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ON THE SPECTRA OF SEPARABLE 2D ALMOST MATHIEU OPERATORS

ALBERTO TAKASE

ABSTRACT. We consider separable 2D discrete Schrodinger operators generated by 1D almost
Mathieu operators. For fixed Diophantine frequencies we prove that for sufficiently small couplings
the spectrum must be an interval. This complements a result by J. Bourgain establishing that
for fixed couplings the spectrum has gaps for some (positive measure) Diophantine frequencies.
Our result generalizes to separable multidimensional discrete Schrédinger operators generated by
1D quasiperiodic operators whose potential is analytic and whose frequency is Diophantine. The
proof is based on the study of the thickness of the spectrum of the almost Mathieu operator, and
utilizes the Newhouse Gap Lemma on sums of Cantor sets.

1. INTRODUCTION

The almost Mathieu operator is the discrete Schrodinger operator Hy 4, on £%(Z) defined by
[Hxawt](n) =¥(n+1) +(n — 1) + 2 cos(2m(na + w))h(n)

for every ¢ € £2(Z),n € Z. Here ) € R is the coupling, o € R/Z =: T is the frequency, and w € T is
the phase. The operator has its origins in solid-state physics and the study of electrons. The operator
also has a connection to the quantum Hall effect—a Nobel-prize-worthy discovery by K. von Klitzing,
G. Dorda, and M. Pepper in 1980 [27]. The connection was made by D. J. Thouless, M. Kohmoto,
M. P. Nightingale, and M. den Nijs in 1982 [37]. For a discussion of discrete Schrédinger operators
and the almost Mathieu operator see the 2019 preprint by S. Jitomirskaya [24]. For more discussions
see [23, 14, 30, 22, 28, 9, 36, 6].

P. G. Harper in 1955 [19, 20] under the tutelage of R. E. Peierls established that electrons in a
cubic lattice and under a magnetic field have nondiscrete nonevenly-spaced broadened energy values.
Harper used a tight-binding approximation now called the Harper model. The Schrédinger operator
governing the spectrum of the Harper model is the almost Mathieu operator H) o ., with A = 1.
Physicists sought to better understand the topological structure of the spectrum Xy o, of Hx o w-
M. Azbel in 1964 [5] conjectured and D. Hofstadter in 1976 [21] computationally supported that
Y \a,w has the characteristic of being either band-like for rational o or fractal-like for irrational o.
Decades later A. Avila and S. Jitomirskaya in 2009 [4] made the final contribution to the resolution
of the Ten Martini Problem which sought to confirm the conjectured topological structure of Xy q -
Ifa= g € TNQ, then Xy o, is a disjoint union of at most g-many compact intervals. If « € T\ Q,
then X5 o is a Cantor set. Also, X o, is independent of the phase w when the frequency « is
irrational. This last fact can be found in the 1982 review paper by B. Simon [36] (where the name of
the almost Mathieu operator was introduced) and applies to operators with quasiperiodic potentials;
the definition of quasiperiodic potentials can be found within SUBSECTION 2.3. In general, phase
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2 A. TAKASE

independence of the spectrum for operators with quasiperiodic potentials follows from the fact that
the underlying topological dynamical system (T®, Z) is minimal [14]. R

Let d > 2 be a positive integer. We consider the d-dimensional analog operator H generated by
almost Mathieu operators. Specifically, H is the discrete Schrédinger operator on ¢2(Z<) defined by

[H)(n) = (Xmcter,eay Y +m) +9(n—m)) + (Xieqr, gy 22k cos2m(nay, +w)))P(n)

for every ¢ € 2(Z%),n € Z% {ey,...,eq} is the standard basis. The operator H and the spectrum
Y =35 arw T T 2x, 04,0, are the main objects of study in this paper. The theory of the almost
Mathieu operator provides insight into the theory of H. Consider the following theorem established
by A. Avila and D. Damanik in 2008 [3]: If A # 1 and o € T \ Q, then the integrated density of
states of the almost Mathieu operator is absolutely continuous. Along with a theorem by Steinhaus,
which states that the sum of two sets with positive Lebesgue-measure contains an open interval, we
immediately obtain the following proposition.

