or-
der to better understand the world around us, it is important to study random perturbations of
dynamical systems. In the continuous dynamical systems setup, the focus then shifts from the
study of the behavior of deterministic differential equations to that of differential equations with
switching (piecewise deterministic Markov processes) or stochastic differential equations with
switching. The long-term behavior of these systems can be analyzed by a careful study of the
ergodic properties of the induced Markov processes.
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Quite often, the “white noise” in the system is small compared to the deterministic com-
ponent. In such cases, one is usually interested in knowing how well the deterministic system
approximates the stochastic one. It is common to model continuous-time phenomena by stochas-
tic differential equations of the type

dx’ (1) = F (P (0)dt 4+ V8o (P 1)dW (1), (1.1)

where f(-) and o (-) are sufficiently smooth functions, W (-) is a standard m-dimensional Brow-
nian motion, and § > 0 is a small parameter. If we let § — 0, one would expect that the solutions
of (1.1) converge to that of a deterministic differential equation in an appropriate sense.
Different aspects of the problem have been studied extensively starting with Freidlin and
Wentzell [36,17], Fleming [16], Kifer [27] and Day [11]. If the process x*()hasa unique ergodic
probability measure ° for each 8 > 0 and the origin of the corresponding deterministic ODE

dx = f(x)dt, (1.2)

is a globally asymptotic stable equilibrium point, Holland established in [21] asymptotic expan-
sions of the expectation of the underlying functionals with respect to the unique ergodic proba-
bility measures w®. In addition, in [22], Holland considered the case when the ODE (1.2) has an
asymptotically stable limit cycle and proved the weak convergence of the family (%)s-¢ to the
unique stationary distribution that is concentrated on the limit cycle of the process from (1.2).

Our interest in the current work stems from applications in ecology. Quite often, one models
the dynamics of populations with continuous-time processes. This way we implicitly assume that
organisms can respond instantaneously to changes in the environment. However, in some cases
the dynamics are better described by discrete-time models, in which demographic decisions are
not made continuously. In order to model more complex systems, one has to analyze ‘hybrid’
systems where both continuous and discrete dynamics coexist. Such systems arise naturally in
ecology, engineering, operations research, and physics as well as in emerging applications in
wireless communications, internet traffic modeling, and financial engineering; see [38] for more
references.

Recently, there has been renewed interest in studying piecewise deterministic Markov pro-
cesses (PDMP) [10]. One may describe a PDMP by the use of a two component process. The
first component is a continuous state process represented by the solution of a deterministic dif-
ferential equation, whereas the second component is a discrete event process taking values in a
finite set. This discrete event process is often modeled as a continuous-time Markov chain with a
finite state space. At any given instance, the Markov chain takes a value (say i in the state space),
and the process sojourns in state i for a random duration. During this period, the continuous state
follows the flow given by a differential equation associated with i. Then at a random instance, the
discrete event switches to another state j 7 i. The Markov chain sojourns in j for a random dura-
tion, during which, the continuous state follows another flow associated with the discrete state j.

A careful study of such processes has recently led to a better understanding of predator-prey
communities where the predator evolves much faster than the prey [9] and for a possible explana-
tion of how the competitive exclusion principle from ecology, which states that multiple species
competing for the same number of small resources cannot coexist, can be violated because of
switching [6,20].

It is natural to study the stochastic differential equation (SDE) counter-part of PDMP, that is,
SDEs with switching. Similarly to the piecewise deterministic Markov processes mentioned in
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the previous paragraph, in this setting one follows a specific system of SDEs for a random time
after which the discrete event switches to another state, and the process is governed by a different
system of SDE. The resulting stochastic process has a discrete component (that switches among
a finite number of discrete states) and a continuous component (the solution of SDE associate
with each fixed discrete event state). We refer the reader to [38] for an introduction to SDEs with
switching. Most of the work inspired by Freidlin and Wentzell has been concerned with local
phenomena that involve the exit times and exit probabilities from neighborhoods of equilibria.
One usually uses the theory of large deviations to analyze the exit problem from the domain
of attraction of a stable equilibrium point. Nevertheless, in applications such as those arising
in ecology, one faces even more complex situations such as the one treated in this paper, in
which large deviation techniques are not applicable, and one needs to analyze the distributional
scaling limits for the exit distributions [2]. There have been some previous important studies
for multi-scale systems with fast and slow scales [14,15]. These previous papers have looked
at large deviations in the related setting where one has a slow diffusion and the coefficients are
fast oscillating. However, in contrast to our framework, the fast oscillations come from having
periodic coefficients and inclusion of a factor % into the periodic component of the coefficients.
The way the fast oscillations are introduced in these previous papers is similar to how it is done
when one does stochastic homogenization. In the present paper, the switching comes from a
discrete random process «°.

In this paper, we consider dynamic systems represented by switching diffusions, in which
the switching is rapidly varying whereas the diffusion is slowly changing. To be more precise,
let (2, F, {F:}, P) be a filtered probability space satisfying the usual conditions. Consider the
process (Xs"s)tzo defined by

dX®3 (1) = F(X®3(r), af (1))dt + V8o (XZ0 (1), (1)) dW (1), X*2(0) =x, a®(0) =i, (1.3)

where W (¢) is an m-dimensional standard Brownian motion, ®(¢) is a finite-state Markov chain
that is independent of the Brownian motion and that has a state space M = {1, ..., mp} and
generator Q/e = (qij/g)moxmo’ X%9 is an R?-valued process, f : R? x M — R, o : R? x
M — R4>m _and &, 8 > 0 are two small parameters. We assume that the matrix Q is irreducible.
The irreducibility of Q implies that the Markov chain associated with Q, denoted by (& (?));>0, is
ergodic thus has a unique stationary distribution (v, ..., vy,). We denote by Xfc‘j (t) the solution
of (1.3) at time ¢ > O when the initial value is (x, i) and by o (¢) the Markov chain started at i.

Let us explore, intuitively, what happens when ¢ and § are very small. In this setting, «®(¢)
converges rapidly to its stationary distribution (v1, .. ., V), while the diffusion is asymptotically
small. As a result, on each finite time interval [0, T'] for T > 0, a solution of equation (1.3) can
be approximated by the solution X, (¢) to

dX(t) = f(X(t))dt, X(0) =x, (1.4)

where f(x) =Y f(x, i)v;.

However, if in lieu of a finite time horizon, we look at the process on the infinite time horizon
[0, 00), it is not clear that X (¢) is a good approximation. Suppose that equation (1.4) has a
stable limit cycle. A natural question is whether the invariant probability measures (1>-%) of the
processes (1.3) converge weakly as ¢ — 0 and § — 0, to the measure concentrated on the limit
cycle. This is the main problem that we address in the current paper. In order to do this, we
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substantially extend the results of [22] by considering the presence of both small diffusion and
rapid switching. Because of the presence of both the switching and the diffusion we need to
develop new mathematical techniques. In addition, even if there is no switching and we are in
the SDE setting of [22], our assumptions are weaker than those used in [22].

The rest of the paper is organized as follows. The main assumptions and results are given in
Section 1.1. To provide an insight of the proofs and to connect different parts of the arguments
so as to provide something like a “road map”, Section 1.3 presents the main ideas of proofs.
In Section 2, we estimate the exit time of the solutions of (1.3) from neighborhoods around the
stable manifolds of the equilibria of f. The proofs of the main results are presented in Section 3.
In Section 4, we apply our results to a general predator-prey model. In addition to showcasing
our result in a specific setting, the proofs in Section 4 are interesting on their own right as they
are quite technical and require the development of new tools. Finally, in Section 4.1, we provide
some numerical examples to illustrate our results from the predator-prey setting in Section 4.

1.1. Assumptions and main results

We denote by A’ the transpose of a matrix A, by | - | the Euclidean norm of vectors in R?, and
by ||All :=sup{|Ax|:x € RY, |x| = 1} the operator norm of a matrix A € R4*4 We also define
a Ab:=min{a, b}, a vV b :=max{a, b}, and the closed ball of radius R > 0 centered at the origin
Br:={xeR%:|x| <R)}.

We recall some definitions due to Conley [8]. Suppose we are given a flow (P;(-)),cr. A
compact invariant set K is called isolated if there exists a neighborhood V of K such that
K is the maximal compact invariant set in V. A collection of nonempty sets {Mi, ..., My}
is a Morse decomposition for a compact invariant set K if My, ..., My are pairwise disjoint,
compact, isolated sets for the flow & restricted to K and the following properties hold: 1)
For each x € K there are integers [ = I[(x) < m = m(x) for which the alpha limit set of x,
a(x) =[N0 {Ps(x), s € (—oo, 1]}, satisfies @(x) C M; and the omega limit set of x, &(x) :=
N0 {Ps(x), s € [r, 00)}, satisfies d(x) C M, 2) If I(x) = m(x) then x € M; = M,,.

Assumption 1.1. We impose the following assumptions for the processes modeled by systems
(1.3) and (1.4).

(i) Foreachi e M, f(-,i) and o (-,i) are locally Lipschitz continuous.
(ii) There is an a > 0 and a twice continuously differentiable real-valued, nonnegative function
D (-) satisfying Rlim inf{®(x) : |x| > R} =00 and (VO (x) f(x,i) < a(D(x)+ 1), forall
—00

(x.i) eR? x M.
(iii) The vector field f(-) is C' and it has finitely many equilibrium points {x1, ..., Xpo—1} and
a unique limit cycle U. The equilibrium points are hyperbolic points.

(iv) There exists a Morse decomposition {My, Ma, - -, My} of the flow associated with f such
that My, =T is the limit cycle and for any i < ng we have M; = {x;} where x; is an
equilibrium point.

(v) There exists g > 0 such that for all 0 < ¢ < g, the system (1.3) has a unique solution. Fur-
thermore, for any 0 < & < &g, the process (X®*(t), «®(t)) has the strong Markov property
and has an invariant probability measure u*-°. The family (u8’5)0<8<80 is tight, i.e., for any
y > 0 there exists an R = R, > 0 such that us(Br x M)>1—y forall 0 < ¢ < .

317



N.H. Du, A. Hening, D.H. Nguyen et al. Journal of Differential Equations 293 (2021) 313-358

Remark 1.1. We note that using Assumption (ii), we can work in a compact state space K C R”
if the diffusion term from (1.3) is zero. Assumptions (i) and (ii) are needed in order to deduce the
existence and boundedness of a unique solution to equation (1.3) in the absence of the diffusion
term. Assumption (iv) is used to make sure that there exist no heteroclinic cycles.

Assumption (v) ensures that (1.3) has a unique solution that is strong Markov. Sufficient
conditions that imply uniqueness and the strong Markov property exist in the literature [32,38].

Remark 1.2. In [22] the author studied (1.1) under the assumptions that

(A1) f,o0 € C*(RY).

