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1. Introduction

Let Ω ⊂ R2 be a bounded convex polygonal domain, β be a positive constant, and yd ∈ L2(Ω). The optimal control
problem is to

find (ȳ, ū) = argmin
(y,u)∈K

1
2

(
∥y − yd∥2

L2(Ω) + β∥u∥2
L2(Ω)

)
, (1.1)

where (y, u) ∈ K ⊂ H1
0 (Ω) × L2(Ω) if and only if∫

Ω

∇y · ∇z dx =

∫
Ω

uz dx ∀ z ∈ H1
0 (Ω), (1.2)
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and

ψ1 ≤ y ≤ ψ2 a.e. in Ω, (1.3)

φ1 ≤ u ≤ φ2 a.e. in Ω. (1.4)

We assume that (i) ψ1, ψ2 ∈ W 2,∞(Ω) ∩ H3(Ω), (ii) ψ1 < ψ2 on Ω̄ , (iii) ψ1 < 0 < ψ2 on ∂Ω , (iv) φ1, φ2 ∈ W 1,∞(Ω) and
(v) φ1 < φ2 on Ω̄ .

Remark 1.1. Throughout the paper we follow standard notation for differential operators, function spaces and norms
that can be found for example in [1–3].

There are three different approaches to solving the optimal control problem (1.1)–(1.4) by finite element methods.
The first one is based on the first order optimality condition of the reduced minimization problem involving the control
variable [4,5]. The second one is based on a regularization of the state constraints, such as the Lavrentiev regularization
approach in [6,7] and the Moreau–Yosida regularization approach in [8,9]. The third is based on a reformulation of the
optimal control problem as a fourth order variational inequality [10]. The goal of this paper is to design and analyze a
cubic C0 interior penalty method based on the third approach. We note that the idea of the reformulation was discussed
in [11] and a nonconforming finite element method based on this idea was investigated in [12] for state constrained
problems. Other finite element methods for state constrained problems based on this approach can be found in [13–20].

The cubic finite element method in this paper performs better than the Morley finite element method in [10]. Moreover,
by taking advantage of the internal degree of freedom for the cubic element, the discrete problem becomes a quadratic
programming problem with box constraints that can be solved efficiently by a primal–dual active set method [21–24].
Our interest in the cubic finite element method is also motivated by the observation (cf. [19,25]) that cubic adaptive
finite element methods for fourth order variational inequalities can capture the free boundary of the coincidence/active
set much more effectively than their quadratic counterparts.

The rest of the paper is organized as follows. We recall some relevant results for the continuous problem in Section 2
and introduce the finite element method in Section 3. Tools for the convergence analysis are presented in Section 4. We
establish a preliminary estimate in Section 5 and derive error estimates in Section 6. Numerical results that illustrate
the performance of our method are presented in Section 7, followed by some concluding remarks in Section 8. Technical
results concerning the tools in Section 4 are provided in Appendices A and B.

We will use C (with or without subscript) to denote a generic positive constant independent of the mesh size. To avoid
the proliferation of constants, we also use the notation A ≲ B (or B ≳ A) to represent the statement A ≤ (constant)B, where
the positive constant is independent of the mesh size. The notation A ≈ B is equivalent to A ≲ B and B ≲ A.

2. The continuous problem

Since Ω is convex, the constraint (1.2) implies y ∈ H2(Ω) by elliptic regularity [26–28]. Hence the optimal control
problem (1.1)–(1.4) can be reformulated as follows:

Find ȳ = argmin
y∈K

1
2

(
∥y − yd∥2

L2(Ω) + β∥∆y∥2
L2(Ω)

)
= argmin

y∈K

(1
2
A(y, y) − (yd, y)

)
, (2.1)

where

K = {y ∈ H2(Ω) ∩ H1
0 (Ω) : ψ1 ≤ y ≤ ψ2 and φ1 ≤ (−∆y) ≤ φ2 a.e. in Ω}, (2.2)

A(y, z) = βa(y, z) + (y, z), a(y, z) =

∫
Ω

(∆y)(∆z)dx, and (y, z) =

∫
Ω

yz dx. (2.3)

Remark 2.1. Note that we have an alternative expression (cf. [29, Lemma 2.2.2])

a(y, z) =

2∑
i,j=1

∫
Ω

(
∂2y
∂xi∂xj

)(
∂2z
∂xi∂xj

)
dx =:

∫
Ω

D2y : D2z dx ∀ y, z ∈ H2(Ω) ∩ H1
0 (Ω). (2.4)

We assume the following Slater condition:

There exists y ∈ H2(Ω) ∩ H1
0 (Ω) such that (i) ψ1 < y < ψ2 in Ω, and (ii) u = −∆y

satisfies the constraint (1.4). (2.5)

Under the condition (2.5), the closed convex subset K of H2(Ω)∩H1
0 (Ω) is nonempty. Therefore, in view of the coercivity

of A(·, ·), the convex optimization problem (2.1) has a unique solution ȳ ∈ K (cf. [30,31]) characterized by the fourth order
variational inequality

A(ȳ, y − ȳ) − (yd, y − ȳ) ≥ 0, ∀y ∈ K . (2.6)
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Moreover, we have the following generalized Karush–Kuhn–Tucker (KKT) conditions (cf. [24, Chapter 1, Theorem 1.6]):

A(ȳ, z) − (yd, z) =

∫
Ω

z dµ+

∫
Ω

λ(−∆z)dx ∀ z ∈ H2(Ω) ∩ H1
0 (Ω), (2.7)

where λ ∈ L2(Ω) and µ ∈ M(Ω) (the space of regular Borel measures on Ω) satisfy

λ ≥ 0 if −∆ȳ = φ1, (2.8)

λ ≤ 0 if −∆ȳ = φ2, (2.9)

λ = 0 otherwise; (2.10)

µ ≥ 0 if ȳ = ψ1, (2.11)

µ ≤ 0 if ȳ = ψ2, (2.12)

µ = 0 otherwise. (2.13)

The derivations of the following regularity results, which are based on [26–28,32–36], can be found in [10, Section 2]:

λ ∈ W 1,s(Ω) ∀ s ∈ [1, 2), (2.14)

µ ∈ W−1,s(Ω) ∀ s ∈ [1, 2), (2.15)

ū = −∆ȳ ∈ H1(Ω) ∩ L∞(Ω), (2.16)

ȳ ∈ H3
loc(Ω) ∩ W 2,p

loc (Ω) ∩ H2+α(Ω) ∀ p ∈ [1,∞), (2.17)

where α ∈ (0, 1] is determined by the angles at the corners of Ω .
Under additional assumptions, the regularity of λ, µ, ū and ȳ can be improved.
In the case where suppλ ∩ suppµ = ∅, we have

λ ∈ H1(Ω), (2.18)

µ ∈ H−1(Ω), (2.19)

ȳ belongs to W 2,∞(G) in a neighborhood of suppµ. (2.20)

In the case where φ1 ≤ 0 ≤ φ2, we have

ū = −∆ȳ ∈ H1
0 (Ω). (2.21)

3. The discrete problem

Let Th be a quasi-uniform simplicial triangulation of Ω . We denote the diameter of T by hT and h ≈ maxT∈Th diam T is
a mesh parameter. The set of interior (resp., boundary) edges of Th is denoted by E i

h (resp., Eb
h ). The cubic Hermite finite

element space Vh ⊂ H2(Ω)∩H1
0 (Ω) (cf. [2,3]) consists of piecewise cubic polynomial functions that are continuous up to

first order derivatives at the vertices of Th.

3.1. A modified cubic Hermite finite element

Let T be a triangle. The degrees of freedom (dofs) for the standard cubic Hermite finite element are given by v(pi) and
∇v(pi) for 1 ≤ i ≤ 3 and v(c), where p1, p2, p3 are the vertices of T and c is the center of T . For handling the control
constraint (1.4), it is convenient to modify the internal degree of freedom, which does not change the finite element space
Vh.

Let ϕi be the barycentric coordinate associated with pi and ϕT = ϕ1ϕ2ϕ3 be the cubic bubble function on T .