Proposition 1.1. Assume at least two among Ay, ..., Aq are not equal to 1 and v, ..., a4 € T\ Q.
Then X has a dense interior.

More can be obtained in the small coupling and Diophantine frequency regime. This is the context
of the main theorem in this paper.

Theorem 1.2. Assume az,...,aq are irrational and satisfy a_Diophantine condition. There exists
e=c¢e(aq,...,aq) >0 such that if 0 < |A1],..., | a| <&, then X is an interval.

We mention for comparison a theorem by J. Bourgain in 2002 [7].

Theorem 1.3 (J. Bourgain [7]). Assume Ay,..., g = A > 0. There exist positive Haar-measure
sets AWV, ..., AW C T such that if on € AW, ..., aq € AP, then ¥ has gaps. Furthermore, AS)
can be chosen to be a subset of the Diophantine frequencies and lie within [0,¢] for any e > 0.

We say a few words on the proof of Theorem 1.2. Observe S is the sum of Cantor spectra
Y1 + -+ + Xg, where henceforth ¥ := Xj, o, .- Indeed, the potential of H is separable. In
general, the spectra of separable multidimensional operators are sums of the spectra of 1D operators.
This fact can be found within [12]. See also another proof involving the convolution of density
of states measures within [13]. The Newhouse Gap Lemma may be utilized to guarantee that
¥1 4 -4 X4 is an interval thereby establishing Theorem 1.2. The notion of thickness, which is a
quantitative characterization of nonempty compact subsets K of R often denoted 7(K), was utilized
by S. Newhouse in the 1970s [31, 32, 33] to prove the namesake Newhouse Gap Lemma. See also
for a short proof section 4.2 on page 63 within [34]. The definition of thickness can be found
within SUBSECTION 2.6. We abridge the Newhouse Gap Lemma: Let K; and K5 be nonempty
compact subsets of R. Assume the maximal-gap-lengths of K; and K are sufficiently small relative
to the diameters of K and K», and 1 < 7(K7) - 7(K3). Then K; + K> is an interval. S. Astels in
1999 [1, 2] generalized the Newhouse Gap Lemma to obtain the following; see Theorem 2.7 for the
unabridged version.

Theorem 1.4 (S. Astels [1, 2]). Let K1,...,Kq (d > 2) be nonempty compact subsets of R. Assume
the mazimal-gap-lengths of K1, ..., Kq are sufficiently small relative to the diameters of K1, ..., Ky,

andlﬁ%—i—nw— . Then K1+ ---+ K4 is an interval.

Because Ay, is small, one can think of H)y, o, ., as a perturbation of the discrete Laplacian whose
spectrum is the interval [—2,2]. Specifically, ¥) converges to [—2,2] in the Hausdorfl metric
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as Ay — 0. Also, the diameter of ) converges to the diameter of [—2,2] as Ay — 0. Indeed,
|diam o(A) — diam o (B)| < 2distpaus(c(A4), 0(B)) < 2||A — B|| for bounded self-adjoint operators A
and B. Therefore ¥ has a small maximal-gap-length relative to the diameters of ¥q,...,%4. As
a result, to utilize the Newhouse Gap Lemma it is enough to establish that the thickness of the
spectrum of the almost Mathieu operator approaches infinity as the coupling approaches zero.

Theorem 1.5. The spectrum of the almost Mathieu operator Hy o ., with irrational frequency fized
and assumed to satisfy a Diophantine condition

ac Ug;?“%e@{x eER: gz —p| > ‘q‘%} =:DC
has thickness approaching infinity as the coupling A approaches zero i.e.
(Vo € DO)[limp—0 7(Xx,0,0) = +00].