(A2) System (1.2) has a unique limit cycle.

(A3) There exists at most a finite number of equilibria x* of f. At each equilibrium, the Jacobian
matrix has only positive real parts and the matrix o’o is positive definite.

(A4) For any compact set B not containing equilibria and any u# > 0 there exists 7 > 0 such that
if x € B, then

d(x%(1),T) <u, fort>T.

(AS5) There exists dg > 0 such that for 0 < § < §¢ the stochastic differential equation has a unique
ergodic measure 5. Furthermore, the family (u5)0<s<s, is tight in R,

Our work generalizes [22] significantly in the following aspects. First, we work with two types
of randomness - one comes from the diffusion term and the other from the switching mechanism.
Second, Assumption 1.1 (i) is weaker than (A1). Third, we can have any hyperbolic fixed points
whereas assumptions (A3)-(A4) imply that all fixed points are sources and the deterministic
system converges uniformly to the limit cycle. In addition, we do not need o’c to be positive
definite at the equilibria.

Remark 1.3. There are several papers, which look at the exit time asymptotic behavior near
hyperbolic fixed points of small perturbations of dynamical systems [27,1,2]. In contrast to these
papers in which the noise is uniformly elliptic, we have to deal with the additional complications
of a stable limit cycle as well as the switching due to o®.

Let T > 0 be the period of the limit cycle I'. We can define a probability measure u°, which
is independent of the starting point y € I', by

Tr

1 _
1) = - / 10)(Xy(5))ds, (1.5)
r
0

where X,(#) is the solution to equation (1.4) starting at X(0) = y and 1, is the indicator
function. The measure 10(-) is the averaged occupation measure of the process X restricted
to the limit cycle I'. Throughout the paper, we assume that § depends on ¢, i.e., § = §(¢), and
lin}) 8(e) = 0. We will investigate the asymptotic behavior of the invariant probability measures
E—>

£,8

u®° as ¢ — 0 in the following three cases:
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s [ €(0,00), casel
lim - =14 0, case 2 (1.6)
e—=0¢
00, case 3.

The multi-scale modeling approach we use is similar to the one from [23].
Assumption 1.2. We impose additional conditions corresponding to the cases from (1.6).

1) Suppose lim¢_, g =1 € (0, 00). For any equilibrium x* of f there exists i* € M such that
B f(x*, i*) £ 0or Bo(x*, i*)o’(x*,i*)B # 0 where B is a normal vector of the stable man-
ifold of (1.4) at x*.

2) Suppose lim¢_,¢ g = 0. For any equilibrium x* of f there exists i* € M such that
B’ f(x*,i*) # 0 where B is a normal vector of the stable manifold of (1.4) at x*.

3) Suppose limeﬁog = oo. For any equilibrium x* of f, there exists i* € M such that
Bo(x*, i*)a’(x*,i*)B # 0 where B is a normal vector of the stable manifold of (1.4) at
x*.

Note that when x™* is a source, the stable manifold is 0-dimensional and any non-zero vector can
be considered as a normal vector.

The intuition for the conditions of Assumption 1.2 is as follows. In case 2, since § tends to O
much faster than ¢, for sufficiently small 8, the behavior of X®%(r) will be close to the process
£%(t) defined by

dg*(t) = f(£°(1), " (1))dt. (1.7)

We denote from now on by éj’i(t) the solution of (1.7) at time ¢ > 0 if the initial condition is
(x,10).

If for each i € M, f(x*,i) =0 at a equilibrium x* of ?, the Dirac mass function at x™*, §,+,
will be an invariant measure for £°(¢). Because of this, the sequence of invariant probability
measures (u®%) (or one of its subsequences) may converge to 8,+. In order to have the weak
convergence of (1%#)g=0 to the measure u°, we need to assume that there is an i* € M such that
B f(x*,i*) # 0 where B is a normal vector of the stable manifold of (1.4) at x*. This guarantees
that the process from (1.7) gets pushed away from the equilibrium x* and away from the stable
manifold (where it could get pushed back towards the equilibrium).

In case 3, the switching is very fast compared to the diffusion term, so for small ¢ the process
will behave like

dnf (1) = F(f0)dt + 55 (n° (1))dW (1),

where o (x) = (Zie Mo (x,i Yol (x,i )vi) 2 and W (¢) is an independent n-dimensional Brownian
motion.

In order for the limit of (145°%) not to put mass on the equilibrium x* of £, we need to suppose
that there exists an i* € M such that /o (x*, i*) # 0 where B is a normal vector of the stable
manifold of (1.4) at x*.
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For case 1, since both the switching and the diffusion are on a similar scale, we need to
assume that for each equilibrium x* of f there is i* € M satisfying either 8'c (x*,i*) # 0 or
B’ f(x*,i*) # 0. The next theorem is the main result of this paper.

Theorem 1.1. Suppose Assumptions 1.1 and 1.2 hold. The family of invariant probability mea-
sures (u&%) s~ converges weakly to the measure u° given by (1.5) in the sense that for every
bounded and continuous function g : R? x M — R,

Tr
mo
1 —
. . 8 N —
lim > / gt (i) = 7 / g(Xy()dr,
l:]Rd 0

where Tt is the period of the limit cycle, y € T and g(x) =Y ;o pq 8(x, i)v;.

Remark 1.4. Given that the switching component «? is state-dependent with generator Q (x) =
(qij (X)) MxM>X E R?, Theorem 1.1 still holds with f(x) = Z:n:ol f(x,)vi(x) and (vi(x),...,
Vo (X)) is the stationary distribution of a Markov chain with generator Q(x) = (g;;(x)) as long
as Q(x) is bounded and satisfies the following conditions:

qij ()
qii (x-)
e If g;;(x) > O for some x € R? then inf, g« _\ZUS;I 0.
e For all i we have inf g |gii (x)| > 0.

e For all i the functions g;; (-) and are Lipschitz continuous.

o inf,  ga a}i(]m")(x) > 0 where O(x) = (0 Vv qij (X)) Mx M, and (c}l.(;”())(x)) is the mo-power of
0(x)
We explain how one can do this in Remark 2.1.

1.2. An application of Theorem 1.1

We will exhibit an example where the result of Theorem 1.1 applies. Recently there has been
renewed interest in stochastic population dynamics [19,6,5,20]. Suppose we have a predator-prey
system of the form

d
Ex(t) =x(t)[a —bx() — y(O)h(x(1), y())]
(1.8)

d
77O =yO)[=c=dy@®) +x@O) fr(x(®). y))].

Here x(¢), y(t) denote the densities of prey and predator at time ¢ > 0, respectively; a, b, ¢, d, f >
0 describe the per-capita birth/death and competition rates, and xh(x, y), yh(x, y) are the func-
tional responses of the predator and the prey. For instance, if 4(x, y) is constant, the model is the
classical Lotka-Volterra one [29,37,18]. If

hix, y) o
X, ) =——|
Y my +m3x +may
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the functional response is of Beddington-DeAngelis type [7]. The setting of (1.8) is very general
and encompasses many of the models used in the ecological literature.
We explore what happens in the fast-switching slow-noise limit for the following noisy exten-
sion of (1.8)
dX®2 (1) = X2 (9(X2 (1), YO (1), af (0)d1 + V/8h(a* (1) X (1)d Wi (1) 19)
dY®* (1) = Y Oy (XS0 (0), Y2 (1), o (0)d1t +/3p (@ (1) Y (1)d Wa(1). '

Here

ox,y,i)=a@) —b@i)x —yh(x,y,i) and
Y(x,y,i)=—c@) —d@y+ f@xh(x,y, i),

where a(-), b(-), c(:),d(-), f(-), A(-), p(-) are positive functions defined on M, § = §(¢) depends
oneg, hm 8 =0, Wi (z) and W, () are independent Brownian motions, and «¢ is an independent
Markov cham with generator Q/e. As before, the generator Q is assumed to be irreducible so
that the Markov chain has a unique stationary distribution given by (v1, ..., v,,). The function
h(-,-,-) is assumed to be positive, bounded, and continuous on Ri_ x M.

For g(-) =a(-),b(-),c(-),d (), f(-), (-), ¥ (-), define the averaged quantities g :=>_ g(i)v;,
gm =min{g(@@) :i € M}, gy = max{g(i):i € M}. Set hi(x,y) :=> h(x,y,i)v; and ha(x,y)
=Y f(@i)h(x,y,i)v;. The existence and uniqueness of a global positive solution to (1.9) can be
proved in the same manner as in [25] or [26] and is therefore omitted. We denote by Z;f (1) =

(X52(1), Y22 (1)) the solution to (1.9) with initial value a®(0) =i € M, Z5(0) = z € R%. Con-

>z
sider the averaged equation

d _
d—X(t) =XOPX®), Y1) =X [a—bX(t)—YOhi(X(1),Y1)]
! (1.10)

d _ _
EY(I) =YY X®), YD) =Y@)[-c—dY () + X(Oh2(X (1), Y1))].
We denote by Z, (1) = (X (t), Y,(1)), the solution to (1.10) with initial value Z,(0) = z.

Assumption 1.3.

(i) The system (1.10) has a finite number of positive equilibria and a unique stable limit cycle
I'. In addition, any positive solution not starting at an equilibrium converges to the stable
limit cycle.

(ii) The inequality

is satisfied.

— i / _
Remark 1.5. Note that the Jacobian of (x¢(x, y), y¢¥(x, y)) at (% 0) has two eigenvalues:

— — -2 —_ —_
T+ Zha(2,0) and —Z < 0. 1f = + Zh>(£,0) < 0, then (%,0) is a stable equilibrium of

—

S
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(1.10), which violates condition (i) of Assumption 1.3. This shows that condition (ii) is often
contained in condition (i).

We note that model (1.10) is quite general. Conditions on the parameters for the existence and
uniqueness of a limit cycle are in general complicated.

We can apply Theorem 1.1 to this model if we can verify part (v) of Assumption 1.1 since
the other conditions are clearly satisfied. Since the process a®(¢) is ergodic and the diffusion
is nondegenerate, an invariant probability measure of the solution Z%%(¢) is unique if it exists.
It is unlikely that one could find a Lyapunov-type function satisfying the hypothesis of [38,
Theorem 3.26] in order to prove the existence of an invariant probability measure. In addition,
the tightness of the family of invariant probability measures (1%%),~¢ cannot be proved using
the methods from [12,13].

These difficulties can be overcome with the help of a new technical tool. We partition the
domain (0, 00)? into several parts and then construct a truncated Lyapunov-type function. We
then estimate the average probability that the solution belongs to a specific part of our partition.
This then enables us to prove that the family of invariant probability measures (115%),~ is tight
on the interior of ]Ri, i.e., for any n > 0, there are 0 < o, 8o < 1 < L such that for all ¢ < g¢, § <
80, the unique invariant probability measure 5% of (Z5%(r), a® (1)) satisfies

(N ADES By )
We are able to prove the following result.