Lemma 3.1. Let p1, p2 and p3 be the vertices of a triangle T . A cubic polynomial v is uniquely determined by v(pi) and ∇v(pi)
for 1 ≤ i ≤ 3 together with the integral∫

T
(1 + γ ϕT )(∆v) dx,

where γ is any nonnegative number.

Proof. It suffices to show that v is uniquely determined by the 10 dofs. Suppose v(pi) and ∇v(pi) vanish for 1 ≤ i ≤ 3.
Then v vanishes on ∂T and hence v is a multiple of ϕT . It remains to verify that

∫
T (1 + γ ϕT )(∆ϕT ) dx ̸= 0.

A direct calculation shows that the normal derivative of ϕT is < 0 on ∂T except at the vertices p1, p2 and p3. Therefore
we have∫

T
(1 + γ ϕT )(∆ϕT )dx =

∫
∂T
(∂ϕT/∂n)ds − γ

∫
T
(∇ϕT ) · (∇ϕT )dx < 0. □
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According to Lemma 3.1 with γ = 0, we have a modified cubic Hermite finite element by replacing the dof v(c) with
the dof

∫
T (∆v)dx. We will use this element in the computations.

Remark 3.2. The case where γ = h2
T will play a useful role in the convergence analysis.

3.2. The C0 interior penalty method

In the C0 interior penalty approach [37–39], the bilinear form a(·, ·) in (2.4) is replaced by the bilinear form ah(·, ·)
defined by

ah(w, v) =

∑
T∈Th

∫
T
D2w : D2v dx +

∑
e∈E i

h

∫
e

({{
∂2w

∂n2

}}s
∂v

∂n

{
+

{{
∂2v

∂n2

}}s
∂w

∂n

{)
ds

+

∑
e∈E i

h

σ

|e|

∫
e

s
∂w

∂n

{ s
∂v

∂n

{
ds, (3.1)

where |e| is the length of the edge e, σ > 0 is a penalty parameter, and the jumps and averages of the normal derivatives
for piecewise H2 functions are defined as follows.

Let e ∈ E i
h be the common edge of T±

e ∈ Th and ne be the unit normal of e pointing from T−
e to T+

e . We define on the
edge e{{

∂2v

∂n2

}}
=

1
2

(
∂2v+

∂n2
e

⏐⏐⏐⏐⏐
e

+
∂2v−

∂n2
e

⏐⏐⏐⏐⏐
e

)
and

s
∂v

∂n

{
=
∂v+

∂ne

⏐⏐⏐⏐⏐
e

−
∂v−

∂ne

⏐⏐⏐⏐⏐
e

,

where v± = v
⏐⏐
T±
e
.

For σ sufficiently large (cf. [39]), we have

ah(zh, zh) ≳
∑
T∈Th

|zh|2H2(T ) +

∑
e∈E i

h

1
|e|

∥J∂zh/∂nK∥2
L2(e) ∀ zh ∈ Vh. (3.2)

Let Ih be the nodal interpolation operator for the P1 finite element space (cf. [2,3]) associated with Th, and Qh be the
L2 projection onto the space of piecewise constant functions defined by

(Qhv)
⏐⏐
T = (1/|T |)

∫
T
v dx ∀ v ∈ L2(Ω), T ∈ Th, (3.3)

where |T | is the area of the triangle. The discrete constraint set Kh ⊂ Vh is given by

Kh = {yh ∈ Vh : Ihψ1 ≤ Ihyh ≤ Ihψ2 and Qhφ1 ≤ Qh(−∆hyh) ≤ Qhφ2}, (3.4)

where ∆h is the piecewise defined Laplace operator.

Remark 3.3. According to the definition of Kh, the constraint (1.3) is imposed at the vertices of Th and the constraint
(1.4) is imposed on each T ∈ Th in the mean-value sense. These constraints are box constraints for the modified Hermite
element introduced in Section 3.1.

The discrete problem for (2.6) is to find ȳh ∈ Kh such that

Ah(ȳh, yh − ȳh) − (yd, yh − ȳh) ≥ 0 ∀ yh ∈ Kh, (3.5)

where

Ah(zh, yh) = βah(zh, yh) + (zh, yh) ∀yh, zh ∈ Vh. (3.6)

We will use the following mesh-dependent norm ∥ · ∥h in the error analysis:

∥z∥2
h = β

(∑
T∈Th

|z|2H2(T ) +

∑
e∈E i

h

|e|−1
J∂z/∂nK

2
L2(e)

)
+ ∥z∥2

L2(Ω). (3.7)

It follows from (3.2), (3.6) and (3.7) that

Ah(y, z) ≲ ∥y∥h∥z∥h ∀ y, z ∈ [H2(Ω) ∩ H1
0 (Ω)] + Vh, (3.8)

and

Ah(zh, zh) ≳ ∥zh∥2
h ∀ zh ∈ Vh, (3.9)

provided that σ is sufficiently large, which is assumed to be the case from here on.
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Note that

∥z∥2
h = β|z|2H2(Ω) + ∥z∥2

L2(Ω) ∀ z ∈ H2(Ω). (3.10)

4. Tools for the convergence analysis

Interpolation and enriching operators with appropriate properties are the two main tools in the convergence analysis
developed in [40] for optimal control problems with state constraints that was extended to problems with both state and
control constraints in [10].

We will use the following notation in the construction of these operators.

• Vc is the set of the corners of Ω .
• Vh is the set of the vertices of Th.
• Vb

h is the subset of Vh consisting of the vertices that belong to ∂Ω .

For each p ∈ Vh, we assign an element Tp ∈ Th such that

(i) p is a vertex of Tp, (ii) if p ∈ Vb
h is the common endpoint of two edges in Eb

h , then

one of these edges should be an edge of Tp. (4.1)

4.1. Interpolation operators

Let Π L
h,T be the nodal interpolation operator on T for the cubic Lagrange element (cf. [2,3]). The interpolation operators

Πh,Πh, ρ : H2(Ω) ∩ H1
0 (Ω) −→ Vh are defined as follows:

(Πhζ )(p) = ζ (p) = (Πh, ρζ )(p) ∀ p ∈ Vh, (4.2)

∂xi (Πhζ )(p) = ∂xi (Π
L
h,Tpζ )(p) = ∂xi (Πh, ρζ )(p) ∀ p ∈ Vh \ Vc (i = 1, 2), (4.3)

∂xi (Πhζ )(p) = 0 = ∂xi (Πh, ρζ )(p) ∀ p ∈ Vc (i = 1, 2), (4.4)

and ∫
T
∆(Πhζ )dx =

∫
T
∆ζ dx ∀ T ∈ Th, (4.5)∫

T
ρ∆(Πh, ρζ )dx =

∫
T
ρ∆ζ dx ∀ T ∈ Th, (4.6)

where the weight function ρ is defined by

ρT = ρ
⏐⏐
T = 1 + h2

TϕT ∀ T ∈ Th. (4.7)

Remark 4.1. It follows from Lemma 3.1 that (4.5) and (4.6) are well-defined. Moreover the choice of Tp specified in (4.1)
guarantees that Πhζ and Πh, ρζ vanish on ∂Ω for ζ ∈ H2(Ω) ∩ H1

0 (Ω).

