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Abstract

Earthworm-like peristaltic locomotion has been implemented in >50 robots, with many potential applications in
otherwise inaccessible terrain. Design guidelines for peristaltic locomotion have come from observations of
biology, but robots have empirically explored different structures, actuators, and control waveform shapes than
those observed in biological organisms. In this study, we suggest a template analysis based on simplified segments
undergoing beam deformations. This analysis enables calculation of the minimum power required by the structure
for locomotion and maximum speed of locomotion. Thus, design relationships are shown that apply to peristaltic
robots and potentially to earthworms. Specifically, although speed is maximized by moving as many segments as
possible, cost of transport (COT) is optimized by moving fewer segments. Furthermore, either soft or relatively
stiff segments are possible, but the anisotropy of the stiffnesses is important. Experimentally, we show on our
earthworm robot that this method predicts which control waveforms (equivalent to different gaits) correspond
to least input power or to maximum velocity. We extend our analysis to 150 segments (similar to that of
earthworms) to show that reducing COT is an alternate explanation for why earthworms have so few moving
segments. The mathematical relationships developed here between structural properties, actuation power, and
waveform shape will enable the design of future robots with more segments and limited onboard power.

Keywords: peristaltic locomotion, earthworm-like robot, biologically inspired robots

Introduction precise'? movements. In contrast, although >50 earthworm-
like mobile robots (Fig. 1) have been implemented, it has

EARTHWORM ROBOTS are deceptively simple, making
them a promising and interesting type of soft robot.
Each segment of an earthworm’s body is radially symmetric
and approximately identical, which makes it convenient for
modular design at various length scales. Instead of discrete
feet, earthworm robots can use their entire body surface for
traction, which can be increased by material softness. As a
result, earthworm-like robots have been suggested for many
soft robotic applications, such as search and rescue opera-
tions,' underground exploration,> ™ pipe inspection,>® and med-
ical procedures such as endoscopy or colonoscopy.’™’
However, despite this apparent simplicity, design remains
nontrivial. Throughout the animal kingdom, peristaltic lo-
comotion is ubiquitous (e.g., in larval stages and in adults'®),
and some worm-like organisms are capable of rapid'' and

proven surprisingly challenging to achieve the effective
motion observed in biological organisms. Several specific
challen%es have been identified, including stiffness optimi-
zation,">'* loss of power efficiency due to slip,'>'® and precise
control of soft segments, which may vary both in their fabri-
cation and over time.'” Indeed, it is entirely possible to con-
struct a series of worm-like segments that, when assembled, do
not locomote satisfactorily. Both structural properties and gait
selection are key to coordinated locomotion. Often it is pos-
sible to empirically optimize segment structure or control to
improve results, but an analytical guide could help designers to
decide fundamental questions about actuation, structure, con-
trol, and sensing for soft peristaltic devices.

In this study, we clarify how the essential characteristics
in peristaltic locomotion (actuation, control, and softness)
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ANALYSIS OF PERISTALTIC LOCOMOTION

contribute to the design of earthworm-like robots. Previously,
textbook models of worm locomotion claimed that the ratio
of moving to anchoring segments is limited by differences in
forward and backward friction coefficients.'® This would
explain observations of biological earthworms in which about
equal numbers of segments are moving and anchoring at any
given time.'” However, by requiring slip against anisotropic
friction, this explanation contradicts experience with en-
gineered worm robots, which often have minimal anchor-
ing segments and use isotropic friction.>*'* Minimizing
the number of anchoring segments increases speed, whereas
isotropic friction allows a robot to reverse its direction
and extract itself from the environment. Thus, more accurate
design constraints are needed for robotics applications.

Our study builds on previous researchers’ mathematical
models for peristaltic locomotion that are specific to either
earthworms or earthworm-like robots. Chapman® described
the nonlinear kinematic relationship between the length and
diameter of a segment of an earthworm assuming a constant
hydrostatic volume. For muscular hydrostats specifically, it
has been shown that the resulting mechanical advantage al-
lows longitudinal muscles to be stronger at longer structure
lengths, and for circumferential muscles to be effective an-
tagonists at shorter structure lengths.?' Our prior study has
characterized mesh kinematics and compared it with constant
volume constraints.'” In this article, we rely on a simpler
linearization in the form of Poisson’s ratio to generalize to a
wider array of robots.