Theorem 1.2. Suppose Assumption 1.3 holds. For sufficiently small § and ¢, the process given
by (1.9) has a unique invariant probability measure p®° with support in IntR%r (where IntR%r
denotes the interior of ]Rf_). In addition:

3
a) If lir%— =1 € (0,00], the family of invariant probability measures (u®%)s~¢ converges
e—>0¢&

weakly to u°, the occupation measure of the limit cycle of (1.10), as ¢ — 0 (in the sense
of Theorem 1.1).
8 —
b) If lin%)— =0 and at each equilibrium (x*, y*) of (p(x, y), ¥(x,y)), there is i* € M such
e—~>0¢&

that either (x*, y*,i*) # 0 or ¥ (x*, y*,i*) # 0, then the family of invariant probability
measures (15%)s~0 converges weakly to u°, the occupation measure of the limit cycle of
(1.10) as e — 0.

Remark 1.6. We note that on any finite time interval [0, T'], the solutions to (1.9) converge to
the solutions of (1.10). However, in ecology, people are interested in the long-term behavior of

ecosystems as 7' — oo. Therefore, the above result shows rigorously that (1.10) gives the correct
long-term behavior.

1.3. Main ideas of proof of Theorem 1.1: a road map

Because some parts of the proofs are very technical, in order to offer some insight, we present
the main ideas in this subsection. It aims to provide something like a “road map” for the proofs.
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Condition (v) of Assumption 1.1 is a tightness assumption for the family of invariant prob-
ability measures (M€’5)0<8<50. This implies that any weak limit of (M8'8)0<8<go is an invariant
probability measure of the limit system (1.4). The main technical issue is to show that any sub-
sequential limit of (,u‘*‘s)()<8<50 does not assign any mass to any of the fixed points of ? This
is done by a careful analysis of the nature of the deterministic and stochastic systems near the
attracting region y; := {y : limt%oon(t) = x;}, of an equilibrium x; of f. Note that if x; is
a source then x; = {x;} while if x; is hyperbolic x; can be an unbounded set. This makes the
problem difficult.

In Section 2, using large deviation technlques we establish the following uniform estimate
for the probability that the processes X and X, are close on a fixed time interval: For any R,
T,and y > 0, thereis ax =k (R, y, T) > 0 such that

P ”Xi’?(t) —X.(t)| > y for some £ € [0, T]} <exp <—%> ,x € Bx. (1.11)
’ &

The main task is to estimate the time of exiting the attracting region, x; N Bg, of an equilibrium
x;. To be precise, we show that Xfc'[S leaves small neighborhoods of x; N Br with strictly positive
probability in finite time if we start close to x; N Br. We find uniform lower bounds for these
probabilities.

In fact, for any sufficiently small A > 0 and sufficiently large R > 0, to include all the sets
M;,i=1,...,n9, wecan find 61,63 > 0, HlA > 0, and &;(A) such that for ¢ < g/ (A),

A
.8 A A .
P{Tj,i < H }ZW g.—exp(—m), lx — x| <61, (1.12)

where
0 =inf{t > 0: X52(1) € Bg and dist(X2 (1), x1) > 03}
We prove the estimate (1.12) in the different cases as follows.

1) Suppose that there is an i* € M satisfying 8’ f (x;,i*) # 0, where $ is a normal unit vector
of the stable manifold of (1.4) at x;. Then we estimate the time «®(¢) stays in i* and consider
the diffusion in this fixed state, that is

dZ(t) = f(Z2 (1), i%)dt + 3 (Z°(1),i")dW (1).

Since the drift f(x,i*) is nonzero and pushes us away from the stable manifold of x*, and
the diffusion term is small, we can estimate the exit time ?jf

2) Suppose limgﬁog € (0, 00] and there is an i* such that 8'o (x;,i*) # 0. If limgﬁog < 00,
suppose in addition that B’ f (x;,i) = 0,i € M. We estimate the time «®(¢) to be in i* and
consider the diffusion component in the direction 8 in this fixed state

dz5% =8B o (Z5%,af)dW (1)
Since the diffusion coefficient does not vanish close to x;, we can do time change so that we
get a Brownian motion. Then we can estimate the probability that the exit time exceeds a

given number. Ultimately, we show that Z&% and g’ X% are close to each other.
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Comparing the rates in (1.11) with (1.12) is key to prove the main result in Section 3 (see e.g. [22,
28]). The idea is to estimate the time of exiting the attracting region, x; N Bg, of an equilibrium x;
as well as the time of coming back to this region. Then we prove that eventually, the probability
of entering x; N By is very small compared to the probability of exiting the region.

If we start with X (0) close to x; N Bg then after a finite time X will be close to one of the
equilibrium points or the limit cycle. Using this together with (1.11) and (1.12) we get that there
exist neighborhoods N1, G of x; N Bg with N1 C G such that

P{z® <L} > w“ xeN;

X 4

for some constant L > 0 and

) =inf{t > 0: X50(t) € Br \ G1}.

X,1

This can be leveraged into showing that with high probability, if we start in N1, we will leave the
region G| D Nj in a finite, uniformly bounded, time:

X,

1
P{r&?<Tg’j] > SxreN (1.13)

A .
where Tz"sl = Cexp (ﬂ) Using (1.11) we can find a constant 7' > 0, independent of & such
: €

that
£,8 _ _L
IP’{XX’[(T)géGI}zl exp( 8+8>,xeBR\N1 (1.14)
and that
P{Xjf(r)mvl, forante[o,f]]zl—exp( +3) x € Bg\ Gi. (1.15)

Note that Tg"sl — 00 as ¢ — 0. However, if we pick A < «/2, we have

lim 7% £ ) =lim A d 0 (1.16)
1m €X _— €X €X _—— = Vu. .
e—0 Al p e+46 e—0 P —i—(S P e+46

The estimate (1.16) shows the exit time is not long compared to the good rate of large deviations,
which will be used to show that invariant probability measures cannot put much mass on the
equilibria. Let X% () be the stationary solution, whose distribution is &% for every time ¢ > 0.
Let 78 be the first exit time of X &3 (1) from G1. We can show that for any 1 > 0 we can find
R > 0 such that /Lg’a(Nl) < 2n by using (1.14), (1.15), and (1.16) to find the probabilities of the
events

ki = {R3ash e N et 2 T X0 e
K;’S:{i&s(T”)eNl e Tﬁ‘i,X”(O)eNl}
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Ko = {)?&“(ng) € N1, X*%(0) € By \Nl}
K5 = {Xo0(150) € N1, o0 ¢ Bl

Similar arguments show that for any n > 0, we can find R > 0 and neighborhoods
Ni, ..., Nyy—1 0f x1 N Bg, ..., Xny—1 N Bg such that

lim sup p*? (U'}(’:_l1 Nj) <2"p.
e—0

Using this fact together with Assumption 1.1 and Lemma 2.2 we can establish, by a straightfor-
ward modification of the proof of [22, Theorem 1], that for any n > 0 there is neighborhood N
of the limit cycle I" such that

limi(r)lf/f"S(N) >1—2"y.
&e—

2. Estimates of the first exit times

Define for any i = 1,...,n0 and 6 > 0, the sets x; :={y: limlﬁoodist(Yy(t), M;) =0} and
M; g = {y : dist(y, M;) < 0}. Let Ry > 1 be large enough such that Bg,_; contains all M;,
i=1,...,n9.Fix 6y € (0, 1) such that {M; 59,,i =1, ..., no} are mutually disjoint and M; 29, N
xj =@ for j <i.Foranyn>0,let R= R, > 0 such that u®®(Bg) > 1 —n and R < Ry.

The following lemma is a well-known exponential martingale inequality (see [30, Theorem
1.7.4]).

Lemma 2.1. (Exponential martingale inequality) Suppose (g(t)) is a real-valued F;-adapted
process and fOT g%(t)dt < 0o almost surely. Then for any a, b > 0 one has

1 t

P{ sup /g(s)dW(s)—ffgz(s)ds bl <emab,
1€[0,T] 2 J

We will make use of this lemma repeatedly in the proofs to follow. The next result gives us
estimates on how close the solutions to (1.3) and (1.7) are on a finite time interval if they have the
same starting points. The argument of the proof is pretty standard. For completeness, it relegated
to Appendix A.

Lemma 2.2. Forany R, T, and y > 0, there is a k =k (R, y, T) > 0 such that

P {‘Xi’?(t) —Yx(t)‘ >y for some t € [0, T]} <exp <—%> ,Xx € Bg.
: €

Lemma 2.3. Let N be an open set in R? and let f;la be any stopping time. Suppose that there is
an £ > 0 such that for all starting points (x,i) € N x M one has ]P’{%j’f <€} >a®% >0, where

12
lim a®% = 0. Then P {{-}f’lf; < W} > 1/2 for (x,i) € N x M if ¢ is sufficiently small.
. at

e—0
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Lemma 2.4. The following properties hold:

(1) For any 6 > 0, R > 0, there exists T > 0 such that for any y € B, Yy (t) € My.g for some
t< Tl, and some k € {1, ..., ng}.

(2) Foranyy € Bg \ x1 and any 0 > 0, there exists?y > 0 such that Yy(ty) € UZOZZ Mi.p.

(3) Forany 6y >0, R > Ry, there exists 62 > 0 such that dist(X ,(¢), x1) > 02 for any t > 0 and
y € By satisfying dist(y, x1) > 0.

(4) Let B be a normal unit vector of the stable manifold of (1.4) at an equilibrium x;. Then for
anym > 0, we canﬁnd@o > O suchthat {y:|B'y| >0, |y| <m0}N y; =@ forany 6 € (0, 6ol

The following lemmas show that the process leaves small neighborhoods around the equi-
librium points with strictly positive probability in finite time if we start close to the equilibrium
points. Furthermore, this probability can be bounded below uniformly for all starting points close
to the equilibrium. We need this because we want to show the convergence of the process to the
limit cycle I

Lemma 2.5. Consider an equilibrium x; and suppose there exists i* € M such that B’ f (x;, i*) #
0 where B is a normal unit vector of the stable manifold of (1.4) at x;. Then for any A > 0 that
is sufficiently small and any R > Ry, we can find 61,63 > 0, HlA > 0, and ¢;(A) such that for
e <e(Q),

~ A
P {Tf,’? = HzA} = y&° =exp (—;) » X € My,

where

Tl =inf{t 2 0: X22(0) € B and dist(X5 (1), x1) = 03}

X,

Proof. Suppose without loss of generality that x; = 0. Let 8 be a normal vector of the stable
manifold at O such that |8] =1 and B’ f(0,i*) > 0. Since f is locally Lipschitz we can find
a1 > 0 such that

B f(x,i*)>a; >0, |x| < 6. 2.1

Then Aj :=sup, _g, %} < 00.

