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Abstract

In this work, we study reproducing kernel (RK) collocation method for peridynamic Navier equation. In the first part,
we apply a linear RK approximation to both displacement and dilatation, and then back-substitute dilatation and solve the
peridynamic Navier equation in a pure displacement form. The RK collocation scheme converges to the nonlocal limit for
a fixed nonlocal interaction length and also to the local limit as nonlocal interactions vanish. The stability is shown by
comparing the collocation scheme with the standard Galerkin scheme using Fourier analysis. In the second part, we apply
the RK collocation to the quasi-discrete peridynamic Navier equation and show its convergence to the correct local limit when
the ratio between the nonlocal length scale and the discretization parameter is fixed. The analysis is carried out on a special
family of rectilinear Cartesian grids for the RK collocation method with a designated kernel with finite support. We assume
the Lamé parameters satisfy A > p to avoid extra assumptions on the nonlocal kernel. Finally, numerical experiments are
conducted to validate the theoretical results.
© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

Peridynamics is a nonlocal theory of continuum mechanics introduced by Silling in [1,2]. Peridynamic models
avoid the use of spatial differentiation and they have attracted interest among researchers, especially for treating
problems with fractures and material failure [3—5]. Mathematical analysis of the peridynamics models have been
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carried out in [6-10] and it is well understood that the linear peridynamic Navier equation is well-posed. Many
numerical methods have been developed to solve the peridynamic Naiver equation [11-19] and this is the main
focus of our work. Other than [18] which is a variational method, the rest solve the nonlocal governing equation
in the strong form without rigorous convergence analysis. To our knowledge, this is the first work that provides
convergence analysis for non-variational numerical methods of the peridynamic Navier equation.

Nonlocal models introduce a length scale §, called the horizon in peridynamics, which takes into account
interactions over finite distances. As § — 0, the nonlocal interactions vanish and the nonlocal model recovers
its local limit, i.e., a partial differential equation. Numerical methods that preserve this limiting behavior in
discrete form are called asymptotically compatible (AC) schemes [18,20-22]; many numerical methods for nonlocal
models are not AC and may converge to the wrong local limit [21]. It is challenging to design AC schemes for
nonlocal models. Another difficulty is the accurate evaluation of the nonlocal integral, which can be computationally
prohibitive especially when the nonlocal kernels are singular, and it is often necessary to use a high-order Gaussian
quadrature rule [14,23]. Many works have been done to address these two challenges [16,18,19,24-27].

Finite Element Method (FEM) [18] with linear basis functions is AC but the evaluation of the double integral
[23,24,28] discourages the use of variational formulation for nonlocal models. Many mesh-free methods [16,17,26]
for peridynamics, which use the volume of the particles as integration weights, are easy to implement but these
methods do not converge to the correct local limit as the nonlocal length scale vanishes. A mesh-free integration
scheme for the peridynamic Navier equation is introduced in [19], however, it lacks convergence analysis. The
quadrature weights are calculated using the generalized moving least square technique and this mesh-free integration
scheme converges to the correct local limit for nonlocal diffusion [29]. An important consequence of the mesh-free
integration scheme is that it is straightforward to include “bond breaking” which provides a way to simulate fractures
or material failure [19].

We have developed an AC RK collocation scheme for nonlocal diffusion models and introduced a quasi-discrete
nonlocal diffusion operator using a mesh-free integration technique [29] to avoid using high-order Gauss quadrature
rules and save the computational costs. RK collocation on this quasi-discrete nonlocal diffusion operator converges
to the correct local limit. The purpose of this work is to extend the methodology to the peridynamic Navier equation.

First, we show RK collocation on the peridynamic Navier equation is AC. We use a similar strategy as in [29] to
show the stability and consistency of the RK collocation method. The key idea for stability analysis is to compare
the Fourier representation of the collocation scheme with the Galerkin scheme [29,30]. Similar ideas have been
exploited in [31-34]. Since the Fourier symbol of the peridynamic Navier operator is a matrix instead of a scalar,
the stability analysis is more involved for the peridynamic Navier equation than that of the nonlocal diffusion.
Indeed, in order to simplify the discussion, we need to assume that the two Lamé parameters, A and p, satisfy the
constraint A > p. The uniform consistency of the numerical scheme, which is crucial to show that the scheme is
AC, is established using the synchronized convergence property of the linear RK approximation with special RK
support sizes [35-37]. Then, to obviate the need to use high-order Gauss quadrature rules and save computational
costs, we introduce the quasi-discrete peridynamic Navier equation by carefully designing the integration weights.
Convergence analysis of the RK collocation scheme on the quasi-discrete peridynamic Navier operator is presented
when the ratio between horizon 6 and the grid size hn,x is fixed.

This paper is organized as follows. In Section 2, we introduce the peridynamic Navier equation with Dirichlet
boundary conditions and also the quasi-discrete counterparts using finite summation of symmetric quadrature points
in replacement of the integral. In Section 3, we present the RK collocation method with special choices of RK
support size. Section 4 discusses the convergence analysis of the RK collocation method for the peridynamic Naiver
equation and shows that this RK collocation scheme is AC. Then the convergence analysis of the collocation method
on the quasi-discrete peridynamic Navier equation is presented in Section 5. Section 6 gives numerical examples
to complement our theoretical analysis. Finally, we provide conclusions in Section 7.

2. Peridynamic Navier equation

In this section, we first introduce some notations that are used throughout the paper. The spatial dimension
is denoted as d(d = 2 or 3). An arbitrary point x € RY is expressed as x = (x,...,xq). A multi-index,
a = (ay,...,0q), is a collection of d non-negative integers and its length is |a| = Z?:, a;. As a consequence,
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we write x* = x| .. .xgd for a given a. We let £2 C RY be an open bounded domain and then the corresponding
interaction domain is defined as

07, = {x e R\Q2 : dist(x, 2) <i8}, i=1or2,

where § is the nonlocal length scale and we denote (25 = 2U {27, for i = 1 or 2. {2 is the domain of interest, and
the nonlocal boundary condition is imposed on {2z, as a volumetric constraint [7].

Next, we present the state-based linearized peridynamic Navier equation introduced in [2,38], and then use
the quasi-discrete nonlocal operators proposed in [29] to formulate the quasi-discrete counterparts. We differ in
convention of notations from nonlocal vector calculus [12] which is more suited for variational formulations [7], but
use instead notations for the bond-based peridynamics operator together with the nonlocal divergence and gradient
operators as defined in [39—41]. These notations are more natural for the presentation of the collocation method
that will be introduced in the next section.

