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In recent theoretical and experimental investigations, researchers have linked the low-energy field theory of a
Weyl semimetal gapped with a charge-density wave (CDW) to high-energy theories with axion electrodynamics.
However, it remains an open question whether a lattice regularization of the dynamical Weyl-CDW is in fact a
single-particle axion insulator (AXI). In this Rapid Communication, we use analytic and numerical methods to
study both lattice-commensurate and incommensurate minimal (magnetic) Weyl-CDW phases in the mean-field
state. We observe that, as previously predicted from field theory, the two inversion (Z)-symmetric Weyl-CDW's
with ¢ = 0, 7 differ by a topological axion angle 6§64 = . However, we crucially discover that neither of the
minimal Weyl-CDW phases at ¢ = 0, 7 is individually an AXI; they are instead quantum anomalous Hall (QAH)
and “obstructed” QAH insulators that differ by a fractional translation in the modulated cell, analogous to the
two phases of the Su-Schrieffer-Heeger model of polyacetylene. Using symmetry indicators of band topology
and non-Abelian Berry phase, we demonstrate that our results generalize to multiband systems with only two
Weyl fermions, establishing that minimal Weyl-CDWs unavoidably carry nontrivial Chern numbers that prevent
the observation of a static magnetoelectric response. We discuss the experimental implications of our findings

and provide models and analysis generalizing our results to nonmagnetic Weyl- and Dirac-CDWs.

DOLI: 10.1103/PhysRevResearch.2.042010

In condensed matter physics, one of the most important
tools is low-energy field theory. From the k- p Hamilto-
nian of a solid-state material, one can develop an effective
action to characterize robust, and frequently topological, long-
wavelength response effects [1-9]. However, to extrapolate
from a low-energy field theory to an experimentally observ-
able response, one must carefully complete the theory to short
(UV) wavelengths—specifically, two field theories that are
identical at the k - p level may differ at large momenta, lead-
ing to distinct physical interpretations. For example, H(q) =
0%*q, + 0”q, can characterize one of the twofold Dirac points
in a graphenelike two-dimensional (2D) semimetal [10-12]
or the isolated Dirac point on the surface of a time-reversal-
(7-) symmetric 3D topological insulator (TI) [13—16]. While
‘H(q) always carries the (Hall) response of a half-level (2 +
1)D Chern-Simons theory [4,5,13,14,17], the total response
depends on the UV completion, which includes either com-
pensating Dirac points in 2D [4,17-26] or the nontrivial bulk
of a3D TI [4,5,13,14,17,25-31].
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Some of the most intriguing low-energy field theories
involve condensed-matter realizations of high-energy electro-
dynamics [6]. In 3D insulators, the long-wavelength response
is governed by the action

1
SIA,] = y3 / d*xe"™ (09, + v,)A, %A, 6))

in which A, is the electromagnetic gauge potential [2,4,5] [32]
and v, is a rotational-symmetry-breaking vector that deter-
mines the quantum anomalous Hall (QAH) response. When
v, = (0, v) is constant,
2
e~V

0,7 =, i ()
where a,-';’ is the Hall conductivity tensor. For gapped periodic
systems,

V= C[(k . R,’)G,‘, (3)

where R; is a primitive lattice vector, G; is a primitive recipri-
cal lattice vector, and C;(k - R;) = v;/|G;| = v; is the weak
Chern number [Fig. 1(b)] in each of the Brillouin-zone (BZ)
planes normal to R; [2-4,33-35] [36]. In Eq. (1), the axion
angle 6 governs the magnetoelectric response [4,5]; in terms
of the non-Abelian Berry connection A,

1 y 2i
0[A] = E/aﬁke Jk tr(A,-ajAk - g-AiAj-Ak)' (€]

Spatial inversion (Z) and 7 symmetries (as well as other,
more complicated symmetries) [28] act to quantize 6 as a
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FIG. 1. (a) An Z-symmetric AXI with v,,. =0,6 =m. (b) A
Z-directed, Z-symmetric weak stack of Chern insulators with a
nontrivial QAH effect [v, = —1, vy, = v, =60 = 0]. (¢) In a super-
position of (a) and (b), the hinge states generically hybridize with
the QAH surface states. Hence the superposition can be deformed
into an 0QAH insulator [v, = —1, v, = v, =0, § = 7] equivalent
to shifting the QAH insulator in (b) by a half-lattice translation. A
finite-sized 0QAH insulator exhibits either coexisting surface and
hinge states or exactly one fewer (or one more) QAH surface state,
depending on whether Z symmetry is weakly broken.