Previously, Jiang and Xu®? considered small-scale robots
in a viscous medium. Using a reduced dynamic model, the
authors correlated locomotion performance to wave and
structural parameters such as distance between two adjacent
waves, wave width, and body length. These results correlate
with empirical velocity optimization of a robot in a dry ac-
rylic tube.?? In this study, we also factor in soft deformation
due to gravity and consider energetic efficiency as well as
total speed. Although some models assume a uniform weight
distribution>*2°® or anisotropic friction,27 Tanaka et al.”®
assume each segment is able to vary frictional coefficients
independently from segment shape. Since most worm robots
do not have variable friction skin, here we assume that an-
choring is a result of segment shape, which is coupled to
segment length as is common in earthworms and soft robots
that mimic them. Interestingly, despite these differences, our
results agree with Tanaka er al.?® that velocity and energy
efficiency have different optimal wave parameters. In our
own prior analytical study, rigid centerline models showed
the importance of increasing energy efficiency by matching
extension and retraction within gait cycles to reduce loss to
friction.'® The unique contribution of this article is that its
assumptions are general enough to apply to 50 peristaltic-
locomoting robots and to show that softness with respect to
gravity dictates a pattern of anchoring that predicts both
animal behavior and robot energetic optima.

Based on our prior study,“(””’29 we consider an idealized
locomoting earthworm model that does not need to slip as it
moves and accounts for effects of actuation and deformation,
providing a template for understanding peristaltic locomotion
with two-dimensional analysis. By employing simplifying
assumptions using beam theory, curved plate compression,
and volume homogeneity, we demonstrate how worm-like
robots can be constructed of any stiffness material with suf-

ficient effective Poisson’s ratio and actuation energy density.
Furthermore, for a given robot length, either velocity or en-
ergy efficiency can be optimized. For a given robot of any
size, with a fixed number of segments, moving fewer seg-
ments at once not only decreases the cost of transport (COT)
but also decreases speed. Although previous robots have been
optimized for speed, future robots may need to account for
energy costs.'®'7?%% Also, for the first time, this analysis
provides an alternative explanation for earthworm observa-
tions: perhaps they are balancing speed and COT.

The idealized template analysis we present hereunder
is supported by experiments on our robot and on actual
earthworms, and by a review of earthworm (referred to as
worm throughout the article) robots in the literature. To our
knowledge, a dedicated comparative review of earthworm-
like robots is lacking, even though worm robots are men-
tioned in multiple soft robotics reviews.**>? We show that
there are many possible design implementations, but that each
of them can be characterized by the parameters suggested
by this analysis in terms of structure, actuation scheme, and
control.

Materials and Methods

Capturing earthworm data

Large living earthworms (Lumbricus terrestris) were or-
dered from Carolina Biological Supply Company. Multiple
videos of earthworm locomotion were recorded from the
transverse view using an HD camera (Canon Vixia HF G30,
59.94 fps). From these sets of videos, three videos with three
different earthworms (in which the earthworms moved mostly
in a straight line) were chosen for counting the number of
total segments and number of moving segments during peri-
staltic locomotion. Sections of the earthworms were marked
with nontoxic paint to make counting of segments easier.
Tracker video analysis software (Version 4.11.0, Open Source
Physics, https://physlets.org/tracker) was used to analyze the
videos. Anchoring and moving segments were distinguished
by visually observing, frame by frame, whether a segment
moved or not (Fig. 2A-D). If the position of a segment moved
over the span of five frames (0.1 s) we considered the segment
to move. At each instant, we calculated the number of moving
segments during locomotion. Stills from the videos were
extracted to count the total number of segments for each case.

Velocity and COT calculation for Compliant
Modular Mesh Worm Robot

Compliant Modular Mesh Worm Robot is a cable-actuated
soft robot, composed of nylon tubes and 3-D printed pin-
joints."” The robot consists of six segments; each segment is
actuated using two Dynamixel® XL430-W250-T actuators.
Cable from each actuator wraps around half the circumfer-
ence of the segment. As the actuators rotate, cables along the
circumference of the segment are uniformly spooled in, thus
allowing the mesh-like structure to contract in diameter and
extend in length. Linear springs along the length of the seg-
ment passively return the segment to its maximum diameter
as the cable is spooled out by the actuators. If both actuators
rotate at the same speed for the same duration, the segment
contracts uniformly. If the actuators rotate at different speeds,
the bias in the amount of cable spooled in by the left versus
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FIG.2. (A-D) Sequence of
images extracted from a vi-
deo used to measure num-
ber of moving segments and
number of anchoring seg-
ments during peristaltic lo-
comotion of an earthworm.
Markers along the length of
the body of the earthworm
were used to count number of
segments. (E-H) Sequence
of images extracted from a
video showing straight-line lo-
comotion for our six-segment
worm-like robot, Compliant
Modular Mesh Worm Robot.
Images depict a single wave
passing down the length of
the body (right to leff) al-
lowing the robot to move in
the opposite direction to that
of the wave. Color images
are available online.

right half will allow the robot to turn. In this article, we
focus only on straight-line locomotion. The actuators are
controlled using an Open CM 9.04 microcontroller that al-
lows programming of the actuators.

