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Abstract

A graph on 2k + 1 vertices consisting of k triangles which intersect in exactly
one common vertex is called a k—friendship graph and denoted by Fj. This paper
determines the graphs of order n that have the maximum (adjacency) spectral radius
among all graphs containing no Fy, for n sufficiently large.
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1 Introduction

In this paper, we consider only simple and undirected graphs. Let G be a simple connected
graph with vertex set V(G) = {vy,...,v,} and edge set E(G) = {e1,...,en}. Let d(v;)
(or dg(v;)) be the degree of a vertex v in G. The adjacency matriz of G is A(G) = (aij)nxn
with a;; = 1 if two vertices v; and v; are adjacent in GG, and a;; = 0 otherwise. The largest
eigenvalue of A(G), denoted by A(G) or A\ (G), is called the spectral radius of G. The
spectral radius of a graph gives some information about how dense the graph is. For
example, it is well-known that the average degree of G is at most A;(G) which is at most
the maximum degree of G.

In spectral graph theory, Brualdi and Solheid [5] proposed the following problem:
Given a set of graphs, try to find a tight upper bound for the spectral radius in this set
and characterize all extremal graphs. This problem is widely studied in the literature for
many classes of graphs, such as graphs with a given number of cut vertices [3], diameter
8, 18], radius [18], domination number [29], size [28], Euler genus [9], and clique or
independence number [30], and additionally for subgraphs of the hypercube [4].

The following problem regarding the adjacency spectral radius was proposed in [25]:
What is the maximum spectral radius of a graph G on n vertices without a subgraph
isomorphic to a given graph F'? Fiedler and Nikiforov [13] obtained tight sufficient condi-
tions for graphs to be Hamiltonian or traceable. Additionally, Nikiforov obtained spectral
strengthenings of Turdn’s theorem [24] and the Kévari-Sés-Turdn theorem [22] when the
forbidden graphs are complete or complete bipartite respectively. This motivates further
study for such question, see [12, 13, 20, 23, 25].

The Turan number of a graph F' is the maximum number of edges that may be in
an n-vertex graph without a subgraph isomorphic to F', and is denoted by ex(n, F)). A
graph on n vertices with no subgraph F' and with ex(n, F') edges is called an extremal
graph for F' and we denote by Ex(n, F') the set of all extremal graphs on n vertices for F.
Understanding ex(n, F') and Ex(n, F') for various graphs F' is a cornerstone of extremal
graph theory (see [2, 7, 11, 14, 15, 17, 27] for surveys).

A graph on 2k 4 1 vertices consisting of k triangles which intersect in exactly one
common vertex is called a k— friendship graph (also known as a k-fan) and denoted by Fj,.

In [10], the following result is proved.

Theorem 1. [10] For every k > 1, and for every n > 50k%, if a graph G of order n
satisfies e(G) > ex(n, Fy), then G contains a copy of a k—friendship graph, where

n2J { K> —k  ifk is odd,
_I_

ex(n, Fy,) = {Z k* =3k if k is even.

The extremal graphs G}, (i = 1,2) of Theorem 1 are as follows. For odd k (where
n >4k —1) G}%k is constructed by taking a complete bipartite graph with color classes
of size [§] and |5 | and embedding two vertex disjoint copies of K} in one side. For even
k (where now n > 4k — 3) Gi,k is constructed by taking a complete equi-bipartite graph
and embedding a graph with 2k — 1 vertices, k? — %k: edges with maximum degree k — 1

in one side. The graphs G}L’k is unique up to isomorphism, but Gi’k is not.

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(4) (2020), #P4.22 2



Our goal is to give the spectral counterpart of Theorem 1. As the case k = 1 is just
Mantel’s theorem, whose spectral version is also known (see [21]) so we consider k > 2.
The main result of this paper is the following.

Theorem 2. Let G be a graph of order n that does not contain a copy of a k—friendship
graph, k > 2. For sufficiently large n, if G has the mazimal spectral radius, then

G € Ex(n, Fy).

We note that one may form an equitable partition of a graph in Ex(n, F}) and deter-
mine its spectral radius as the root of a degree 3 (if & is odd) or degree 4 (if k is even)
polynomial. We at last point out that, during our proof, we use the triangle removal
lemma, so it is difficult to present exactly how large we need our n to be.