Obstructed QAH

Z, topological invariant for which 8 = 0 (6 = 7) is the triv-
ial (topological) value [4,5,31] [37]. In particular, v, . = 0,
0 = 7 defines a 3D TI when 7 symmetry quantizes 6 and
defines a magnetic axion insulator (AXI) when 7 symmetry
is absent and 6 is instead quantized by Z [4,5,27,28,38,39]. In
3D TIs and AXIs, the combination of & =7 and v,,. =0
leads to unusual response properties, including low-energy
excitations resembling magnetic monopoles (the Witten ef-
fect [40,41]) and quantized Faraday and Kerr rotations [4,42].
AXIs have recently been recognized as “higher-order” TIs
(HOTIs) [28-30,43-60] featuring gapped surfaces and odd
numbers of sample-encircling chiral hinge modes [Fig. 1(a)].
AXI phases have been proposed in a number of com-
pounds [43,61,62] and observed in Mn-doped 3D TIs [63-66].

A 6 =m phase also appears in the low-energy field
theory of a topological semimetal gapped by a charge-
density wave (CDW) distortion [1,2,67—69]. Specifically, in
Weyl semimetals (WSMs)—whose bulk Fermi pockets [Weyl
points (WPs)] are sources and sinks of Berry curvature charac-
terized by integer-valued topological (chiral) charges [70-72]
[Fig. 2(a)]—it was shown at the k - p level that 8(x,7) =
6y + ¢(x, 1), where 6y = Q - x is the contribution to 6(x, t)
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FIG. 2. BZ and band structure folding from a CDW with Q =
(2w /Nc)z, N = 3. (a) A minimal Z-symmetric WSM with two WPs
at k, = /3¢ and a BZ with G, = (27 /c)Zz [Eq. (5)]. Solid blue
(red dashed) [black dotted] bands lie in the first (second) [third] third
of the first BZ. (b) The rBZ, for which G, = Q. The WPs from
(a) are folded in (b) into an (unstable) fourfold degeneracy at the
rBZ boundary.

from two WPs separated by a momentum Q and ¢ (X, #) is the
(dynamical) phase of the CDW order parameter [1,2,67-69].
The appearance of an axionic response was attributed to the
chiral anomaly in quantum field theory. ¢ (x, t) is a Goldstone
mode and hence can be tuned freely; uniform shifts of ¢(x, 1)
are the current-carrying sliding mode of the CDW. In disor-
dered or incommensurate CDWs, however, ¢ (X, ¢) is typically
pinned to a nonuniversal value [73-75]. References [1,2,67—
69] have recently been revisited in light of experiments on
the CDW compound (TaSe4),1 [76,77] demonstrating WPs at
high temperatures [78,79] and nonlinear negative magnetore-
sistance consistent with a gapped dynamical Weyl-CDW [80].