Theorem 1.5 extends to 1D quasiperiodic operators whose potential is analytic and whose
frequency is Diophantine; combine Theorem 2.4 and Theorem 2.5 and Lemma 4.1. As a result,
Theorem 1.2 extends to separable multidimensional discrete Schrodinger operators generated by 1D
quasiperiodic operators whose potential is analytic and whose frequency is Diophantine.

Theorem 1.6. For fixed Diophantine frequencies s, . . ., ag, the spectrum is an interval for separable
d-dimensional discrete Schrédinger operators generated by 1D ay-quasiperiodic analytic operators
Hi = A+ V), with ay-dependent sufficiently small norms || Vi/|.

Theorem 1.6 is necessarily perturbative due to Theorem 1.3. Specifically, the smallness of the
norm depends on the Diophantine frequency. We conclude this section with a few words on related
mathematical results and questions. The definitions of limit-periodic and almost-periodic potential
can be found within [15] and [36], respectively. It suffices to say that the collection of all almost-
periodic potentials is a broad class of potentials which contains the periodic and limit-periodic
and quasiperiodic potentials. The definitions of boz-counting and Hausdorff dimension can be
found within [16]. A Cantorval is a nonempty compact subset C' of R such that C has no isolated
connected components and C' has a dense interior; we mention for comparison that a Cantor set is
a nonempty compact subset C' of R such that C' has no isolated points and C has no interior points.

(a) We establish a single-interval-characterization for the spectra of separable multidimensional
discrete Schrodinger operators generated by 1D quasiperiodic analytic operators Hp = A + V
with Diophantine-frequency-dependent sufficiently small norms ||Vy||. The same characterization
can be said about periodic Vj, [18] and cannot be said about limit-periodic Vj, [15].

(b) R.Han and S. Jitomirskaya [18] proved that periodic (not necessarily separable) multidimensional
discrete Schrodinger operators have interval spectra when the norm of the potential is small
and at least one period is odd. This is the discrete analog of the L. Parnovski [35] resolution
of the continuous Bethe-Sommerfeld Conjecture. Moreover, the resolution was extended to
quasiperiodic (not necessarily separable) multidimensional continuous Schrédinger operators
for almost-all frequencies [26]. This paragraph is the only place where continuous Schrédinger
operators are mentioned, and it is done so to motivate the following question. Can one extend
the [18, 35, 26] results to quasiperiodic (not necessarily separable) multidimensional discrete
Schrodinger operators for almost-all frequencies? Specifically, can one remove the separability
condition from Theorem 1.67 Moreover, can one remove the Diophantine condition from
Theorem 1.67 For example, can the frequencies satisfy a Liouvillian condition? In a sense, this
means that the irrational frequencies are well approximated by rational numbers.
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(¢) D. Damanik, J. Fillman, and A. Gorodetski [15] proved that there exists a dense subset B of 1D
limit-periodic potentials such that B-type operators have Cantor spectra with zero (lower) box-
counting dimension. Furthermore, separable multidimensional discrete Schrodinger operators
generated by B-type operators have Cantor spectra with zero (lower) box-counting dimension. Is
it true that the spectra of separable multidimensional discrete Schrédinger operators generated
by 1D almost-periodic operators is either a finite union of disjoint intervals or a Cantor set or a
Cantorval? In view of Proposition 1.1, does there exist A1,..., Aq with at least two not equal to
1and ag,...,aq € T\ Q such that ¥ is a Cantorval?

(d) D. Damanik and A. Gorodetski [12] proved that 1D Fibonacci Hamiltonians have Cantor spectra
¥» with Hausdorff dimension strictly between zero and one and with thickness strictly greater
than zero, and limy_,0 dimpaus(Xy) = 1 and limy_,o 7(X)) = +o0. Consequently, they establish a
single-interval-characterization for the spectra of separable multidimensional discrete Schrédinger
operators generated by 1D Fibonacci Hamiltonians with sufficiently small couplings.

