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Experimental confirmation of electron figure-8 motion in a strong laser field
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We measure polarization-resolved fundamental, second, and third harmonic nonlinear Thomson scattering out
the side of a laser focus with 1018 W/cm2. The separate measured polarization components are each associated
with a distinct dimension of predicted electron figure-8 motion. Taken together, the measured angular emission
patterns for the two polarizations unambiguously confirm the figure-8 motion. Electrons are donated from low-
density helium (10−3 to 1 Torr) ionized early during the laser pulse. Time-resolved single-photon detection is
used to distinguish signal from noise.
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A half century has passed since the landmark publication
by Sarachik and Shappert describing the theory of nonlinear
Thomson scattering by electrons in a strong laser field [1].
They built on work from prior decades showing that, at rel-
ativistic intensities, electrons execute a figure-8 motion [2]
while scattering both odd and even harmonics [3]. Electrons
drift forward [4] as they oscillate in the laser field, responding
to both the electric and magnetic components of the Lorentz
force.

Through the years, there have been many theoretical
studies of this fundamental interaction, which speaks to its
intrinsic importance [5–19]. Experimentally, a number of
teams have investigated nonlinear Thomson scattering from
energetic electron beams colliding with intense laser pulses,
where the scattering is highly directional and extremely blue
shifted [20–27]. Relatively few experimental observations of
nonlinear Thomson scattering have taken place in a frame
of reference that does not strongly differ from the electron
average rest frame [28–32]. Only one of these studies, Chen
et al. in 1998 [29], measured the spatial structure of non-
linear Thomson emission. They observed second and third
harmonic light scattered out the side of a laser focus at various
angles. We extend their work by making the first polarization-
resolved measurements of nonlinear Thomson scattering,
for the fundamental, second-harmonic, and third-harmonic
scattered photons.

To provide context for resolving nonlinear Thomson scat-
tering by polarization, we summarize the equations of motion
for a charged particle in a driving electromagnetic field:

dp
dt

= q(E + u × B), (1)

where

p = mγu and γ = 1√
1 − u2/c2

. (2)
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m denotes particle mass, q its charge, and u its velocity. We
neglect radiation reaction.

We first consider an electron subjected to a linearly polar-
ized unfocused plane-wave pulse traveling in the z direction.
The electric and magnetic fields may be expressed as

E = x̂Eenv(ϕ) cos ϕ and B = ŷ
Eenv(ϕ)

c
cos ϕ, (3)

where the field phase is given by

ϕ = ω

c
z − ωt . (4)

The quantity α(ϕ) ≡ qEenv(ϕ)
mωc is useful for representing the

strength of the field, with relativistic effects becoming
important when α ∼= 1 and above. The slowly varying en-
velope approximation permits writing

∫ ϕ

ϕ0
α(ϕ′) cos ϕ′dϕ′ ∼=

α(ϕ) sin ϕ when solving for the electron trajectory, where it
is assumed that α(ϕ0) = 0 before the interaction.

Sarachik and Shappert [1] showed that an electron initially
at rest acquires a drift velocity during the pulse in the direction
of field propagation given by

udrift = ẑ
cα2/4

1 + α2/4
. (5)

For convenience, they analyzed particle motion in the electron
average rest frame, which moves at udrift (equal to ẑ c/5 when
α = 1). In this electron-drift frame, the particle trajectory is
described by

γu
c

= −x̂α sin ϕ − ẑ
α2

4
√

1 + α2

2

cos 2ϕ (6)

and

r = c

ω

α√
1 + α2

2

⎡
⎣−x̂ cos ϕ + ẑ

α

8
√

1 + α2

2

sin 2ϕ

⎤
⎦. (7)

The laser frequency is redshifted in this frame, whereas α is
invariant. Equations (6) and (7) describe the figure-8 trajectory
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FIG. 1. (a) Electron trajectory computed in the average center-
of-mass frame of a uniform plane wave (1 × 1018 W/cm2, α = 0.7,
800 nm). (b) Electron trajectory computed in the laboratory frame
for a plane-wave pulse (τ = 32 fs).

for the electron, which is shown in Fig. 1(a) and which gives
rise to scattered radiation.