Confusingly, the dynamical Weyl-CDW is frequently la-
beled an AXI in the literature [1,2]. However, because the
Weyl-CDW response in Refs. [1,2] was derived from a k - p
approximation, and at static ¢ in Ref. [3], it remains an
open and urgent question whether there exists a UV comple-
tion in which 864 = 0y—; — Oy—o mod 27r = v emerges due
to the topology of band electrons, and whether the bulk at
¢ =0, is a single-particle AXI. In this Rapid Communi-
cation, we demonstrate that the Z-symmetric UV completion
of the simplest dynamical Weyl-CDW is not an AXI, but is
instead, depending on ¢, one of two fopologically distinct
QAH phases—a QAH insulator or an “obstructed” QAH
(0QAH) insulator [Figs. 1(b) and 1(c)]—that differ by a
fractional lattice translation. Crucially, although 6 is origin
dependent in the presence of a background QAH [4,30,54],
we find that the QAH and 0QAH phases still differ by an
origin- (gauge-) independent, topological axion angle 60 =
7 that reflects a difference in Z-quantized “Chern number
polarization” [54,81]. This provides a direct analogy be-
tween axionic CDWs and the Su-Schrieffer-Heeger model
of an Z-symmetric CDW in polyacetylene [82], in which
both phases are trivial atomic limits that differ by a frac-
tional lattice translation corresponding to an Z-quantized
topological polarization. We demonstrate that the relative ax-
ionic response of two Z-symmetric Weyl-CDWs originates
from their single-particle band topology. We generalize our
findings to multiband systems with two WPs and to in-
commensurate CDWs, establishing that QAH insulators and
topological phase shifts §6, = 7 are generic in minimal Z-
symmetric Weyl-CDWs. Our focus on magnetic Weyl-CDWs
is further justified by recent experiments demonstrating the
existence of tunable magnetic WSM phases in Co,MnGa [83],
Co3Sn;, S, [84,85], CoS, [86], CeAlGe [87], Mn3Sn [88,89],
and Mn3ZnC [90], many of which host successive, symmetry-
lowering magnetic phase transitions below room temperature.
In the conclusion and Supplemental Material (SM) [91], we
provide additional models and analysis generalizing our re-
sults to nonmagnetic Weyl- and Dirac-CDWs.

To begin, we introduce a simple model of a 7 -broken
(magnetic), Z-symmetric WSM with two WPs and with or-
thorhombic lattice vectors of length a,b,c in the X,¥,2
directions, respectively [92]:

H(k) = =2[t,0" sin(k,a) — t,0” sin(k,b)]
+2t,0° [cos(kzc) — cos %]
—mo*[2 — cos(kya) — cos(kyb)], 5)
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where m/2 > t,, t,, ¢, > 0. Equation (5) is gapped at half fill-
ing at all k points away from two WPs at k = (0, 0, =Q/2)
with chiral charges C = +1 [Fig. 2(a)] related by Z,
here represented by ZH (k)Z~' = 0*H(—k)o*. As shown in
Refs. [93,94] and in the Supplemental Material [91], the
occupied parity (Z) eigenvalues imply the k-space Chern
numbers C,(ck;, =0)mod2 = —1, C,(ck; = r)mod 2 = 0,
mandating the appearance of the |C| = 1 WPs.

We next construct a k - p expansion of Eq. (5) about the
two WPs:

) . c z z
H(q) ~ —(2t;aq, 0" — 2tybqyo))t0 + 2t,cq, sin %O’”‘L’”,
(6)
where the Pauli matrices 7 act in the space of electron annihi-
lation operators ¢y k as

R~ Y ce®UCRIK ¢y o RUQAKI (7
k

Equation (6) can be gapped by a CDW distortion,

Hepw =2 |Alcos(OR: + ¢)choicr ®)
R
= |A| Z(cl_giazcﬂgie_w +H.c.), 9
— k-

which breaks the translation symmetry of Eq. (5), coupling
the two WPs and inducing a mass in Eq. (6),

Vp = |Alo*(t* cos ¢ — 17 sin @), (10)

that opens a gap at all ¢ for Q # 7 /c, |A] > 0. Crucially,
7 symmetry is now represented in Eqgs. (6) and (10) by
TH(Q)I ' = o*t*"H(—q)o*1*, such that Eq. (10) only pre-
serves Z (centered at the origin) for ¢ = 0, 7 when Q # 7 /c
(see Ref. [91]).

Consistent with previous works [1,2,67-69], a domain wall
between ¢ = 0, 7 is equivalent to the critical point between
a trivial insulator and an AXI [4,28]. Correspondingly, be-
cause {H(q),Vy} =0 for all ¢, Z-breaking defects in the
space (A, ¢) will bind chiral modes [95] (the axion strings
in Ref. [1]). In Refs. [1,2,4,6,96], the authors used the chiral
anomaly to motivate the appearance of chiral modes, iden-
tifying the relationship 6 = [ /2](1 — sgn[cos ¢]) mod 27
for ¢ =0,7. 86, =8¢ is also consistent with magnetic
symmetry-based indicators {Z4]Z>,%2,%Z2,} for 3D crystals with
7 and translation symmetries [28,43-45,48,50-52,57-59]:

1
=5 ), (nf—n')mod4,
k,<TRIMS

2= % Z

ka-Rij=m €TRIMS

(% —n®) mod 2, (11)

where n{ are the number of valence £1 parity eigenvalues
at k,, and where TRIM is short for time-reversal-invariant
momentum. Specifically, §¢ = 7 in Eq. (10) implies that
|6Z4] = 2. However, because weak Chern numbers are only
Z-symmetry-indicated modulo 2 [93,94], |6Z4] = 2 does not
itself indicate an AXI transition. Additionally, when v, # 0,
defining 6 uniquely requires the specification of a reference
state and Z center (i.e., an origin) [54]. Furthermore, if there

are other bulk or surface contributions to the topological re-
sponse (e.g., other massive Dirac fermions at larger momenta,
or a background QAH), then defects in V,; will host addi-
tional states that coexist with and obscure the AXI bound
states. Therefore, to fully determine the topology of the Weyl-
CDW, we will analyze the lattice-regularized UV completion
[Egs. (5) and (9)] beyond Eq. (11).

When Q = 27 /Nc, N € Z in Eq. (5), the CDW is lattice
commensurate, and Eq. (5) remains periodic in a folded (re-
duced) BZ (rBZ) with G’ = Qz that includes bands translated
from |k;| > 7 /(Nc) [Fig. 2(b)]. For all values of N, the two
WPs fold into a linear fourfold (Dirac) [97] degeneracy at
the rBZ boundary [Eq. (6)]. We deduce from the bulk parity
eigenvalues that C,(lk,c| < w/N) = —1, C,(lk,c| > n/N) =
0 for all N € Z* [98], implying that v, = —1 in the rBZ
[Fig. 2(b)], independent of whether ¢ = 0, . Combining
v, = —1 with the k - p analysis preceding Eq. (11) and fixing
the origin to z = 0 in the modulated cell, we find that ¢ = 0
[¢ = 7] corresponds to a {2|001} Z-directed weak Chern (i.e.,
QAH) insulator [{0]001} 0QAH insulator] (see Fig. 1) with
vey =0,v, =—1and 8 =0 [0 = m]. Despite the QAH and
0QAH insulators differing by a translation (Nc/2)Z, 664 = m,
independent of the choice of origin. In the SM, we provide
further details and analytically compute vy ,. and 664 for
N =2.

To explicitly determine the bulk topology, we will em-
ploy model-agnostic numerical methods [28,30,54] to extract
v.(¢) and 86,. To begin, we fix the origin to the 7 center
at (x,y,z) = (0,0, 0) in the modulated cell and form an R;-
directed, Z-symmetric slab. The Hall conductance Gy ; of the
slab consists of an extensive contribution from the bulk QAH
and an intensive contribution from 6 that reflects either the
bulk magnetoelectric polarizability or a QAH effect offset
from the origin [4,30,54]:

Gu.i = ouiL; + (20 /hr), (12)

where oy ; = e?v;G;/2mh is the Hall conductivity (given by
the weak Chern number v;) and L; is the (lattice-regularized)
thickness of the slab. Because a slab is a quasi-2D system, it
carries a quantized Chern number G; that is related to Eq. (12)
by Gie*/h = Gy,;. For I-symmetric slab geometries, 6 re-
mains quantized to the bulk value and provides an odd-integer
contribution to Eq. (12) when 8 mod 27w = 7 [28]—this effect
manifests in finite 3D systems with v, ,. =0 (i.e., AXIs)
via chiral hinge modes [Fig. 1(a)]. Therefore, given a fixed,
T-symmetric, R;-directed slab, and knowledge of v;, changes
in 0 can be numerically extracted through Eq. (12). For the
Weyl-CDWs in this work, our choice of origin corresponds to
a convention in which & = 0 when G, = v,L,/(Nc¢) [99].

