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We study how the intrinsic anomalous Hall conductivity is modified in two-dimensional crystals with
broken time-reversal symmetry due to weak inhomogeneity of the applied electric field. Focusing on a
clean noninteracting two-band system without band crossings, we derive the general expression for the Hall
conductivity at small finite wave vector q to order q2, which governs the Hall response to the second
gradient of the electric field. Using the Kubo formula, we show that the answer can be expressed through
the Berry curvature, Fubini-Study quantum metric, and the rank-3 symmetric tensor which is related to the
quantum geometric connection and physically corresponds to the gauge-invariant part of the third cumulant
of the position operator. We further compare our results with the predictions made within the semiclassical
approach. By deriving the semiclassical equations of motion, we reproduce the result obtained from the
Kubo formula in some limits. We also find, however, that the conventional semiclassical description in
terms of the definite position and momentum of the electron is not fully consistent because of singular
terms originating from the Heisenberg uncertainty principle. We thus present a clear example of a case
when the semiclassical approach inherently suffers from the uncertainty principle, implying that it should
be applied to systems in nonuniform fields with extra care.
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Introduction.—One of the most spectacular manifesta-
tions of quantum mechanics in solids is the effect of band
geometry and topology on transport coefficients. Examples
include the anomalous Hall effect [1], Chern insulators [2],
topological insulators [3,4], and topological semimetals [5].
Remarkably, some intriguing transport properties of these
materials can be solely explained by the peculiarities of the
band structure [6]. For instance, the intrinsic anomalous Hall
effect in magnetic materials can be elegantly described in
terms of the Berry curvature on the Brillouin zone
[1,6–9]. Another interesting example is the explanation of
natural optical activity at low frequencies, also known as
gyrotropic magnetic effect, via the intrinsic magnetic
moment of the Bloch electrons on the Fermi surface [10,11].
Recently, attention has been drawn to the conducting

properties of metals and insulators in an inhomogeneous
electric field. One set of studies focused on the momentum-
dependent part of the Hall conductivity in magnetic field
and its profound connection to the Hall viscosity in
Galilean invariant and lattice systems [12–18]. Moreover,
it was shown that the Hall viscosity determines the size-
dependent part of the Hall resistance and can be used as an
indication of the hydrodynamic flow of the electron fluid
[14–16], which was recently probed experimentally [19].
Other works studied the modifications of the semiclassical
equations of motion in inhomogeneous field due to
the nonzero Fubini-Study quantum metric and the mani-
festation of these modifications in transport and optical
measurements [20,21].

In this work, we study the intrinsic contribution to the
anomalous Hall current in a nonuniform electric field.
Instead of an external magnetic field, we assume that time-
reversal symmetry in a crystal is broken by, e.g., magnetic
order, leading to nonzero Berry curvature. The correction
due to the electric field inhomogeneity is captured by the
momentum dependence of the Hall conductivity, which at
small momenta q can be expanded as (choosing vector q to
be along the x axis)

σAHðqÞ ¼ σð0ÞAH þ q2σð2ÞAH þ… ð1Þ

Here we explicitly defined the antisymmetric part of the
conductivity tensor as σAHðqÞ≡ ½σxyðqÞ − σyxðqÞ�=2, and
the subscript AH stands for anomalous Hall [22]. We

calculate σð2ÞAH for a generic clean two-dimensional two-
band system (without any external magnetic field) and
show that it is expressed through three gauge-invariant
objects defined on the Brillouin zone: Berry curvature,
quantum metric, and the fully symmetric rank-3 tensor
defined through the symplectic connection [23]. The latter
object determines the gauge-invariant part of the third
cumulant of the position operator (analogous to how
quantum metric determines the second cumulant of the
position operator) and was recently shown to enter the
answer for the shift photocurrent in Weyl semimetals
[24,25]. We assume that the two bands are separated by
a finite energy gap everywhere in the Brillouin zone.
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We use the Kubo formula to obtain the most general
microscopic answer.
We further compare our result with the answer obtained