2.1. Nonlocal operators

The linearized state-based peridynamic Navier operator consists of two parts; one is the bond-based peridynamic
operator and the other is the composition of the nonlocal gradient and divergence operators. The bond-based
peridynamic operator is defined, for a given vector-valued function u(x) : R — RY, as

— X — X
£§u<x>=/ pslly —x) 2% g 2
Rd ly—x| |y —x|

where ps(|y — x|) is the nonlocal kernel. We assume the nonlocal kernel is non-negative and symmetric, and has
the following scaling,

1 |s|
ps(|s]) = WP <?) s ()

where p(|s|) is a non-negative and non-increasing function with compact support in B; (for the rest of the paper,
we denote B;s as Bj(0), a ball of radius § about 0), and it has a bounded second order moment, i.e.,

/ p(sDIs|*ds =d. 3)
By

(u(y) —u(x))dy, ey

Notice that since p; is supported on Bs, the integration in Eq. (1) is in fact over the ball, Bs(x), for any x € Rd.
The weighted volume m(x) is defined as

m(x) =/ ps(ly — xD)ly — x|*dy. )
Rd

From Egs. (2)—(4), it is easy to see that m(x) = d for all x. We remark that the weighted volume defined here as
Eq. (4) is a scaled form of the definition in [1,2,42]. Next, the nonlocal divergence operator D; is defined as [39,40],

Dsu(x) = /Rd ps(ly —xD(y — x) - (u(y) + u(x))dy,

and in the sense of principle value, Ds can also be written as

Dsu(x) = /d ps(ly —xD(y — x) - (u(y) — u(x))dy. &)
R
As a consequence of the nonlocal divergence operator, nonlocal dilatation 6(x) is given as,
d
O(x) = Dsu(x). (6)
m(x)

For a scalar-valued function 6(x) : RY — R, the nonlocal gradient operator Gs is defined by

Gs0(x) = fd ps(ly —xD(y — x)(O(y) — 0(x))dy. @)
R
Finally, we have the linearized state-based peridynamic Navier operator,
Colt Cpd(h — )
LS = LE ——GsD, , 8
su(x) pr—— u(x) + )2 GsDsu(x) ®)
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where C,, and Cg are scaling parameters which will be given shortly, and A and p are Lamé parameters which are
assumed to be constant in this work. The static peridynamic Navier equation with homogeneous Dirichlet boundary
condition can be formulated as

i—[ﬁgu(x) = f(x), xef,

u(x)=0, x e (g,

€))

We remark that because the kernel ps(|s|) is compactly supported in a ball of radius §, it is only necessary to impose
volumetric constraint on §2z,. Even though we have defined u(x) on RY, we do not need the values of u on R\ {25
to define Eq. (9). By introducing p = (A — n)6, we can rewrite Eq. (9) in a mixed form, as follows,

Cy C

B by — =L Gipx) = f(x), x € 2,

d(n;(f) \ m(x)

S Dau(x) — px) =0, x e (10)
m(x)

u(x) =0, x € $7,.

The local limit of Ef is denoted as ,Cg when § — 0 [9]. We select C, = 30, Cg = 3 for three-dimensional linear
elasticity and C, = 16, Cg = 2 for two-dimensional plane strain, then

£gu(x) = pndiv(Vu(x)) + (u + A)Vdivu(x), Vx € {2,
and the § — 0 limit of Eq. (9) becomes

{—Lgu = f, in®,

11
u=0, onafl. (i

Define the “energy space” S; as

S5 = {u e PR RY) / / p(ly — xD)(TE (D" u)(y, x)Ydydx < oo} ,
]Rd Rd

where Tr(D*u) is the trace of the operator D* defined in [8,10] as

y—x

ly — x|’

Then the weak formulation of Eq. (9) can be formed with solutions in the constrained energy space

S.5(2) = {u € Sy : u(x) =0,Vx € R\02}.

Dru(y, x) = (u(y) —u(x) ®

It is shown in [10] that the static peridynamic Navier equation (Eq. (9)) is well-posed as a result of the Lax—Milgram
theorem and nonlocal Poincaré inequality. In fact, the nonlocal Poincaré inequality in [9,10] gives the following
uniform stability result.

Theorem 2.1. Assume that 2 C RY is an open bounded connected domain and § € (0, 8o] for some 5y > 0. Let
u e S;s and Ulpap = 0. Then the bilinear form (—Egu, u) is an inner product and there exists a constant C > 0
which depends on &y and 2, such that for all u € S5 with ulga, 5 = 0, we have

S 2
(~L5u,w)| = Cllul g0, po) -

2.2. Quasi-discrete nonlocal operators

As introduced in [29], we use a finite number of symmetric quadrature points s in the horizon to evaluate the
integral such that the weighted volume defined in Eq. (4) is exact,

mx) =" ws)ps(Ishls® = d, (12)
seB5(0)
where ws(s) is the quadrature weight at quadrature point s and satisfies the following assumptions

ws(s) = 0 and ws(s) = ws(s), (13)
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Fig. 1. Quadrature points (black dots) are shown in the horizon of an arbitrary point x € {2. The dashed lines form the RK collocation grid
which will be introduced in Section 3. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

and B§(0) is a finite collection of symmetric quadrature points s in the ball of radius § about 0. The notation € can
be seen as the discretization parameter of the ball Bs and we assume €; := €/§ is a fixed number. We use Bj to
denote Bj(0) for the rest of the paper. An example of quadrature points in the horizon of an arbitrary point x € {2
is shown in Fig. 1.

Due to the scaling of the nonlocal kernel ps(|s|), see Eq. (2), we also have the scaling of the quadrature weights
ws(s) as

ws(s) = 8% (g) ,

where w(s) is the quadrature weight at s € Bl61 and €; = €/§ can be seen as the discretization parameter of the unit
ball. As a consequence, we have a discrete version of Eq. (3) as,

> w)p(shls® = d. (14)
seB;'
However, unlike the nonlocal diffusion in [29], Eq. (14) alone is not sufficient for the construction of a consistent
quasi-discrete peridynamic Navier operator and additional constraints are necessary. We will now define the
quasi-discrete peridynamic Navier operator and complete the constraints on quadrature weights afterwards.
We now formulate the quasi-discrete counterparts of the nonlocal operators defined in the previous subsection.
The quasi-discrete bond-based peridynamic operator Eg . acting on u(x) : R¢ — RY is defined as

Llux) =) w,s<s>pa(|s|)|i—| ® |§—|(u(x 1) — u(x)). (15)
seB§

Similarly, the quasi-discrete nonlocal divergence operator Dj is formulated as,

Diu(x) =Y ws(s)ps(ls))s - @(x +5) — u(x)), (16)
SEB§
A direct consequence of the quasi-discrete nonlocal divergence operator is the nonlocal dilatation,
d
0¢(x) = ——Dju(x), 17
m(x)
where we have abused the definition of nonlocal dilatation. We remark that 6¢ is a continuous function with respect
to x and its definition differs from Eq. (6). We also have the quasi-discrete nonlocal gradient operator,

G5O (x) = Y ws()ps(ls) s (0°(x +5) — 6°(x)), (18)
seBj
Finally, we arrive at the linearized state-based quasi-discrete peridynamic Navier operator,
Cy Cgd(A —
£§eu(x) = a —ﬂ ( 2:“)
’ m(x) (m(x))

L5 u(x)+ GsDsu(x), (19)
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and the static peridynamic Navier equation can be reformulated as

_prS _

La’eu(x) = fx), xel2, 20)
u(x) =0, x € (g,
Similar to Eq. (10), if we let p = (A — u)@¢, we can rewrite Eq. (20) as

m( )ﬁ,sg u(x) — mir )ggp( x)=f(x), xe€f,

MDgu(x) — px) =0, x € (%, 2D
m(x)

u(x) = 0, X € .(21'2.

To guarantee consistency, we require the quasi-discrete peridynamic Navier operator to possess the quadratic
exactness property, i.e., for u being any quadratic polynomials,

L3 .u=Liu. (22)

This condition also ensures that the quasi-discrete peridynamic Navier operator ﬁ;;e converges to £j as § goes to
0. Eq. (22) is fulfilled if and only if

2 2 2s2
> o(s)p(s) -t = / p(Is)-—d (23)
Is| seB Is|
sEB1
foralli,j = 1,...,d. It is easy to see that the quantities in Eq. (23) are bounded because of Eq. (3) and the

constraint given by Eq. (14) is only a subset of the constraints presented by Eq. (23).