Note that (3.3) and (4.5) imply

Qh(∆ζ ) = Qh[∆h(Πhζ )] ∀ ζ ∈ H2(Ω) ∩ H1
0 (Ω), (4.8)

and similarly, the relation (4.6) implies

Qh, ρ(∆ζ ) = Qh, ρ[∆h(Πh, ρζ )] ∀ ζ ∈ H2(Ω) ∩ H1
0 (Ω), (4.9)

where Qh, ρ is the L2 projection onto the space of piecewise constant functions defined by

(Qh, ρv)
⏐⏐
T =

(∫
T
ρTv dx

)/(∫
T
ρT dx

)
∀ v ∈ L2(Ω), T ∈ Th. (4.10)

Since piecewise constant functions are invariant under Qh, ρ , we have a standard interpolation error estimate

∥η − Qh, ρη∥L2(Ω) ≲ hs
|η|Hs(Ω) ∀ η ∈ Hs(Ω) and 0 ≤ s ≤ 1 (4.11)

by the Bramble–Hilbert lemma [41,42].
It follows immediately from (3.4), (4.2) and (4.8) that

ΠhK ⊂ Kh. (4.12)

In particular, the closed and convex discrete constraint set Kh is nonempty, which together with (3.9) implies (3.5) has a
unique solution ȳh ∈ Kh.
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We have the following interpolation error estimates:
2∑

k=0

hk
T |ζ −Πh, ρζ |Hk(T ) ≲ h2+s

T |ζ |H2+s(ST ) ∀ T ∈ Th, 0 ≤ s ≤ 2, (4.13)

where ST is the union of the triangles of Th that share a common vertex with T , and

∥ζ −Πhζ∥h + ∥ζ −Πh, ρζ∥h ≤ hs
|ζ |H2+s(Ω) ∀ 0 ≤ s ≤ 2. (4.14)

Moreover we have

∥Πh, ρζ∥h ≲ ∥ζ∥H2(Ω) ∀ ζ ∈ H2(Ω) ∩ H1
0 (Ω). (4.15)

The closely related operators Πh and Πh, ρ satisfy the estimates

2∑
k=0

hk
|Πhζ −Πh, ρζ |Hk(Ω) ≲ h4

|Πh, ρζ − ζ |H2(Ω) ∀ ζ ∈ H2(Ω) ∩ H1
0 (Ω), (4.16)

∥Πhζ −Πh, ρζ∥h ≲ h2
|Πh, ρζ − ζ |H2(Ω) ∀ ζ ∈ H2(Ω) ∩ H1

0 (Ω). (4.17)

The derivations of (4.13)–(4.17) are given in Appendix A.

4.2. An enriching operator

Let Wh ⊂ H2(Ω) ∩ H1
0 (Ω) be the Hsieh–Clough–Tocher (HCT) finite element space associated with Th (cf. [43]). On

each T ∈ Th, the space ΣHCT(T ) of shape functions consists of C1 functions that are piecewise cubic with respect to the
triangulation of T determined by the vertices of T and the center of T . A function v ∈ ΣHCT(T ) is uniquely determined by
the values of v and ∇v at the three vertices of T together with the means of ∂v/∂n over the three edges.

We will need an enhanced HCT finite element for the construction of the enriching operator.

Lemma 4.2. A function v in Σ̃HCT(T ) = ΣHCT(T ) ⊕ ⟨ϕ2
T ⟩ is uniquely determined by the values of v and ∇v at the vertices of

T , the means of ∂v/∂n over the three edges of T and the value of
∫
T ρT∆v dx, where ρT is given in (4.7).

Proof. Suppose v ∈ Σ̃HCT(T ) vanishes up to its first order derivatives at the three vertices and the means of ∂v/∂n vanish
on the three edges, then v is a multiple of ϕ2

T and it only remains to show that
∫
T ρT∆(ϕ2

T )dx ̸= 0. Indeed we have∫
T
ρT∆(ϕ2

T )dx = −h2
T

∫
T
(∇ϕT ) · ∇(ϕ2

T )dx = −2h2
T

∫
T
ϕT |∇ϕT |

2dx < 0. □

Remark 4.3. Note that
∫
T ∆(ϕ2

T )dx = 0, which is why it is necessary to include a weight function in the constructions of
the enhanced HCT finite element and the enriching operator Eh, ρ (see below). This in turn necessitates the construction
of the weighted interpolation operator Πh, ρ (cf. Section 4.1) that is compatible with Eh, ρ .

Let W̃h ⊂ H2(Ω) ∩ H1
0 (Ω) be obtained from Wh by enlarging the space of shape functions ΣHCT(T ) to Σ̃HCT(T ) on each

T ∈ Th. The operator Eh, ρ : Vh −→ W̃h is defined as follows:

(Eh, ρv)(p) = v(p) ∀ p ∈ Vh, (4.18)

∇(Eh, ρv)(p) = ∇v(p) ∀ p ∈ Vh, (4.19)∫
e

∂(Eh, ρv)
∂ne

ds =
1
2

(∫
e

∂v+

∂ne
ds +

∫
e

∂v−

∂ne
ds
)

∀ e ∈ E i
h, (4.20)

where e is a common edge of T±
e , ne is a unit normal of e and v± = v

⏐⏐
T±
e
,∫

e

∂(Eh, ρv)
∂ne

ds =

∫
e

∂v

∂ne
ds ∀ e ∈ Eb

h , (4.21)

where ne is the unit normal of e pointing towards the outside of Ω ,∫
T
ρT∆(Eh, ρv)dx =

∫
T
ρT∆v dx ∀ T ∈ Th. (4.22)

Remark 4.4. Note that (4.22) is well-defined because of Lemmas 3.1 and 4.2. Since v and Eh, ρv are cubic polynomials
on the edges of Th, they are identical on the edges by the conditions (4.18)–(4.19).
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It follows from (4.10) and (4.22) that

Qh, ρ(∆Eh, ρv) = Qh, ρ(∆hv) ∀ v ∈ Vh, (4.23)

which together with (4.9) implies

Qh, ρ[∆(Eh, ρΠh, ρζ )] = Qh, ρ[∆h(Πh, ρζ )] = Qh, ρ(∆ζ ) ∀ ζ ∈ H2(Ω) ∩ H1
0 (Ω). (4.24)

The operator Eh, ρ enjoys the following properties:

2∑
k=0

h2k
∑
T∈Th

|v − Eh, ρv|2Hk(T ) ≲ h4
∑
e∈E i

h

1
|e|

∥J∂v/∂nK∥2
L2(e) ∀ v ∈ Vh, (4.25)

and for ζ ∈ H2+s(Ω) ∩ H1
0 (Ω) and 0 ≤ s ≤ 2,

2∑
k=0

hk
|ζ − Eh, ρΠh, ρζ |Hk(Ω) ≲ h2+s

|ζ |H2+s(Ω) (4.26)

∥ζ − Eh, ρΠh, ρζ∥W1,2/(1−ϵ)(Ω) ≲ h1+s−ϵ
|ζ |H2+s(Ω) ∀ 0 ≤ ϵ ≤ 1/2, (4.27)

|Ah(Πh, ρζ , v) − A(ζ , Eh, ρv)| ≲ hs
∥ζ∥H2+s(Ω)∥v∥h ∀ v ∈ Vh. (4.28)

The derivations of (4.25)–(4.28) are given in Appendix B. Note that (3.7) and (4.25) imply in particular

|Eh, ρv|H2(Ω) ≲ ∥v∥h ∀ v ∈ Vh. (4.29)

Remark 4.5. The estimate (4.25) indicates that the norms of v−Eh, ρv measure the distance between v and H2(Ω)∩H1
0 (Ω).

The estimates (4.26) and (4.27) state that Eh, ρΠh, ρ behaves like a quasi-local interpolation operator. The estimate (4.28)
means that Eh, ρ is essentially the adjoint of Πh, ρ with respect to the bilinear forms A(·, ·) and Ah(·, ·).