within the semiclassical approach. To do that, we derive the
semiclassical equations of motion in a nonuniform electric
field up to the second order in the field gradients. We find
that semiclassics reproduces the terms dominating σð2ÞAH in
the insulating regime in the limit when the two bands are
well separated. However, we also show that the Heisenberg
uncertainty principle does not allow for a reliable semi-
classical description in terms of the wave packet dynamics
when dealing with the second gradients of the electric field.
In particular, we find that the equations of motion for the
electron wave packet contain some terms which formally
become divergent in the case when the wave packet is
narrow in momentum space (i.e., corresponds to the state
with a well-defined momentum). The origin of these terms
is clear: the semiclassical Boltzmann approach relies on the
assumption that the particles are described by the well-
defined momentum and coordinate, which is inherently
incompatible with the basics of quantum mechanics. This
contradiction does not cause serious problems when deal-
ing with the uniform part of the electric field or with its first
gradient, and we also show that the semiclassics well agrees
with the Kubo formula in some limits once these wave
packet-dependent terms are discarded. However, our work
presents a clear example of how the uncertainty principle
dramatically reveals itself in the conventional semiclassical
description of the systems in inhomogeneous fields, impos-
ing the natural limits of its applicability.

Kubo formula result.—The most straightforward
way to calculate the intrinsic Hall conductivity from the
microscopic band structure is to use the Kubo formula.
For simplicity, we consider generic two-band Hamiltonian
Ĥ0ðkÞ defined in the two-dimensional quasimomentum
space, which is diagonal in the basis of Bloch
wave functions juV;CðkÞi with the spectrum εV;CðkÞ,
Ĥ0ðkÞjuV;CðkÞi ¼ εV;CðkÞjuV;CðkÞi. Indices V and C
stand for the valence and conduction band, respectively.
The Hall conductivity is given by the antisymmetric

part of the conductivity tensor σαβðiωn;qÞ which
is related to the current-current correlation function,
Kαβðiωn;qÞ ¼ hĵαðiωn;qÞĵβð−iωn;−qÞi, as σαβðiωn;qÞ¼
−Kαβðiωn;qÞ=ωn [26]. Strictly speaking, the correlatorKαβ

only describes the paramagnetic contribution to conduc-
tivity and, in principle, the diamagnetic term should also be
included. The latter, however, does not contribute to the
(antisymmetric) Hall component of conductivity and will
be omitted hereafter.
We find that the simplest and most physically intuitive

result is obtained in the case when the chemical potential
lies within the band gap, i.e., when the system is in
the insulating state. The uniform part of the anomalous
Hall conductivity is then quantized and given by
σð0ÞAH ¼ −ðe2=ℏÞð1=SÞPk ΩxyðkÞ ¼ ðe2=hÞC, where S is
the total area of the system, integer C is the Chern number,
and ΩijðkÞ ¼ −2Imh∂kiuV j∂kjuVi is the Berry curvature of
the valence band [1]. As for the q2 component of the
Hall conductivity, we find that in the static limit ω → 0 it
equals to

σð2ÞAH ¼ e2

2ℏ
1

S

X
k

gxxΩxy −
ℏ

εC − εV

�
vCx − vVx

3

∂Ωxy

∂kx þ vCx − vVx
2

Txxy −
vCy − vVy

2
Txxx

�
−
2ℏ2vCxvVx
ðεC − εVÞ2

Ωxy; ð2Þ

where the summation is over the states in the completely
filled valence band and we fix our coordinate system such
that q is along the x axis. We also suppressed the indices k
in the above expression for brevity. Band velocities
vVðCÞ and the quantum metric tensor of the valence
band gij are defined as vVðCÞiðkÞ ¼ ∂kiεVðCÞðkÞ=ℏ and
gijðkÞ ¼ Re½h∂kiuV j∂kjuVi − h∂kiuV juVihuV j∂kjuVi�, re-
spectively. The answer for σð2ÞAH in Eq. (2) also contains
the components of a fully symmetric tensor