Since B is perpendicular to the tangent of the stable manifold at 0, we can find 6; €
1 A
(O, AT (‘HZ?*#I A 9())) such that

dist(LY, x1) := 65 > 0, 2.2)
where
—{x:|x| < (2+3A1)6 and |B'x| > 62} 2.3)

The continuous dependence of the solutions of (1.4) on the starting point and the fact that 0 is
an equilibrium of (1.4) imply that X stays close to O for a finite time if the starting point is close
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enough to 0. Using this, we can derive from Lemma 2.2 that there exist numbers 6; € (0, 6>) and
k > 0 such that

k
P {|Xfc"f(t)| <6,0<t <1+ } >1—exp (—?> forallx e Mjg,,i e M. (2.4)
: &

|gi+i*|

First, we consider the case «®(0) = i*. Because of the independence of «®(-) and W(-), if
af (1) = i* forall 1 [o

val [0

, Iq'iﬁ]’ the process Xif* (+) has the same distribution on the time inter-
™ k)

, Iqiﬁ] as that of ch given by

dZ%(t) = f(Z% (1), i")dt + 8o (Z2 (1), i*)dW (1). (2.5)

Define the bounded stopping time

A
08 = = Ainf{r > 0:1Z8(1)] = 6o} Ainf{r > 0: B'Z5 (1) = 62).
i*i*

We have

B'Z2(pt ‘S)—ﬂx+/ﬂf(25(s) z*)ds+ffﬁo(za(s> iAW (s), |x| <.  (2.6)

By the exponential martingale inequality from Lemma 2.1, there exists a constant m3 > 0 inde-
pendent of § such that

g1 3 Qfd:2 3
]P’(QX )>4and]P’< )>4
where
t
Qo= { _/«/Sﬁ’o(zﬁ(s),i*)dW(s)
t
f 880 (Z2(s),i*)0 (Z(s),i*) Bds < m3v/5,1 € [0, p& ]}
and

t
Q%2 :={ /‘/ga(zf(s)’i*)dw(s)

t

f 8|0 (Z2(5),i*)0 (Z3(s),i%) | ds <m3v/5,1 € [0, p& ]}
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This implies that

1
P (23 neit?) > 5. @.7)

Using (2.1) and (2.6), we note that on the set Qi"s’l

g
B'Z2(p7") >B'x + / B'f(Z3(s),i%)ds
0
1 X
-7 / B'80(Z5(s),i%) o (Z5(s),i*)Bds —m3v/8 (2.8)
0
e,8
Px
>—60+ / ayds —m3v/6.
0
Let § be so small that m3+/8 < — 2 | i If pS%(w) = = for some w € Qifl using 6 <
qi+i* qi+i* '

arA _dlpi’
4|gixix| 4

we get

1B'Z8 (p5% ()| <62 < =62 + a1 p® — m3/s,

which contradicts (2.8). As aresult,if x <0, w € Qfgs’l and § is sufficiently small, we have

PSP (@) <

A
, 2.9
|Gixi]
and by (2.6) we have

85 56

fﬂf(Z‘s(s) i*)ds <|B'Z5 (pt 5)|+|ﬁx|+f/ |0(Z3(s), i) (Z3(s),i*) |ds +m3v/8

<36,

(2.10)
on Q%1 N Q%%2. Using (2.5) and (2.10), one sees that if § is sufficiently small and |x| < 6,
thenforwe Qi‘s ' nQsd?

85 56

1Z (0t “)|<|x|+/|f(z ), z*)|dr+ff |0 (Z3(s),i%)0(Z2(5),i*) | ds +m3v/8
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e,8
05
<26+ A, / B F(Ze(0). i)t
0
<4346, < 6. 2.11)

Combining (2.11) with the definition of ,o)f’a shows that B'Z, (pfc"s) =6, and |Z, (p§’5)| <2+
3A1)0 on Q5% N Q532 As a result of this and (2.7), if |x| < 62,

A 1
P {,B/Zx(t) > 0, | Z(1)] < (24 3A1)0, for some 7 € [0, o] J } >P (9;75’1 N ij*z) >3
Gixi* ’

Let
¢o) i=inflr > 0: /X500 > 02, X5 < 2+ 3AD0} =inflr > 0: X570 € L?).

Using the independence of «f, the paragraph before equation (2.5), and the last two equations,
we obtain

A 1 A 1 A
P {{;ls* < } > P {af*(t) =i* forallt e [O, —i“ = —exp <——) , if [x] < 61.
’ |qi*ix] 2 |qixix] 2 €
2.12)

Since a®(¢) is ergodic, for any sufficiently small ¢, i.e., small enough A,

3
Pfof (1) =i* forsomete[O,l]}>Z,ieM. (2.13)

By the strong Markov property, we derive from (2.4), (2.12), and (2.13) that for all (x,i) €
M 9, x M and for ¢ sufficiently small

A 1 A
Plesd <14 >_exp(——. (2.14)
|gi*i*] 4 €

X,I
The proof is complete by combining this estimate with (2.2). O

Lemma 2.6. Suppose that lin}) g =r > 0. Assume that at the equilibrium point x;, one has
e—

f(x1,i) =0 for all i € M, and there is i* € M for which B'o(x;,i*) # 0, where B is a nor-
mal unit vector of the stable manifold of (1.4) at x;. Then for any sufficiently small A > 0 and
any R > Ry, we can find 61, 63 > 0, HlA > 0, and €(A) > 0 such that for ¢ < g;(A),

A
P ’?;f < HIA} > e :=exp<— 5

), forall (x,i) e Mg, x M,
where
700 = inf{r > 0: X2(1) € By and dist(X5) (1), x1) > 63).
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Proof. We can assume without loss of generality that x; = 0 and 111% g = 1. Since o is locally
£—

Lipschitz, we can find a; > 0 such that

ay < B'(0a")(y.i")B. |y| < bo. (2.15)
Let K; > 0 be such that | f(x,i)| < K;|x| and |(¢'0)(x,i)| < K; if |x| < 6y,i e M.Fix T >0
T
such that @i > 1 and let 81 > O be such that
Q2+ K T)?eX1To <6y (2.16)
and dist(L?', x1) := 03 > 0 where
L) = {x:|x] < 2+ K T)%X76; and |'x| > 61). (2.17)

Define

Goyii=infu>0: f B'(co’) ((1 A :%) Xi’?(s), af(s)) Bds >t
0 1X75 ()] '

For all ¢+ > 0, we have by (2.15) and the ergodicity of the Markov chain af that

P (&t ,x,i <00) =1, x| < bp.

As a result the process (M (f));>¢ defined by

Ctox,i
M) = / o ((1 A 9%) X39(s), oef(s>> AW (s)
) Xz

is a Brownian motion. This follows from the fact that M(¢) is a continuous martingale with
quadratic variation [M, M]; =t,t > 0.

Set 6 := (2+ K;T)6,. Since M (1) has the distribution of a standard normal, for sufficiently
small §, we have the estimate

1 07
P{vV/sM(1) > 65} > 5 €XP (—%),le < 6. (2.18)
Using the large deviation principle (see [24]), we can find a3 = a3(T") > 0 such that

1 Vj*

T
as
P ?\/l{af(é):l*}ds> 3
0

>1—exp (—?). (2.19)
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. .. axvi=T
Equation (2.15), the definition of ¢; x ;, and

> 1 yield
T . .
P /ﬂ/(UU/) ((1 A 5+> Xi’?(s), af(s)) Bds > aavir >1—exp (_a_3> ’
0 1X i ()l ’ 2 &
x| < o,
which leads to
as
P =T) = 1—exp(=2), Jx] <60, (2.20)
€

Define for |x| <8y, i € M

563 _{ ﬁ/d(( 8;) )Xfc”?(s),af(s)) dW (s)
0 REHE]

t
(0'0) ((1 A f+) X53(s), af(s)>
X1

)

<—2/5 ds + 6,
5

<(Ki;T +1)62,t €0, T]}

0

and note that the last inequality holds by the definition of K;. By Lemma 2.1

P(Q557%) > 1 —exp (-%ﬂ) x| < 6o. (2.21)
Define the stopping time
Cei =inf{t > 0: |/ X0N0)| = 01} Adnf{r > 01 [X50(0)] > (K +2)02e5!T).
If x| <6 and w € (VSM(1) > 6} N {¢1xi <T}N Qs 3.3 we claim that we must have

Lei<T. (2.22)

We argue by contradiction. Suppose the three events {«/EM(I) >0}, {¢1.xi < T}, and {&x; >
C1.x.i} happen simultaneously. Then we get the contradiction

Cl,x,i
0 =02+ KT <V/SM(1) =8 f Bo ((1 A ﬁ) Xi’?(s),af(s)) dW(s)
(s )
0 x,0
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S,
)

< IB'XE2E|+ IB'x] + | / B f(XE2(s), af (5))ds
0

Cix,i
<+ [ KIFXSO)ds < @+ KT =0,

where we used that (1 A leg@ﬂ) Xi‘f (s) = Xif (s) if s < ¢y, by the definition of ¢, ; and
(2.16). ’
For |x| <601 and w € (v/SM(1) > 62} N {£e; < T} N QS forany 0 <t < ¢4 < T,

t t
X530 <lx| + V8 f o (X50(s), af ())dW (s)| + f FLC SHORANILE
0

0

t
<(K;T +2)6, + K; f 1X5%(s)|ds.
0

This together with Gronwall’s inequality implies that
IXE5O] < (KiT +2)62e517 1 €0, £1]

Thus for x| < 6; and w € (vSM(1) > 62) N {&xi < T} N Q5S> we have that £, < T and
X528 i) < (KiT +2)62¢K17 and 'X52(6.i) = 61

Since 6 < a3 and limsﬁog = 1 we have by (2.18), (2.20), (2.21) and (2.22) that for all
sufficiently small &

1 67 1 A
PUVEM(1) > 62) N {ei < TYN QLS = exp (—%) > exp (—3) x| <

if A < 922, which completes the proof. O

8
Lemma 2.7. Suppose that 1in}) — = 00. Assume that at the equilibrium point x; one can find
e—=>0¢&

i* € M such that B'o (x;,i*) # 0 where B is a normal unit vector of the stable manifold of (1.4)
at x;. Then for any sufficiently small A > 0 and any R < Ry we can find 61,63 > 0, HlA > 0, and
£1(A) such that for ¢ < e1(A),

~ A
P {Tf,a < HZA} > IﬂA’g ‘= exp ( - E)for all (x,i)e Mg, x M,
where
759 —inf{r >0 Xi:f(t) € By and dist(XfC:f(t), x1) > 63}

X,
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Proof. Assume, as in the previous lemmas, that x; = 0. Pick a number a, > 0 for which

ar < B'(oco")(y,i*)B, |yl < bo.