5. A preliminary estimate

We will follow the approach in [10,40] and begin with a preliminary estimate that reduces the error analysis to the
continuous level. From (2.17), (3.5), (3.9), (4.12) and (4.14), we have

∥ȳ − ȳh∥2
h ≤ 2∥ȳ −Πhȳ∥2

h + 2∥Πhȳ − ȳh∥2
h

≲ h2α
+ Ah(Πhȳ − ȳh,Πhȳ − ȳh)

≤ h2α
+ Ah(Πhȳ,Πhȳ − ȳh) − (yd,Πhȳ − ȳh)

= h2α
+
[
Ah(Πh, ρ ȳ,Πh, ρ ȳ − ȳh) − (yd,Πh, ρ ȳ − ȳh)

]
+
[
Ah(Πhȳ,Πhȳ − ȳh) − Ah(Πh, ρ ȳ,Πh, ρ ȳ − ȳh)

]
+ (yd,Πh, ρ ȳ −Πhȳ), (5.1)

and

(yd,Πh, ρ ȳ −Πhȳ) ≲ ∥yd∥L2(Ω)h4
|Πh, ρ ȳ − ȳ|H2(Ω) ≲ h4+α ≲ h2α, (5.2)

by (2.17), (4.13) and (4.16).
Furthermore, it follows from (2.17), (3.8), (4.14), (4.15) and (4.17) that

Ah(Πhȳ,Πhȳ − ȳh) − Ah(Πh, ρ ȳ,Πh, ρ ȳ − ȳh)
= Ah(Πhȳ −Πh, ρ ȳ,Πh, ρ ȳ − ȳh) + Ah(Πhȳ −Πh, ρ ȳ,Πhȳ −Πh, ρ ȳ)

+ Ah(Πh, ρ ȳ,Πhȳ −Πh, ρ ȳ)
≲ ∥Πhȳ −Πh, ρ ȳ∥h

(
∥Πh, ρ ȳ − ȳh∥h + ∥Πhȳ −Πh, ρ ȳ∥h + ∥Πh, ρ ȳ∥h

)
≲ h2+α(

∥Πh, ρ ȳ − ȳ∥h + ∥ȳ − ȳh∥h + h2+α
+ ∥Πh, ρ ȳ∥h

)
≲ h2+2α

+ h2+α
∥ȳ − ȳh∥h + h4+2α

+ h2+α

≲ h2α
+ hα∥ȳ − ȳh∥h. (5.3)

Next we consider the second term on the right-hand side of (5.1). We can write

Ah(Πh, ρ ȳ,Πh, ρ ȳ − ȳh) − (yd,Πh, ρ ȳ − ȳh) = A
(
ȳ, Eh, ρ(Πh, ρ ȳ − ȳh)

)
−
(
yd, Eh, ρ(Πh, ρ ȳ − ȳh)

)
+
[
Ah(Πh, ρ ȳ,Πh, ρ ȳ − ȳh) − A

(
ȳ, Eh, ρ(Πh, ρ ȳ − ȳh)

)]
−
(
yd, (Πh, ρ ȳ − ȳh) − Eh, ρ(Πh, ρ ȳ − ȳh)

)
, (5.4)



8 S.C. Brenner, L.-y. Sung and Z. Tan / Results in Applied Mathematics 7 (2020) 100119

and we have

Ah(Πh, ρ ȳ,Πh, ρ ȳ − ȳh) − A
(
ȳ, Eh, ρ(Πh, ρ ȳ − ȳh)

)
≲ hα∥ȳ∥H2+α (Ω)∥Πh, ρ ȳ − ȳh∥h

≤ hα∥ȳ∥H2+α (Ω)
(
∥Πh, ρ ȳ − ȳ∥h + ∥ȳ − ȳh∥h

)
≲ h2α

+ hα∥ȳ − ȳh∥h (5.5)

by (2.17), (4.14) and (4.28),

−
(
yd, (Πh, ρ ȳ− ȳh)−Eh, ρ(Πh, ρ ȳ− ȳh)

)
≲ h2

∥Πh, ρ ȳ− ȳh∥h ≤ h2(
∥Πh, ρ ȳ− ȳ∥h +∥ȳ− ȳh∥h

)
≲ h2α

+hα∥ȳ− ȳh∥h (5.6)

by (2.17), (4.14) and (4.25).
Putting (5.1)–(5.6) together with Young’s inequality, we arrive at the preliminary estimate

∥ȳ − ȳh∥2
h ≲ h2α

+
[
A
(
ȳ, Eh, ρ(Πh, ρ ȳ − ȳh)

)
−
(
yd, Eh, ρ(Πh, ρ ȳ − ȳh)

)]
. (5.7)

Note that the second term on the right-hand side of (5.7) only involves the bilinear form A(·, ·), which is defined on the
continuous level.

6. Error estimates

It follows from (2.7) that

A
(
ȳ, Eh, ρ(Πh, ρ ȳ − ȳh)

)
−
(
yd, Eh, ρ(Πh, ρ ȳ − ȳh)

)
=

∫
Ω

Eh, ρ(Πh, ρ ȳ − ȳh)dµ+

∫
Ω

λ
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx. (6.1)

The first (resp., second) integral on the right-hand side of (6.1) measures the discretization error due to the state (resp.,
control) constraint.

6.1. Discretization errors due to state constraints

Using (2.11)–(2.13), (2.15) and (4.25)–(4.27), we can obtain the estimate∫
Ω

Eh, ρ(Πh, ρ ȳ − ȳh)dµ ≤

{
C(h2α

+ hα∥ȳ − ȳh∥h) if α < 1
Cϵ(h2−ϵ

+ h1−ϵ
∥ȳ − ȳh∥h) if α = 1

, (6.2)

where ϵ is any number strictly greater than 0.
Under the additional assumption that suppλ ∩ suppµ = ∅, we can take ϵ to be 0 by exploiting (2.19)–(2.20) and the

estimate becomes∫
Ω

Eh, ρ(Πh, ρ ȳ − ȳh)dµ ≤ C(h2α
+ hα∥ȳ − ȳh∥h) for α ≤ 1. (6.3)

The derivation of (6.2) and (6.3) follows the same steps in [10, Section 4.2] by replacing the operators Πh and Eh there
with the operators Πh, ρ and Eh, ρ from Section 4 of this paper. We omit the identical arguments.

6.2. Discretization errors due to control constraints

If the discrete control constraint in (3.4) is replaced by

Qh, ρφ1 ≤ Qh, ρ(−∆hyh) ≤ Qh, ρφ2,

then the estimate for the second integral on the right-hand side of (6.1) can again be obtained as in [10, Section 4.1].
Since we use Qh in (3.4) for a simpler implementation of the discrete problem, it is necessary to modify the arguments
as follows.

In view of the fact that φ1 < φ2 on Ω̄ , we can write∫
Ω

λ
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx =

∫
Ω

λ1
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx +

∫
Ω

λ2
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx, (6.4)

where

λ1 =

{
λ if −∆ȳ = φ1

0 otherwise
and λ2 =

{
λ if −∆ȳ = φ2

0 otherwise
. (6.5)

Note that λ1 = max(λ, 0) by (2.8) and (2.10), and λ2 = min(λ, 0) by (2.9) and (2.10). Therefore λj ∈ W 1,s(Ω) for any
1 ≤ s < 2 by (2.14) and Lemma 7.6 in [44]. It then follows from a standard interpolation error estimate (cf. [2,3]) that,
for j = 1, 2,

∥λj − Qh, ρλj∥L2(Ω) ≤ Cϵh1−ϵ
∀ T ∈ Th and ϵ > 0. (6.6)
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Remark 6.1. Under the assumption that suppλ ∩ suppµ = ∅, we have λj ∈ H1(Ω) by (2.18). Consequently we can take
ϵ in (6.6) (and below) to be 0 and remove all dependence on ϵ.