3. RK collocation method

In this section, we discuss the RK collocation method and formulate the collocation scheme for the peridynamic
Navier equation (9) and its quasi-discrete counterpart Eq. (20). First, we introduce the collocation grid. Let [J be a
rectilinear Cartesian grid on RY,

={xx=kOh|keZ%,
where © denotes component-wise multiplication, i.e.,
k©h = (kihy, ..., ksha),

for k = (ki,...,kq), and h = (hy, ..., hq) where h; is the discretization parameter in the jth dimension. Similarly,
component-wise division is denoted as @:

ky kq
koh=—,...,— ).
© (m hd>

We remark that the grid size i; can vary for different j and we let . = maxd  hjand hy = min¢ =l h ;. For
instance, in two dimension, rectangular grids are allowed. In addition, we assume that the grid OJ is quasi- umform
such that & can be rewritten as

h = hpah (24)

where £ is a fixed vector with its maximum component being 1 and the minimum component being bounded below.
Next, we let S(CJ) be the trial space equipped with RK basis on [, i.e., S(O) = span{ ¥ (x) | k € Z}. The RK
basis function ¥y (x) is given as

V() = 1"[¢('x’ x"'), (25)



Y. Leng, X. Tian, N.A. Trask et al. / Computer Methods in Applied Mechanics and Engineering 370 (2020) 113264 7

where x;; = k;h; is the jth component of xg, 2h; is the RK support in the jth dimension, and ¢(x) is the cubic
B-spline function

I_4x?+4x3, 0=<x<1,
P(x) = { (1 —x)?, I<x<1, (26)
0, otherwise.

Remark 3.1. For the simplicity of presentation, we choose the RK support size a = aph where ap = 2 in this
work but the analysis works for a general even number ag [29,43].

Thus, the RK basis function can reproduce linear polynomials [36,43,44], i.e.,
Z Vr(x)xy = x%, for |a| = 1. 27
kezd

For u € C°(RY; R), we define the restriction to (] by

rhu = (U(XK)kezd,

and the restriction to (1N {2) as

riu = (uxp), xxe@N0),

where LJN{2 is the collection of grid points that only reside in 2. For a sequence (ux);cz¢ on R, the RK interpolation
operator is defined by

") = V().
kezd
For j=1,...,d, we denote u;(x) : RY — R the jth component of a vector field u(x) = [u;(x), ..., uq(x)]” and

denote (1 x)cz¢ the jth component of the vector sequence

T
(uk)kezd = [(u],k)keZd’ cees (”d,k)kezd] .

Then the RK interpolation operator i”

i"(ug 1)]". Now we let

=i

acting on (#y)yczd 1S naturally understood as i"(up) = [ih(ul,k), R

be the interpolation projector mapping from C°(RY) to S(CJ). Therefore, we can write
Iu:=[I"u,, ..., T"uq)",
where IT"u j(x) is the RK approximation of u ;(x),
Muj(x) =Y Wrlx)uj(xe).
kezd

Finally, we apply RK approximation on both u and 6, back-substitute 9 into the first equation of Eq. (10) and
obtain

Co b Cpd (A — )
L3 = L2 + —2————G, IT"(Ds 1I"w).
R R T
Following a similar procedure, we arrive at
Co Cpd () — )
ES Hh _ [,B Hh B enh Denh )
el = Sy ot e TP

Let S (0N 2;RY) be the space defined as

S(Dﬂ();Rd) ={u= Zuk%’uk=0f0rsuchkthatxk¢(DO.Q)
kezd
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The RK collocation scheme of Eq. (9) is then written as follows. Find a function # € S(CI N (2; RY), such that
—rpLiu=rhf. (28)
Similarly, the RK collocation scheme of Eq. (20) is given as
— oLy u=rgf, (29)

for u € SN §2; RY). Here L{u and L3 .u represent, respectively,

s _Cal/L B Cpd (X — ) h
ﬁéu = m(x) S u - (m(x))z gﬁﬂ (DSu)7
and
N _Caﬂ B Cﬁd()‘_u“) € 17h /e
ot = ey ot gy 1B

The main contribution of this paper is to show the convergence analysis of the two collocation schemes Egs. (28)
and (29).

4. Convergence analysis of the RK collocation method

In this section, we show the convergence analysis of the RK collocation scheme Eq. (28), which is used in [14]
without any analysis. The convergence study of Eq. (29) will be presented in Section 5. We note that a convergence
proof of the RK collocation method for nonlocal diffusion problems is provided in [29], and the analysis is extended
to the peridynamic Navier equation in this work. The main objective is to show that the solution of the numerical
scheme converges to the nonlocal problem for a fixed § as the grid size hy.x vanishes, and to the correct local
problem as § and A, both go to zero.

4.1. Stability

In this subsection, we show the stability of the RK collocation scheme Eq. (28). We first define a norm in the
space of vector-valued sequences by

|(@r)gezal, = ||ih(uk)||L2(Rd;Rd) . (30)

For a sequence (uy) only defined for k being in a subset of Z9, we can always extend (uy) by zero to k e Z4.
Then without further explanation, |(uy)|, is always understood as (30) with zero extension. We present the stability
result first and show the proof at the end of this subsection.

Theorem 4.1. For any § € (0, 8], there exists a constant C > 0 that depends on {2 and &, such that for
u e S(AN 2;RY,
riy(—=L5w)l, = Cllull 2@ go).-

To prove Theorem 4.1, we borrow the idea from [29,30] and compare the RK collocation scheme with the
Galerkin scheme using Fourier analysis. Some intermediate results are required to facilitate the proof. We define
an inner product in 12(Z4; RY),

d
((u), (vi))p = Z upgvig + -+ Z Uq kVd k = Z Z UjkVj k-

kezd kezd Jj=1 kezd
The Fourier series of a vector-valued sequence (uy) is defined as

uE) = [, ..., ()"
and the jth component of #(§) is

;&)=Y e *up,

kezd
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where
—d ik-& ~
wia= @yt [ Mg,
o
for Q == (—m, )%
We present the Fourier symbol of the peridynamic Navier operator —£3 in the next lemma. The Fourier transform
of a function u € L?(R%; RY) is defined by
ue) = / e u(x)dx.
Rd

The proof of the following lemma can be found in Appendix A.1.

Lemma 4.2. The Fourier symbol of the peridynamic Navier operator L3 is given by

— C3u(®) = MS©a(), 31
where the Fourier symbol M g (&) is a d x d matrix and consists of two parts,

M3 (&) = M (&) + MJ ), (32)
where

- C -

M®) = Spiole (188 ) + SaioigndE (33)

and
C .
MPE) = 5 bi61gD) EE . (34)

where 14 is the d-dimensional identity matrix, § = £ is the unit vector in the direction of &, C,, = Cyp/d and

Cip = Cy(h — ) are material dependent constants, the scalars pi(€]), qi(€]) and bi(I€]) are given by
pil&) = f /)(ISI)I | (1 — cos(|§[sqa))ds, (35)
q1(1§]) = / ;O(ISI)| |2(1 — cos(|§[sa))ds, (36)
bi(&) = /B. p(Is])sq sin(|§|sa)d’s. (37)

If C;.,. > 0, we can immediately see, from Eq. (32), that the Fourier symbol M (§) is positive definite as shown
in the next lemma.