2 Some Lemmas

Let G be a simple graph with matching number 5(G) and maximum degree A(G). For
given two integers 5 and A, define f(5,A) = max{|E(G)| : S(G) < B,A(G) < A}
Chvétal and Hanson [6] obtained the following result.

Theorem 3 (Chvatal and Hanson [6]). For every two positive integers f > 1 and A > 1,
we have
A B

A)=A —||—==| <A .
.80 0+ |3 | g <40
We will frequently use the following special case proved by Abbott, Hanson and
Sauer [1]:
k* —k  if kis odd,

f(k—l,k—l):{ kZ—%k: if k is even.

The extremal graphs are exactly those we embedded into the Turdn graph 7;, » to obtain
the extremal Fy-free graph G, , (i =1,2).

Essential to our proof are the following two lemmas: the triangle removal lemma and
a stability result of Fiiredi.

Lemma 4 (Triangle Removal Lemma [10, 14, 26]). For each ¢ > 0, there ezists an
N = N(e) and § > 0 such that every graph G on n vertices with n > N with at most én®
triangles can be made triangle-free by removing at most en? edges.

Lemma 5 (Fiiredi [16]). Suppose that K3 € G, |V(G)| =n, s > 0 and e(G) = e(T,,2) —s.
Then there ezists a bipartite subgraph H, E(H) C E(G) such that e(H) > e(G) — s.

The following lemma is needed in the sequel.

Lemma 6. For any positive integer n, we have

RHIEIER
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3 The Proof of Theorem 2

Let G,, 1 be the set of all Fj-free graphs of order n. Let G € G, be a graph on n vertices
with maximum spectral radius. The aim of this section is to prove that e(G) = ex(n, Fy)
for n large enough.

First note that G must be connected. Let \; be the spectral radius of G and let x be
a positive eigenvector for it. We may normalize x so that it has maximum entry equal
to 1, and let z be a vertex such that x, = 1. We prove the theorem iteratively, giving
successively better lower bounds on both e(G) and the eigenvector entries of all of the
other vertices, until finally we can show that e(G) = ex(n, Fy).

Let H € Ex(n, Fy). Then since G is the graph maximizing the spectral radius over all
Fy-free graphs, in view of Theorem 1, we must have

TA(H)L (2] 2] + flk—1,k—1)
171 n

M(G) =2 M(H) = >

SIE

(1)
The proof of Theorem 2 is outlined as follows.

e We give a lower bound on e(G) as a function of A\; and the number ¢ of triangles in
G, which on first approximation gives a bound of roughly %2 — O(kn).

e Using the triangle removal lemma and Fiiredi’s stability result, we show that G has
a very large maximum cut.

e We show that no vertex has many neighbors on its side of the partition, and then
we refine this by considering eigenvector entries to show that in fact no vertex has
more than a constant number of neighbors on its side of the partition.

e We show that no vertices have degree much smaller than 7, and this allows us to

refine our lower bound on both e(G) and on the eigenvector entry of each vertex.

e Once we know that all vertices have eigenvector entry very close to 1, we may show
that the partition is balanced. This shows that G can be converted to a graph in
Ex(n, F}) by adding or removing a constant number of edges, and this allows us to
show that e(G) = ex(n, Fy).

We now proceed with the details. First we prove a lemma which gives a lower bound
on e(G) in terms of A; and the number of triangles in G.

Lemma 7. If G has t triangles, then

Proof. Let A1 be the spectral radius of G and let x be a positive eigenvector scaled such
that it has maximum entry equal to 1, and let z be a vertex with maximum eigenvector

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(4) (2020), #P4.22 4



entry i.e., x, = 1. Then \ix, =Y, X and AXix, = > AiXy =D, > X,. We
consider the following triple sum:

ISP D) R

ueV u€eV v~u wev

The sum counts over all ordered walks on three vertices (with possible repetition), and
is weighted by the eigenvector entry of the last vertex. Instead of summing over ordered
triples of vertices, we count by considering the first edge in the walk. If a given walk has
first edge uv, then x,, will be counted by this edge exactly once if w is adjacent to exactly
one of u or v and exactly twice if {u, v, w} forms a triangle. Therefore, the sum is equal
to