Let K; > 0 be such that |?(x)| < Kj|x| and |(6'0)(x,i)| < K; whenever |x| <6y, and fix T > 0

ayvi»T 2 KT c iy 01 o
such that > 1. Let6; > 0 be such that 3+ K;T)“e™" 01 < 6p and dist(L;", x;) ;=03 >0

where

LV ={x:lx — x| <@+ K T)%KTo, and |8/ (x — xp)| > 61). (2.23)

Define 6, = (3+ K;T)6 and let az, M (t), T, ¢1 x.; be as in the proof of Lemma 2.6. Arguing
as in the proof of (2.20), we can find a3 > 0 such that

P{eis =T}z 1—exp (=2 Ix] <6,

Since f(0) =0, we can apply the large deviation principle (see [24]) to show that there is k¥ =
Kk (A) > 0 such that

P(A) > 1 —exp (—5) , (2.24)
&
where A := {| 5’ £(0,af(s))ds| <61, forallu € [0, T]}. The estimates

Clox.i
M(1) = / B'o(XE%(s), af ()dW (s)
0
gl,x.i

< B €L+ 1851+ [ Br0.af6as]
0

{l,x,i
+ f 1B/ (f (X505, af (5)) — £(0, e (s))) |ds,

and

t t
X500 <|x| + /8 / o (X50(s), of (5))dW (s)| + / [F(X50(s))Nds
0 0

t

+ / IFXE3)) = F(XE0s), af (9)Ids
0

together with arguments similar to those from the proof of Lemma 2.6 show that
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£,8 01 1 A .
P X i@ el for some ¢t € [0, T] zzexp 3 ,(x,1) € Mg x M

if § is sufficiently small. O

Remark 2.1. The results in this section still hold true if one assumes the generator Q(-) of «(-)
is state dependent; see an explanation of the exact setting in Remark 1.4. By the large deviation
principle in [3, Section 3] and the truncation arguments in Lemma A.1, we can obtain Lemma 2.2
for the case of state-dependent switching. It should be noted that while [3] only considers Case
1 of (1.6), using the variational representation, the arguments in [3, Section 3] can be applied to
obtain Lemma 2.2 for the other cases.

We can also infer from the large deviation principle that (2.13), (2.19) and (2.24) hold in
this setting. As a result, Lemmas 2.5, 2.6 and 2.7 hold. These lemmas, in combination with the
proofs from Section 3 imply that the main result, Theorem 1.1, remains unchanged if one has
state-dependent switching.

3. Proof of main result

This section provides the proofs of the convergence of %% for the three cases given in (1.6).

Proposition 3.1. For every n > 0, there exists R > Ry and neighborhoods Ni, ..., Ny,—1 of
X1 N BR, ..., Xng—1 N Bg such that

1imsupmv5(u;%°:}‘1vj) <My,
e—0

Proof. For any n > 0, let R > Rg be such that u®%(Bg) > 1 — 1. Define
S1={y € Bg :dist(y, x1 N Bg) < 6p}.
In view of Lemma 2.4, there exists ¢ > 0 such that for all r > 0
dist(X(¢), x1) > 2c> forany y € Bg \ Si. (3.1)
Define
G1 ={y € Bg : dist(y, x1 N Br) < c2}.
There exists c3 > 0 such that
dist(Yy(t), X1) > 2c3 forany y € BR \ G, t > 0. 3.2)
Note that we have 2¢3 < ¢ and 2¢; < 6. Define
N1 ={y € Bg : dist(y, x1 N Bg) < c3}.
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In view of Lemma 2.4, for any y ¢ i, there exists tNy such that Yy (tNy) € M; g, N (Bg \ Sy) for
some i > 1. This together with the continuous dependence of solutions to initial values and (3.1)
implies that there exists 7 > 0 such that

dist(X (1), 1) > 2¢2 forany t > T,y € Bg \ N. (3.3)

Let «k =« (R, c3, f") be as in Lemma 2.2, A < %, 61, and 1//8A be as in one of the Lemmas 2.5,
2.6 and 2.7 (depending on which case we are considering). We have

PES < HY) >yl x € My, (3.4)

X,1
where, as in Section 2, the stopping time is
T =inf{t > 0: X22(1) € Bg and dist(X52 (1), x1) > 63}
Define

T =inf{r = 0: X;}(1) € Br \ G1}.

X,

It follows from part (1) of Lemma 2.4 that for any x € Nj, there exists a Tl > 0 such that
X (1) e UL, M, o for some £, <Tj.
2

Suppose X, (t;) € U;'OZZ Mj 9, . Note that U;lozz Mj o, N M1 ¢, =¥, 61 < 6 and that by con-
> 2 * 2
struction, M1 26, N xj =, j > 1. These facts imply that U;"’zz Mj o; N N1 = 0. This together
7
with Lemma 2.2 and (3.3) implies

X,i

~ A 1
Pz <T1+T) > 5 (3.5)
for small € > 0.

When ¢ is sufficiently small, we have by Lemma 2.2 (applied with y = 971) that for any x € N
satisfying X, (ty)eM Lo that
7

1
P(X7(t) € Mg} > 3 (3.6)

Similarly to (3.3), there exists a Tz > 0 such that

dist(X(¢), x1) > 2c forany t > T, y € Bg, dist(y, x1) > 65,

which implies that by Lemma 2.2, for sufficiently small ¢ > 0,

- 1
P {dist(Xfc’?(Tg), x1) > cz} > 5 forany x € Bp. distCx. x) = 63,0 € M. (37)
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Putting together (3.4), (3.6), and (3.7) we deduce that

Pz < Ty +HA+T2}> ws, (3.8)

X 1

for ¢ sufficiently small. Combining (3.5) and (3.8), we get that

P{jf<HA+T1+T2+T}> 1// . x €N (3.9)
HA 4+ T+ D+ T
Define Tz’al =4 + :_ 2+ . Applying Lemma 2.3 to (3.9), we have
£,8
1

]P’{tjf<T€5}>5,xeN1. (3.10)
We will argue by contradiction that lim sup £ (N1) < 2. Assume that lim sup 1*° (Ny) > 21 >

e—>0 e—0

0. Since A < k/2, we have
lim 75 d 0 G.11)
im ex =0. .
1o e+

Let X¢ 3(1) be the stationary solution, whose distribution is pLM for every time ¢ > 0. Let 789 be
the first exit time of X%(s) from G . Define the events

ki = {R3aih e N Tt 2 0 X0 e M
k3P = RO e Nyt < 155 R0 e N
K = {)?S~5(T§j) € Ny, X°%(0) € B \ Nl}
KPP = {ﬁe*a(Tzfi) € N1, X“%(0) ¢ BR}-

Note that the above events are disjoint with union Ny such that

4
u (N =) PLKC).

n=1

Using (3.10), we get that
1
P(K?) < 31" (1) and P(KS®) < 1-u"(Br) <. (3.12)

Next, we estimate P (K §’6). It follows from Lemma 2.2, (3.2), and (3.3) that if ¢ is sufficiently
small then
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57 K
P{X;i(T)géGl} zl—exp(—m),xeBR\Nl,

and

8 A K
P [Xfc’i(t) ¢ Ny, forallt € [0, T]} >1 —exp(— —8~|—8)’X € BR\Gq.

Using the last two estimates together with the Markov property one sees that for any x € Bg \
Gi,ieM,sel0, T,

P{Xw e n |
£,8 £,0
=P{X235) € N, XE2T) ¢ Br\ G |

Ls/T )
+ ) ]P’[Xfc”f(s) € N1, X20(nT) ¢ B\ G1, X50(T) € BR\ Gi,u=1,....n — 1]
n=2

+P[Xi:f(s) € N1, X20T) € BR\ Gi, =1, ..., [s/f]}

<P{XI0(P) ¢ B\ G} + Lfn»{x;w) ¢ Br\ G1. X2%((n — DT) € Br \ G1)
cp[xmem, rsomer < (s 7.2 | 7+ 7] x02 (|s/7] 7) B 1)

< (|57 [ +1)exp (—8"?)

< (s/7 +1)exp (—8%)

where |s/ T | denotes the integer part of s/ T. .
Note that similar arguments show that (3.13) also holds for all s € [T Tg"s] and x € Bg \ N;.

> T x,i
It follows from this with s = Ti’sl,

(3.13)

P(KS) =P X0 e N, X900 € BrA M| = (T5/7 +1) exp (—(9%) .
This together with (3.11) implies that
;%P(K§’S) =0. (3.14)
Using (3.13) and the strong Markov property, we get

P(K5") :]P{'X&B(Tg’j) eNi, 0 < T2, X5 (0) € Nl}
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)
Z/P{,sﬁ edt}| /]P’{Xi:f(Tg”‘sl—t)eN]}IP’{ozS(t)zi,ia,a(t)edx}
0 iEMaGl
&,8 ;7 _L
S(TA’I/T—i-l)exp( 5+8)
—0ase— 0 dueto (3.11). (3.15)

Putting together the estimates (3.12), (3.15), and (3.14), we see that

1
limsup %3 (N}) < Elimsup;f"s(Nl) +04+0+m7,

£—0 e—0

which contradicts the assumption that lim sup u‘“*‘s (N1) > 2n. Thus, we have shown that
e—0

lim % (Ny) < 2u.
e—0
Define
Sy ={y € Br\ S1:dist(y, x2N Br \ S1) < 6o}
There exists ¢4 > 0 such that dist(Yy (), x1) = 2c4 for any y € B \ S;. Define
Ga={y € Bgr\ 81 :dist(y, x2aN (Bg \ S1)) < ca}
There exists ¢5 > 0 such that dist(Yy (t), x1) = 2c5 forany y € Br \ G. Define
Ny ={y € B\ S :dist(y, x1 N Br \ §1) <cs}

Let fz be such that Yy(fz) € Br\ (S1US,) given that y € Br \ (S1 U N2). We can show, just as

K
above, that there exists a ng such that lim,_, ¢ T 2 exp ? =0 and
’ e

1
0 ,8
]P’{r;i < Ti’z} > 7

Define events

XNTLY) eNou e 2 T30, R0 0) €

=l

K; =X e Mot < T X0 0) €
={X2TY) € N2, R00) € Br\ (51U N |
{

4:3 = XS'S(TX”‘;) € Ny, X5%(0) ¢ Br \ Sl}-
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Applying the same arguments as in the previous part, we can show that limsup,_, U (N,) <
4n. Continuing this process, we can construct neighborhoods Ny, ..., Ny,—1 of x1 N Bg, ...,
Xno—1 N B such that

1ims(1)1pmv5(u;%°:‘l‘Nj) <2"y. O
£e—

Theorem 1.1. Suppose Assumptions 1.1 and 1.2 hold. The family of invariant probability mea-

sures (u5’5)8>0 converges weakly to the measure MO given by (1.5) in the sense that for every
bounded and continuous function g : R x M — R,

Tr

mo

. . . I [_ =

511_13}) E /g(x,z)ug‘s(dx,l)=T—F/g(Xy(t))dt,
l:le 0

where Tr is the period of the limit cycle, y € T and g(x) =Y _;c pq 8(x, V.