Lemma 4.3. Assume A > u, the Fourier symbol M g(‘;‘ ) is positive definite for any & # 0.

Proof. By observation, M g (&) is a real matrix. Moreover, from Egs. (35) and (36) we know that

p1(81&D), qi1(31&]) > 0,  for 5|§| # 0.

Let v be a nonzero vector, then |ng | < |v| since |§ | = 1. Use Lemma 4.2 we have
50T M3 = CupiGlgD” (1 —EE ') v
+ [Cun BIED + Copy (1(S1E)2] 07 EE v,
= Cupi(olgD) (10F — 107ET")

+ [Cuqi OIED + oy (1(S1ED)] 10TE T
> 0,

where we have used the assumption that C, , =1 —pu >0. O
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Remark 4.4. Notice that M2 (&) is a positive definite matrix for all nonzero &. The assumption A > 1 ensures that
M?P (&) is positive semidefinite, and simplifies the discussions of Fourier symbols for the discrete equations. We
remind readers that the well-posedness of Eq. (9) proved in [10] is for general materials without this constraint.

The peridynamic Navier operator £; defines two bilinear forms on /2(Z4; RY):

(i" (@), —L5i"w0) = D (W), =L (g B)) (38)
k, k' ezd
and
d
(@), —r"L5i" W) o = [Thy Y. ) - (—L5wp ¥)) (xi) - (39)
j=1 k.k'ezd

The inner product (-, -) in Eq. (38) is the standard L*(RY; RY) inner product defined as
d
(u, v) =/ u(x) - v(x)dx = Z/ u;(x)v;(x)dx Vu,v e L*R%;RY).
Rd = Rd

Hence, Eq. (38) defines a quadratic form corresponding to the Galerkin method, meanwhile, Eq. (39) corresponds
to the collocation method. The following lemma compares the two quadratic forms Egs. (38) and (39). The idea
of the proof comes from [29, Lemma 4.2] but the derivations are much more involved. We provide the proof of
Lemma 4.5 in Appendix A.2.

Lemma 4.5. Let u(§) and T(§) be the Fourier series of the sequences (uy), (vy) € I2(Z%; RY) respectively. Then
(i) ("), L5 () = @)~ / #(E) - M(s, h, §FEE,

(ii) ((u), —r"L3i" (), = 2m)™¢ /Qiz(g).Mc(s,h,g)’Fg)dg,

(iii) There exists a constant C > 0 independent of §, h and & such that Mc(8, h, &) — CM (8, h, &) is positive
definite for any & # 0,
where Mg and M ¢ are defined as

o sin(€;/2) \®
Mol® 8 =2 XZ:dMS ((§+27Tr)®h)l_[h (E} +27”1)
re (40)
" sin&;/2) \ '?
+2 rezzdea ((£+2nr)®h)1_[h <$j+2m]>
“ sin(&;/2) \*
Mc(S, b, E)=2 XZ;MB ((E+2nr)®h)l—[h <§,~+2nr,->
re 41
4 24d+4 Z MD ((E + 27.['.) @ h) l_[h (M)S .
rezd Sj + 27Trj

Finally, we are ready to prove Theorem 4.1 using Lemma 4.5.

Proof of Theorem 4.1. The proof the theorem is similar to [29, Theorem 4.1]. For any sequence (uy) € [>(Z%; RY), it
is easy to see that the norm |(u )|, defined in Eq. (30) is equivalent to |(ux)|,2. Then for u = i"(uy) € SANN; RY,
we have

@il - Irb(=Liw), = Cl(up), ri(—Liu))pl,
= C|((ux), " (= L31" i),
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> C|G"(ug), (=L3i" ),

> C ”u ||L2(Rd ]Rd)

The first line comes from the Cauchy—Schwartz inequality and the third line from Lemma 4.5. The fourth line uses
the stability result given in Theorem 2.1 since u = i "uy) € SN 2; RY) C Ss and for a sufficiently large and
fixed domain {2 D {2, we have u|ga\ 53 =0. U

4.2. Consistency

In this subsection, we show that the consistency error between the RK collocation scheme Eq. (28) and the
nonlocal model Eq. (9) is uniformly bounded by Ch2 . with a constant C independent of §. Uniform consistency
is the key to the asymptotic compatibility of a numerical method for nonlocal problems. If the RK support size is
chosen carefully, the linear RK approximation has synchronized convergence property which is the major ingredient
in the proof of uniform consistency. Indeed, it is shown in [29, Remark 3.2] and [36, Theorem 5.2] that the
synchronized convergence property holds with RK support @ = 2roh (rp € N) for linear RK approximations.
We skip the proof and present the result in the following lemma, and refer readers to [29,35-37] for more details.
For the rest of the paper, we adopt the following notations for a vector-valued function u € C"(RY; RY),
||oo = sup sup |u;(x)|, and

I<j=dxeRrd
D), = sup sup sup |Dﬂu_j(y)|, 1<l <n.
1<j<d |Bl=! yeRd

|u

Lemma 4.6 (Synchronized Convergence). Let u € C*RY) be a scalar-valued function and II"u be the RK
interpolation of u with the shape function given by Eq. (25), then II"u has synchronized convergence, namely
|D*(IT"w — w)| < Clu"*?| i, for la] =0, 1,2,

where C is a generic constant independent of hyax .

Next, we study the truncation error of the RK collocation method on the peridynamic Navier operator.

Lemma 4.7 (Uniform Consistency). Assume u € C*RY; RY), then
Ir" L3 — r" Liu|, < Chl, Ju®],,

max

where C is independent of hm.x and §.

Proof. We first define the interpolation error of u(x), for x € Ry and j=1,...,d, as

Ej(x) = II"uj(x) — u;(x),

then
E(x)=[E\(x),..., Eqx)]". (42)
By restricting on the grid point x4, for i = 1, ..., d, the truncation error of Ef is given as
(25 (1"u —u)], xen)| = |[L7 E],
= Z ps(l |)| L (Ej(xi+5) — Ej(xp)) ds (43)

Next, using Lemma 4.6, we can bound the interpolation error by

|Ej(xk +5)+ Ej(xx — ) — 2E;(xp)| < C|s|2max |DYE;(x)|_ .