We split the first integral on the right-hand side of (6.4) into∫
Ω

λ1
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx

=

∫
Ω

ρλ1
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx +

∫
Ω

(ρ − 1)λ1
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx, (6.7)

and observe that (4.7), (4.14) and (4.29) imply∫
Ω

(ρ − 1)λ1
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx ≲ h2

∥λ1∥L2(Ω)∥∆Eh, ρ(Πh, ρ ȳ − ȳh)∥L2(Ω)

≲ h2
|Eh, ρ(Πh, ρ ȳ − ȳh)|H2(Ω)

≲ h2(∥Πh, ρ ȳ − ȳ∥h + ∥ȳ − ȳh∥h)

≲ h2+α
+ h2

∥ȳ − ȳh∥h ≲ h2α
+ hα∥ȳ − ȳh∥h. (6.8)

In view of (6.5), we can decompose the first integral on the right-hand side of (6.7) into the sum of four integrals:∫
Ω

ρλ1
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx

=

∫
Ω

ρλ1
[
−∆(Eh, ρΠh, ρ ȳ − ȳ)

]
dx +

∫
Ω

ρλ1(φ1 − Qh, ρφ1)dx

+

∫
Ω

ρλ1Qh, ρ
[
φ1 +∆(Eh, ρ ȳh)

]
dx +

∫
Ω

ρλ1
[
∆Eh, ρ ȳh − Qh, ρ(∆Eh, ρ ȳh)

]
dx. (6.9)

For ϵ > 0, we have∫
Ω

ρλ1[−∆(Eh, ρΠh, ρ ȳ − ȳ)]dx =

∫
Ω

ρ(λ1 − Qh, ρλ1)[−∆(Eh, ρΠh, ρ ȳ − ȳ)]dx ≤ Cϵh1+α−ϵ (6.10)

by (2.17), (4.10), (4.24), (4.26) and (6.6), and∫
Ω

ρλ1(φ1 − Qρφ1)dx =

∫
Ω

ρ(λ1 − Qh, ρλ1)(φ1 − Qh, ρφ1)dx ≤ Cϵh2−ϵ
≤ Cϵh1+α−ϵ (6.11)

by (4.10), (4.11) and (6.6), because φ1 ∈ W 1,∞(Ω) by assumption.
Since λ1 ≥ 0, the third integral on the right-hand side of (6.9) satisfies∫

Ω

ρλ1Qh, ρ
[
φ1 +∆(Eh, ρ ȳh)

]
dx =

∫
Ω

ρλ1Qh, ρ(φ1 +∆hȳh)dx

=

∫
Ω

ρ(Qh, ρλ1)(φ1 +∆hȳh)dx

=

∫
Ω

(ρ − 1)(Qh, ρλ1)(φ1 +∆ȳ)dx +

∫
Ω

(ρ − 1)(Qh, ρλ1)(∆hȳh −∆ȳ)dx

+

∫
Ω

(Qh, ρλ1)Qh(φ1 +∆hȳh)dx

≤

∫
Ω

(ρ − 1)(Qh, ρλ1)(∆hȳh −∆ȳ)dx

≲ h2
∥λ1∥L2(Ω)∥ȳ − ȳh∥h ≲ hα∥ȳ − ȳh∥h (6.12)

by (1.4), the discrete control constraint in (3.4), (3.7), (4.7), (4.10) and (4.23).
Finally we split the last integral on the right-hand side of (6.9) into∫

Ω

ρλ1
[
∆Eh, ρ ȳh − Qh, ρ(∆Eh, ρ ȳh)

]
dx =

∫
Ω

ρλ1[∆(Eh, ρ ȳh − ȳ) − Qh, ρ∆(Eh, ρ ȳh − ȳ)]dx

+

∫
Ω

ρλ1(∆ȳ − Qh, ρ∆ȳ)dx.

We have∫
Ω

ρλ1(∆ȳ − Qh, ρ∆ȳ)dx =

∫
Ω

ρ(λ1 − Qh, ρλ1)(∆ȳ − Qh, ρ∆ȳ)dx ≤ Cϵh1+α−ϵ
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by (2.17), (4.10), (4.11) and (6.6), and∫
Ω

ρλ1[∆(Eh, ρ ȳh − ȳ) − Qh, ρ∆(Eh, ρ ȳh − ȳ)]dx =

∫
Ω

ρ(λ1 − Qh, ρλ1)[∆(Eh, ρ ȳh − ȳ)]dx

≲ ∥λ1 − Qh, ρλ1∥L2(Ω)∥∆(Eh, ρ ȳh − ȳ)∥L2(Ω)

≤ Cϵh1−ϵ
(
|Eh, ρ(ȳh −Πh, ρ ȳ)|H2(Ω) + |Eh, ρΠh, ρ ȳ − ȳ|H2(Ω)

)
≤ Cϵ(h1−ϵ

∥Πh, ρ ȳ − ȳh∥h + h1+α−ϵ) ≤ Cϵ(h1−ϵ
∥ȳ − ȳh∥h + h1+α−ϵ)

by (2.17), (4.10), (4.14), (4.29) and (6.6). We conclude that∫
Ω

ρλ1
[
(∆Eh, ρ ȳh) − Qh, ρ(∆Eh, ρ ȳh)

]
dx ≤ Cϵ(h1−ϵ

∥ȳ − ȳh∥h + h1+α−ϵ). (6.13)

Putting (6.7)–(6.13) together, we find∫
Ω

λ1
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx ≤ C(h2α

+ hα∥ȳ − ȳh∥h) + Cϵ
(
h1+α−ϵ

+ h1−ϵ
∥ȳ − ȳh∥h

)
. (6.14)

Similarly we have∫
Ω

λ2
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx ≤ C(h2α

+ hα∥ȳ − ȳh∥h) + Cϵ
(
h1+α−ϵ

+ h1−ϵ
∥ȳ − ȳh∥h

)
. (6.15)

It follows from (6.4), (6.14) and (6.15) that∫
Ω

λ
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx ≤

{
C(h2α

+ hα∥ȳ − ȳh∥h) if α < 1
Cϵ(h2−ϵ

+ h1−ϵ
∥ȳ − ȳh∥h) if α = 1

, (6.16)

where ϵ is any number strictly greater than 0.
As mentioned in Remark 6.1, under the assumption that suppλ ∩ suppµ = ∅ we can replace (6.16) by∫

Ω

λ
[
−∆Eh, ρ(Πh, ρ ȳ − ȳh)

]
dx ≤ C(h2α

+ hα∥ȳ − ȳh∥h) for α ≤ 1. (6.17)

6.3. Convergence results

The following theorem is a direct consequence of (5.7), (6.2), (6.16) and Young’s inequality.

Theorem 6.2. We have

∥ȳ − ȳh∥h ≤

{
Chα if α < 1
Cϵh1−ϵ if α = 1

,

where α is the index of elliptic regularity in (2.17) and ϵ is any number strictly greater than 0.

The following corollary is obtained by using the Poincaré–Friedrichs (resp., Sobolev) inequality for piecewise H2

functions in [45] (resp., [46]).

Corollary 6.3. We have

∥ȳ − ȳh∥H1(Ω) + ∥ȳ − ȳh∥L∞(Ω) ≤

{
Chα if α < 1
Cϵh1−ϵ if α = 1

,

where α is the index of elliptic regularity in (2.17) and ϵ is any number strictly greater than 0.

The optimal control ū = −∆ȳ can be approximated by ūh = −∆hȳ and the following corollary is immediate.

Corollary 6.4. We have

∥ū − ūh∥L2(Ω) ≤

{
Chα if α < 1
Cϵh1−ϵ if α = 1

,

where α is the index of elliptic regularity in (2.17) and ϵ is any number strictly greater than 0.

In the case where suppλ ∩ suppµ = ∅, we can use (6.3) and (6.17) to improve these error estimates.

Theorem 6.5. Under the assumption that suppλ ∩ suppµ = ∅, we have

∥ȳ − ȳh∥h + ∥ȳ − ȳh∥H1(Ω) + ∥ȳ − ȳh∥L∞(Ω) + ∥ū − ūh∥L2(Ω) ≤ Chα,

where α ≤ 1 is the index of elliptic regularity in (2.17).
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Fig. 7.1. Graphs of ȳh and ūh from Example 7.1 with h = 2−5 .

Fig. 7.2. The discrete active sets from Example 7.1 with h = 2−5 .

Remark 6.6. Since ∥ · ∥L2(Ω), |·|H1(Ω) and ∥ · ∥L∞(Ω) are lower order norms, the error estimates in these norms are not
expected to be sharp. This is confirmed by the numerical results in Section 7.

7. Numerical results

In the first two examples, which are taken from [10], we solve the optimal control problem defined by (1.1)–(1.4) (or
equivalently the fourth order variational inequality defined by (2.2), (2.3) and (2.6)). Since the exact solutions for these
examples are not available, the errors are estimated by comparing the solutions on consecutive levels. In the last two
examples, we solve more general optimal control problems where the exact solutions are available, so that the errors
can be computed directly. We take σ = 106 and use uniform meshes in all the computations. The discrete variational
inequalities are solved by a primal–dual active set method [21–24].