Z 2ZXM+wa+wa = Z wa+2xw+2xw

wekl wuelE wuelE wveE wel \ wueE wuelE wvel
wvelR wugE wugE wvel wWUEE

(]

wa—l—wa—l—wa

weE \ wueE wWUEE wvEER
wveER

=53 DFNS s
wel z})ggg weV
=55 DOEES 0
weE zzgg weV
= 3t+e(G) Z Xyp-
weV

Hence

On the other hand,

w~z weV
Therefore
(G >N -t s ¥
Y wey Xuw A1
So the assertion holds. O

Corollary 8. If the number of triangles of G is t, then

6t
e(G) = N} — —.

n

o
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Proof. In view of inequality (1), and the function f(x) = A\ — % is strictly increasing
with respect to x, the assertion follows. ]

Lemma 9. Suppose the matching number of a graph H of order n is at most k—1. Then
e(H) < kn, i.e., ex(n, My) < kn, where My is a matching of size k.

Proof. By Theorem 3, e(H) < f(k—1,n—1) < (k—1)(n—1+4+1) < kn. O

Lemma 10. Let € and d be fixed positive constants with § < ———, € < . There exists

10(k+1)
an N(g,0,k) such that G has a partition V = S UT which gives a mazximum cut, and

1
e(S,T) > (Z —5) n?
forn > N(e,d,k). Furthermore

(%-ﬁ)nQSHTK (%+ﬁ)n

Proof. Since G is Fy-free, the neighborhood of any vertex does not have M} (a matching
of size k) as a subgraph. Thus by Lemma 9, we can obtain the following upper bound for
the number of triangles,

Bt= > e(GINW) < Y ex(dw)+1,Mp) < Y ex(n, My) < Z kn = kn?.

veV(G) veV(G) veV(G) veV (G

This gives t < kT"Q Sot < %n?’ <ond forn > Ny > %. From Corollary 8, we obtain

n2

e(G) = T 2kn. (2)
By Lemma 4, there exists an Ny (e, k) such that the graph G obtained from G by deleting
at most s5en? edges is Ks-free. For N max{ Ny, No}, the size of the graph G; of order
n>N satlsﬁes e(G1) > e(G) — s5en®. Note that e(G1) < e(T,2) by Turdn’s Theorem.
Define
s = e(T,2) —e(Gy) > 0.

By Lemma 5, G; contains a bipartite subgraph G such that e(Gy) > e(G1) — s. Hence,
for n sufficiently large, we have

e(Gz) = e(Gr) —
= 2¢(Gy) — ( 2)
> 2e(G) —e(Th2) — éen
n? n? 1 ,
> 2 — an) T ggn
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1
> (- —¢|n”
(o)

Therefore, G' has a partition V = S UT which gives a maximum cut such that

1

e(S,T) = e(Gy) = <Z - 5) n?. (3)

Furthermore, without loss of generality, we may assume that [S| < |T|. If |S| < (1 —/2)n,
then |T] =n—|S| > (3 + v&)n. So

1 1 1
e(S,T) < |97 < (5 — \/E) n <§+\/§> n= <Z —5) n?,
which contradicts to Eq. (3). Therefore it follows that

(%—\/E)n<|5|,|T|< <%+\/E)n-

Hence the assertion holds. O

Lemma 11. Let k > 2. Denote by

oot (- )}

|L| < 16k%.

Then

Proof. Suppose that |L| > 16k®. Then let L' C L with |L'| = 16k*. Then it follows that

e(G-L') > e(G)-> dv)

veL’
n? 1 1
> Y o6k (s - ——
g 2 16k (2 4(k+1))”
(n_éll6k2)2 +k2

for n a sufficiently large constant depending only on k, where the second inequality is by
(2). Hence by Theorem 1, G — L' contains F},, which implies that G' contains F. So the
assertion holds. O

We will also need the following lemma which can be proved by induction or double
counting.