Proof. We have proved in Proposition 3.1 that for any n > 0 we can find R > 0 and neighbor-
hoods Ny, ..., Nyy—1 of x1 N Bg, ..., Xny—1 N Bg such that

lim sup ,LLE’S(U;Olej) < 2notly

e—0
Using this fact together with Assumption 1.1 and Lemma 2.2, by a straightforward modification

of the proof of [22, Theorem 1], we can establish that for any ¢ > 0 there is neighborhood N of
the limit cycle I" such that

lim igfmﬁ(zv) >1—9. O
e—>
4. Proof of Theorem 1.2

To proceed, we first need some auxiliary results.

Lemma 4.1. There exist numbers K| and K> > 0 such that forany 0 < ¢, < 1 and any (io, z0) €
M x Int]Ri, we have

t

1 £,8 2
;E 1Z. % )7ds < Ki(1+ |zoD), 1 > 1,

20,10
0

and

£,8
20,10

limsupE|Z%°. ()] < K».
11—

339



N.H. Du, A. Hening, D.H. Nguyen et al. Journal of Differential Equations 293 (2021) 313-358

Proof. Let 6 < min{ fyb(i),d(i) : i € M}. Define

A

Ki=  sup  {fux(aG)—b(i)x) — y(ci) +d(@)y) +0(x* + y»)} < 0.
(x,y,))eR%Z x M

Consider V(x v,i) = fyx+y. We can check that £ 5‘7(x y,i) < Ki— 0 (x%+y?), where L&
the generator assoc1ated with (1.9) (see [32, p. 48] or [38] for the formula of £* 8 ) Slmllarly, we
can verify that there is K2 > Osuchthatforalle < 1,6 <1, L% B(Vz(x y,0)) < Kz— Vz(x v, 0).
For each k > 0, define the stopping time oy = inf{t : x(¢) + y(¢) > k}. By the generalized It6
formula for V (x(7), y(t), af (1))

IO}

EV(Z5, (t Aow), o (t Aow)) =V (20.i0) + E / LAV(ZE, (5).a° (5))ds
0

IN\Og

< fmuxo+yo+E / [Ki =012, ()1*]ds.
0

4.1)

20,10

Hence

IN\O}

OF f 1250, (5)2ds < fuxo+ yo+ Kit.

Letting k — oo and dividing both sides by 6¢ we have

€8 2 fuxo+yo  Ki
—E/|ZZOZO(S)| ds < T g 4.2)

Applying the generalized 1td formula to ¢’ \72(22’;’31.0 1), at (1)),

Ee' " VA(ZE% (t Aoy).af (t Aoy))
IN\O}

— V2z0.i0) + E f STVZED. (5), a5 () + LoSVAZED. (s), 0 (s))]dis

20,10 20,10

0 4.3)

INO)

< (fuxo+y0)* + K2E / e*ds < (fuxo+ y0)> + Kae'.
0

Taking the limit as k — 0o, and then dividing both sides by e’, we have

E[fuX5" )+ Y55 0] < (fuxo + y0)2e™ + Ka. “.4)

20,10 20,10

The assertions of the lemma follow directly from (4.2) and (4.4). O

340



N.H. Du, A. Hening, D.H. Nguyen et al. Journal of Differential Equations 293 (2021) 313-358

Lemma 4.2. There is a number K3 > 0 such that

t

1
_E / 7250 @), a5 () + 92 (250 ), 05 () [ds < Ka(1+ 12D

0
foralle, 8 € (0,1],z € IntR2 ¢ > 1.

Proof. Since the function (-, -, i) is bounded, we can find C > 0 such that

0@ 0) + 2@ ) < CU+ [z
The claim follows by an application of Lemma 4.1. 0O

Recall that the two equilibria of (1.10) on the boundary are both hyperbolic. Note that the
_ _ T _
Jacobian of <x¢(x, ), y¥(x, y)) at (b 0) has two eigenvalues: —c + “hz (b,O) > 0 and

=2
—% < 0. At (0, 0), the two eigenvalues are a > 0 and —c¢ < 0, respectively. If we consider the

dlnX(t) + dlnY(t)

2c
weighted average Lyapunov exponent, we can see that the growth rate of — N
a

2c dlnX(t) +dlnY(t)

is positive both at (0, 0) and (%, 0) This suggests we should look at — in

order to prove that the dynamics of (1.10) is pushed away from the boundary. Then we can use
approximation arguments to obtain the tightness of (Z%%) on Int]Ri. Define

. 2c . .
Y(z,i) = Ew(z, i)+ ¥(z,10)
and
_ 2% _
Y(z):= E(p(z) + ¥ (2).

We have the following lemma.

+ 1, there are numbers

SR

1 _
Lemma 4.3. Let yy = §<EA(—E+ %hl(ﬁ,O))) > 0. For any H >
T,,B>Osuchthatf0rallz€{(x,y)eR%Jx/\yS,B,x\/ysH}

X (T)VY,(T)<H and % /T(Z(:))d: > 0. 4.5)

Proof. Since tlim Z0.y)(t)=(0,0), Yy € R, and
—00

_ 2c_ — 2c_ _ _
1(0,0) = —=9(0,0) +¥(0,0) = —a —c=c > 2yy, (4.6)
a a
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there exists 77 > O such that

t

1 (= — 3
- / T(Z.y(s)ds = Syo for 1 = Ty, y € [0, H]. 4.7
0

By (4.6) and the continuity of (), there exists B1 € (0, %) such that

— 7
T(x,0) > Zyo, if x < 1. 4.8)

Since

and
- a
lim Z 0)() — <:, 0) , Vx >0,
—00 b

there exists a 75 > 0 such that

t

1 (== 7
;/T(Z(x,O)(s))dS z g0 for 1= Ty, x €[f1. H]. (4.9)
0

Let Mg =sup, ¢ 1 {|Y(x, 0)|}, 7x =inf{t > 0: X, 0> B1} and T3 = (4% +7) T». Tt can
be seen from the equation of X(t) that Y(x o) €Bi. Hlift >1,,x € (0, B1]. For t > T3, we

can use (4.8) and (4.9) to estimate fo T(Z(x 0)(s))ds in the following three cases.
Casel.Ifr —T» <f, <t then

Ix

t t
/T(Zx,O)(S))dSZ/T(f(x,O)(S))dS+/T(7(x,0)(s))ds

0 0 7

7 — 3 _ My
> —yo(t — 1) — oMy > —yot, |since t > (4— +7)T2 .
4 2 Y0

Case2.Iff, <t — T, then

1 t

/T(f(x,O)(S))d / Zx0)(s))ds +/T(7(x,0)(5))ds

0 Iy

0
7 7 3
ZVO([ —f)+ - Volx > 2Vol
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Case 3.If 7, > ¢, then

1 Iy

o _ 7 _ 3
/ T(Z 2.0y (5))ds = / T (5)ds = Lyl = St
0 0

As a result,

t

| R (—— 3

" / Y(Zx,0(5))ds > 57/0, ift>T35,xe(0,H]. (4.10)
0

Let T = T; Vv Tz. By the continuous dependence of solutions on initial values, there is 8 > 0 such
that

T
X.(T)V ¥.(T) < H and % f T(Ze, (5) — T(Zoy(5))| ds < %Vo @.11)
0

given that |z — 22| < B, z1, 22 € [0, HI?. Combining (4.7), (4.10) and (4.11) we obtain the de-
sired result. O

Generalizing the techniques in [33], we divide the proof of the eventual tightness into two
lemmas.

Lemma 4.4. For any A > 0, there exist €g, 89, T > 0 and a compact set K C IntRi_ such that

20,10

k=1
1 A
l}(rgggf% EOIP EZ&,S (nT) e IC} >1-— 3 forany € < ¢gp, 8 < 8o,z eIntIRi.
n=|

Proof. For any A > 0, let H = H(A) > % + 1 be chosen later and define D = {(x,y) : 0 <
x,y<H}. Let T > 0and 8 > 0 such that (4.5) is satisfied and D1 ={(x,y):0<x,y < H,x A
y < B} C D. Define V(x,y) = —25—5 Inx — Iny 4+ C where C is a positive constant such that
V(z) = 0V z € D. In view of the generalized 1t6 formula,

t

V(Z??(l‘)) —-V(@© =/ I:—T(Z;’f(s), otg(s)) + g <§A2((x8(s)) + pz(ag(S))):| ds
0

_ t t
- % / Vot ()d W (s) — / V8p(af (s))dWa(s).
0 0

For A € F, using Holder’s inequality and It6’s isometry, we have
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<1A|V(z“‘(T)) - V(z)|)

8

T
< [BLa [ 1(20 0.0t 0)dr| + ELy f . (2 32 (1) + o2 (r)))
0

0

T
4% IElA / I ()W (1) + Els / V3 (1)dWa(0)
0

4.12)

D=

T
gT(ElA)% IE/ [T(Zi:?(l),as([))-F%(2[1;)»2((18(1‘))+p2(068(l‘))>j|dl‘
0

1

15/ |E / ( 22" (1) + e (r)))

0

=K4T (1 +[zDVP(A),

where the last inequality follows from (4.2) and the boundedness of p (i) and A(i). If A = 2, we
have

(|V(ZZ,(T)) ~ V@) = Ke(1+ 2D, 4.13)

Let Hr > H such that X,(t) vV Y,(r) < Hy forallz € [0, H]?, 0<¢ < T and

—T( )
'x’ 9
0x Y

o7 ) .
W(x,y) c(x,y)eRy, xVvy<Hr.

_ {a
dy =sup

Let ¢ > 0. Lemma 2.2 implies that there are &g, &9 such that if ¢ < &g, § < do,

P{|Yz(t) ”(r)|+|Y(r)— ”(t)|<1A2d forallte[OT]}>l—%,zeB.