As an example, we analyze Eq. (5) with commensurate
Q = 2mr /3c. The tight-binding model in the rBZ exhibits the
symmetry-based indicators {2|001} ({0|001}) at ¢ =0 (¢ =
) [Eq. (11)] (see Ref. [91]). In Figs. 3(a) and 3(b), we plot the
y-normal surface Green’s function and spectrum, which are
identical for ¢ = 0, w. Because surface Green’s functions do
not capture hinge states [26,28,55,100-102] [103] (or origin-
dependent changes in 6), the spectral flow in Fig. 3(b) and
the flat band in Fig. 3(a) indicate a bulk QAH contribution
v(p=0,m7)=—1.
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FIG. 3. Bulk (v,) and slab (G,) Chern numbers for an N =3
(Q = 27 /3c) commensurate CDW. (a) The §-surface spectral func-
tion at £ = 0 exhibits a flat band. (b) The §-surface spectral function
at k, = 0 exhibits C,(3kc) = —1 spectral flow along k.. The spectral
functions in (a) and (b) are the same for ¢ = 0, 7. (c) The y-directed
slab Berry phase [28] for a slab with five unit cells in the Z direction
exhibits G, = —5 (G, = —4) spectral flow for ¢ =0 (¢ = 7). (a)—
(c) imply that the Weyl-CDW at ¢ = 0 (¢ = ) is a QAH (0QAH)
insulator [Figs. 1(b) and 1(c)] and that 56, = 7.

We next cut the model in Figs. 3(a) and 3(b) into an
Z-symmetric, Z-directed slab geometry with L,/3c = 5 unit
cells and calculate the §-directed non-Abelian slab Berry
phase (Wilson loop) W [28,104-106] [Fig. 3(c)], whose wind-
ing indicates that G.(0) = —-5=v,L./3¢c, G.(r)=—4 =
v,L;/3c + 1. Along with v,(¢ =0, ) = —1, |8G,| = 1 indi-
cates through Eq. (12) that the insulating Weyl-CDW at ¢ = 0
(¢ = m) is a QAH (0QAH) insulator, implying that §6, = 7.

Having demonstrated that Z-symmetric, commensurate
Weyl-CDWs are either QAH or oQAH insulators, we next
explore the case of incommensurate modulation. Although
an incommensurate CDW is not translationally invariant,
neither QAH nor oQAH phases require translation symme-
try [4,5,27,28,38,39]. Consequently, Eq. (12) still applies,
without modification, to Z-directed slabs of Eq. (5) with in-
commensurate values of Q.

To confirm this result, we first cut Hy + Hcpw [Eqs. (5)
and (9)] with Q = ¢ /2¢ (where ¢ is the golden ratio) into an
T-symmetric rod geometry. We observe an extensive number
of QAH surface states along the rod for ¢ = 0, w, where
there is exactly one fewer surface chiral mode at ¢ = 7
[Fig. 4(a)]. Next, to measure 6, we cut the incommensurate
Weyl-CDW into an Z-symmetric, 2-directed slab and cal-
culate the y-directed Berry phase, as we previously did in
Fig. 3(c). In the slab geometry, |6G,| = 1 between ¢ = 0, 7w
[Fig. 4(b)]. Furthermore, in incommensurate CDWs, tuning
¢ changes the bulk wave functions, but not the bulk energy
spectrum [107,108], such that a bulk-insulating, incommen-
surate Weyl-CDW with ¢ = 0 remains insulating at arbitrary
¢. Additionally, v, cannot change without a bulk gap closure,
whereas 6 is free to wind between O and m at Z-breaking
CDW angles away from ¢ = 0, = [4,5,28]. As shown in the
SM, 18G,| =1 in Fig. 4(b), along with Gy, calculated for
successive rational appoximants of an irrational Q, imply that,
as in the commensurate case (Fig. 3), the incommensurate
Weyl-CDW catrries the relative axion angle 66y = .