(e) For fixed s € R\ {—1,0,1} and for fixed Diophantine frequency in the 2-torus M. Goldstein,
W. Schlag, and M. Voda [17] proved that for sufficiently large couplings the 1D operators with
2-frequency quasiperiodic potential Vi 5o : Z — R : n +— A(cos(2mnay) + s cos(2mnag)) must
have an interval spectrum. This complements a result by J. Bourgain [8] establishing that for
fixed small coupling the 1D operator with potential V) ; o has gaps in its spectrum for some
(positive measure) Diophantine frequencies.

(f) The separable operator considered in Theorem 1.6 but with added background potential (so
the resulting operator is not necessarily separable) has been studied by J. Bourgain and
I. Kachkovskiy [10]. Similar but distinet quasiperiodic (not necessarily separable) operators
have been studied by S. Jitomirskaya, W. Liu, and Y. Shi [25]. The [10, 25] results pertain to
the spectral type but not the topological structure of the spectrum as a set.

In section 2 we state the preliminaries. In section 3 we prove the main theorem. In section 4 we
prove a lemma used in the proof of the main theorem.

2. PRELIMINARIES

Let A : H — H be a bounded operator. The spectrum of A is denoted o(A4). Note o(A) is a
nonempty compact subset of C. Also note, if A is self-adjoint, then o(A) C R.

2.1. Potentials and Schrédinger Operators. A (d-dimensional lattice) potential is a bounded
real-valued function V on Z?. Moreover, V also denotes the bounded self-adjoint multiplication
operator on £2(Z?) defined by [V¢](n) = V(n)(n) for every o € £2(Z%),n € Z?. The (d-dimensional
lattice) Schrédinger operator with respect to a potential V' : Z¢ — R is the bounded self-adjoint
operator H on (?(Z%) defined by H = A+V, where A = A is the (d-dimensional lattice) Laplacian
defined by [AY](n) = 3, cqe, . euy Y(n+m) +h(n—m) for every ¢ € 2(2Y,n € 74 {e1,...,eq}
is the standard basis.

2.2. Separable Potentials and The Laplacian. Let V : Z¢ — R be a potential. Say V is
separable if there exist (sub)potentials Vi,...,Vy: Z — R such that V(n) = Vi(n1) + - + Va(ng)
for every n € Z. The proof of the following theorem can be found within [12].

Theorem 2.1. Let V : Z* — R : n +— Vi(nq1) + --- + Va(na) be a separable potential. Define
H =AY L V. For each k, define Hy, = AW 4+ V.. Then

O'(H) :U(H1)+"'+U(Hd).
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By the spectral mapping theorem,
o(AMY = g(Uf +Uy) = 0(Pp, (2" +2)) ={2*+2:2€0(U)} ={2*+2: 2] =1} = [-2,2].
By Theorem 2.1,
o(AD) = g(AM) 4. 4+ o(AM) (d terms) = [—2d, 2d].

Here U,, is the unitary operator from ¢2(Z%) to ¢*(Z%) defined by [U,,%](n) = ¢(n — m) for every
¥ € 2(Z%),n € Z%. Also here, ®4 is the Borel functional calculus with respect to a bounded
operator A.

2.3. Quasiperiodic Potentials and The Almost Mathieu Operator. Let V : Z — R be a
potential. Let b be a positive integer. Say V is (b-frequency) quasiperiodic if there exists v € C(T?, R)
and there exist a,w € T? such that v is nonconstant and {1,01,...,03} is independent over the
rationals and V(n) = v(na 4+ w) for every n € Z. The proof of the following theorem can be found
within [36].

Theorem 2.2. LetV,: Z —->R:n— v|Tb (na 4+ w) be a quasiperiodic potential with parameter w.
Let H,, be the Schridinger operator. Then o(H,,) =X, = ¥ is independent of w. Furthermore, ¥
18 a nonempty compact subset of R and X has no isolated points.