The errors in the tables are defined as follows:

eh = ∥ȳ − ȳh∥h, e1,h = |ȳ − ȳh|H1(Ω), e∞,h = max
p∈Vh

|ȳ(p) − ȳh(p)| and e0,h = ∥ȳ − ȳh∥L2(Ω),

where Vh is the set of the vertices of Th.

Example 7.1. This is Example 5.1 in [10], where Ω = (0, 1)2,

β = 10−3, yd = 2, ψ1 = −∞, ψ2 = 1, φ1 = −1 and φ2 = 25.

The Slater condition (2.5) is satisfied by y = 0.
The graphs of the discrete optimal state and optimal control are displayed in Fig. 7.1. The active sets for ψ1 and φ1 are

empty, and the discrete active sets for ψ2 and φ2 are presented in Fig. 7.2. Both figures match the corresponding figures
in [10].

Since suppλ∩ suppµ = ∅, Theorem 6.5 predicts that the magnitude of eh is O(hα). Note also that φ1 < 0 < φ2 on ∂Ω ,
and hence α = 1 by (2.21) and elliptic regularity [26, Section 5.1]. From the numerical results in Table 7.1, we observe O(h)
convergence for eh and better than O(h) convergence for the lower order norms. The errors for h = 2−5 are comparable to



12 S.C. Brenner, L.-y. Sung and Z. Tan / Results in Applied Mathematics 7 (2020) 100119

Table 7.1
Estimated errors for Example 7.1.
h eh Order e1,h Order e∞,h Order e0,h Order

2−1 2.9849e−1 – 6.618e−1 – 1.5976e−1 – 8.9645e−2 –
2−2 8.3961e−2 1.77 8.9707e−2 2.90 1.5322e−2 3.38 7.4102e−3 3.60
2−3 3.9797e−2 1.07 2.2393e−2 2.00 4.0938e−3 1.90 1.7041d−3 2.12
2−4 1.9308e−2 1.04 5.2152e−3 2.10 5.2191e−4 2.97 1.6135e−4 3.40
2−5 9.4405e−3 1.03 1.3166e−3 1.99 1.5938e−4 1.71 8.1776e−5 0.98

Fig. 7.3. Graphs of ȳh and ūh from Example 7.2 with h = 2−5 .

Fig. 7.4. The discrete active sets from 7.2 with h = 2−5 .

the corresponding errors in [10, Example 5.1] for h = 2−8. Therefore the method in this paper outperforms the method
in [10] because the number of global dofs of the cubic finite element space is only (roughly) 25% more than that of the
Morley finite element space.

Example 7.2. This is Example 5.2 in [10], where Ω = (0, 1)2,

β = 10−3, yd = 1, ψ1 = −∞, ψ2 = 4(x1 − x21)(x2 − x22), φ2 = 100,

and

φ1 =

⎧⎨⎩8 exp
(

|x − (0.5, 0.5)|2

|x − (0.5, 0.5)|2 − 0.25

)
if |x − (0.5, 0.5)| ≤ 0.5

0 otherwise
.

The Slater condition (2.5) is satisfied by y = 9(x1 − x21)(x2 − x22).
The graphs of the discrete optimal state and optimal control are presented in Fig. 7.3. The active set for ψ1 and φ2 are

empty, and the discrete active sets for ψ2 (the singleton {(0.5, 0.5)}) and φ1 are displayed in Fig. 7.4. Both figures match
the corresponding figures in [10].

Since φ1 < 0 < φ2 on ∂Ω , the optimal state ȳ ∈ H3(Ω) by (2.21) and elliptic regularity. Therefore the convergence
rate for eh predicted by Theorem 6.2 is O(h1−ϵ), which is observed in Table 7.2. The rate of convergence in the lower order
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Table 7.2
Estimated errors for Example 7.2.
h eh Order e1,h Order e∞,h Order e0,h order

2−1 1.1139e−1 – 2.4540e−1 – 5.8482e−2 – 3.2612e−2 –
2−2 3.4974e−2 1.67 4.3529e−2 2.50 9.8614e−3 2.57 4.80403−3 2.76
2−3 1.6461e−2 1.09 7.8545e−3 2.47 6.4930e−4 3.92 3.3728e−4 3.83
2−4 8.7523e−3 0.91 2.2021e−3 1.83 2.6570e−4 1.29 9.1899e−5 1.88
2−5 4.5458e−3 0.95 5.5334e−4 1.99 6.6175e−5 2.01 2.2178e−5 2.05

norms are better than the results in Corollary 6.3. Again the errors for h = 2−5 are comparable to the corresponding
errors in [10, Example 5.2] for h = 2−8.

In order to test our method on examples where the exact solutions are available, we consider the following more
general optimal control problem: Given f , ud, yd ∈ L2(Ω),

find (ȳ, ū) = argmin
(y,u)∈K

1
2

(
∥y − yd∥2

L2(Ω) + β∥u − ud∥
2
L2(Ω)

)
, (7.1)

where (y, u) ∈ K ⊂ H1
0 (Ω) × L2(Ω) if and only if∫

Ω

∇y · ∇z dx =

∫
Ω

(u + f )z dx ∀ z ∈ H1
0 (Ω) (7.2)

and the constraints (1.3)–(1.4) are satisfied.
By elliptic regularity, the problem (7.1) can be reformulated as follows:

Find ȳ = argmin
y∈K

1
2

(
∥y − yd∥2

L2(Ω) + β∥∆y + f + ud∥
2
L2(Ω)

)
, (7.3)

where K is given by (2.2). It follows from the classical theory that (7.3) has a unique solution provided K is nonempty.
The corresponding fourth order variational inequality is to find ȳ ∈ K such that

A(ȳ, y − ȳ) − (yd, y − ȳ) + β(f + ud,∆(y − ȳ)) ≥ 0 ∀ y ∈ K , (7.4)

where A(·, ·) is given by (2.3), and the KKT conditions are given by

A(ȳ, z) − (yd, z) + β(f + ud,∆z) =

∫
Ω

z dµ+

∫
Ω

λ(−∆z)dx ∀ z ∈ H2(Ω) ∩ H1
0 (Ω) (7.5)

together with (2.8)–(2.13). The finite element method for (7.4) is to find ȳh ∈ Kh such that

Ah(ȳh, yh − ȳh) − (yd, yh − ȳh) + β(f + ud,∆h(yh − ȳh)) ≥ 0 ∀ yh ∈ Kh, (7.6)

where Ah(·, ·) is given by (3.6) and

Kh = {yh ∈ Vh : Ihψ1 ≤ Ihyh ≤ Ihψ2 and Qhφ1 ≤ Qh(−∆hyh − f ) ≤ Qhφ2}. (7.7)

Under the condition that f + ud ∈ H1
0 (Ω), we can rewrite (7.4) as

A(ȳ, y − ȳ) − (yd, y − ȳ) − β

∫
Ω

∇(f + ud) · ∇(y − ȳ)dx ≥ 0 ∀ y ∈ K , (7.8)

and replace (7.5) by

A(ȳ, z) − (yd, z) − β

∫
Ω

∇(f + ud) · ∇z dx =

∫
Ω

z dµ+

∫
Ω

λ(−∆z)dx ∀ z ∈ H2(Ω) ∩ H1
0 (Ω). (7.9)

The finite element method for (7.8) is to find ȳh ∈ Kh such that

Ah(ȳh, yh − ȳh) − (yd, yh − ȳh) − β

∫
Ω

∇(f + ud) · ∇(yh − ȳh)dx ≥ 0 ∀ yh ∈ Kh. (7.10)

Example 7.3. Let Ω = (0, 1)2. We consider (7.1)/(7.8) with the data

β = 1, ψ1 = −∞, ψ2 = ∞, φ1 = 5, φ2 = 10,

f = min{0, 2π2 sin(πx1) sin(πx2) − 5} + max{0, 2π2 sin(πx1) sin(πx2) − 10},

yd = sin(πx1) sin(πx2), ud = 2π2 sin(πx1) sin(πx2) − f .