The actuators can be programmed to set the sequence in
which the segments contract and expand. For this article, we
explored the 3x 1, 2x 1, and 2 X2 waveforms (as defined in
the Results section). The experiments discussed hereunder
with CMMWorm were carried out on linoleum tile (coeffi-
cient of static friction, ps=0.55) and a DC power supply was
used to power the actuators. The actuators were supplied with
a constant voltage of 12V and varying current as required
by the actuators. The average electrical power for all three
waveforms over five to six waves was measured and at
the end the distance travelled in each case was measured
(Fig. 2E-H). For the calculation of the average electrical
power, the minimum power consumed when the robot is not
moving was subtracted from the total power. Velocity of the
robot was calculated using the distance travelled divided by
the time taken to travel given distance. COT was calculated
by dividing the measured average power consumption from
the DC power supply by the product of the weight of the
robot and velocity of the robot.

Results

Template model: an idealized soft worm with no slip

Earthworms are completely soft with no rigid internal
skeleton or exoskeleton. Instead, they maintain their structure
with fluid-filled coelom segments that function as a hydro-
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static skeleton.! The hydrostatic skeleton provides a con-
stant volume constraint, such that increases in length cause
decreases in radius and vice versa. Circumferential and lon-
gitudinal muscles change both segment diameter and length.
Sequential extension and expansion of the segments along
the length result in peristaltic locomotion, in the opposite
direction of the wave’s travel.*?

An idealized model of an earthworm provides a template
(Fig. 3) for understanding peristaltic locomotion in the sag-
ittal plane. Generalized template models that are anchored by
more detailed models have been valuable for understand-
ing other types of biologically inspired locomotion.** This
analysis is pertinent to earthworm robots but will not apply to
worm-like robots that swim like Caenorhabditis elegans,26
locomote using clamping feet, akin to caterpillar crochets, '~
grow like a vine® or undulate like a salamander.®” Specifi-
cally, unlike these examples, we will assume that the body of
our idealized earthworm uses only axial extension to move
and only radial expansion to contact the ground. Rigid rec-
tilinear locomotion like a snake*®>° is similar, but snakes
have a skeleton and are relatively rigid, whereas this analysis
accounts for soft body deformation (Fig. 3C).

Structurally, we will assume that each segment is a hollow
cylinder whose properties can be characterized with proper-
ties, including Young’s modulus (E), Poisson’s ratio (), and
density (p). We will call maximum radius segments ‘‘an-
choring’ segments because they contact the substrate (either
flat ground or the interior of a confined space like the inside
of a pipe). For simplicity, we assume that each segment is
independently actuated with constant rate (£L).
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FIG. 3. The waveform is defined by a traveling wave of segments, which can be in any of four states: (1) fully expanded
anchoring segment, (2) fully contracted bridged segment, (3) circumferentially expanding, or (4) circumferentially con-
tracting segment. (A) Diagram of a multisegment worm robot with two groups of four anchoring segments, separated by
eight moving segments. The three contracting segments each increase in length by the constant rate, L, and the three
expanding segments each decrease in length by — L, thus, distance between anchor points is constant and anchor points do
not slip. (B) The actuated shape of the segments will reflect the progress of the contraction and on the real robot some
smoothing is observed. (C) Finally, soft segments also deform due to gravity. The front cantilever segments bend (y) and the
anchoring segments compress (d) due to the weight of the body. (D) For example, our worm robot, Compliant Modular
Mesh Worm Robot (CMMWorm), is shown during a wave in which four segments are moving (two contracting and two
expanding) and two segments are anchoring. The first segment is cantilevered and the anchoring segments undergo
compression due to their weight plus the weight of the moving segments. Color images are available online.
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The peristaltic wave of an earthworm is defined by the
numbers of moving versus anchoring segments and their
spatial relationship to each other, which define the wave-
form shape (Fig. 3B). Assuming accurate control, segments
move in waves with pairs of expanding and contracting
segments (black and light blue segments in Fig. 3A, respec-
tively) such that anchoring segments need not move rela-
tive to the ground.'*'” In Figure 3, between active segments
(contracting and expanding segments) there are circumfer-
entially contracted inactive (suspended) segments that are
referred to as bridged segments.