The potential of the almost Mathieu operator Vi o0 : Z — R : n — 2 cos(2n(na+w)) is 1-frequency
quasiperiodic when « is irrational. By the resolution of the Ten Martini Problem within [4], the
spectrum Xy 4, of the almost Mathieu operator is a Cantor set when « is irrational.

2.4. Integrated Density of States. Let V, : Z - R : n — U|Tb (na + w) be a quasiperiodic
potential with parameter w. Let H, be the Schrédinger operator. The integrated density of states
(IDS) is

N:R— [07 ” T f<50a ]]-(—oo,x] (H0)60>du(0)

Here y is the normalized Haar measure on T®. Note 0 | (—oc,inf ¥] =0 and M | [sup ¥, +00) = 1.
The proof of Theorem 2.3 can be found within [36] and of Theorem 2.4 can be found within [11].

Theorem 2.3 (Gap Labeling). Let V :Z - R:n v‘,ﬂ.b (na + w) be a quasiperiodic potential. Let
H be the Schrédinger operator. Let M be the IDS. Define ¥ := o(H). Let Gap,(X) be the collection
of all bounded gaps of X.
(i) M is monotone and continuous.
(i) {x eR: (Ve >0)[N(z+e) —N(r—¢e) >0} =2.
(iii) {M(z) : 2 € U € Gap,(X)} € {na — |na : n € Z°} \ {0}.
(iv) {M(z): 2z €U € Gapy(X)} 2 {na — [na| :n € Zb}\ {0} = X is a Cantor set.

Theorem 2.4 (Holder Continuity). Let Va0 :Z —R:n— )\U|Tb (na + w) be a quasiperiodic
potential with parameters \,v,o,w. Let Hy y o, be the Schrodinger operator. Fix v,o. Let My be
the IDS. Assume the following.

(i) « satisfies a Diophantine condition:
e nﬁ%\m}{x € R fax — 2mp| 2 pgfier } = DC(e, )

for some ¢ > 0,t > b.
(ii) v satisfies a reqularity condition: v is r-differentiable on T for some r > 550t.
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There exist Ao = Ao(v,b,¢,t,7) > 0,Cy = Ch(b, ¢, t) > 0 such that
9 () = M ()| < Culz —y['/?
for every Ao > |A| > 0, z,y.

2.5. Spectral Gaps. Let V:Z - R:n — v’Tb (na + w) be a quasiperiodic potential. Let H be
the Schrédinger operator. Let 91 be the IDS. Define ¥ := o(H). Let Gap,(3) be the collection of
all bounded gaps of ¥. Fix n € Z”\ {0}. The n-th spectral gap of ¥ is either the element G™ in
Gap,(X) such that 9 | G® = na — |na| or the empty set when such an element G™ does not
exist. Moreover, (—oo,inf ¥) U (sup X, +00) is called the 0-th spectral gap of ¥. The proof of the
following theorem can be found within [29].

Theorem 2.5 (Gap Estimate). Let V, g0 : Z - R:n— v!Tb (na 4+ w) be a quasiperiodic potential
with parameters v,a,w. Let H, o ., be the Schrédinger operator. Fiz . Fixz ro > r > 0. Define
Yy =0(Hyaw). Foreachn#0, let G = (Egn>—,E5n>+) be the n-th spectral gap of ¥,. Assume
the following.

(i) « satisfies a Diophantine condition:
o€ mﬁgzzb\{o}{x €RV: |gx —p| > W} = DC(c, t)
for some ¢ > 0,t > b.
(ii) v satisfies a reqularity condition: v is analytic on (T + i(—rg,70))°.
There exists € = (b, ¢, t,rg,7) > 0 such that
|E1(Jn)+ _ E,(,“)*| < (|U|TU)2/36—27r7‘HnH
for every € > |v|,, > 0,n # 0.