Tijl ¼
1

3
Imðcijl þ cjli þ clijÞ; ð3Þ

where

cijl ¼ huV jð∂ki∂kjPCÞð∂klPCÞjuVi ð4Þ

is the quantum geometric connection of the valence band
[25] and PC ¼ juCihuCj ¼ 1 − juVihuV j is the projector

onto the conduction band. The real part of the tensor cijl is
just the Christoffel symbols of the quantum metric,
while the imaginary part was identified as the symplectic
Christoffel symbols in Ref. [25]. All the geometric
quantities that determine the answer in Eq. (2), Ωij, gij,
and Tijl, are invariant under the gauge transformation
juðkÞi → eiϕk juðkÞi.
Equation (2) is one of the main results of the present

work. We see that in the case when the bandwidth is much
smaller than the band gap, i.e., when bands are nearly flat,
σð2ÞAH is mainly determined by the first term, involving the
product of the Berry phase Ωxy and quantum metric gxx.
That this term indeed dominates σAH in this limit has been
verified numerically for a Haldane model with flattened
bands [27]. This result can be qualitatively understood as
follows. The size of the maximally localized Wannier
orbital is known to be given by the quantum metric tensor
gij [28,29]. The effective electric field averaged over the
size of the wave packet that the particle experiences in a
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slowly varying electric field can be estimated as
Eð0Þ þ ½∂2Eð0Þ=∂x2�gxx. The correction to the anomalous
velocity then equals δvj ∼ δEiΩij ∼ ð∂2Ei=∂x2ÞgxxΩij,
which in Fourier space gives exactly σð2ÞAH ∝ q2gxxΩxy.
Since the tensor Tijl is not well known in the condensed

matter context, we briefly comment on its significance.
Defined as the fully symmetric part of the symplectic
Christoffel symbols, Tijl encapsulates certain geometric
information about the band structure similar to the Berry
curvature and quantum metric [30]. Physically, it deter-
mines the gauge-invariant part of the third cumulant
(skewness) of the position operator averaged over the
electron configuration. This observation reconciles the
results of Refs. [24] and [25] which computed the circular
shift photocurrent in topological semimetals and expressed
the answers in terms of the third cumulant and the
symplectic Christoffel symbols, correspondingly. We also
note that the real part of the quantum geometric connection,
the Christoffel symbols, was shown to determine the linear
shift photocurrent [25].
As an example, we consider the case of a massive Dirac

fermion described by the Hamiltonian Ĥ0ðkÞ ¼ ℏvFðkxσxþ
kyσyÞ þ Δσz, where σi are the Pauli matrices. We find that
its Hall conductivity is given by

σDiracAH ðqÞ ≈ −
e2

2h

�
1 −

ℏ2v2Fq
2

12Δ2

�
: ð5Þ

An extra prefactor 1=2 appears due to the fact that the
realistic band structure (e.g., a Haldane model) always
contains an even number of Dirac points. We further
emphasize that this result as well as Eq. (2) are obtained
for a system with the chemical potential inside the band gap
(an insulator). In principle, one can generalize the answer for
a metallic system with the chemical potential residing in a
partially filled band. In this case, the final result also contains
the contributions from the vicinity of the Fermi surface that
are rather complicated and require extra care. In particular,
these contributions are very sensitive to the order in which
frequency ω and wave vector q are taken to zero and
demonstrate singular dependence on the electron’s density in
the clean limit. These and related questions are discussed in
more detail in the Supplemental Material [30].