Eliminating slip is an important constraint, which we have
applied to steering and responsive peristalsis,””*° but which
is unlike R. McNeill Alexander’s prior model. In his seminal
2003 book on the COT of various types of animal locomo-
tion, there is a tacit assumption that an earthworm’s weight is
uniformly distributed and each segment moves by dragging
along the ground. Thus, when a group of segments extend, the
body moves forward only if the number of moving segments
slides forward more easily than the anchoring segments
would slide backward. Thus, the number of segments that can
be in motion at any time is limited by the ratio of the coef-
ficient of friction in the backward direction to the summation
of coefficients of friction in the backward and forward di-
rections. The setae on the surface of the earthworm could be
assisting in inducing anisotropic friction to prevent backward
slip. If not, the ratio of moving segments is limited to about
50%.'° However, we have theorized that peristaltic loco-
motion can be as efficient as a rolling wheel—where no en-
ergy is lost due to slip."” In a robot, this can be implemented
by lifting segments so that, as they move, they are not in
contact with the ground, thereby completely eliminating
work done against ground friction (Fig. 3B) as long as ex-
tension and retraction have matched rates, that is, the rate of
circumferential contraction is equal to the rate of circum-
ferential expansion for a pair of moving segments.'®

Under these assumptions, we will explore the relationships
between parameters. We demonstrate how to find the rela-
tionship for body speed (v) as a function of actuation rate of
a single segment (L) and waveform properties (number of
waves, w; number of moving segments per wave, m; and
number of bridged segments, b). We show how both earth-
worm and robot locomotion can be compared with energy
optimal waves and velocity optimal waves.

Calculating velocity

We take the approach of prior publications and calculate
expected robot velocity, noting that this will be an upper
bound on measured velocity since slip, unintentional turning,
and imprecision can decrease velocity. Boxerbaum ez al."
defined velocity of a continuous peristaltic robot as a function
of the velocity of the wave as it travels along the length of the
body and maximum structural strain. Fang e al.>® defined
velocity of the robot as a function of the number of moving
segments and the rate of stroke of a robot segment, assuming
no bridging segments. Fang et al. specifies that there should
be at least one anchoring segment and that for every cir-
cumferentially expanding segment, there should be a cir-
cumferentially contracting segment. Thus, the number of
moving segments is always even. Seok et al.*' defined ve-
locity for the number of moving segments, m=1 or 2, as a
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function of length change of each segment, number of waves,
and frequency of waves. Horchler er al.'” defined velocity as
a function of wave patterns and rate of change of length of a
segment, but did not distinguish between bridged segments
and moving segments. The actual robot achieves 75% of this
predicted velocity.'’

In this study, we define a velocity expression for arbitrary
waveform parameters m, b, w, and n. We assume a no-slip
condition. Thus, between noncontiguous anchoring seg-
ments, there must exist at least one pair of actuating segments
(i.e., m=2). For simplicity, we will assume that all segments
change length at the same rate, L= AL/AT. Thus, m must
always be even. In other words, for every contracting seg-
ment there must exist an expanding segment, both actuating
at the same rate so that anchoring segments need not slip. The
ideal velocity of the robot, v;4e, Of a peristaltic robot without
slip is directly proportional to the square of the number of
moving segments, m (Appendix I), and the number of waves,
w, traveling within the robot, and the rate of change of length
of a segment, L.

Videal = WL7 ()

where b is the total number of bridged segments between a
pair of moving segments within one wave and # is the total
number of segments in the robot.

The ideal velocity equation shows that a high velocity can
be achieved with more moving segments (), thus reducing
the number of anchoring segments (n — (m + b)). However, all
the segments cannot be moving at once because then the
robot would rely on isotropic friction (and might not be able
to extricate itself by moving backward). A key constraint we
use is that not more than half of the segments can be moving
in a single wave (or else the robot would tip on flat ground
when the wave begins). However, even if tipping does not
occur, soft deformation can limit the number of moving
segments.

Limiting effects of soft segment deformation

Softness is an essential advantage of worm robots, but
segment compliance can adversely affect movement. Speci-
fically, in this section we look at how compliance affects the
robot’s ability to lift segments off the ground, which is im-
portant for preventing work against friction through slip.'>~"”
In order for moving segments to rise off the ground, the
change in radius (AR) due to actuation must be larger than
vertical deformations of the centerline.