" 5 (44)

<Cls|? |u; maX.
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Combining Egs. (43) and (44), we have

d
L8 (IT"u — ) xe))i| < Ch Y 1)) / ps(IsDlsills;| ds,
p= By (45)

< Ch?

max

|u(4) |oo ,
where we have used Eq. (3) and C > 0 is a generic constant depending the dimension, d.
Next, we define the interpolation error of the nonlocal dilatation as
Ey = I"DyIT"u — Dsu,
= [I"(DsII"u — Dsu) + II"Dsu — Dju, (46)
= II"D;E + (110 — 0),

where we have used the definition of the nonlocal dilatation Eq. (6). There are two RK interpolation projectors
(IT") in the first line of Eq. (46) because we apply RK interpolation to u and 6, then back-substitute 0 to get a
pure displacement form. The nonlocal gradient operator acting on Ey can be bounded by

[GsEo(x)]i| =

/ ps([tDti (Eg(xx + t) — Ep(xg)) dt |,
B

< max [DEol . [ psleDis el e
B

BI=1 47)
< Cmax |DPE|_,
|Bl=1 °
< C max |DPIT"DSE|  + C max |DF(T"0 —0)| .
fori =1,...,d. We can bound the first term in the last line of Eq. (47) by
d
max |DﬂHhD[;E|oo = max ZD’SH}’/ ps(Is])s; (Ej(x +5) — Ej(x)) ds| ,
181=1 BI=1 1 Bs N
d (43)
<> [ pslspisjlsids max |DPI"DUE @),
= /s jo|=IB1=1
< Chpp 0¥,

where the derivation of the second line to the last can be obtained by similar expansion of [37, eq.(36)] and the
results of [43, Lemma 4.1] together with Lemma 4.6. Next, we have the bound of the second term in the last line
of Eq. (47) as

Irllillg)i |Dﬂ(Hh9 — 9)|Oo <C ‘9(3)’00}1,2““, (49)
and [6@|__ is bounded by
d d
0¥ = —— max Dﬂf sDsj (uj(x +s) —u;x))ds|
6@ ) Dax ; \ ps(IsDs; (uj(x + ) — uj(x))
o0
(50)

IA

d
€Y [ oaishisylsids max [ D% o)
j=17Bs =

<Clu®|_.

By collecting Eqs. (47)—(50), we can bound the truncation error of the composition of the nonlocal gradient and
divergence operators by

|[(Gs IT"DsII"u — GsDsu)(xi)]i| < Chpyyy [0, - (51)

max

Finally, the proof is finished by combining Egs. (45) and (51). O
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4.3. Convergence

We conclude this section by showing the convergence results of the RK collocation method. The RK collocation
scheme converges to the nonlocal solution as grid size hmax goes to zero for a fixed 6 and to the corresponding local
limit as § and /.« both vanish. Combining the stability Theorem 4.1 and the consistency Lemma 4.7 of the RK
collocation method, we can immediately show the convergence to the nonlocal solution. We present the following
theorem without proof as it follows the procedure similarly as in [29, Theorem 4.7].

Theorem 4.8 (Uniform Convergence to Nonlocal &lution). For a fixed § € (0, §], assume the nonlocal exact
solution u® is sufficiently smooth, i.e., u® € C* ((22,5; Rd). Moreover, assume |u’ )|OQ is uniformly bounded for
every §. Let u®" be the numerical solution of the collocation scheme Eq. (28), then,

2

8 8,h
”u —u ”LZ(Q; RY) = Chmax’

where C is independent of hmax and 4.

Before showing that the convergence of the RK collocation scheme to the local limit is independent of §, we
need the bound of truncation error between the collocation scheme and the local limit of the peridynamic Navier
model.

Lemma 4.9 (Asymptotic Consistency I). Assume u € C*(RY; RY), then
[P L3I — r" Chu, < Clu®| o (hhyy + 87,

max

where C is independent of hmax and 6.

Proof. From Lemma 4.7 and the continuous property of the nonlocal operators, we have
LS 1T — P LS|, < [P LS T — S, + | LS — ' cSul,

<Clu®|_(hpy +8>. O

max

Combining Theorem 4.1 and Lemma 4.9, we have the uniform convergence (asymptotic compatibility) to the
local limit. We leave out the proof of the next theorem for conciseness because it is similar to the proof of
Theorem 4.8.

0 0

Theorem 4.10 (Asymptotic Compatibility). Assume the local exact solution u” is sufficiently smooth, i.e., u” €
C4(!225; ]Rd). For any § € (0, 8], u®" is the numerical solution of the collocation scheme Eq. (28), then,
1 — a2ty < Clha +62).

5. Convergence analysis of the RK collocation on the quasi-discrete peridynamic Navier equation

In practice, accurate evaluation of the integral in nonlocal models is computationally prohibitive especially if the
nonlocal kernel is singular. This motivates us to use the quasi-discrete nonlocal models as introduced in Section 2.2.
It is practical to couple § with grid size hn,, because this results in a banded linear system. In this section, we
assume § = Mohpm,, Where My > 0. As hy,x goes to zero, so does &, and the quasi-discrete nonlocal operator
converges to its local limit. We provide convergence analysis of the collocation scheme Eq. (29) to its local limit.

5.1. Stability
We start with the stability of the collocation scheme Eq. (29).

Theorem 5.1. For any § € (0, 8], there exists a generic constant C > 0 which depends on {2, §y and My, such
that for u € S(AN £2; RY),

I/ S
|r}2(—£576u)|h Z C”u”LZ(Rd:Rd).
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To prove Theorem 5.1, we need the Fourier symbol of the quasi-discrete peridynamic Navier operator Ls o
shown in Lemma 5.2. We present the lemma without proof because the proof follows similarly as Lemma 4.2 using
the fact that the quadrature points are symmetric and the quadrature weights are positive, see Eq. (13).

Lemma 5.2. The Fourier symbol of the quasi-discrete peridynamic Navier operator E 5. s given by
- Lgeu(s) = Mge(i)ﬁ(g), (52)
where the Fourier symbol M ;39 (&) is a d x d matrix and can be written as
M; (&) = M (&) + M} (§), (53)
where
B Cp o Pr
ME &) = SEpi ot (1a— 8 ) + Shan B (54)
and
MP.(§) = 5 (b} 51ED) 88 (55)
where the scalars p1 L&D, q11(|§|) and b€1(|‘;'|) are given as follows
pi(ED = Z w(|s|>p<|s|>I |2<1 — cos([€]sa)). (56)
seB
g (g =" w(|s|)p<|s|>| |2<1 — cos((€1s0)), (57)
seB1
I (ED = ) w(sDp(ls])sasin(|€]sq). (58)
ser]

From Lemma 5.2, we have the Fourier representation of the collocation scheme on the quasi-discrete peridynamic
Navier operator as follows.

Lemma 5.3. Let ui(§) and V(&) be the Fourier series of the sequences (uy), (vi) € 1*(Z%; RY) respectively. Then

(), —r" L3 i"(vp))e = 2m) ™ / UE) - Me(S, h, &V(E)dE (59)
Y]
where M. is defined as

. 4
M&(8, h, &) =24 ZMBG((E-i-Z?Tr)@h)Hh (M)

rezd é‘] + ZJTFJ (60)
sin(¢; /2) >
+2 %Mse((f—i-hr)@h)nh <E]+27'H”, .

Moreover, there exists C > 0, independent of § and h such that,

M, h,§) —CMc(5, h, §) (61)
is positive definite for any & # 0.
Proof. The derivation of Eq. (60) is similar to Eq. (41), we can simply replace Mg(é +27r) with Mf_e(g +27r).