Lemma 12. Let Ay, -+, A, be p finite sets. Then

p

SEAE

i=1

p
AN AN N A=) A= (p—1)
=1
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For a vertex v, let ds(v) = |[N(v) N S| and dr(v) = [N(v) N T, and let

W:={veS:ds(w)=2omtU{veT:dr(v)>dn}

be the set of vertices that have many neighbors which are not in the cut. Let L be as in

Lemma 11, that is

- 3 gt}

Next we show that actually W and L are empty.
Lemma 13. For the above W, we have

2e 2k?
|W| < ?n + %,

and W'\ L is empty.

Proof. Note that e(S,T) > (1 — €) n? by Lemma 10, and ¢(G) < ex(n, Fj,) < %2 + k* by

Theorem 1. Hence

2
e(S)+e(T) =e(G) —e(S,T) < %—i—kz— (i—e) n? =en® + k%

On the other hand, if we let W7, =W NS and Wy = W NT, then we deduce

(5)

2e(8) =Y ds(u) = Y ds(u) > [Wi|on, 2¢(T) =Y dr(u) = Y dr(u) > |Wa|on.

ueS ueWy ueT ueWo
50 sn (WS
n n
o(S) +e(T) > (Wi + wal) o = 1,
By (5) and (6), we get
[Wlon < 5n2+k2,
2
ie.,
2, 12
W < 2(en® + k%)

Suppose that W\ L # (). We now prove that this is impossible.

(6)

(7)

Let Ly = LN S and Ly = LNT. Without loss of generality, there exists a vertex
uw € Wy \ Ly. Since S and T form a maximum cut, dr(u) > id(u). On the other hand,

u & L because u € Wy \ L. Therefore d(u) > (1 — ;) n. So

2~ 4(k+1)

1 1 1
dr(u) > §d(u) > (1 - m) n.

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(4) (2020), #P4.22



On the other hand, |L| < 16k%. Hence, for fixed § < m, €< ‘15—2 and sufficiently large
n, we have

1 2k? 1
IS\ (WUL)| > (g—ﬁ)n—én—éi—16k2> (5—\/5—5)71—1811;22!@.
n
Suppose that u is adjacent to k vertices uq,...,ux in S\ (W U L). Since w; € L,

we have d(u;) > (l %) n. On the other hand, dg(u;) < dn by w; ¢ W. So

2 4(k+1
dr(u;) = d(w;) — dg(u;) > <% — m — (5> n. By Lemma 12, we have

z  |Np(u)| + [Np(u)| + ...+ [Np(ug)| = k[Np(u) U Np(ui) U - - U N ()|
> dr(u) 4+ dr(uy) + - - + dp(ug) — k| T

1 1 1 1 1
> (Z‘ 8(k:+1))n+ (5_4(k+1) _5>””“_k(§+\/g>”

1
= | ———-kd—k k
(8(k+1) ﬁ)m
> and € < . So

for sufficiently large n, where the last inequality is from § < 10(k+1) 16

there exist k vertices vy,...v in 7" such that the induced subgraph by two partitions
{uy, ..., ux} and {vq,...,vx} is complete bipartite. It follows that G contains Fy, this is
a contradiction. Therefore u is adjacent to at most k — 1 vertices in S\ (W U L). Hence,

. . 2
in view of € < ‘15—6, we have

ds(u) < |W|+|L|+k—-1
2e 2k?

4+ 416k + k-1
< 5n—|—6n+6k+k

20 2k?
= 27k
3 n + n + 17k

on

for sufficiently large n. This is a contradiction to the fact that v € W. Similarly, there is
no vertex u € Wy \ Ly, Hence W \ L = 0. O

Lemma 14. L is empty, and both G[S] and G[T'| are Ky and Mj-free.