We consider two types of vertical deformations (Fig. 3C).
First, there is the effect of the bending of the unsupported
segments, y. This is largest at the anterior and posterior
of the robot when the whole wave (m + b segments) is
cantilevered from the body. The second type of deformation
in the vertical direction comes from compression of the
anchoring segments, d, as they support the weight of the
body, including segments that are off the ground. It is
this second effect that turns out to be most important for
worm robots with fewer segments. Combining these two, we
can state

IAR| > y+d. )
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ANALYSIS OF PERISTALTIC LOCOMOTION

To use simplified beam theory to approximate these de-
formations, we make some key assumptions. First, the seg-
ments are modeled as thin cylindrical shells. Second, all
segments are assumed to have the same mass. Third, each
segment has uniform anisotropic Young’s modulus, that is,
Young’s modulus E,. for circumferential deformation is not
equal to Young’s modulus E; for longitudinal deformation.
We approximate the cantilevered front segments as a canti-
lever beam under a uniform load due to segment weight to
determine the deformation y. The beam bending between two
anchors is much less than this amount because those seg-
ments are supported at both ends.

Furthermore, for the case of small deformations, AR can
be approximated as

|AR| ~ 9R4L, (3)

where 1 is Poisson’s ratio, R is radius, Al is change in seg-
ment length, and L is segment length. Substituting into
Equation (3) the constraint defined in Equation (2) yields
[Appendix II shows the substitutions and the cancellations to
derive Eq. (4)]:

(m+b)4mSC L3 Mg &N (R)3
v % Al > 8EnR3tgg + (n— w(anr b)) 2E(LP )’ )

where m is the number of segments in a single wave, b is the
number of segments bridged between a pair of moving seg-
ments, mg., is the mass of a single segment, g is acceleration
due to gravity, E is Young’s modulus, R is the radius of the
segment, ¢ is the thickness of the segment, and w is the total
number of waves traveling down the length of the robot.

COT as a function of waveform, geometrical
properties, and Poisson’s ratio

A common metric to characterize actuators is how much
power is output normalized by weight.'® In this study, we
neglect kinetic energy because most worm robots are rela-
tively slow and we neglect frictional losses because we are
assuming perfect control eliminates slip. Thus, we can ap-
proximate the required power output by determining the
strain energy. If the primary energy cost is directly propor-
tional to the change in length, assuming the structure to have
linear elasticity, strain energy is

U= jVE;?, (35)

where V is the volume of the segment, E; is its Young’s
modulus in the longitudinal direction, and ¢ is the strain in
the deformed segment. The actuators must exert at least this
much energy (plus more to overcome mechanical ineffi-
ciencies). We are assuming that this energy is not recovered
when the structure is released based on our experience with
worm robots. Thus, normalizing by time and segment weight,
the power to weight ratio will be limited by

VE,&?

P> Zm,egIgAT’ (6)
where mg, is segment mass, AT is change in time, g is the
acceleration of gravity, and P is the power to weight ratio.
Assuming a segment has uniform density, we substitute

7

Equation (6) into (4), which determines how much seg-
ments have to move to lift off the ground. After simplifying
(Appendix II), we obtain

coT =

Videad U Ec

P 1E | nm+b)* (R’
~ 9E. [2wm(m+2b) <Z)

Bending Cost of
Transport Factor

TGt 2b)281n2— w(m +b)) (%) @) 2] - D

Compression Cost of
Transport Factor

The ratio of power to velocity and weight is P/v;qeq, Since
P is defined as power to weight ratio in Equation (6); in turn,
this is equal to the COT, a common dimensionless metric in
robots, which is defined by the energy expenditure per unit
weight per distance traveled. Thus, Equation (7) shows
how the power requirements of peristaltic locomotion are
fundamentally limited by desired speed (vigeq;) as well as the
geometry and material properties of the segments (charac-
terized by 9, R, L, t, and g—:), the actuation (which will de-
termine E; and L) and the waveform (which is characterized
by n, m, b, and w). Even though geometrical properties (R, L,
and 7) are important parameters for energy optimization, it is
the ratio of segment radius to segment length (R/L) and ratio
of segment radius to segment thickness (R/f) that is used to
optimize COT. In addition, calculation of the velocity of the
robot includes the rate of change of length and, thus, COT
depends on the rate of change of length and geometric ratios.
We discuss how these parameters relate to existing robots in
the following sections.