It is known that, for the Galilean invariant quantum Hall
states, σð2ÞAH is determined by the Hall viscosity at large
magnetic fields [12–14]. However, the direct comparison of
our result for the anomalous Hall conductivity, Eq. (2), and
Hall viscosity for the lattice systems found in Ref. [31] does
not reveal any obvious connection between these two
quantities. This is not surprising since a generic crystal
does not possess Galilean invariance.
Semiclassical description.—To get more intuition about

the answer obtained within the Kubo formula, we now
apply the semiclassical approach to the same problem.
While we show that this approach is useful for obtaining

certain insight into the origin of the most relevant terms in
some limits, it still has a number of limitations which do not
allow for an accurate quantitative description. The most
restrictive limitation is imposed by the uncertainty princi-
ple. This principle forbids a quantum particle to have a
definite position and momentum simultaneously, which, in
turn, is the key assumption of the semiclassical Boltzmann
formalism.
We consider an electron moving in a periodic potential of

a lattice with the Hamiltonian Ĥ0 in an inhomogeneous
static electric field EðrÞ ¼ −∇ϕðrÞ, such that the full
Hamiltonian is given by

Ĥ ¼ Ĥ0 − eφðr̂Þ: ð6Þ

Hamiltonian Ĥ0ðkÞ used in the Kubo-formula derivation is
the second-quantized version of Ĥ0, written in momentum
space. In our further derivation, we closely follow the
approach of Ref. [20]. In particular, we assume that the
periodic part of the Hamiltonian (without the electrostatic
potential), Ĥ0, is diagonal in the basis of the Bloch wave
functions jψki ¼ eik·r̂juðkÞi, Ĥ0jψki ¼ εkjψki, where ℏk
is quasimomentum and the function ukðrÞ≡ hrjuðkÞi has
the periodicity of the crystal in real space, with the
normalization condition hψk0 jψki ¼ δðk − k0Þ.

The goal now is to derive the corrections to the semi-
classical equations of motion due to the finite gradients of
the electric field. More specifically, we are interested
in the second gradient, which is equivalent to the q2 term
in the Hall conductivity calculated above. To obtain the
correction, we consider the dynamics of the wave
packet constructed of the states within the same band
and defined as jΨðtÞi ¼ R

dkaðk; tÞjψki. Within this
single-band approximation, the Schrödinger equation
iℏð∂=∂tÞjΨðtÞi ¼ ĤjΨðtÞi determines the dynamics of
aðk; tÞ as

iℏ
∂aðk; tÞ

∂t ¼ εkaðk; tÞ − e
Z

dk0aðk0; tÞhψkjφðr̂Þjψk0 i;

ð7Þ

with the normalization condition
R
dkjaðk; tÞj2 ¼ 1 [20].

To take into account weak inhomogeneity of the
electric field, we expand the electrostatic potential near
r ¼ 0 as φðrÞ ¼ −Eμrμ − 1

2
Eμνrμrν − 1

6
Eμνξrμrνrξ − � � �,

where Eμνξ, Eμν, and Eμ are fully symmetric tensors that
do not depend on r, and the summation over the repeated
indices is implied. The electric field near r ¼ 0 is then
given by EμðrÞ ≈ Eμ þ Eμνrν þ 1

2
Eμνξrνrξ. The correction

to the electron’s velocity proportional to Eμνξ determines
the q2 term in the Hall conductivity, σð2ÞAH.
To derive the semiclassical expression for the wave

packet velocity, we define its position RαðtÞ and momen-
tum KαðtÞ as
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RαðtÞ≡ hΨðtÞjr̂αjΨðtÞi;
KαðtÞ≡ hΨðtÞjk̂αjΨðtÞi; ð8Þ

where ℏk̂α is the quasimomentum operator satisfying
k̂αjψki ¼ kαjψki. Parametrizing function aðk; tÞ as
aðk; tÞ ¼ jaðk; tÞje−iγðk;tÞ, one easily finds that

RαðtÞ ¼
Z

dkR̃αðk; tÞjaðk; tÞj2;