H
(4.14)

On the other hand, if [X, (1) — X°2(6)] + [V,(r) — Y22 (1) < 1 A %, we have
’ ’ H

T T

‘%/T(Zi’?(t),ae(t))dt - %/T(im(t))dt
0 0
| T
N 7€:0 N7 .
<5 |[ (F@i0) - Tz )ar
0
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T
1 £, e ~ 706
+ = | [ (@ 0.0 @) = X(ZE ) de
0

T

o  Fu

=7+ ?/ > Nae =gy — vyt (4.15)
0 JjeM

where Fg :=sup{|Y(z,i)|i e M,z€[0, Kt + 1]2}. In view of [24, Lemma 2.1],

1 T 5 T/e )
& K
]E‘?/ Z et )=jy — vjdt =E‘7/ Z Mety=jy —vjldt| == (416)
0 jEM 0 jEM
for some constant x > 0. On the one hand,
T 2
1 ., . @, ,
Ex| [ (= SHe@)dWi() = p@ )dWa))| = S5 Ayy+piy. @17
a
0

Combining (4.5), (4.14), (4.15), (4.16), and (4.17), we can reselect &y and g such that for
£ < &0, 6 < 8y we have

T
-1
P T / Yt (t), Z;’l-s(l‘))dt <—05p¢>1- %, zeDy,ieM, (4.18)
0
P{Xj;f(r) Vv YZ)(T) < H (or equivalently Z5°0(T) e D)} >1— % ze Dy, (4.19)

and

T
P 81‘}+? /(%/\(oﬁ(r))dwl(t)+p(ae(z))dwz(t))dt <0257 >1—% (4.20)
0

where ¢ = % (%)‘%4 + ,012‘,[) Consequently, for any (z,i) € D; x M, there is a subset Qif cQ
with P(279) > 1 — ¢ in which we have Z°(T) € D and

T
%(V(Zj;?(T))— V(2) s_—lfr(ag(t),zj;?(z))dwaﬁ
0

T 421
+ ?‘/\/E(tcx(a%))dwl (t)+,0(a8(t))dW2(t))‘
a
0

<—0.25p
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On the other hand, we deduce from (4.13) that for z € D,
1 5
P {;(wz;;i (T) = V() < A} >1-g, (4.22)
where A = M Moreover, it also follows from (4.13) that for z € D \ D

EV(ZE)(T) < sup (V(2)+ KaTlz)).
zeD\ D

Define

Li:= sup V(2)+ AT, Ly:=L1+0.25y, (4.23)
zeD\ Dy

as well as Dy :={(x,y) € IntIR_Z|r (x,y)eD,V(x,y)> L} and U(z) = V(2) V L. Itis clear
that

U(z2) = U(z1) <|V(z2) — V(z1)| forany z1, 20 € R, (4.24)

It follows from (4.12) that for any §,& < 1, A € F, and z € D, we have

1
SEL|V(Z5 (1) = V@) < Ka2H + DVEQ). (4.25)
Applying (4.25) and (4.24) with A = Q\ 57, we get
1 .
7E1g ges [U(zj;f(T)) - U(z)] < K4QH + 1)<, ifz € Dy. (4.26)

In view of (4.21), for z € Dy we have V(Z2!(T)) < V(z) — 0.25y0T . By the definition of D,
we also have L1 < V(z) — 0.25yT . Thus, forany z € D> and w € Qif

U(Z5X(T)) =Ly v V(Z52UT)) < V(2) — 025007 = U(2) — 0.25yT,
which implies
%[EIQ??U(Z??(T)) - EIQ;’;U(z)] < —0.250P(Q5)) < —0.2510(1 — ©). 4.27)
Combining (4.26) with (4.27)
%[]EU(Z;’?(T)) - U(z)] <—0.25y0(1 — ¢) + K4Q2H 4+ 1) /<, Vz € D;. (4.28)
For z € Dy \ Dy, and w € 77, we have from (4.21) that V(ZZ7(T)) < V(). This shows that

UZZNT) =Ly v V(ZEX(T)) <U(z) = V(2) V Li. Hence, for z € D1\ Dy and w € Q7 one
has
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U(Z2(T)) - U(z) <O0.

This and (4.26) imply

1
?[EU(ZZ’?(T)) - U(z)] < K4QH +1),/<, Yz € Dy \ D. (4.29)
Ifze D\ D1, U(z) = L1 and we have from (4.22) and (4.23) that
P{UZEN(T) = L} =P{V(ZEX(T) < Li} > 1 —.
Thus

PUZENT) =U@}=1—¢.

Use (4.25) and (4.24) again to arrive at

%[EU(Z;’?(T)) - U(z)] <K4QH+ 1)<, Vze D\ Dy. (4.30)

On the other hand, equations (4.13) and (4.24) imply
1
?[]EU(ZZ’?(T)) - U(z)] < Ky(1+2)), z € IntR2. 431)

Pick an arbitrary (z9, ip) € Int]R%,_ x M. An application of the Markov property yields

20,10 20,10

1 £,8 &,8
~[v@) o+ vy~ U@, 0]
> / i[IEU(ZE"?(T)) — U(z)]]P’{ZS"S. (nT) € dz, o (1) =i}.
) T Z,1 20,10 ?
leNlInt]Ri

Combining (4.28), (4.29), (4.30), and (4.31), we get

[EU5), @+ DT) —EUZE), 7)) ]

1
T
<—[0.25y0(1 — ¢) — K42H + 1) /S |P{Z’, (nT) € D,}

+ K4QH + 1) JSP{Z (nT) e D\ Dy}

20,10

+KaEL e wrygn)
<—0.25y(1 — )P{ZZ’ (nT) € Do} + KaRH + 1) /S

+ K4]P’{Z£’50(nT) ¢ DJE(1+1Z5°, (nT)]).

20,1 20,10

(14125° (nT)])

20,10
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Note that

k—1
1 1
liminf — —
k—oo k T

20,10 20,10

[EUE) (@ +DT) — EUZE), T ]

1
=liminf —EU(Z%%. (kT)) > 0.
k—oo kT

20,10

This forces

k—1
1
0.25y0(1 — o) limsup — Y " P{ZZ°, (nT) € Dy}
k k n=0

20,10
— 00

20,10 20,0

k
1
<K4(Q2H +1)/5 + K3 1imsupEZP{Z&5 (nT) ¢ DYE(1 + |Z&0 (nT)l).
k—o00 n=1

(4.32)
In view of Lemma 4.1, we can choose H = H (A) independent of (zg, i9) such that

(t) ¢ D} <limsup .0 <
1—>00 H

E(Z2° ) A
— < g, (4.33)

limsup]P’{Z‘s"s
—00

20,i0
and

KalimsupP{Z%° (1) ¢ DYE(1 +1Z25° (1))
11—

20,10 20,10

2
[E(l + |Z§0(Slo(t)|):| 0.1y
< K4limsup < A.
t—>00 H 6

Hence, we have

0.1y0
6

k
K4limsup%ZIP’{Zg’8 (nT) ¢ D}E(1 + |Z&° (nT)|) < A. (4.34)
n=1

20,10 20,0
k—o00

0.1
Choose ¢ = ¢(H) > 0 such that 0.25y5(1 — ) > 0.2yp and K4(2H + 1) /T < TVOA and let

g0 =¢0(s, H), d0(g, H) such that (4.18), (4.19), and (4.20) hold. As a result, we get from (4.32)
and (4.34) that

k
. 1 8 A
11]:11 sup Z P{Z:° (nT) € Dy} < < (4.35)
— 00 n=1
This together with (4.33) and (4.35) shows that for any ¢ < &g, § < &g, we have
1< A
. £,8
l}crgngZP{Zzo’io(nT)eD\Dz} >1-=. (4.36)
n=1
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One can conclude the proof by noting that the set D \ D, is a compact subset of IntRﬁ_. O

Lemma 4.5. There are L > 1, &1 = (A) > 0, and 61 = §1(A) > 0 such that as long as 0 < ¢ <
£1,0 <68 < 81, we have
| T
liminf? P{Z2 (1) e [L™', L1} > 1 — A, (20, i0) € IntR2 x M.

T—00 20,10
0

Proof. Let D and T be as in Lemma 4.4. Since D \ D, is a compact set in IntRi, by a mod-

ification of the proof of [25, Theorem 2.1], we can show that there is a positive constant L > 1
A

such that P{Z, ;(¢) € (L1, L]2} >1-— 3 z€ D\ Dy,i € M,0 <t <T.Hence, it follows from

the Markov property of the solution that

P{z%° (1) e[L™', L%}

20,10

A
> (1 _ g)]P’{ZZ’)‘?iO(jT) e D\ Dy}t [jT,jT +TI.

Consequently,
kT
o1 -
liminf P{Zz5% (1) e L™, L1} ar
0
A =
> (1 — 3) liminf P{z5 (jT)eD\ Dy} =1-A.
00 20
It is readily seen from this estimate that
T
1
liminf - / P{z2% ) elL™  LP}dt>1-A. O
0

Theorem 1.2. Suppose Assumption 1.3 holds. For sufficiently small § and ¢, the process given
by (1.9) has a unique invariant probability measure &% with support in IntRﬁ_ (where IntRﬁ_
denotes the interior of]Ri). In addition:

)
a) If lirr%)— =1 € (0,00], the family of invariant probability measures (u*%)s~¢ converges
e—>0¢&

weakly to u°, the occupation measure of the limit cycle of (1.10), as ¢ — 0 (in the sense
of Theorem 1.1).

3 _
b) If lin%)— =0 and at each equilibrium (x*, y*) of (@(x, y), ¥ (x,y)), there is i* € M such
e—~>0¢&

that either o(x*, y*,i*) # 0 or ¥ (x*, y*,i*) # 0, then the family of invariant probability
measures (&%) e~q converges weakly to u°, the occupation measure of the limit cycle of
(1.10) as e — 0.
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Proof. The conclusion of Lemma 4.5 is sufficient for the existence of a unique invariant proba-
bility measure 5% in IntRﬁ_ x M of (Z&%(t), a® (1)) (see [4] or [31]). Moreover, the empirical
measures

t

/]P){Z‘S’(S (s) € -}ds, t>0

1
B 20,10
0

converge weakly to the invariant probability measure u®° as ¢ — co. Applying Fatou’s lemma
to the above estimate yields

pESAL™L L) = A, Ve < g, 8 < 8.
This tightness implies Theorem 1.2. O
4.1. An example
In this section we provide a specific example under the setting of Section 4. We consider

the following stochastic predator-prey model with Holling functional response in a switching
regime

xg"s(t)>_ m(a® (1)x>0 (1) y> (1) ]
K(t()) a(af(®) + bt 0))x*(1)

/8@ (1)) x50 (1)d W (1)

e(af (1))m(af (1)x% (1)
aa® (1)) + b(a (1)) xe8 (1)

+/8p (@ (1) x5 (1)dWa (1),

dx®%(1) = |:r((x8(t))x8’8(t) <1 -

4.37)

dy* (1) = y”(r)[ —d(af (1) + —~ f(ag(t))yg"s(t)}dt

where W and W, are two independent Brownian motions, «®(¢) is a Markov chain, that is
independent of the Brownian motions, with state space M = {1, 2} and generator Q /e where

-1 1
Q:( X _1>, (4.38)

and (1) =09,r2) = 1.1, K1) = 4.737, K(2) = 5.238, m(1) = 1.2,m(2) = 0.8,a(1l) =
a)=1,b(1)=0b(2)=1,d(1)=0.85,d(2) =1.15,e(1) = 1,e(2) = 2.5, f(1) =0.03, f(2) =
0.0L,Ax(1)=1,22)=2,p(1)=3, p(2) =1. As € and § tend to 0, solutions of equation (4.37)
converge to the corresponding solutions of

%x(r) =x(1) (] - &) _x0y®

5 1+x(0)
1.6x(1)
1+ x(2)

(4.39)

d
—ty(t)=y(t) (—1 +

y - 0.02y(t)>
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Fig. 1. From left to right: Graphs of the xg’a(t) component of (4.37) with (g,8) = (0.001,0.001), (&,68) =
(0.00005, 0.00005) and x(¢) of the averaged system (4.39) respectively.