2.6. Thickness and Gap Lemmas. Let K be a nonempty compact subset of R. Henceforth
K- =inf K and K+ := sup K. Let Gap,(K) be the collection of all bounded gaps of K. Let U
be a bounded gap of K. The left-plank of U, denoted 7_(K,U), is the length-maximal interval
[a,b] contained in [K~, KT] such that b € 9U and for each V € Gap,(K), if V N [a,b] # &, then
length(V) < length(U). The right-plank of U, denoted 7 (K,U), is the length-maximal interval
[a, ] contained in [K~, K*] such that a € OU and for each V € Gapy(K), if V N a,b] # &, then
length(V) < length(U). The (local) thickness of U is

nf length (7w, (K,U))
in
*<= ) T ength(U)

= 7(K,U).

The thickness of K is

infUEGapb(K) T(Ka U) = T(K)
Note 7(K) = 0 when K has an isolated point, 7(K) = 1 when K is the middle-thirds Cantor set,
and 7(K) = +o0o when K is an interval. The proof of Theorem 2.6 can be found within [12] and of

Theorem 2.7 can be found within [1, 2]. The former theorem is the classical Gap Lemma, but we
require the latter theorem which is a generalized version.

Theorem 2.6 (Gap Lemma). Let K; and Ky be nonempty compact subsets of R. For each
nonempty compact subset K of R, let Gap,(K) be the collection of all bounded gaps of K. For
each nonempty compact subset K of R, define I'(K) := sup{length(U) : U € Gap,(K)}. Assume
[K{,K{|N[K;,K3] # @, T'(Ky) < diam(K;), T'(Ky) < diam(K3), and 1 < 7(Ky) - 7(Ka). Then
Ky N Ky # @. Furthermore, K1 + Ko = [K] + K5, K{ + K3 ].
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Theorem 2.7 (Gap Lemma). Let K1,..., Ky (d > 2) be nonempty compact subsets of R. For each

nonempty compact subset K of R, let Gapy,(K) be the collection of all bounded gaps of K. For each

nonempty compact subset K of R, define T'(K) := sup{length(U) : U € Gap,(K)}. Assume
(Vi:2<i<d)(Vj:1<j<i-1)[I(K;) < diam(K;)],

1< B0 4y TED) ypen 7(Ky 4 -+ Kg) = +oo and

T(K1)+1 T(Kq)+1’
Ki+ - +Kg=[Ki+---+K;,Kf +---+K]].
(K1) . T(Kg)
If 77(71((}5111 +- TE—I((I;)dll <1, then 7(Ki + -+ 4+ Kq) > — 51 T

(K
I=(rapsr Tt )

3. PROOF OF MAIN THEOREM

Lemma 3.1. Let A: H — H and B : H — H be bounded self-adjoint operators. Then
|diam o (A) — diam o (B)| < 2distpaus(c(A),0(B)) < 2||A — B||.

Proof. Define £ := mino(A) — mino(B), ¢ := maxo(A) — maxo(B). Define s Y ¢t := sup{s,t}.
Because

€] Y [¢] < SUP, e () dist(z, o(B))Y SUDgeq(B) dist(x, 0(A)) = distpaus(c(A4), 0 (B))
= SUP ¢, () 0|y =1 [(B — 2P| ¥ sup,e, (g infjy=1[|(A — zD)P||
< SUPeo)llB — Al Y sup,eqp |4 — Bl
=|[|A- B,
[diam o (A) — diam o(B)| = [¢ — &| < [¢] + [§] < 2distraus(0(A), 0(B)) < 2[|A - B]. O

Lemma 3.2. Let Hy o = A+ Vo be the almost Mathieu operator. Fiz o € T\ Q. Define
Xy = 0(Hxaw). Assume a satisfies a Diophantine condition:

a€ Ug(l)ﬂge@{x eR: gz —p| > W}.
Then limy_,o 7(X)) = +o0.
The proof of Lemma 3.2 can be found within SECTION 4.