The challenge is to show that Eq. (61) is positive definite.
Following similar arguments in the proof of [29, lemma 6.2] to obtain [29, eq.(6.8)], we have for & € Q,

< sin(¢;/2) \* <
€1 . J € 2 .
O |£®h|)j|:|1hf <$j+2m,> z G I&] ,Ulh" (62)
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Similarly, we can obtain

. ) 4 d
(5|§®h|)]_[h (;mf;/ )> > CIEPT ] hye (63)
J i1

where Cq > 0 is a generic constant. Combining Egs. (62) and (63), we have the following bound, for & € Q,

i = (2 e (1) + B T

61\ 1= H
> min{C%!, C'}C, < ) Hh 14 >c< ) Hh I,

where &, = & © h and we have ignored the terms for r # 0 because they are non-negative and positive definite.
Next, we use the fact that

(64)

1 —cos(x) < x% and sin(x) < x, forx >0,
to obtain, for any r € Z9,

2 5252
161 (€ +27r) @ h]) < (@) f (|s|>|1|dds<C|£+2nr|
max B

and
q1 (8| (¢ +27r) @ h|) < Cl& +2nr*, by (8] (€ +27r) @ h|) < C|§ + 27r|,

where we have used Eq. (3). Hence we obtain

- 4
p1 (81§ +2mr) @h|)1_[h ( sin(§;/2) )

& +2mr;
(65)
i (5/2) ‘r Hl:
<ClE+2 2<Sm > h<C, > T
€+ 27l (5o ]1:[l J P|§r|211:[1 j
where §, = & +2nr and C, is a generic constant. Similarly,
S (sin@/2) 0\t EP
q1 (8| (8 +27r) @ h)) h(—’) <Ci—=5||h; (66)
1 }:[1 "\&j + 2, ! rlzjl-zll !
and
2 sin(€;/2) \* ° 1,
[b1 (8] (§ + 27r) @ h))] Hh (s,+2m,) scbhsrlz]_[h,, (67)

where C,, C, > 0. By gathermg Egs. (65)-(67), we have
Mc(S, h. &)

- =T - =T - =T
- |£| 2 CpCpL (Id - Eh,rSh,r) + chltgh,rsh,r + Cbck,ush,rSh.r d
=(5) 2 £,

rezd

<|§|> l—[h 14, (68)

where &, . = (§ + 271r) Q h.
Finally, Eq. (61) is shown by combining Egs. (64) and (68). O
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Proof of Theorem 5.1. By applying Lemma 5.3, the proof follows similarly to the proof of Theorem 4.1. [J
5.2. Consistency

In this subsection, we establish the consistency of collocation scheme Eq. (29) the and its local limit as § and
hmax both go to zero. The following lemma shows the truncation error between £ and £§16 with the ratio € /8 being

fixed.

Lemma 5.4. Assume u € C*(RY; RY), then fori=1,...,4d,
(25w = L3u],| < €8 [u®] |

Proof. Using Taylor’s theorem, for x € R, j=1,...,d,and s € Bs we have
B.+
o D%uj (x) R (x)
x4 —ujx) = Yy sty L I (69)
lee|=1,2 . 1B1=3
and
uj(x +8)+ui(x —s)— 2uj(x)
B.+ B.—
_ZZ Du(x) Z ﬁR (x)+R (x)’ (70)
Joe]=2 : |Bl=4 B!
B+ ..
where R;"™(x) is given by
1
Rf'i(x) =Bl / (1 =)= |DP (u;(x £ 15))| d7. (71)
0

Notice that IRf’i(x)| < Clusm‘)|oo. For simplicity of presentation, we now write Rf(x) = Rf’+(x) + Rf’_(x).
First, we study the truncation error between L{u and L§ u, fori =1,...,d,

£ u(x) — LIu(x)] |

d D
Z Z ﬂ w8(|s|)p5(|s|)| |2 _/ ,05(|S|)| |2sads
E : Bs

Jj=1le|=2 sEB§
+ D 5 Zw5<|s|>pa(|s|)—2sﬂR”<x> f ps(1s) "L B RE (x)ds (72)
‘ﬂl 4 ﬁ SEB€ | | Ba | |

0+ Y Y Zwa(|s|)05(|s|)||2||s|ﬂ /pa<|s|>'|’|;'|s|ﬁds ,
Bs

j=11B|=4 \seBj
< o],

where we have used Eqs. (4), (14), (23) and (70).
Next, via Eq. (69), the quasi-discrete nonlocal divergence operator Dj acting on u can be written as

d D%y
Diu(x)=7)_ ) % > @s(IsDps(lsDs;s®

j=1la|=1,2 ’ seB;

+ Z > = g Z ws(Is)ps(Is)sjs? RE (x), (73)

j=11B81=3 sEB§

[=9

Z <x>+ZZ 5 Zw,s(|s|>p5<|s|>s,s”R‘”<x>

j=1 J=1181=3 " seBS
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where we have used Eq. (12) as well as the symmetry of the quadrature points. We immediately have a similar
result for Ds,

d
Dux) =3 ”’( )+Z > = 5 / ps(Is])s;s? RE (x)ds. (74)

Jj=1 Jj=11B1=3
Then, the truncation error between G§Dsu and GsDsu is given by

|[Gs Dsu — GsDsul;(x)|

d o . .
3D D(u;/0x;)x) Zw5(|t|)p5(|t|)tit“—/ ps (It dt
ol Bs

j=1 la|=1.2 teB;

+ Z Z D st ps(ltht? RY ™ (x) — / ps(EDt? RY " (x)dt
=t =3 Y \deng Bs
+ ZZ ,ZwsumpautmZws<|s|>pa<|s|>s,sﬂ(R"+<x+t> REF ()
J=11Bl= 3ﬁ teB§ seB§
- Z > f ps(lt D) / palsDsys? (RET (e 4+ 0) = RE* (x) )dsd, (75)
j=1181= 3ﬂ Bs Bs
]
<0+C Z P [y Zw5(|t|)ps<|t|)|tl||ﬂ|+f ps(lEDI: 127 |dt
j=11yI=3 : teBS Bs
+ Z Z = > ws(tDps (DIl D ws(IsDps(UsDls;| [s?|
j=11BI1=3 teB§ seB§
(4)’
Yy /0)5(|t|),05(|t|)|fi||t|dt/ ws(IsDansDis; | [s] ds
e B s Bs

< C8[u]

where 15;"4' is the remainder by expanding du;/0x; similarly as Eq. (69). Notice that in Eq. (75) we have used
Egs. (73) and (74), and the fact that

R0 — REF@)| = w0 e,
| | N

which comes from the definition Eq. (71).
Egs. (72) and (75) together complete the proof. [

Lemma 5.4 shows that with the number of quadrature points inside the horizon being fixed, the error between
L3u and L3 .u is of the order O(8%). So to reduce the error between them, one needs to reduce the horizon size
8. We also note that [29, Remark 5.2] shows if § is fixed, the error between the quasi-discrete and continuous
nonlocal diffusion operator is bounded by O(e?) and similar results could also be derived for the peridynamic
Navier operator. However, this is to say that if nonlocal limit (§ being fixed) is of interest, then one has to increase
the number of quadrature points in the horizon (¢ — 0) for the quasi-discrete nonlocal operator to approximate the
continuous nonlocal operator. In this work, since our concern is to reduce the computational cost by using only a
few quadrature points (see numerical examples in Section 6), we only discuss the case that the number of quadrature
points is fixed in the horizon.

Now, we present the discrete model error between the quasi-discrete nonlocal peridynamic Navier equation and
its local limit.

Lemma 5.5 (Asymptotic Consistency II). Assume u € C*RY; RY), then
Iro L3 d"u — ri, Lou’), < Clu®| by, +67).
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Proof. In order to prove this lemma, we need the following intermediate result

|rh£§,éﬂhu - rhﬁgqeuih < Chi,. |u(4)|oo. (76)

The proof of Eq. (76) is similar to Lemma 4.7, following the replacement of the nonlocal operators with their
quasi-discrete counterparts.
By collecting Eq. (76) and Lemma 5.4, the discrete model error of collocation scheme Eq. (29) is given as
|rh£§,€ﬂhu - rhﬁgu|h < |rh£§’€17hu - rh£§’6u|h + |rh£§’€u - rhﬁguih
+ |rh£§u - rhﬁgu .
<Clu?| (o +8*+68%. O

max

5.3. Convergence

Combining Theorem 5.1 and Lemma 5.5, we follow similar procedure as the proof Theorem 4.8 and show that
the numerical solution of Eq. (29) converges to its local limit.