Fig. 2. From left to right: Graphs of the yg"s(t) component of (4.37) with (g,8) = (0.001,0.001), (¢,68) =
(0.00005, 0.00005) and y(¢) of the averaged system (4.39), respectively.

on any finite time interval [0, T]. The system (4.39) has the unique equilibrium (x*, y*) =
(1.836, 1.795). Modifying [35, Theorem 2.6] it can be seen that the solution of equation (4.39)
has a unique limit cycle T that attracts all positive solutions except for (x*, y*). Moreover, it is
easy to check that the drift

. )] m(i)x()y(t)
r(z)x(r)(l— - )— A
K(l().) (.)a(;))—f- b(i)x(t) 4.40)
) e(i)ym(@)x )
y(@) <—d(l) - m) - f@y®

does not vanish at (1.836, 1.795). The assumptions of Theorem 1.2 hold in this example. As a
result, the family (u%%),-( converges weakly as ¢ — O to the stationary distribution of (4.39)
that is concentrated on the limit cycle I'. We illustrate this convergence in Figs. 1, 2 and 3 by
graphing sample paths of (4.37) for different values of (e, §). Fig. 4 provides the corresponding
occupation measure.
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Fig. 3. Phase portraits of (4.37) for different values of ¢ and . (For interpretation of the colors in the figure(s), the reader
is referred to the web version of this article.)

Occupation measure Occupation measure

24 24 35
7
3
22 6 2.2
25
5
2 2
2
> 4 >
18 18 15
3
16 2 16 1
1 0.5
14 14
0 0
14 16 18 2 2.2 24 14 16 18 2 22 24
X X

Fig. 4. The two figures illustrate an approximate density of the occupation measure on the time interval [0, 1000] with
& =6 =10.001 on the right and ¢ = § = 0.0001 on the left. The step size is 4 = 0.0001. We divide the domain in 50 x 50
cells, approximate the density by the frequency of the process staying in each cell, and then interpolate. The simulations
support the theoretical results that the occupation measures converge to the invariant probability measure.

4.2. Another example

Consider the following system

dx#?(t) = [y @) +x5° (1 —a@® () (2 (1)* + (2 (1))?)) (1 + = (1)H)] dr
+/8dW (1)

dy=*() = [=x*2(1) + y*° (1 —a@* @) * (=2 0)* + (y*°(1))?)) (1 + = (1))D)]
+/8dWa (1)

dz¥ ) = [299(0) (1 = @2 ) = b (1) (52 (1)) + (y*5(1))?)) ] dt + V/38d W3 (1)

(4.41)
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5
1
45
1 4
05
08 35
N
0.6 // ‘( 3
04 / ? 0
/ | 25
2 ‘ 3 2
N -05 15
B 2 1
! A 05
L A 0
. -1 0.5 0 05 1

Fig. 5. The left figure is a sample path starting at the equilibrium (0, 0, 0) of the limit system. We see that this path has
a tendency of approaching (0, 0, 1) before it is finally attracted to the proximity of the limit cycle. The right figure is an
approximated density of the occupation measure of two components x, y on the time interval [0, 1000].

z(t)

with a(1) =0.8,a(2) = 1.2, b(1) = 3.5 and b(2) = 4.5 and Q defined as in (4.38). The limit
system is

G= oy =22 = yH(+2Y)
D= x+y1-x2—yH(1+7) (4.42)
G = (122 —4x?—4yh,

which has a unique limit cycle {z = 0, x> 4+ y? = 1} and three hyperbolic equilibria: (0, 0, 0)
whose eigenvalues have both negative and positive parts and (0,0, £1) which are sources
(Fig. 5).

Appendix A. Proofs of lemmas in Section 2

Lemma A.1. For any R, T,y > 0, there exists a number k1 = ki (R, T,y) > 0 such that for all
sufficiently small §,

k
P{IX52 (1) — &2 ,()| = v, for some 1 € [0, T1} < exp <—§1> ,x € Bg,
where Xfc'f (t) and S)f’ ;(t) are the solutions to the systems (1.3) and (1.7) that have initial value
(x,1).
Proof. By (i) and (ii) of Assumption 1.1, we can deduce the existence and boundedness of a
unique solution to equation (1.7) using the Lyapunov function method. Moreover, we can find

R7 > R > 0 such that almost surely
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|65, < Ry —y, forall €[0,T], x € Bg. (A.1)

Let h(-) be a twice differentiable function with compact support such that 4#(x) =1 if |[x| < Rt
and h(x) =0if |[x| > Ry + 1. Put f(x,i) =h(x)f(x,i), op(x,i) =h(x)o(x,i) and let Y;’f(t)
be the solution starting at (x, i) of

dY (@) = fr(Y (1), a®(t))dr + VSon(Y (1), af(t)dW (1) (A.2)

8

Note that Y*%(r) = X(1) up to the time ¢ = inf{r > 0: |X*(1)| > Rr}. Because of (A.1), the

solution E}f itt) to (1.7) coincides with the solution to

dZ(t) = fu(Z(1), o (1))dt

with starting point x € Bg and ¢ € [0, T']. We have from the generalized I[t6’s formula that for all
x€Bgrandre[0,T],

Y20 — &5,
t
<2 / YE2(5) — &5, MY (5), 0 (5)) — fu(EE(5), 0 (5))]ds
0
t

+/Btrace((aha}’,)(Y;’?(s),ozs(s)))ds
0

(A.3)

t
+2v8 / (Y22 (5) — &5,(9)) on (Y22 (s), o () dW (s) .

0
Define

t
A= {a) €eQ: f«/E (Yj;f(s) - g;’i(s))’gh(yj;f(s), af (s))dW(s)

0
t
i/
—= 13
8
0
By the exponential martingale inequality, we get that for any § < k

2% k
P(A)> 1 —2exp <_Tl> > 1 —exp (—é) .

Since f, is Lipschitz and oy, is bounded, there is an M| > 0 such that for all w € A,

N

2
Y2 =&, 0| [onoh (i), et )| ds <k forall 1o, T]}.
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5 2
Y7 (1) = &¢,(0)]
t

<2 / YE2(8) — &5, MY (9). 0 () — fu(EL 1 (5), 0 (5))]ds

0
t
+2 / YE2(5) = &8,(9) Pllonoy (YE2 (5). o (5)) I ds
0 (A.4)

t t

+f8trace((oh0[,)(Yf”f(s),oze(s)))ds+2/k1ds
0

0
t

<M, / |Yj:f(t) —Sf,i(t)lzds—i-(Zlq + Md)t.
0

For each ¢ € [0, T'], an application of Gronwall’s inequality implies that on the set A,
YE2(0) — £, < 2k + M18)T exp(MT) < >

for 0 < § < kp sufficiently small. It also follows from this inequality that forw € A and 0 < § <
k1 sufficient small, we have ¢ > T, which implies

X200 — &8, (P = Y5 () — &5, (0P < v,
forallt € [0, T]. O

Lemma A.2. For each x and y, we can find ky, x =k, (T) > 0 such that

_ ke
P {|E§,i(t) — X ()| = y for some t € [0, T} <exp <_ ; ) ’

where X (t) is the solution to equation (1.4) with the initial value x.

Proof. This follows from the large deviation principle shown in [24]. We note that the exis-
tence and boundedness of a unique solution to equation (1.7) follows from parts (i) and (ii) of
Assumption 1.1. O

By combining the results of Lemmas A.1 and A.2 we can prove Lemma 2.2.

Proof of Lemma 2.2. By virtue of Lemma A.2, for each x and y, we have

_ k
P {|§fl.(t) —Xx(t)| > % for some ¢ € [0, T]} <exp <—m>.
’ £

By part (i7) of Assumption 1.1 together with the Lyapunov method for (1.7), we can find Hg 1 >
0 such that |§f1i(t)| < Hp,7r and |X,(¢t)] < Hg,r forall |x] < Rand 0 <t <T. Since f(-,i)
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is locally Lipschitz for all i € M, there is a constant M> > 0 such that | f(u,i) — f(v,i)| <
M>|u — v| for all |u| v |v| < Hg,r and i € M. Using the Gronwall inequality, we have for
x| VI]y|<R,ie Mandanyte€l[0,T]

|61, (0 = &5 (D] < |x — ylexp(MaT),
1X2(0) = Xy ()] < |x — ylexp(MaT).

LetA = %exp(—MzT). It is easy to see that for |[x — y| < A,

7|

By the compactness of Bg, for y > 0, there is ko = k2(R, T, ) > 0 such that for all x € Bg,

- 14 ky /6,x
£ - Xy(t)) > 2 for some 1 € [0. T]} < exp(— T)

P Hé;fi(f) - X ()| = Y for some t € [0, T]} <exp (_]2>
: > .

Combining this with Lemma A.1, we have

8

K
< ex —
P e+6

for a suitable k =« (R, T, y) and for all sufficiently small ¢ and §. O

B ki(R.T,y/2 k
P{[X500) = Xe)| = v for some 1 €10, T1} <exp (_M> rew <__2)
: &

1 .
Proof of Lemma 2.3. Let n®% € N such that n®% — 1 < — < n®%. We consider events Ay =
a k)

{X?‘?(f) €N, V(k — 1) <t <ke}. We have P(A}) < 1 —a®°. By the Markov property,

]P(Ak|A1,...,Ak_1)=/P{%;"‘ SE}P{XfC:?((k— 1)e) edy‘Al,...,Ak_l}
N

<1—a®’.

As a result,
P(A1A2-+- A) < (1 —a®P)"™"

. . . 8 . )
Since hrrb a®® =0, we deduce that 1111})(1 —a®%)""" = ¢~ which means that (1 —a®%)""" < 1/2
E—> E—>

for sufficiently small e. O

Proof of Lemma 2.4. The proof is omitted because it states some standard properties of dynam-
ical systems. Interested readers can refer to [34]. O
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