Theorem 3.3 (Main Theorem). Fiz a,...,a4,w1,...,wq € [0,1] = T. Let H be the bounded
self-adjoint operator H : (2(Z%) — (2(Z9) defined by

[Hy)(n) = (Xmcter, ey Y +m) +9(n—m)) + (Xieq, ay 22k cos2m(nay, +w)))P(n)

for every v € (2(Z%),n € Z%; {ey,...,eq} is the standard basis.
Let Hy o0 = A+ V) a0 be the almost Mathieu operator. For each k, define Xy = o(Hx, ay, wi)-

Assume aq, ..., aq (d > 2) are irrational and satisfy a Diophantine condition:
a € Ug(l)ﬂ%GQ{x eR: gz —p| > ‘q‘%}
There exists € = e(aq,...,aq) > 0 such that if 0 < |A1],..., | a| < e, then o(ﬁ), which is a sum of

Cantor spectra 31 + - -+ + Xq, is an interval.
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Proof. For each nonempty compact subset K of R, let Gap,(K) be the collection of all bounded gaps
of K. For each nonempty compact subset K of R, define I'(K) := sup{length(U) : U € Gap,(K)}.
By Lemma 3.1, limy_,¢ distHaus(0(Hx,a0), [—2,2]) = 0 and limy_g [diamo(Hy ow) — 4| = 0. By
Lemma 3.2, limy_,o 7(0(Hx,a),w)) = +00. As a result, there exists ¢ = e(a, ..., aq) > 0 such that
it 0 < |Ml,...,|A\d| <e, then
(12 <0 <0215 <1 DI, < dan()
(Vi:2<i<d)['(%;) <diam(X;) + - - + diam(%;_1)],

7(X1) T(Xq)
LS oahm + e

By Theorem 2.7, 31 + - -- + X4 is an interval. By Theorem 2.1, a(ﬁ) =X+ + X4 [ |

4. PROOF OF LEMMA 3.2

Lemma 4.1. Let Voo :Z —R:n— )\’U‘,ﬂ,b (na + w) be a quasiperiodic potential with parameters

N a,w. Let Hy o be the Schridinger operator. Fix . Let My be the IDS. Define Xy == 0(Hx,a,u)-

For each n # 0, let G = (E™~, ES™*) be the n-th spectral gap of $x. Assume the following.
(i) « satisfies a Diophantine condition:

ﬂpgz { €RY: |gx —p| > IMH%} = DC(c,t)

z°\{0}
for some ¢ > 0,t > 0.
(ii) There exist Ao = Ao(b, ¢, t) > 0,Cn = Ch(b,c,t) > 0,1 > h = h(b,c,t) > 0 such that
90 (2) — M (y)| < Culz —y["
for every Ag > |A| > 0,z,y.
(i1i) There exist Ay = Ai(b,¢,t) > 0,C(A) = C(\, b,¢,t) > 0,Cg = Ce(b, c,t) > 0 such that
|E™+ — E(-| < C(\)eCelnl
for every Ay > |A| > 0,1n # 0 and limy_,o C(\) = 0.
Then limy_o 7(X)) = +o00.
Proof. For each n # 0, let (X, G{™) be a length-minimal plank of G§ # @. Without loss of
generality, assume
T(Ex, GW) = 7, (Sx, G) = [E)*, F{)]
for some F{™ € ¥,. Observe
_ length(n(2),GYY)) _ |F{™ — EfY
length(G{™) |E&“>+ EM-|