The exact solution is ȳ = sin(πx1) sin(πx2) and ū = −∆ȳ − f = ud.
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Fig. 7.5. Graphs of ȳh and ūh from Example 7.3 with h = 2−5 .

Fig. 7.6. The discrete active sets from Example 7.3 with h = 2−5 .

Table 7.3
Errors for Example 7.3.
h eh Order e1,h Order e∞,h Order e0,h Order

2−1 8.6875e−1 – 4.7617e−2 – 1.4409e−3 – 4.8153e−3 –
2−2 2.2394e−1 1.96 6.2988e−3 2.92 4.8527e−4 1.57 4.4907e−4 3.42
2−3 5.6528e−2 1.99 7.8618e−4 3.00 5.7519e−5 3.08 3.7587e−5 3.58
2−4 1.4166e−2 2.00 9.8563e−5 3.00 7.9290e−6 2.86 3.9788e−6 3.24
2−5 3.5446e−3 2.00 1.5045e−5 2.71 3.9227e−6 1.02 1.7779e−6 1.16

This is an example with only control constraints so that µ does not appear in the KKT conditions. (A similar example
can be found in [47].) Since f + ud = −∆ȳ ∈ H1

0 (Ω), we use the formulation (7.10) in the computations.
The graphs of the discrete optimal state and optimal control are shown in Fig. 7.5, and the active sets for φ1 and φ2

are displayed in Fig. 7.6. They capture accurately their exact counterparts.
It is straightforward to check that (7.9) holds for λ = 0, and the analysis in Sections 5 and 6 can be extended to the

variational inequality (7.8) because we can estimate |Πhζ −Πh, ρζ |H1(Ω) (resp., |v − Ehv|H1(Ω) and |ζ − Eh, ρΠh, ρζ |H1(Ω))
by (4.16) (resp., (4.25) and (4.26)). Therefore for this example Theorem 6.5 holds with α = 2. The O(h2) convergence rate
of eh is observed in Table 7.3. The convergence rate for the lower norms are higher up to h = 2−4, before round-off errors
due to ill-conditioning take effect.

Example 7.4. This is the example in [6, Section 6], with Ω = (0, 1)2 and the exact solution is

ȳ(x) = sin(πx1) sin(πx2), ū = max(−∆ȳ − κ, 0),

where κ = 5. The data for (7.1)/(7.4) are given by

β = 0.1, φ1 = 0, φ2 = 100, ψ2 = 100,
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Fig. 7.7. Graphs of ȳh and ūh from Example 7.4 with h = 2−5 .

Fig. 7.8. Discrete active sets from Example 7.4 with h = 2−5 .

ψ1 =

{
ȳ(x) if ȳ(x) ≥ c
2ȳ(x) − c if ȳ(x) ≤ c

, f = −∆ȳ − ū,

yd(x) =

{
ȳ(x) − 1 if ȳ(x) > c
β∆2ȳ(x) + ȳ(x) if ȳ(x) < c

, ud(x) =

{
ū(x) − 2π2c if ȳ(x) > c
−κ if ȳ(x) < c

,

where c = 0.6. We use the formulation (7.6) in the computations.
The graphs of the discrete optimal state and optimal control are displayed in Fig. 7.7. The active sets for ψ2 and φ2 are

empty and the discrete active sets for ψ1 and φ1 are presented in Fig. 7.8. Both figures capture their exact counterparts
accurately.

It is straightforward to check that (7.5) holds with λ ∈ H1(Ω) given by

λ =

{
−∆ȳ − κ if −∆ȳ − κ ≤ 0
0 otherwise

,

and µ ∈ H−1(Ω) given by∫
Ω

z dµ =

∫
ȳ>c

z dx − 2π2β

∫
ȳ=c

z
∂ ȳ
∂n

ds,

where n is the unit outer normal on the boundary of the domain defined by ȳ > c (cf. (a) of Fig. 7.8).
For this example we have τ = f + ud ∈ H1(Ω) and the analysis in Sections 5–6 can be extended to the variational

inequality (7.6) by using the estimate(
τ ,∆h(Πhȳ − ȳh)

)
−
(
τ ,∆Eh, ρ(Πh, ρ ȳ − ȳh)

)
=
(
τ ,∆h(Πhȳ −Πh, ρ ȳ)

)
+
(
(1 − ρ)τ ,∆h(Πh, ρ ȳ − ȳh) −∆Eh, ρ(Πh, ρ ȳ − ȳh)

)
+
(
ρ(τ − Qh, ρτ ),∆h(Πh, ρ ȳ − ȳh) −∆Eh, ρ(Πh, ρ ȳ − ȳh)

)
≲ h2+α

+ (h2
+ h)∥ȳ − ȳh∥h
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Table 7.4
Errors for Example 7.4.
h eh Order e1,h Order e∞,h Order e0,h Order

2−1 6.0834e−1 – 1.5616e−1 – 1.5392e−2 – 2.0150e−2 –
2−2 2.7959e−1 1.12 5.4201e−2 1.53 1.1094e−2 0.47 5.1841e−3 1.96
2−3 1.3699e−1 1.03 2.6974e−2 1.01 6.6380e−3 0.74 2.5055e−3 1.05
2−4 8.4630e−2 0.70 1.5003e−2 0.85 3.2834e−3 1.02 1.3833e−3 0.86
2−5 4.1034e−2 1.04 6.4865e−3 1.21 1.1477e−3 1.52 5.7424e−4 1.27

that follows from (2.17), (4.7), (4.11), (4.16), (4.23) and (4.29). Consequently we can apply Theorem 6.5 to this example
with α = 1. The O(h) convergence of eh is observed in Table 7.4, and the convergence rates in the lower order norms are
higher.

8. Concluding remarks

We have developed a modified cubic Hermite finite element method for the optimal control problem defined by (1.1)–
(1.4). By using the mean value of the Laplacian of a shape function as a dof of the modified cubic Hermite element, the
resulting discrete variational inequality is a quadratic programming problem with box constraints that can be solved
efficiently by a primal–dual active set method. This method performs better than the Morley finite element method in
[10], and it is also less expensive than either a C0 interior penalty method based on the cubic Lagrange element or a C1

finite element method based on the Hsieh–Clough–Tocher element.
The cubic Hermite finite element method can be extended to three dimensional domains by adding a quartic bubble

function on each tetrahedron. It can also be extended to the following problem where (1.1) is replaced by

(ȳ, ū) = argmin
(y,u)∈K

1
2

(
∥y − yd∥2

L2(Ω) + β∥u∥2
L2(ω)

)
for a subdomain ω of Ω , and the constraints (1.2) and (1.4) are replaced by∫

Ω

∇y · ∇z dx =

∫
ω

uz dx ∀ z ∈ H1
0 (Ω)

and φ1 ≤ u ≤ φ2 a.e. in ω.
These extensions and the adaptive version of the cubic finite element method are ongoing projects.
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Appendix A. Properties of the interpolation operators

Let p, a corner of Ω , be the common vertex of ep,1, ep,2 ∈ Eb
h , which are edges of the triangles Tp,1, Tp,2 ∈ Th (that may

coincide). Observe that, for ζ ∈ H2(Ω) ∩ H1
0 (Ω), the definition (4.4) is equivalent to

∂(Πhζ )
∂tep,i

(p) =

∂(Π L
h,Tp,i

ζ )

∂tep,i
(p) =

∂(Πh, ρζ )
∂tep,i

(p) for i = 1, 2. (A.1)

We can use (4.2), (4.3), (4.5), (4.6) and (A.1) to extend the definitions of Πh and Πh, ρ to H2(Ω), and the interpolation
error estimate (4.13) (for the extended Πh and Πh, ρ) follows immediately from the Bramble–Hilbert lemma [41,42], since
Πhζ = ζ = Πh, ρζ if ζ is a cubic polynomial on ST .