Proof. We will prove the result from the following two claims.
Claim 1: There exist independent sets I¢ C S and I C T such that

\Ig| > |S| — 18k, and |Ip| > |T| — 18K%

Indeed, let uy, ..., ug € S\ L. Then u; ¢ L which implies
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By Lemma 13, dg(u;) < dn. Hence

Furthermore, by Lemma 12, we have

m Nrp(u;)

> Z |Nr(u;)| — (2k — 1)

U NT(ui)

%_m—é)nﬂk—(%—l) (%—F\/g)n

(
_ (m kS — (2K — 1)\/2) n
k

>

for sufficiently large n. Hence there exist k vertices vy,...,v; such that the induced
subgraph by two partitions {uy,...,us} and {vy,...,v;} is a complete bipartite graph.
So G[S'\ L] is both K and My-free, otherwise G contains Fy, i.e., uujvy, ... uugvg for
d(u) = k, or viujug, ..., v Ugk_1Usgy for {ujus, ... usk_1us} being a matching of size k.
Hence the maximum degree and the maximum matching number of G[S \ L] are at most
k — 1, respectively. By Theorem 3,

e(GIS\L]) < f(k—1,k—1).
The same argument gives
e(GIT\ L) < f(k—1,k—1).

Since G[S'\ L] has at most f(k—1,k—1) edges, then the subgraph obtained from G[S'\ L]
by deleting one vertex of each edge in G[S'\ L] contains no edges, which is an independent
set of G[S'\ L]. So there exists an independent set I C S such that

Is| > |S\L| — f(k—1,k—1) > |S|—k(k—g> — 16k* > |S| — 18k>.

The same argument gives that there is an independent set I C T with
|Ir| > |T| — 18K°.
So Claim 1 holds.
Recall that z is a vertex with maximum eigenvector entry. Since x, = 1, and
n
d(Z) = wa = )\1XZ = )\1 2 E

wn~z

Hence z ¢ L.
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Without loss of generality, we may assume that z € S. Since the maximum degree in
the induced subgraph G[S\ L] is at most k£ — 1 (containing no K ), from Lemma 11, we
have |L| < 16k* and

ds(2) = dsnr(2) + ds\r(2) < k — 1+ 16k* < 17K

Therefore, by Claim 1, we have

)\1 = )\1XZ:ZXU

vz

= va—i—ZXv

v~z vES v~z wET
- Y xr Yot Y
v~z vES v~z vElT v~z wET\IT
SNCES S o
velr ’UET\IT
< TR+ %, + |T| = I
velr
< )Xy 17K + 18K
vElp
< > x4 35K
vElp
So
> x> A - 35K (8)
vEIp
Claim 2: L = 0.
By way of contradiction, assume that there is a vertex v € L, i.e., d(v) < (% — m)n

Consider the graph G with vertex set V(G) and edge set E(G') = E(G \ {v}) U {vw :
w € Ir}. Note that adding a vertex incident with vertices in I7 does not create any
triangles, and so G is Fy-free. By (8), we have that

MG = n(G) 3 A —AG)x i’T‘X Soxe— Y x

xTx wely weE(G)
> i;fx (M — 35k — dg(v))
E ()
> (59 (3 awrn) )
— xTx <4(l<: Y 35l<:2) > 0,
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where the last step uses n large enough and that if v € L, then dg(v) < (l L )n

2 4k+4
This contradicts GG has the largest spectral radius over all Fj-free graphs and so L must
be empty. O
Next we may refine the structure of G.

Lemma 15. For n and k as before, we have
5 — 4k <|SLIT| < 5 + 4k, (9)

n2
e(G) > T 12k2, (10)

and n n

5 14k* < 6(G) < M < A(G) < 5+ 5k. (11)

Proof. From Lemma 14, both G[S] and G[T] are K and Mj-free, so we have e(S) +
e(T) < 2f(k — 1,k —1) < 2k?. This means that the number of triangles in G is bounded
above by 2k?n since any triangle contains an edge of E(S) U E(T). By Corollary 8, we
have 6 2 12k? 2
t_n n o n
>N -—2>— = — — 12",
() 'on 4 n 4

Suppose that |S| < § — 4k, then |T| =n — |S| > § + 4k. Hence

n2

e(G) = e(S) + e(T) + e(S,T) < 2k + |S||T| < 2k? + (g - 4k:) (g + 4k> = T - k2,

2

which contradicts to e(G) > % — 12k,
So we have

g—4k< |S|,|T|<g+4k.

Moreover, by Lemma 14, the maximum degree of G[S] is at most £ — 1. This implies
that

A(G)<g+4k+k—1<g+5k.

