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Using combined data from the Relativistic Heavy Ion and Large Hadron Colliders, we constrain the
shear and bulk viscosities of quark-gluon plasma (QGP) at temperatures of ~150-350 MeV. We use
Bayesian inference to translate experimental and theoretical uncertainties into probabilistic constraints
for the viscosities. With Bayesian model averaging we propagate an estimate of the model uncertainty
generated by the transition from hydrodynamics to hadron transport in the plasma’s final evolution stage,
providing the most reliable phenomenological constraints to date on the QGP viscosities.
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Introduction.—Ultrarelativistic ~ collisions of heavy
nuclei provide an experimental avenue to produce quark-
gluon plasma (QGP), a short-lived state of deconfined
hot and dense nuclear matter [1-7]. Quark-gluon plasma
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microscopic interactions, described by quantum chromo-
dynamics (QCD), among the fluid’s constituents.

Understanding the different phases of QCD matter
remains an area of topical interest in nuclear physics. The
equation of state of deconfined nuclear matter with no net
baryon density has been known from first principles for
more than a decade, by computing the QCD equilibrium
partition function numerically on a space-time lattice [9,10].
Calculating the transport coefficients of such nuclear plasma
is a continuing challenge [11], however: significant numeri-
cal and theoretical uncertainties currently limit the evaluation
of the relevant energy-momentum tensor correlators through
lattice techniques [12]. Moreover, the strongly coupled
microscopic dynamics of the plasma in the experimentally
accessible temperature range, ~150-350 MeV, precludes
description via perturbative approaches [13,14].

In this work, we use large sets of hadronic measurements
from the Relativistic Heavy Ion Collider (RHIC) and the
Large Hadron Collider (LHC) to constrain the temperature
dependence of two QGP transport coefficients: the shear and
bulk viscosities. We make the case that reliable constraints
on these viscosities can only be obtained by large scale
model-to-data comparisons which account methodically
for theoretical uncertainties. Building on previous studies
[15-21] and Bayesian inference literature [22,23], we put
forward a general and systematically improvable framework
to constrain the viscosities of the QGP from current and
future measurements in heavy ion collisions.

The QGP viscosities can be constrained as a conse-
quence of their measurable effects on the momentum
distribution of hadrons produced in heavy-ion collisions
[6,24-26]. Qualitatively, a large bulk viscosity tends to
isotropically reduce the momenta of hadrons, while
shear viscosity decreases their azimuthal momentum asym-
metry. Despite these characteristic effects, constraining
viscosities from measurements is a challenging under-
taking. The hydrodynamic expansion of the deconfined
plasma represents one of many stages of heavy ion
collisions, with others regimes of many-body nuclear
dynamics preceding and succeeding this fluid phase. The
hydrodynamic evolution itself has intricate flow velocity
and temperature profiles, which fluctuate from collision
to collision; this leads to considerable difficulties in
factorizing the effect of the shear and bulk viscosities
using hadronic measurements.

To meaningfully constrain QGP viscosities from collider
measurements, multiple stages of the collision must there-
fore be precisely modeled and the resulting predictions
compared with large and diverse sets of experimental data.
Theoretical uncertainties in every stage of the collision
can significantly affect estimation of QGP viscosities. Yet
model-data inference may be the only methodology cur-
rently capable of estimating the transport coefficients of
strongly coupled QGP with quantified uncertainties [11]. In
this context, the framework we put forward provides a path

to reliably constrain these viscosities, accounting for both
experimental and theoretical uncertainties. As a major step
forward, this contribution includes for the first time a
methodology to quantify and incorporate the irreducible
modeling ambiguities in the transition from a fluid dynami-
cal description of the plasma to a microscopic kinetic
evolution of the late hadronic stage.

Modeling heavy-ion collisions.—In a collision between
two heavy ions, a fraction of their large kinetic energy is
converted into a color-deconfined form of excited nuclear
matter. The creation and subsequent evolution of this newly
created matter span several different successive many-body
regimes of QCD, which can be described with a multistage
model. We provide a brief summary of this model, referring
for more details to the longer companion paper [27].
The energy deposition at midrapidity during the primary
impact is described with the T;ENTo ansatz [28,29]; this
model accounts for the varying degree of overlap between
the colliding nuclei, and for fluctuations in the positions of
their nucleons and the amount of energy deposited in
each nucleon-nucleon collision. The energy-momentum
tensor describing this early, extremely dense stage of the
collision is subsequently evolved for a brief period of
0(0.1-1) fm/c as an ensemble of free-streaming massless
particles [30-32]; for sufficiently weakly coupled systems,
it is well established [33-37] that free-streaming approx-
imates well the early prehydrodynamic evolution stage. At
the end of the free-streaming stage the energy-momentum
tensor is matched to (2 + 1)D dissipative hydrodynamics.
In this matching process, space-momentum correlations
that developed during the free-streaming stage manifest
themselves as nonzero initial flow velocity and viscous
stress profiles for the subsequent hydrodynamic evolution.
The second-order dissipative relativistic fluid dynamic
stage [38—41] describes the evolution of the quark-gluon
plasma fluid and forms the core of the simulation. Its most
important ingredients are a first-principles equation of state
from lattice QCD [10,42,43] and two parametrized [27]
first-order transport coefficients: the specific shear and bulk
viscosities. When the fluid has cooled to the pseudocritical
temperature T, the color-charged QGP constituents reor-
ganize into color-neutral hadrons. This color neutralization
causes a rapid increase in mean free path, quickly leading to
a breakdown of local thermal equilibrium; this requires
transitioning [44-46] from a macroscopic fluid dynamical
picture to hadronic kinetic transport [47—49].