KαðtÞ ¼
Z

dkkαjaðk; tÞj2; ð9Þ

with

R̃αðk; tÞ≡ ∂γðk; tÞ
∂kα þ AαðkÞ; ð10Þ

and AαðkÞ ¼ ihuðkÞj∂kαuðkÞi is the Berry connection. If
the wave packet is strongly peaked at momentum K,
jaðk; tÞj2 ≈ δðk −KÞ, semiclassical coordinate of the wave
packet becomes simply Rα ≈ R̃αðKÞ.
Thus far, our semiclassical analysis was similar to that

of Ref. [20]. In what follows, however, we are mostly
interested in the second-order gradient correction to the
semiclassical equations of motion which, to the best of our
knowledge, has never been studied before. Assuming that
the wave packet is narrowly peaked in the momentum
space, we find up to the order ∂2EðRÞ=∂Rμ∂Rν (equiv-
alently, up to the order Eμνξ):

_KαðtÞ ¼ −
e
ℏ
EαðRÞ − e

2ℏ
Eαμν½gμνðKÞ þ fμνfjaðk; tÞjg�;

_RαðtÞ ¼
1

ℏ
∂εk
∂kα −

e
ℏ
EμðRÞΩμα þ

e
2ℏ

∂EμðRÞ
∂Rν

∂gμν
∂Kα

−
e
6ℏ

Eμνξ

�
3gμνΩξα −

∂Tμνξ

∂Kα
−

∂2Ωξα

∂Kμ∂Kν

�

−
e
2ℏ

Eμνξf̃μνξαfjaðk; tÞjg; ð11Þ

with functionals fμν and f̃μνξα given by

fμνfjaðk; tÞjg≡
Z

dk
∂jaðk; tÞj

∂kμ
∂jaðk; tÞj

∂kν ;

f̃μνξαfjaðk; tÞjg≡
Z

dk
∂jaðk; tÞj

∂kμ
∂jaðk; tÞj

∂kν ΩξαðkÞ:

ð12Þ

Equations (11) represent the second main result of the
present work. The derivation is straightforward but tedious,
so we delegate it to the Supplemental Material [30]. The
first gradient correction, Eμν∂gμν=∂Kα, has been obtained
and discussed in Refs. [20,21], and our answer agrees

with it. The second-order gradient term containing Eμνξ is a
new result that deserves further discussion.
Within the kinetic equation approach, current density

equals jα ¼ −ðe=SÞPK
_RαfK, where fK is the distribu-

tion function. To the leading order, fK is given by the
Fermi-Dirac distribution, and the current is given by −e _Rα

summed over the filled states, thus allowing for a simple
interpretation of all the terms in Eq. (11).
One can easily show that the term with gμνΩξα exactly

reproduces the first term in Eq. (2). The remaining terms
in Eq. (2) contain first or second powers of the band gap
ðεC − εVÞ in the denominator and could, in principle, be
perturbatively captured by the semiclassical approach
[21,32]; we, however, do not present such analysis in this
work. The other two terms in Eq. (11) contain full
derivatives ∂Tμνξ=∂Kα and ∂2Ωξα=∂Kμ∂Kν, consequently,
their contribution to the current vanishes in the case
of a completely filled band, so they do not appear in
Eq. (2) [33].
Finally, there are terms fμν and f̃μνξα in Eq. (11) which

pose the main problem for the semiclassical description of
the wave packet dynamics to the second order in the electric
field gradients. These terms are given by Eq. (12) and are
very nonuniversal in a sense that they strongly depend on
the shape of the wave packet, i.e., function aðk; tÞ. To
estimate the magnitude of these terms, we may assume that
aðk; tÞ has form of the Gaussian distribution with the
width Δk. It is clear then that fμν ∝ 1=ðΔkÞ2 and
f̃μνξα ∝ Ωξα=ðΔkÞ2, thus diverging as Δk → 0, which
corresponds to the limit of well-defined quasiparticles in
momentum space. These terms originate from the correla-
tors hΨðtÞjr̂μr̂νjΨðtÞi (and higher moments) and clearly
represent the Heisenberg uncertainty principle, which
implies that the wave functions strongly localized in
momentum space experience large variation with the
position. While this fundamental principle is not an
obstacle for the quasiclassical description at the zeroth
and first order in field gradients, it clearly manifests itself at
the second order. We see, however, that once the terms fμν
and f̃μνξα are neglected, our semiclassical answer well
agrees with the Kubo formula calculation for an insulating
case in the limit when the band separation is much larger
than the bandwidth.
It is also instructive to demonstrate an alternative deriva-