So n
A < AG) € 5 + 5k.

Furthermore, we claim that the minimum degree of G is at least % — 14k*. Otherwise,
removing a vertex v of minimum degree d(v), we have

e(G—v) = e(G)—dw)

n n

> ——12k2—<——14k2>
4 2
n2 n

= — — — +2k?
127
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-1
= k4 k2 — =
4 L 4
(n —1)? 2
> k
4 +i
which implies G — v contains F}, by Theorem 1. O]

Lemma 16. For all u € V(G), we have that x,, > 1 — 120k%

n

Proof. Without loss of generality, we may assume that z € S. We consider the following
two cases.

Case 1: u € S. Then dg(u) < k* as e(G[S]) < k?. Hence we obtain

INp(w)| = dr(u) = d(u) — ds(u) > 6(G) — dg(u) > g — 14K% — K2
n
> — — 15k%
5 5k

[Nz (u) 0 Nr(2)|

[Nr(w)] + [N (2)] = [Nr(u) U Np(2)] 2 200(G) = [T

n n n
> 92 (— - 15/52) - (— 4k> >0 g2,
2 2 + 2
)\1Xu - )\lxz = Z Xy + Z Xy + Z Xv
vy, veET v~z v, ET Wbz v~u,vES
DD DI ) D
v~z vET  v~vu vz, weT vlu v~z vES
> - ) X=X
v~z weT wohbu v~z WwES
D
v~z weT v v~z wES
2 —(dr(z) = |Nr(u) N Nr(2)]) — ds(z)
n n
> —((2 5k>—<——34k2>>—k2
- ((2‘+ 2
> —40k%

Therefore, for any u € S, we have

A0k? 402 802
- >1-— =1- . (12)

x, =1
u = )\1 % n

Case 2: u e T. By (12),

80k?
AMX, = va > Z X, > |1-— ds(u).
n

VAU v~u,vES

Since

g — U4k? < 8(G) < d(u) = ds(u) + dr(u),
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and dp(u) < k as the maximum degree in G[T] is at most £ — 1, we have dg(u) >
2 —14k* — k > % — 15k*. Hence

(1 — 5% )ds(u) _ (1-5)(5 — 15K?)

> " >
o M 5k
n 1200k*
_ 3 55k% + =
5+ ok
55k2 + 5l — 1200k
- 1-— n
5 + ok
120k?
1-— .
n
From the above two cases, the result follows. O

Using this refined bound on the eigenvector entries, we may show that the partition
V =S UT is balanced.

Lemma 17. The sets S and T have sizes as close as possible. That is
|1S] = |T|| < 1.
Proof. Without loss of generality, we may assume that |T'| > |S|. Denote

S':={veS:N) CT},
T':={veT:N() CS}

Since e(G[S]) < k?, there exist at most 2k? vertices in S having a neighbor in S. Hence
1S’ > |S| — 2k*.

Similarly,

IT'| > |T| — 2k,
Let C' C T" be a set having |T'| — |S| vertices, which exists since, from (9), |T'| — |S| < 8k
and |T"| > |T| — 2k* > & — 4k — 2k* > 8k. Then G\ C is a graph on 2|S| vertices such
that
(25])*

e(G) —e(C,5) = e(G\ C) < ex(2]S], Fi) < —

+ f(k—1,k—1).
Hence
e(G) <SP+ [C||S|+ f(k—1,k—1) = |S||T| + f(k — 1,k —1).

Let B = Kjg| 7| be the complete bipartite graph with partite sets S and 7', and let
G, = G[S]UG[T] and G be the graph with edges E(B) \ E(G). Note that e(G) =
e(B) + e(Gy) — e(Gy) and so e(Gy) — e(Gy) = e(G) —e(B) < f(k—1,k—1). By Lemma

16 we have,
120k2\ 2 240k>
xTx>n(1— ) >n(1— )zn—240k2,

n n
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and that A\;(B) = 1/|S||T|. By Lemma 15, also note that e(G;) < 2k?, we obtain
2