A key aspect of our description of heavy-ion collisions
is its unprecedented flexibility. It models a multitude of
dynamical details that are expected to be phenomenologi-
cally important, but are not theoretically well constrained.
For example, the initialization time of hydrodynamics is
allowed to vary with the amount of energy deposited in the
collision, since larger energy densities result in shorter
mean free paths and faster hydrodynamization of the fluid
[50]. Combined with the flexibility of the T;ENTo ansatz
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for the energy deposition followed by free-streaming, this
offers a wide range of scenarios for the prehydrodynamic
collision stage. For the shear and bulk viscosities we employ
more general parametrizations than in previous studies [20].
For example, {/s(T) is assumed to have a peak in the
deconfinement region as in Ref. [20], but the profile around
the peak is allowed to be asymmetric in temperature, while a
wider range of values for the width, maximum, and position
of this peak [27] are explored. A second-order transport
coefficient—the shear relaxation time—is also varied in
order to quantify its effects on viscosity constraints.

Most importantly, we extend the Bayesian inference
framework [19,20] to include the uncertainties arising from
a set of possible models. The transition from hydrody-
namics to hadronic kinetics for the final evolution stage
(called particlization) is an ill-defined problem [51].
Indeed, kinetic theory requires initial conditions for the
entire hadronic phase-space distribution, whereas a hydro-
dynamical evolution provides (in our case) information
solely about the 10 hydrodynamic moments of the hadronic
distribution functions, summed over all hadron species
contributing to the energy-momentum tensor 7#*. Without
additional information about the microscopic dynamics that
underlies the fluid dynamical evolution, an irreducible
uncertainty in the hadron phase-space distribution at the
fluid-hadron switching surface is unavoidable. Three com-
monly used prescriptions (labeled by M,;, i=1,2,3)
mapping 7** components onto the hadronic phase-space
distributions were selected: the 14-moment Grad [52-56]
approximation, relativistic Chapman-Enskog series in the
relaxation-time approximation (“RTA Chapman-Enskog”)
[57,58], and Pratt-Torrieri-Bernhard [42,59] models. By
quantifying, for the first time, the effect of this discrete
model ambiguity on the posterior probability distributions,
we obtain more reliable constraints on the QGP viscosities
than achieved before.

Data selection.—Our model is calibrated using mea-
surements from the LHC and RHIC. For Pb-Pb collisions at
V/Snn = 2.76 TeV we use (i) the average number dN /dy
of pions, kaons, and protons produced in the collisions,
along with their mean transverse momentum (pz) [60];
(ii) the total number of charged hadrons dN./dny [61],
along with the fluctuation Spr/(pr) of the average
momentum [62]; (iii) the total transverse energy of hadrons
dE7/dn [63]; and (iv) the momentum anisotropies v, {2},
n =2, 3, 4, of charged hadrons in the plane transverse to
the collision axis, as measured through two-particle corre-
lations [64]. Furthermore, simulated collisions of Au nuclei
with /sy = 0.2 TeV are compared with a smaller subset
of RHIC measurements: dN/dy and (pr) of pions and
kaons [65], as well as the momentum anisotropies v;/3{2}
of charged hadrons [66,67]. Note that proton observables
are only included at the LHC.

Data-driven constraints on the QGP viscosities.—
Experimental measurements are effectively probability

distributions, which we assume to be normally distributed
around their means [68]. The model calculations have
statistical uncertainties as well due to simulating a finite
number of minimum-bias heavy ion collisions. Accordingly,
they are modeled as normal probability distributions, with
estimated means and standard deviations.