2)\3 G&n

Because X has no isolated points,
EM™+ < F(™ < sup Xy.
Temporarily, assume F{® = sup X\. Therefore
1M\ (F™) — M\ (EMH)| = |1 — (na — |na))| = na — |na| — 1]
By (i—iii), for sufficiently small A,
FE — B4 () F ) - B () e+ (&)
BT — B | = B — B =[BT — 55| = O(n)e el D78
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Temporarily, assume F{™ < sup X. Therefore
9 (FA™) = M (BMT)] = [(mna — [mpa) — (na — [na])| = [(my —n)a — (lmaa] — [na])|
for some my, such that G{™») # & and length(GS\“)) < length(G{™~)) and F{™ = E{™»)- and
Imall < —L log( b length(GS)) = ra (n),
where length(G{™) = C(\)e~Ce#x(0) Because ||n|| < s (n), for sufficiently small \,

[ — B ()" ()"

H H

> > .
|E£n)+ —E&“)*| = C(\e —Cera(n ||m 7nH(t 1)/h = C’()\)67CEN>\(H)(QK)\(n))(tfl)/h

As a result, limy_,o 7(X5) = limy_,¢ infp20 7(Xx, G{) = +oo. O
G&"I};éra

The proof of Lemma 4.1 is a combination of three components. For simplicity, we restrict this
discussion to the case b = 1. The first component is that the frequency « satisfies a Diophantine
condition. Specifically, there exists ¢ > 0 and there exists ¢ > 1 such that

C
lgoe —p| > ——
g1

for every g € Q. The second component is that the integrated density of states 91y is Holder
continuous for small couplings. Specifically, there exists Cy > 0 and there exists & > 0 such that

9 (2) = Ny)| < Culz —y|"

for sufficiently small A and for every x,y and the constants Cy and h are independent of the
sufficiently small A\. The existence of Cy and h is established by A. Cai, C. Chavaudret, J. You,
and Q. Zhou in 2019 [11]; see Theorem 2.4 for the unabridged statement. The third component is
that the lengths of spectral gaps exponentially decay for large gap-labels. Specifically, there exists
C(A) > 0 and there exists Cg > 0 such that

length(G§) < C(A)e~ el

for sufficiently small A and for every n # 0 and the constant Cg is independent of the sufficiently
small A and the constant C(\) satisfies limy_,o C(\) = 0. Here G§* is a spectral gap satisfying

My [ G§) = na — |na] for every n # 0. The existence of Cg and C()\) is established by M. Leguil,
J. You, Z. Zhao, and Q. Zhou in 2017 [29]; see Theorem 2.5 for the unabridged statement. Then we
combine the three components to deduce
length((Ex, Fa]) |y — Ba| (&) %190 — (B[
length(G{V) = C(\)e=Celnl = C(\)e—Celnl
for every n # 0, Ey, Fy € ¥y with Ex < Fy. If G{*) is left-adjacent to [Ey, F\] and G{*?) is
right-adjacent to [Ey, Fy], then My (Ey) = nja — |nia and 9 (Fy) = nea — [noa| and

IMA(FN) = I (EN)] >

Tz =T
and
length([Ey, F)]) S (CLH)l/h
length(G{Y) = C(A)e=Celnl|ny — ng|[E-1/R
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Because the frequency is fixed and because the spectrum is the same for any phase, we define
Y =3 aw- The spectral-thickness 7(Xy) is the infimum-length-ratio of planks over gaps; more
details can be found within SUBSECTION 2.6. Therefore it can be similarly shown that

7(Xy) > inf ()"
~ n#0 C(N)e=Cera(n) (25 (n)) =1/’

G\ 4o

where k) (n) is a positive real-valued function of n. Taking the limit as A approaches zero concludes
the proof of Lemma 4.1.

Theorem 4.2 (Lemma 3.2). Let Hy o, = A+V) a0 be the almost Mathieu operator. Fiz o € T\ Q.
Assume « satisfies a Diophantine condition:

Then limy_o 7(0(Hx aw)) = +00.

Proof. Observe cos(z) is holomorphic on C. By Theorem 2.4 for b = 1 and Theorem 2.5 for b =1
and Lemma 4.1 for b = 1, (Va € DO)[limy—0 7(0 (Hx,a,w)) = +00]. [ |
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