2
e(S,T) = e(G) — e(Gy) > ”Z — 12k — 2k = ”Z 1482,

which implies that

n2

¢(Gy) = e(B) — e(S,T) < |S||T]| — (z _ 14k;2) < 142,

So, bearing in mind the inequality (1), we have

xT(A(B) + A(Gy) — A(Gq))x

2 n|yny 2f(k—1,k—1) B

n {iJ [EW + n Sh= xIx
~ xTAB)x  xTA(G)x B xTA(Gy)x
- xTx + xTx xI'x

Note that by Lemma 16,

1202
n

xTA(Gy)x = 2 Z Xy Xy = 2e(Ga)(1 —

uweE(Ga)

2
12> 20(G) (1_ 240k >7
n

therefore

23] 5] » b=

2e(Gh) — e(Ga) | 2e(Ga)

T

X XX

 2f(k—1k—1) 2.14k2240

xT'x xT'x

< V\S|!T|+2f(k_i’k_1) +2f(k—1,k—1) (L_l> +

xI'x n

2f(k—1,k—1 1 1
< st + 2L — )+2k2<———>+

n<1 . 242k2> n

2. 14k2240k2
n(]_ . 24022)
2. 14]€2240k2

n<1 . 242k2 )

e 2f(k—1k—1) 480" 6720k
= VISITI+ n i n(n — 240k2?) i n(n — 240k2?)

2k — 1,k —1) 7200k
= 4/ T .
ST+ n i n(n — 240k2?)

Th
: 212] [2] - Vi < 22 (13
nl2]12 = n(n — 240k2)
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Assume to the contrary, so |T'| > |S| + 2. We consider two cases.
Case 1: n is even. Since |S| + |T| = n, we have

|2 2] - v >

n

n 2
n [n? 1 1
2 4 n n2_ 1 N

So by (13), we have

1 2 /n|mn 7200k* 8000k
L L N A By Tra P < .
7 {QJ [2-‘ ISIIT n(n — 240k2?) n?

This is a contradiction for sufficiently large n.
Case 2: n is odd. Since |S|+ |T| = n, we have

2|2 [2)- v > - (25 ()

_on—+1 n?—9 (n—1)?—(n*-9)
S22 _Z(n—%—k n?—9)
B T+ 1
C 2n—14vR2-9) n

So by (13), we have

1 2 n|mn ey 7200k* 8000k*
n L§J [5—‘ —VISITI < n(n — 240k2?) S '

n n?

This is a contradiction for sufficiently large n. Therefore for n large enough we must have
that [|S| —|T|| < 1. O

Finally, we show that e(G) = ex(n, Fy).

Proof of Theorem 2. By way of contradiction, we assume that e(G) < ex(n, Fy) —1.
Let H be an Fy-free graph with ex(n, F}) edges on the same vertex set as GG, where S
and T induce a complete bipartite graph in H (this is possible because every graph in
Ex(n, F}) has a maximum cut of size |[n?/4]). Let E, and E_ be sets of edges such
that F(G) U E, \ E_ = E(H), and choose F, and E_ to be as small as possible, i.e.,
E. = E(H)\ E(G) and E_ = E(G)\ E(H). Since |[E(G)NE(H)| + |E-| = e(GQ) <
e(H) = |E(G)NE(H)|+ |E.| which implies that |E,| > |E_| + 1. Furthermore, we have
that |E_| < e(G[S]) + e(G[T]) < 2k*. Finally, by (10) we have that |E,| < 15k*. Now,
by the Rayleigh quotient [19] and Lemma 16, we have that

xTA(H)x 2 2
/\1(H) > % = /\1(G) + E Z XiX; — E Z XiX;

ijeEy ijEE_
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9 120k2\ 2
>A1(G)+@<]E+\ (1_ - ) _um)

2 240k 120k2)?
> M6+ gz (184 = 1821 - 2+ 2N B )

n n?

2 240k? 120k2)2
> M6+ 5 (1- 2+ 2N B )

xT'x n n?

> M\ (G),

for sufficiently large n, where the last second inequality by |E_| < 2k* and |E,| > |E_|+1
and the last inequality by |E,| < 15k% Therefore we have that for n large enough,
AM(H) > A\ (G), a contradiction. Hence e(G) = e(H).

From the above discussion, we complete the proof of Theorem 2. U
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