Let y.., denote the full set of experimental measure-
ments and x represent all the model parameters, including
those governing the temperature dependences of the QGP
viscosities. Discrete model choices are labeled with the
index i; in our case, this index distinguishes between
different particlization models M;. The model and exper-
imental probability distributions are connected by the
“likelihood,” the probability of the model M; being
consistent with the data y., at a given value of its
parameters Xx:

exp [—4 (Ar") 2] (v) |
/@) det £, (x)]

P(i) (yexp |x) = ( 1)

Here ij(f) = ,@ — Yexp 18 the discrepancy between the
measurements Y., and their predictions y,(f) by model i
with the parameters x; n is the number of data points
(Iength of y,,,); and £ ;) (x) is a covariance matrix encoding
both experimental and model uncertainties and their
correlations. Experimental contributions to X (x) are
assumed to be diagonal. Although systematic uncertainties
generally introduce nondiagonal terms, we neglect them at
the moment since we have insufficient information from
current data.

Constraints on the viscosity are given by the probability
Pl) (X|Yexp) (called “posterior”) for the parameters x given
a set of measurements Yy.,,, which according to Bayes’
theorem is

PO (Yexp %) P(x)

exp

(2)

The shape of the posterior’s dependence on x is controlled
by two factors: (i) the likelihood P (Yexplx) which
accounts for the information provided by the measurements
Yexp and their uncertainties, and (ii) the prior probability
P(x) that is assigned to the parameters before taking the
current dataset into account. The prior P(x) reflects the
combined theoretical and experimental prior knowledge
about the parameters x; for example, it allows theoretical
constraints on certain parameters, such as positivity and
causality, to be enforced. The normalization of the
posterior is controlled by the “Bayesian model evidence”
PO (Yexp) = [ dxPD (yerp|x)P(x), which describes the
validity of model i given the data y.; as will be
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discussed below, it can be used to discriminate between
different models.

Equation (2) shows that the parameter constraints
encoded in the posterior P() (X|yexp) can be improved in
multiple ways. First, this can be achieved with better
external constraints on the model’s parameters x, reflected
in more realistic prior distribution P(x). Second, new or
more precise experimental data can tighten the likelihood
P (Yexp[x). Finally, theoretical progress on the model and
better quantification of the model’s uncertainties lead to
more reliable constraints through the likelihood as well.
The ability to include both theoretical and experimental
progress consistently and equitably in the extraction of new
knowledge is a key feature of Bayesian inference.

The temperature dependence of the QGP viscosities
favored by the RHIC and LHC data are given by evaluating
the posterior (2) and marginalizing over all parameters
except the viscosities. Figure 1 shows the 90% credibility
ranges (outlined by colored lines) for the marginalized
posterior of the three particlization models studied here.
The high-credibility ranges for the different particlization
models show similar qualitative features; however they
differ significantly in detail, especially in the low-
temperature region between 150 and 250 MeV where
the likelihood tightens. Importantly, at high temperature,
the posteriors are close to the 90% credibility ranges of the
prior (gray shaded region): this strongly suggests that
measurements used in this work do not constrain the
viscosities significantly for temperatures =250 MeV.

Note that previous studies [20] employed rather narrow
priors [choice of P(x) for n/s and {/s] at high temper-
atures. Our work shows that the heavy-ion data we use
are very weakly informative for 7 Z 200 MeV. High-
temperature constraints obtained in Ref. [20] originated
from prior assumptions [27], highlighting the importance of
carefully exploring the sensitivity to prior assumptions.

More generally, it is important to emphasize that
narrower posterior credible intervals are not automatically
more accurate. The inclusion of previously neglected

BMA
E 2\ = Grad
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L=PIB
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FIG. 1. The 90% credible intervals for the prior (gray), the
posteriors of the Grad (blue), Chapman-Enskog (red), and Pratt-
Torrieri-Bernhard (green) models, and their Bayesian model
average (orange) for the specific bulk (left) and shear (right)
viscosities of QGP.

model uncertainties generally leads to wider, yet more
reliable, credible intervals.

At the moment, there is insufficient theoretical evidence to
establish which model is a better description of the partic-
lization process in heavy-ion collisions. In absence of such
prior theoretical insight, we use experimental measurements
to judge the quality of each particlization model. This is done
by using the Bayes evidence P (Yexp) from Eq. (2), which
corresponds to the average of the likelihood over the
parameter space. Bayes evidence favors good agreement
with data (high likelihood) while disfavoring model com-
plexity [69]. The ratio of Bayes evidences is approximately
5000:2000:1 for the Grad, Pratt-Torrieri-Bernhard, and
Chapman-Enskog particlization models, respectively, clearly
disfavoring the Chapman-Enskog model.