tion of Eq. (11), which is less rigorous but more physically
intuitive. The first equation is simply the Newton’s law
stating that the rate of the momentum change equals
the external force: ℏ _K ¼ −ehΨðtÞjEðr̂ÞjΨðtÞi. To derive
the second equation, we introduce the effective quasi-
particle energy εeffðR; KÞ ¼ hΨðtÞjĤ0 − eφðr̂ÞjΨðtÞi,
where ℏK is the momentum of the wave packet. The
equation for the effective velocity then reads as
ℏ _Rα ≈ ð∂εeff=∂KαÞ − ℏΩαμ

_Kμ, while the Newton’s law
can be rewritten as ℏ _K ≈ −∂εeff=∂R [20]. It is straight-
forward to check that the resulting equations are equivalent
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to Eq. (11). The only subtle difference originates from the
singular terms analogous to Eq. (12), which we discuss in
more detail in the Supplemental Material [30].

This approach has the further advantage of elucidating
the physical meaning and origin of different terms. For
example, the singular terms fμν and f̃μνξα originate from the
correlator hΨjr̂μr̂νjΨi, which determines the real-space
width of the state and appears in the expression for ℏ _K.
While these terms are singular for the wave packets
narrowly peaked in momentum space, they vanish in case
of maximally localized Wannier functions, jaðkÞj ¼ const.
In the latter case, the correlator can be roughly estimated by
the averaged quantum metric gμν [28,29]. In fact, there is a
well-established procedure for how to define the width in
such a way that the corresponding cumulant averaged
over the filled band does not suffer from any divergencies
and is given exactly by the quantum metric averaged over
the same filled band [34,35]. If for some reason further
development of the semiclassical approach is necessary, it
seems likely that this approach would allow for a formu-
lation which is free of any singularities and completely
agrees with the Kubo formula results found in this work.
Finally, when calculating εeff , we notice that the tensor Tμνξ

determines the gauge-invariant part of the third cumulant
of the position operator r̂, Tμνξ ≈ hΨjδr̂μδr̂νδr̂ξjΨig:−i.,
where δr̂μ ≡ r̂μ − hr̂μi [30].
Conclusions.—We have calculated the q2 contribution to

the intrinsic anomalous Hall conductivity in the inhomo-
geneous electric field in clean crystals without time-
reversal symmetry. To do that, we have applied the
Kubo formula to a generic two-band model and then
compared the results with the predictions obtained from
the semiclassical approach. We showed that the two
approaches agree with each other in some limits once
the uncertainty principle limitations of the semiclassics are
neglected. We expect that this new contribution can be
directly probed by the high-precision optical measurement,
thus providing valuable information about the geometry of
the band structure. As a next step, it would be interesting to
relate the newly found q2 correction to the Hall current to
possible experiments revealing the hydrodynamics of
electrons in solids [36]. In the Supplemental Materials
[30] we show that, under certain conditions, σð2ÞAH deter-
mines the finite size correction to the Hall resistance in the
hydrodynamic regime in crystals with broken time-reversal
symmetry, analogous to how the Hall viscosity ηxy does it
in the narrow channel or Corbino geometry experiments in
the Galilean-invariant systems in a nonquantized external
magnetic field [14–16]. We leave the comprehensive study
of these and related questions for future work.
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