Theorem 5.6. Assume the local exact solution u® is sufficiently smooth, i.e., uecC 4((2_50; RY). For any 6 € (0, &ol,
let u®<" be the numerical solution of the collocation scheme Eq. (29) and fix the ratio between & and hpyax. Then,

lu® — u® " 2 ey < Clhiay + 87).

max

6. Numerical example

In this section, we validate the convergence analysis in the previous sections by considering a numerical example
in two dimension. We let the discretization parameter be h = (hy, h;) where hy = 2h,, then hy.x = k. Choosing
the manufactured solution u(x;, x2) = [x*(1 — x1)> + x3(1 — x2)?,0]7, we obtain the right-hand side of Egs. (9)
and (11) as

181 ’
f5(0) = fox) — [?52, 0]
where
Fox) = — [22(1 — 6x; + 6x2) + 6pu(1 — 4x; + 4x? — 2x, +2x3), 0] .

We impose the corresponding values of u(x) on {2z, such that the exact value to the local limit matches on 942.
The nonlocal kernel is chosen as ps(|s]) = 2716;3|s\’ and let 2 = (0, 1)%, E = 1 and v = 0.4. Therefore, the Lamé
parameters A = Ev/((1 +v)(1 —2v)) and u = E/(2(1 + v)) satisfy the assumption in Lemma 4.3. In the example

with a fixed §, we solve the following peridynamic Navier equation

—Liu(x) = fsx), x e,
2 2 2 2 T 77)
u(x) =[x} —xH+x3(1—x3).,0]", xefg.
When testing the convergence rate as é and hy,x both go to zero, we solve another nonlocal problem
—Egu(x) = fo(x), x €,
2 2 2 2 r (78)
u(x) = [xl(l —x7) +x5(1 —xz),O] , X € {lg,,

which converges to the local limit

—Liu(x) = fox), x e,
u(x) = [x2(1 = x2) + x2(1 —x3),0]", xean.

We apply the two collocation schemes as Eqs. (28) and (29) and investigate their convergence properties.
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Fig. 2. Convergence profiles using the RK collocation method.

6.1. RK collocation

We first use the scheme as described in Eq. (28) to solve Eq. (77) for a fixed § and study the convergence
property to the nonlocal limit. Then we investigate the convergence of the numerical solution to the local limit by
solving Eq. (78) and letting 6 go to zero. Integration schemes play a significant role in the convergence profile as
shown in [14]. We apply Gauss integration scheme proposed in [14], and use around 1000 quadrature points in the
horizon of each collocation point so that the integration error is negligible.

Fig. 2 shows the convergence profiles. When § is fixed, the numerical solution converges to the nonlocal solution
at a second-order convergence rate with error measured in L? norm. Then we couple § with /., by letting both &
and hp,x g0 to zero but at different rates, numerical solutions converge to the local limit. Second-order convergence
rates are observed when § goes to zero faster (§ = hﬁlax) and at the same rate as fpax (6 = hmax). We only obtain
a first-order convergence rate when 8 = /hna:. The convergence behavior agrees with Theorems 4.8 and 4.10 and
the numerical examples have verified that the RK collocation method is an AC scheme.

6.2. RK collocation on quasi-discrete peridynamic Navier equation

To avoid the need of using high-order Gauss quadrature rules, we have reformulated the peridynamic Navier
equation in Section 2.2, using the quasi-discrete nonlocal operators. It is also more practical to couple the horizon
with grid size as § = Myhmax because this leads to banded linear systems amenable to traditional preconditioning
techniques. Now, we use the RK collocation method on the quasi-discrete peridynamic Navier equation as discussed
in Eq. (29) to solve Eq. (78) and study the convergence to the local limit as § and A« approach to O at the same
rate. In this experiment, we let § = 3¢, thus there are 29 integration points in the horizon of each collocation point,
see Fig. 1. Fig. 3 presents the convergence profiles and second-order convergence rates are observed. The numerical
findings agree with our analysis in Theorem 5.6 and verify that the RK collocation on quasi-discrete peridynamic
Navier equation converges to the correct local limit. When the local limit is of our interest, the computational cost
of using the quasi-discrete nonlocal operators is significantly reduced, compared to Section 6.1.

7. Conclusion

In this work, we have designed and analyzed a linear RK collocation method for the peridynamic Navier equation.
We first apply linear RK approximation to both the displacements and dilatation, and then back-substitute dilatation
into the equation and solve it in a pure displacement form. Numerical solutions of the method converge to both
the nonlocal solution when § is fixed and its local limit when § vanishes; convergence analysis of this scheme is
presented in the case of Cartesian grids with varying resolution in each dimension. Because the standard Galerkin
scheme has been proven to be stable, the key idea of analyzing the stability of the collocation scheme is to establish a
relationship between the two schemes. In order to show stability of numerical schemes, we also assume the material
parameters satisfy A > p to simplify the discussion, and our analysis is applicable for materials that satisfy this
constraint.
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Fig. 3. Convergence profiles using the RK collocation on quasi-discrete peridynamic Navier equation.

In addition, we formulate the quasi-discrete version of the peridynamics Navier equation using quasi-discrete
nonlocal operators first proposed in [29] for nonlocal diffusion problems. The key is to replace the integral with
a finite summation of symmetric quadrature points in the horizon with carefully designated quadrature weights
satisfying polynomial reproducing conditions for a given nonlocal (even singular) kernel. Under the assumption
that the quadrature points are symmetrically distributed and that the quadrature weights are positive, we show the
convergence of the RK collocation method on the quasi-discrete peridynamics Navier equation. The discrete solution
of the RK collocation method applied to the quasi-discrete peridynamic Navier equation converges to the correct
local limit.

Compared with previous work [29] on nonlocal diffusion problems, this work is new in the following aspects.
First, the Fourier analysis is extended to the peridynamic Navier system of equations. The Fourier symbol of
the peridynamic Navier operator is a matrix and consists of two parts, while the Fourier symbol of the nonlocal
diffusion is a scalar; more involved derivations are done for the Fourier representations of the collocation schemes
of the peridynamic Navier operator and its quasi-discrete counterpart. Second, we construct the quasi-discrete
peridynamic Navier operator with appropriate quadrature weights. A reformulation of the bounded second-order
moment condition is required to guarantee consistency.

In addition, numerical examples in two dimension are conducted to complement our mathematical analysis and
the same order of convergence is observed as our theoretical result has predicted. That is, for the RK collocation
method, the numerical solution converges to the nonlocal solution for a fixed § at the order O(h2 ) and to the
corresponding local solution at the order O(8* + h2.); for the RK collocation method on the quasi-discrete
peridynamic Navier equation, the numerical solution converges to the correct local limit at second order when
the ratio §/ hmax is fixed.