The Bayesian evidence can be used as a data-driven
approach to combine the results for the three particlization
models into one posterior distribution [70], as defined by
Bayesian model averaging [22]:

7)BMA(x|yexp) & ZPU) (yexp)P(i) (x|yexp)- (3)

This results in the orange band in Fig. 1. Being strongly
disfavored by the Bayesian evidence, the impact of the
Chapman-Enskog particlization model on the Bayesian
model average (3) is minor.

The level of agreement of each particlization model with
a representative subset of measurements is shown in Fig. 2.
The bands represent the 90% posterior predictive distribu-
tions of observables, obtained by sampling the parameter
posterior P (X|yexp)- All three particlization models show
reasonable agreement with the data, giving credence to
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FIG. 2. The 90% credible intervals of the posterior predictive
distribution of observables for Pb-Pb collisions at the LHC as
functions of centrality, for the Grad (blue), Chapman-Enskog
(red), and Pratt-Torrieri-Bernhard (green) particlization models.
Plotted is the model discrepancy in units of the experimental
standard deviation o.y,; the vertical axes are labeled with short-
hand notation y = (Ymodel = Yexp)/Gexp» Where y stands for the
observable whose model discrepancy is shown. The gray bands
represent a discrepancy of one o, above and below zero.
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their respective posterior estimates of the shear and bulk
viscosity (and other model parameters) that were inferred
from the model-to-data comparison. A closer look at Fig. 2
reveals tension with the Chapman-Enskog particlization
model, which struggles at describing the pion and proton
multiplicities simultaneously. This tension in the proton-to-
pion ratio is the origin of its small Bayes evidence. In
Ref. [27] we show that ignoring the proton dN/dy reduces
the odds against the Chapman-Enskog particlization model
from 5000:1 to 5:1 relative to the Grad model; the key
feature behind its failure is the form of its bulk viscous
correction to the particle momentum distributions. This
highlights the importance of understanding how energy and
momentum are distributed across both momentum and
species at particlization. We note that our choice of like-
lihood function, Eq. (1), assumes that probability decreases
rapidly away from the mean; this can be unforgiving to
tension with the data, resulting in the large ratios of Bayes
evidence encountered in this work. Other forms of like-
lihood should be investigated in the future. Nevertheless,
we believe the proton-to-pion ratio is an important observ-
able: the averaged constraints consequently favor particli-
zation models that can describe it well.

To emphasize the constraints provided by the experi-
mental data, we calculate the information gain of our
posteriors for the temperature dependence of the viscosities
of QCD, relative to the corresponding priors, using the
Kullback-Leibler divergence (Dg;) [71]. The result is
shown in Fig. 3 alongside the 90% prior and Bayesian
model averaged posteriors. While the experimental data
are seen to provide significant constraints for 150 < T <
250 MeV their constraining power rapidly degrades at
higher temperatures. In the deconfinement region, the most
likely values for 77/ s are of order 0.1; {/s also favors values
around 0.05-0.1 in that region, although constraints are
weaker than for #7/s. The small values of /s obtained at
T ~ 150 MeV suggest tension with the larger values
expected for a dilute gas of hadrons, such as in the
SMASH model used in our simulations after particlization
[72]. On the other hand, the bulk viscosity appears to be
consistent [73]. Narrower priors could be used to limit the
possible values of viscosity: for example, negative slopes

-
o,
0.3
& Zoa
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0.00 1 0.0 A : .
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T T y T 0 T = y
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FIG. 3. 90% credible intervals for the priors (gray) and
Bayesian model averaged posteriors for the specific bulk (left)
and shear (right) viscosities, along with their corresponding
information gain (Kullback-Leibler divergence Dyj).

for the shear viscosity at high temperature could be
excluded based on theoretical guidance [20]. We elect
not to do so, emphasizing instead the constraining power
provided directly by measurements.
Summary.—First-principles insights into the transport
properties of quark-gluon plasma are still limited for
temperatures ~150-350 MeV. The phenomenological con-
straints obtained in this work from heavy-ion measure-
ments complement the current theoretical knowledge,
supplementing a range of calculations of the shear and
bulk viscosities of nuclear plasma at lower [72-74],
intermediate [12,75,76], and higher [13,77] temperatures.
In this work, we obtained new state-of-the-art estimates
for the QGP shear and bulk viscosities with more
robust estimates for the uncertainties of these key transport
coefficients. We introduced model averaging into Bayesian
inference to include both experimental and known theo-
retical uncertainties in the uncertainty budget for the model
parameters inferred from RHIC and LHC data. By allowing
for a systematic inclusion of (i) additional measurements,
(i1)) model uncertainties, (iii) error correlations, and
(iv) more rigorous and objective specification of model
priors, the methods pioneered in this analysis for heavy-ion
physics provide a clear path forward for rigorous estima-
tions of the transport properties of the quark-gluon plasma.
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