The estimate (4.14) follows from (3.7), (4.13) and the trace inequality with scaling:

|e|−1
J∂z/∂nK

2
L2(e)

≲
∑
T∈Te

(
h−2
T |z|2H1(T ) + |z|2H2(T )

)
∀ e ∈ E i

h, (A.2)

where z is any piecewise H2 function and Te is the set of the two triangles in Th that share e as a common edge.
Note that we also have

∥ζ −Πh, ρζ∥L2(T ) ≲ h2
T |ζ |H2(ST ) ∀ ζ ∈ H2(Ω), T ∈ Th,

which implies

∥ζ −Πh, ρζ∥h ≲ ∥ζ∥H2(Ω) ∀ ζ ∈ H2(Ω) (A.3)

by (3.7), (A.2) and standard inverse estimates [2,3]. The estimate (4.15) follows from (3.10), (A.3) and the triangle
inequality.
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Finally we turn to the estimates (4.16) and (4.17). Let P3(T ) be the space of cubic polynomials on T . We have, by scaling,

∥v∥2
L2(T ) ≈

3∑
i=1

(
h2
T [v(pi)]

2
+ h4

T |(∇v)(pi)|
2
)

+ h2
T

(∫
T
(∆v)dx

)2
∀ v ∈ P3(T ), T ∈ Th, (A.4)

and ∫
T
∆(Πhζ −Πh, ρζ )dx =

∫
T
(1 − ρT )∆(ζ −Πh, ρζ )dx ≲ h3

T∥∆(ζ −Πh, ρζ )∥L2(T ) (A.5)

by (4.5)–(4.7).
The case of k = 0 in (4.16) follows immediately from (A.4) and (A.5). The rest of the estimates in (4.16) and the

estimate (4.17) then follows from standard inverse estimates, (3.7) and (A.2).

Appendix B. Properties of the enriching operator

We have, by scaling,

∥v∥2
L2(T ) ≈

3∑
i=1

(
h2
T [v(pi)]

2
+ h4

T |(∇v)(pi)|
2
+ h2

T

[∫
e
(∂v/∂n)ds

]2)
+ h2

T

(∫
T
ρT (∆v)dx

)2
(B.1)

for all v ∈ Σ̃HCT(T ) and T ∈ Th.
Let ET be the set of the edges of T that are interior to Ω . It follows from (4.18)–(4.22) and (B.1) that

∥v − Eh, ρv∥2
L2(T ) ≈

∑
e∈ET

h2
T

[∫
e

(
∂vT

∂ne
−
∂(Eh, ρv)
∂ne

)
ds
]2

=
h2
T

4

∑
e∈ET

[∫
e
J∂v/∂neK ds

]2
≲ h4

T

∑
e∈ET

|e|−1
∥ J∂v/∂neK ∥

2
L2(e). (B.2)

The estimate (4.25) follows from (B.2) and standard inverse estimates.
Note that we can use (4.18)–(4.22) to extend Eh, ρ to an operator that maps the modified Hermite finite element space

without any boundary condition to H2(Ω). For the extended operators Πh, ρ and Eh, ρ , both (4.26) and (4.27) follow from
the Bramble–Hilbert lemma since Eh, ρΠh, ρζ = ζ on T if ζ is a cubic polynomial on S̃T , the union of all the triangles that
share at least a vertex with one of the triangles in ST .

In order to establish (4.28), it suffices to show that

|ah(Πh, ρζ , v) − a(ζ , Eh, ρv)| ≲ hs
∥ζ∥H2+s(Ω)∥v∥h (B.3)

for all ζ ∈ H2+s(Ω) ∩ H1
0 (Ω) and v ∈ Vh. Indeed, it follows from (3.7), (4.13), (4.25) and (B.3) that

|Ah(Πh, ρζ , v) − A(ζ , Eh, ρv)|
=
⏐⏐β[ah(Πh, ρζ , v) − a(ζ , Eh, ρv)] + (Πh, ρζ − ζ , v) + (ζ , v − Eh, ρv)

⏐⏐
≲ hs

∥ζ∥H2+s(Ω)∥v∥h + ∥Πh, ρζ − ζ∥L2(Ω)∥v∥L2(Ω) + ∥ζ∥L2(Ω)∥v − Eh, ρv∥L2(Ω) ≲ hs
∥ζ∥H2+s(Ω)∥v∥h

for all ζ ∈ H2+s(Ω) ∩ H1
0 (Ω), v ∈ Vh and 0 ≤ s ≤ 2.

The proof of (B.3) proceeds as in [40, Appendix B], where a quadratic C0 interior penalty method was treated. It begins
with the formula

ah(Πh, ρζ , v) − a(ζ , Eh, ρv)

=

∑
T∈Th

(∫
T
D2(Πh, ρζ ) : D2(v − Eh, ρv)dx +

∫
T
D2(Πh, ρζ − ζ ) : D2(Eh, ρv)dx

)

+

∑
e∈E i

h

∫
e

({{
∂2(Πh, ρζ )
∂n2

}}s
∂(v − Eh, ρv)

∂n

{
+

{{
∂2v

∂n2

}}s
∂(Πh, ρζ − ζ )

∂n

{)
ds

+

∑
e∈E i

h

σ

|e|

∫
e

s
∂(Πh, ρζ − ζ )

∂n

{ s
∂v

∂n

{
ds (B.4)

that follows from (3.1) and the fact that
q
∂(Eh, ρv)/∂n

y
= 0 = J∂ζ/∂nK across e ∈ E i

h.
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Using (4.13), (4.25), (4.29), (A.2), the Cauchy–Schwarz inequality and standard inverse estimates, we obtain⏐⏐⏐ ∑
T∈Th

∫
T
D2(Πh, ρζ − ζ ) : D2(Eh, ρv)dx

⏐⏐⏐+ ⏐⏐⏐∑
e∈E i

h

∫
e

{{
∂2v

∂n2

}}s
∂(Πh, ρζ − ζ )

∂n

{
ds
⏐⏐⏐

+

⏐⏐⏐∑
e∈E i

h

σ

|e|

∫
e

s
∂(Πh, ρζ − ζ )

∂n

{ s
∂v

∂n

{
ds
⏐⏐⏐ ≲ hs

∥ζ∥H2+s(Ω)∥v∥h. (B.5)

In view of Remark 4.4 and the integration by parts formula∫
T
D2w : D2v dx =

∫
∂T

(
∂2w

∂n2

∂v

∂n
+
∂2w

∂n∂t
∂v

∂t
−
∂(∆w)
∂n

v

)
ds +

∫
T
(∆2w)v dx (B.6)

that holds for w ∈ H4(T ) and v ∈ H2(T ), we have∫
T
D2(Πh, ρζ ) : D2(v − Eh, ρv)dx =

∫
∂T

(
∂2(Πh, ρζ )
∂n2

)(
∂(v − Eh, ρv)

∂n

)
ds.

Therefore we can rewrite the sum of the two remaining terms on the right-hand side of (B.4) as∑
T∈Th

∫
T
D2(Πh, ρζ ) : D2(v − Eh, ρv)dx +

∑
e∈E i

h

∫
e

{{
∂2(Πh, ρζ )
∂n2

}}s
∂(v − Eh, ρv)

∂n

{
ds

=

∑
T∈Th

∫
∂T

(
∂2(Πh, ρζ )
∂n2

)(
∂(v − Eh, ρv)

∂n

)
ds +

∑
e∈E i

h

∫
e

{{
∂2(Πh, ρζ )
∂n2

}}s
∂(v − Eh, ρv)

∂n

{
ds

= −

∑
e∈E i

h

∫
e

t
∂2(Πh, ρζ )
∂n2

|{{
∂(v − Eh, ρv)

∂n

}}
ds. (B.7)

Finally, the estimate⏐⏐⏐⏐⏐⏐⏐
∑
e∈E i

h

∫
e

t
∂2(Πh, ρζ )
∂n2

|{{
∂(v − Eh, ρv)

∂n

}}
ds

⏐⏐⏐⏐⏐⏐⏐ ≲ hs
∥ζ∥H2+s(Ω)∥v∥h (B.8)

can be derived by the same arguments in [40, Appendix B].
The estimate (B.3) follows from (B.4), (B.5), (B.7) and (B.8).
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