Finally, we remark that there are some interesting topics remain to be addressed in the future. We only consider
fixed 8/ hmax for the quasi-discrete peridynamic Navier equation in this work, it is worthwhile to study the case
for uncoupled § and Ay, For classical (local) linear elasticity, FEM solution obtained from the pure displacement
form often deteriorates and becomes unstable when v is close to 0.5. For the peridynamic Navier equation, however,
numerical results in [45] show that the meshfree discretization converges to the local limit with a second-order
convergence rate even for v = 0.495. It is then interesting to explore the numerical analysis for the nearly impressible
materials. Moreover, our analysis is limited on rectilinear Cartesian grids but rigorous analysis on a more general
grid, such as quasi-uniform grid, should also be studied in the near future.
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Appendix

A.l. Proof of Lemma 4.2
We need to calculate the Fourier symbol of the nonlocal operators first.

Lemma A.1. The Fourier symbol of the operators LY, Gs, Ds are given by

— LPu(®) = MP®). (A1)
Gs0(§) = ibs(£)0(6), (A2)
Dyu(§) = ib; (§)a(), (A3)
where M f (&) is a d x d matrix and bs(&) is a vector. They are expressed as
MEE) = / or(IsDEZE (1 = cos(s - £))ds,
Bs Is| (A4)
s> T ST
= ps(1&D (Ta— 88 ) +as(1&DEE ",
and
bs(§) = /B ps(Is|)s sin(s - &)ds = bs(|€]E , (A.5)
$
where E = % is the unit vector in the direction of & and the scalars ps(|€|), gs(1€|) and bs(|€|) are given by
2
ps(1&D) =/B pa(lSI)%(l — cos(|€]sa))ds, (A.0)
8
2
as(ED) = / P(1sD - (1 — cos(1§1s)ds. (A7)
Bs |S|
bs(I&]) = /B ps(|s])sa sin(|§|sa)ds. (A.8)
8

Proof. The derivations of Eqgs. (A.1)-(A.3) follow directly from the definition of these nonlocal operators. The
derivation of bs(&) can be found in [40], and we follow the same strategy to show M f &),

—ﬁ/f\u(é) = —/ e"""E/ pa(lSI)g(u(x+S)—u(x))dsdx,
R3 Bs Is|

== [ [ pstsD 55 e +-5) — uee i+ axds,
Bs JR3 [s]

- fB or(IsDEEE (1 - s yacgyds,
5

Is|
= M (Eue),
where M f (&) is given by the first line of Eq. (A.4) and we have used the symmetry of the nonlocal kernel ps(|s|).
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We proceed to show the second line of Eq. (A.4) only for d = 3 because th
orthogonal matrix R, we have

M€ = R'MJ(RER.

We let R be the orthogonal matrix which rotates & to be aligned with e, (e = (0,

RE = |&]e.
Then RE& - s = |&|s; and we have
1 — cos(|§]s3)

RTs(RTs) ds,
Is|?

MEE) = /B ps(s])
5

‘R is the rotation matrix that rotates & by an angle of

(¢ 1) = i)
arccos (e - — arccos
1]

€]
_Sls 0)

around the axis in the direction of
Exe

1
Bl e

R can be explicitly constructed as

(&2,
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e case d = 2 is similar. For any

0, D7), ie.,

[ & £ <1_§_3> —£1& (1_5_3) &1
1€l " &+ €] £+ & €] 1€l
R — ;’31522(1_5_3> $_3+ 25122(1_5_3> &
£ +&; 11 &l & +& &) &l
a [ &
L €] &1 1§
Hence each component of M (&) is written as
[MEE)] = / pa(ls ) °|°S|§'§'s3) ZR,,SJ ZRIW ds,
Z/ p5(|s|)—l_COS(|§|S3)ZRjiRJ-kSJZ-ds, for ik =1,2.3,
Bs

2
P

where R;; is the component of R. We can rewrite the Fourier symbol M f (&) as

1 —
MEE) = / , pa(lsh S
Bs(0)

Is|*
where each component of M (&, s) is given by

3
M,’k = ZRjiRijJZ- .
j=1
From Eq. (A.9), we arrive at

(52 +§3)s1 + ‘51 s%
— | &&6;—sD)
€l E3&1(s3 — SZ)

=i (13 — & T) +S3'§§

M(&,s)ds,

£162(s3 — s}) £1&5(s3 —
(E + égz)slz + ézzsqz

";:352(33 - Sl)

M. s) =
&+ £ + 8

slz)
£&(s5 —sh) |,

(A.9)
(A.10)
242 (A.11)



Y. Leng, X. Tian, N.A. Trask et al. / Computer Methods in Applied Mechanics and Engineering 370 (2020) 113264 23

where we have used the symmetry of the ball and the equivalence of s; and s, in the integrand. Substitute Eq. (A.11)
into Eq. (A.10), we obtain the second line of Eq. (A.4), and p;s(]&]) and ¢s(|&]) as given in Egs. (A.6) and (A.7). O

With the establishment of the previous lemma, we now can prove Lemma 4.2.

Proof of Lemma 4.2. Due to the scaling of the nonlocal kernel Eq. (2), we can rewrite ps(|&]), gs(|1&]) and bs(|&])
as the following

5
ps(&D) = pl(afl), (A.12)
5
gs(1&) = q1(52|§|), (A.13)
bi(
bs(1E]) = 1(3|E|), (A.14)

where pi(8|&]), q1(5]1&]) and b;(5|&|) are given as in Egs. (35)—(37) respectively. Combining Egs. (A.1)—(A.3),
we arrive at Eq. (31). Substituting Eqs. (A.12) and (A.13) into Egs. Eq. (A.4), (A.14) into Eq. (A.5), we obtain
Eq. (32). O

A.2. Proof of Lemma 4.5

Using Eq. (31) and Parseval’s identity, we arrive at

(i W), —L5 (o W) = Q)™ / (ux Te(®)) - (M5 @vp T (®)) d,

R4

_ 2 / def(xk,_xk)e | To(&)|> ull M5 (v,
R

= (Qn)™¢ / K RE yT M8, h, &)vpdE,
(4]

where we have used Eq. (25) and the Fourier transform of the RK shape function
d - d . 4
— X; sin(h j&;/2)
@ =|[¢ (—f)(s-> =]1n (’— ,
,l-:[l 2h; ) ,Ul "\ hi&2
where the Fourier transform of the cubic B-spline function is given as

~ 1 (sinE/4\*
¢(E)—§( £/4 ) .
Hence, the Galerkin form Eq. (38) can be written as
(" (up), L") = Y (ke Ve —L5 (0 T))

kK ezd

1

= (Qn)™¢ Z e C 8 yT M5, h, E)vpdE
kkezd? @

= (@2m)™ f uE)- Mq(8, h, £v(€)dé,
0

and we have proved (i).
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Next, we use the inverse Fourier transform to write

(L5 (op W) (xp) = 2m) ¢ f K EMS (&) Uy (B)dE,

R4

=(Qm)™ f kTR E M (£, Ty (&)dE,
]Rd

d
= Q)¢ l_[(hj)_I/ei(k_k/)‘gMc(& h,§)vpd§,
(4]

Jj=1

then we arrive at the collocation form Eq. (39) as

d
(o), =r" L")y = Ths D we- (—L£3 0w W) (x2)

j=l  kKkezd

=00 Y we | M, B, vpds
kK ezd e

= (Qm)™ / uE) - Mc(S, h, &)v(E)dE.
(]

This finishes the proof of (ii). Notice that M% and M? are positive semidefinite matrices from the assumption
A > . Then (iii) is a result of the direct comparison of Egs. (40) and (41).
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