In the electron center-of-mass frame the motion is periodic
and the scattered light is comprised of discrete harmonics of
order n = 1, 2, 3, . . ., to the extent that the driving-laser am-
plitude remains constant over many periods. The number of
nth-harmonic photons scattered into the far field (per steradian
per laser cycle) is given by [1,7,11,16]

Nn = q2n

8π2ε0ch
(
1 + α2

2

)

×
∣∣∣∣
∫ 2π

0
R̂ ×

(
R̂ × γu

c

)
e−inϕ+in ω

c (z−r·R̂)dϕ

∣∣∣∣
2

. (8)

The unit vector R̂ specifies the direction to a detector. Sarachik
and Shappert showed how to trade the integration in Eq. (8)
for a series of Bessel functions. Alternatively, one may simply
evaluate Eq. (8) numerically.

In spherical coordinates, we may write R̂× (R̂×u)=θ̂(−ux
cos θ cos φ + uz sin θ ) + φ̂ux sin φ and r·R̂= x sin θ cos φ+
z cos θ [7]. In this work, we measure separately the
longitudinal and azimuthal polarization components
of the scattered photons. When a polarizer is placed
in front of the detector and aligned either along
θ̂ = x̂ cos θ cos φ + ŷ cos θ sin φ − ẑ sin θ or along
φ̂ = −x̂ sin φ + ŷ cos φ, one simply discards the orthogonal
component.

The above formalism pertains to an unfocused plane-wave
pulse. In our experiments, we have a tightly focused laser
beam from which electrons can be expelled during the pulse,
owing to strong ponderomotive gradients. Moreover, photons
are observed in the laboratory frame rather than in a frame
that moves in the direction of electron drift, whereas the
speed of the drift varies with the time envelope of the short
pulse and the electron location within the focus. However,
since our experimental conditions are mildly relativistic, these
effects only modestly influence the emission pattern, as will
be demonstrated. Equation (8) compares well with our ex-
perimental data, although we simulate the experiment more
robustly below.

off-axis parabola

3-axis positioner

scattered light

lens pairpolarizer

fiber

FIG. 2. Experimental setup inside vacuum. An off-axis parabola
focuses the laser pulses. A half wave plate (not shown) rotates the
linear polarization of the beam before focusing. Scattered photons
traverse a wire-grid polarizer and are imaged onto the end of an
optical fiber. The inset depicts an alternate viewpoint where instead
the laser polarization remains fixed along the x axis while the detector
rotates.

For our simulations, we represent the vector field for our
focused laser by [33,34]

E = Re

{
E0e

−( ϕ̃

ωτ
)2
(
x̂ + xy

2Z2 ŷ − i
x

Z
ẑ
) z0

Z
e
− kz0ρ2

2|Z|2 eiϕ̃
}
, (9)

where Z = z0 + iz and ϕ̃ = kz[1 + ρ2/(2|Z|2)] − ωt . z0 is
the Rayleigh range, ρ the axial radius, and τ the pulse du-
ration. The associated magnetic field is cB = x̂Ey + ŷEx +
ẑ y
x Ez. Trajectories for the classical electrons are computed us-

ing Eqs. (1) and (2), subject to Eq. (9). The far-field radiation
pattern is dictated by [35]

Erad = q

4πε0c2R

R̂ × [(R̂ − u/c) × a]

(1 − R̂ · u/c)3
. (10)

The right-hand side of Eq. (10) is evaluated at (retarded)
time t , whereas the left-hand is a function of detector time
t ′ = t + R

c − R̂ · r
c , where R

c can be ignored as an unimpor-
tant offset. The total energy per steradian (angular fluence)

is �θ + �φ where �θ = ε0cR2
∫ ∞
−∞ |θ̂ · Erad|2dt ′ and �φ =

ε0cR2
∫ ∞
−∞ |φ̂ · Erad|2dt ′. The Fourier transform of Erad may

be taken and a desired spectral window applied to restrict to a
specific harmonic.

For our experimental conditions, electrons drift in the for-
ward direction of the laser pulse according to Eq. (6) with α

approaching 1. Figure 1(b) shows the trajectory of an electron
at the focal center in the laboratory frame calculated using
Eqs. (1) and (9). The electron oscillates in the x-dimension
while drifting in the forward direction, owing to the force of
the magnetic field. If the initial position of the electron is off
center, strong gradients in the laser field cause electrons to flee
out the side of the focus during the laser pulse.