Our results have several implications for experimental in-
vestigations of axionic response in Weyl-CDWs. First, we
have demonstrated that a large QAH effect is unavoidable

= =711
. (b) ¢
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FIG. 4. (a) Band structure for the incommensurate Weyl-CDW in
an Z-symmetric, X-directed rod geometry with 21 sites in the § and 2
directions and with ¢ = 0. The chiral states traversing the gap have
degeneracy proportional to the rod thickness, indicating that they are
QAH background surface states. When ¢ = 7, the rod spectrum is
qualitatively the same as (a), but exhibits one fewer pairs of chiral
modes. (b) The §-directed Wilson loop of an Z-symmetric, Z-directed
slab [28] of the model in (a) with 21 layers exhibits G, = -9 (G, =
—38) spectral flow for ¢ = 0 (¢ = ), implying that 6, = 7.

and guaranteed in both commensurate and incommensurate
minimal Weyl-CDWs, independent of ¢. Second, the interplay
between lattice and phase-angle defects, which both bind 1D
chiral modes, is a fruitful area for future study, though one
must cautiously separate contributions from 6 and those from
a background QAH effect [109,110]. Next, we emphasize that
the axionic response in Weyl-CDWs is measurable through
the dynamical dependence of the quasi-2D QAH effect on
¢, rather than through the static magnetoelectric polarizabil-
ity at fixed ¢ [111,112]. Furthermore, solitonlike defects in
¢, which carry the same half-quantized Hall conductivity as
gapped AXI surfaces for 664 = 7 [113], can in principle be
manipulated by exciting the CDW sliding mode. Finally, in
Z-symmetric, magnetic Weyl-CDWs, our results highlight the
experimental and theoretical difficulty of distinguishing QAH,
0QAH, and AXI phases. However, our results do imply that
by carefully computing k-space Chern numbers and then zone
folding, it is possible to predict the topology of Weyl-CDWs
in real materials without performing intensive quasiperiodic
calculations.

Our methodology can be extended to spin-density
waves [69,114-116] and CDWs in 7 -symmetric semimet-
als, including Dirac [97,117,118], Weyl, and nodal-line
semimetals [119-122], which also exhibit signatures of
higher-order topology [55,100,123,124]. Most interestingly,
because rotation- and 7 -symmetric HOTIs [28,56] can be
formed from weak stacks of 2D TIs [48,51], rotation-
symmetric CDWs in 7 -symmetric WSMs, such as the CDW
in (TaSe4),1 [78], may also exhibit nontrivial response effects.
Specifically, a CDW can fold four WPs in a rotation- and 7T -
symmetric WSM into an eightfold double Dirac point (DDP)
in which line defects bind helical modes equivalent to HOTI
hinge states [125,126]; alternatively, a DDP critical point can
also be realized by coupling two fourfold Dirac points with
a CDW. Recent experiments have demonstrated hinge-state-
like step-edge helical modes and robust edge supercurrents
in rotation- and 7 -symmetric WSMs [127-131], as well as
a stable DDP and topological step-edge modes in the CDW
phase of TaTes [132]. In the SM, we present an explicit
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model demonstrating that a 7-symmetric Dirac-CDW hosts
an eightfold DDP critical point that separates weak TT (WTI)
and “obstructed” WTI (oWTI) phases that differ by a helical
HOTIL. Unlike in the QAH and 0QAH Weyl-CDW phases, the
difference between the WTI and oWTI Dirac-CDWs cannot
be connected to a known response theory, because a 6-like
topological field theory for helical HOTIs has not yet been
elucidated [28,45,55], suggesting an intriguing direction for
future study.

Note added. Recently, Ref. [133] also demonstrated that
minimal 7 -symmetric Weyl-CDWs are topologically equiv-
alent to ¢-dependent weak TIs-the results of Ref. [133] are
complementary to and in complete agreement with the results
of this work. Recently, a stable DDP and topological step-
edge modes were experimentally measured in the CDW phase
of the 7 -symmetric Dirac semimetal TaTes [132], provid-
ing further support for the analysis performed in this work.
Additionally, recently, an analysis of minimal Weyl-CDWs

beyond mean-field theory was performed in [113]; the anal-
ysis in [113] explicitly confirms our characterization of the
mean-field QAH and 0QAH phases of Weyl-CDWs. Lastly,
recently, Ref. [134] also demonstrated a relationship between
AXI pumping cycles and hybrid-Wannier-sheet flow that is
equivalent to the Weyl-CDWs studied in this work when the
CDW angle ¢ is treated as a dynamical parameter.
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