Our experimental setup is shown in Fig. 2. An off-axis
parabola (13◦ incident angle) focuses 800 nm Ti:sapphire
laser pulses to a measured spot size of w0 = 3.2μm. The
on-target pulse energy is approximately 15 mJ with duration
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FIG. 3. Far-field angular emission patterns for first, second, and third harmonics in the plane perpendicular laser propagation (i.e., θ = 90◦),
resolved by polarization along φ̂ (blue, dark gray) and θ̂ (green, light gray). Column (a) shows the number of (redshifted) photons per
steradian emitted during a single laser cycle of a plane wave (I = 1 × 1018 W/cm2) according to Eq. (8). Column (b) shows the number of
photons per steradian emitted during an entire laser pulse (Ipeak = 1 × 1018 W/cm2, τ = 32 fs) from an electron initially at the focal center
(w0 = 3.2μm), computed according to Eq. (10). Column (c) gives the predicted number of photons emitted during 1000 laser shots from an
ensemble of electrons distributed randomly throughout the laser focus (ρ < 4w0 and |z| < z0), with experimentally relevant electron density,
collection/detection efficiency and spectral windowing applied to harmonics (see text). Column (d) shows the number of photons measured at
various angles for 1000 laser shots.

τ = 32 fs (FWHM = 38 fs) and peak intensity at the center of
the focus of about 1 × 1018 W/cm2, with a factor of two un-
certainty. Electrons are donated from low-pressure (10−3 to 1
Torr) helium to minimize possible plasma effects. We assume
that helium’s two electrons are liberated when the local inten-
sity reaches about 1.3 × 1015 W/cm2 and 8.7 × 1015 W/cm2

[36]. A half wave plate rotates the laser polarization, and the
polarization remains close to linear after reflection from the
parabola, extinguishable with a linear polarizer to <0.4%.

Our experimental approach [37] uniquely combines tech-
niques of quantum optics with high-intensity laser interac-
tions. Measurements of the scattered radiation are made via
photon counting, with the laser firing at 10 Hz. A section of
the laser beam at the focus is imaged from the side using a 1:1
f/2.3 lens pair onto the end of a 105 μm glass fiber that leads
to the detector. A wire-grid polarizer placed in front of the
collection lens controls the polarization of the collected light.
The fundamental and second harmonic photons were mea-
sured using an avalanche photodiode. The third harmonic was
measured using a photomultiplier tube operating in Geiger
mode.

Figure 3 shows calculated and measured radiation patterns
in the plane perpendicular to the direction of laser propagation
(i.e., with θ = 90◦). For these polar plots, the laser is polarized
at φ = 0◦ (180◦). Column (a) shows the number of photons
per steradian per laser cycle emitted for the first, second, and
third harmonic, according to Eq. (8). This corresponds to a
single laser cycle in the electron average-center-of-mass frame
near the peak of the laser pulse. Distinct emission patterns
are seen for each polarization, along the φ̂ (azimuthal) and θ̂
(polar) directions. For comparison, the gray lines corresponds
to unpolarized detection. Column (b) gives similar pictures,
calculated for an electron at the center of the focus using
Eqs. (9) and (10), for the entire pulse.

To account for udrift in the laboratory frame, we applied
bandpass filters that are redshifted by about 12%. Spectral
windows for the calculations matched the experimental setup:
The fundamental was measured using a 40-nm-wide bandpass
filter centered at 900 nm; the second harmonic was measured
using a 40-nm bandpass filter centered at 450 nm; and the
third harmonic was measured using a 10-nm bandpass filter
centered at 310 nm (which avoided strong spectral noise from
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FIG. 4. Cumulative histogram showing arrival times for all pho-
tons measured for the second-harmonic data set plotted in Fig. 3. The
inset repeats Fig. 3 column (d) for second-harmonic using a 200 ns
time window.

helium near 300 nm). The nominal fundamental and harmonic
wavelengths are 800, 400, and 266 nm.

In the experiment, electrons are initially distributed
throughout the laser focus. Depending on position, electrons
experience various peak intensities and are propelled from the
focus at different velocities during the laser pulse, resulting
in extremely distorted individual electron emission patterns
[16]. However, when the emission is averaged from many
trajectories, a symmetric emission pattern emerges, remark-
ably similar to the single-electron pattern in a plane wave.
Column (c) in Fig. 3 shows the predicted number of photons
(from 1000 laser shots) emitted from a large ensemble of
electrons randomly distributed throughout the focal volume,
according to the density of helium used for each measure-
ment. The net emission from the many electrons is summed
incoherently. Folded into the calculations are a 0.15-steradian
collection lens and combined measured factors for fiber cou-
pling efficiencyC, filter transmission T , and detector quantum
efficiency η that result inCT η = 0.75%, 2.1%, and 0.44% for
first, second, and third harmonics, respectively.

Column (c) of Fig. 3 can be compared directly with our
measurements shown in column (d), which shows the number
of photons registered from 1000 laser shots at various angles.
Photons arriving promptly within a 2 ns window are counted
while a comparatively large number of “noise” photons (from
atomic deexcitation and recombination) arriving later are
ignored. The backfilled pressure of the helium was adjusted so
that about 10% of laser shots registered a photon in the prompt
time window. The helium pressures used in the experiment
were 1.08 × 10−2 Torr, 3.1 × 10−2 Torr, and 1.45 Torr for the
first, second, and third harmonic, respectively.

The somewhat higher prediction of photon counts by our
model than was measured might be attributable to uncertain-
ties in collection efficiencies and laser intensity; we avoided
free parameters in the comparison. The distortions in the mea-
sured patterns of Fig. 3(d), when compared to the simulations
of Fig. 3(c), may indicate artifacts in our tight laser focus not
easily seen through conventional direct imaging techniques.
The distortion is greater for the third harmonic, likely related
to its higher nonlinearity. The extent to which the laser vector
fields in a focus may be characterized through such measure-
ments is an intriguing question.
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FIG. 5. Far-field emission pattern (φ̂ polarized) computed with-
out the B-field (blue, dark gray) and with the z component of
the electron trajectory artificially set to zero (orange, light gray).
Compare with column (b) of Fig. 3. The θ̂ polarization component
vanishes.

Figure 4 shows a histogram of photon arrival times ac-
cumulated for all second-harmonic data points shown in
Fig. 3. Note the noise tail that follows the prompt signal
peak, presumably due to recombination emission. The inset
demonstrates the importance of a narrow time window. We
may infer that noise from prompt collisional electron-ion
bremsstrahlung is minimal in our measurement, as evidenced
by the near-zero emission at certain angles and polarizations
in the data plots of Fig. 3.

The very different angular patterns for the two polariza-
tions seen in Fig. 3 are associated with different dimensions
of the figure-8 motion executed by the relativistic free elec-
trons. In the plane perpendicular to the laser focus, the φ̂
component of the scattered light is exclusively associated with
the x̂ component of Eqs. (6) and (7), while the θ̂ compo-
nent is exclusively associated with the ẑ component. Figure 5
shows angular emission patterns computed using Eqs. (9)
and (10) when the z-component of the electron motion is
artificially removed in two different ways: (1) by setting the
B-field to zero while computing the trajectory, and (2) by
setting the z-component of the electron trajectory to zero
after computing the trajectory as usual. Both approaches yield
qualitatively similar results. Namely, the θ̂ component of the
trajectory vanishes while the φ̂ component remains about
the same. Interestingly, the second harmonic along the φ̂
polarization persists, even when the terms cos 2ϕ and sin 2ϕ

are eliminated from Eqs. (6) and (7). Under this same sce-
nario, where electron motion is constrained to one-dimension,
we find significant third-harmonic emission (and the lack of
second-harmonic emission) on-axis, in the direction counter-
propagating to the laser, as observed in Ref. [26].

In conclusion, we have experimentally confirmed the
figure-8 motion of electrons in a high-intensity laser field. We
have also shown that previous “confirmations” of the figure-8
motion [26,29] are based on observations that do not distin-
guish between one dimensional electron motion and actual
two-dimensional figure-8 motion. We arrived at our conclu-
sions based on an analysis of polarization-resolved nonlinear
Thomson scattering, both experimentally and computation-
ally. Polarization allows one to distinguish emission arising
from electron motion associated with the laser E-field versus
motion associated with the laser B-field.

This work is supported by the National Science Foundation
under Grant No. 1708185.
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