Structural implications of analysis: how current
worm-like robots couple length and diameter

This analysis [especially Eqs. (4) and (7)] show the im-
portance of maximizing Poisson’s ratio, ¢J. If the constraint of
Equation (4) is not met, the robot will have to slip along the
ground unless some other way of actuating anchoring is used,
potentially doubling the number of actuators on the robot. If
the constraint of Equation (7) is not met, the robot will not
have sufficient power to deform itself at the desired rate.

Although earthworms have circumferential and longitu-
dinal muscles, earthworm-inspired robots often use only
one actuation method, that is, circumferential or longitudinal
actuation, rather than using both. This is made possible by
length-diameter coupling, but a robot’s coupling mecha-
nism need not use incompressible liquid in a constant vol-
ume system, as in an earthworm. The critical challenge is
achieving a large effective Poisson’s ratio, ¥ which charac-
terizes how length and diameter are coupled:

9~ ‘ﬁ’z—j’;‘ . 8)

Researchers in the past four decades have developed
multiple ways of achieving length-diameter coupling and
corresponding Poisson’s ratio that allow structures to loco-

mote using peristalsis. For example, soft mesh structures
have often been used to achieve this effect. The basic element
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Air chamber

of a mesh structure is a thombus, in which a change in width
causes a change in the length (Fig. 4A). Mesh structures can
be made of expandable nylon as is done in MeshWorm*! or
using 3D printed pieces and flexible tubes to construct a mesh
structure as is done in CMMWorm.'” McKibben artificial
muscles®*! consist of an expandable bladder inside a tubular
mesh made of relatively inelastic fibers. When the bladder is
inflated, the diameter of the mesh increases (Fig. 4B). This
converts circumferential pressure forces into an axial con-
traction force. Springs are generally used to provide a return
force as the bladder is deflated.® Bellows can achieve high
axial strain and hence are used in multiple peristaltic robots
(Fig. 4C)."**7* Although the length-diameter coupling is
low in bellow structures, due to the scalability and simple
actuation techniques, these structures have been commonly
used, especially as the middle segment in two-anchor worm
robots, which are discussed as follows.

It is important to note that ¢ in Equation (7) is the effective
Poisson’s ratio of the entire structure. Thus, although a ma-
terial’s Poisson’s ratio is limited to range between —0.5 and
0.5, metamaterials and structural linkages can have higher
effective Poisson’s ratios. For example, the effective Pois-
son’s ratio for our mesh robot, CMMWorm is 1.4."7 Using
the simplified aforementioned equation, the approximate
Poisson’s ratio for PEW-RO’" is 2.9 and for Meshworm*' is
4. In many origami and kirigami structures, positive or
negative Poisson’s ratios can be designed.”’ Note that when
Poisson’s ratio is negative, the structure is auxetic,52 and in
that case the waves travel in the same direction as the body
travels.”!

S

Air filled bladder

Flexible case

Air filled chamber

Implication of analysis for actuation: artificial muscles
for fast, compact, and precise movements

Actuation choices are critical for peristaltic robots, which
are known for their large number of kinematically redundant
degrees of freedom.> The aforementioned analysis suggests
three key characteristics for actuators that determine the
performance of a worm-like robot. First, high speed, and thus
high strain rate (L) will maximize velocity [Eq. (1)]. Second,
compact actuators with high power to weight ratio (P)
maximize efficiency [Eq. (7)]. Third, this analysis assumes
that each segment moves precisely to avoid slip, minimizing
frictional losses. However, the analysis also shows that any
actuator stiffness can be appropriate (Fig. 5), especially if
the surrounding structure provides anisotropy in the form of

additional circumferential stiffness El/ Ec'14

Typically, if segment stiffness is sufficient, the actuators
need only pull one way and the passive compliance of the
structure acts as a return spring. Turning'* or climbingf54 re-
quires additional actuators. Reduced actuation as in'>>>-°
can enable peristaltic locomotion with a single actuator for
the whole robot. However, in such cases, the robot is less
modular and cannot adapt its gait as needed.

Traditional actuators can be used, but can be heavy and
difficult to integrate with a compliant segment structure. For
example, servomotors can tighten cables around the diame-
ter or zig-zagged along the length.'” These are easy to con-
trol, have a high energy density and a rapid response time.
However, they are typically heavy blocks that interrupt the
smooth body structure and cause limitations in structural
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FIG. 5. Peristaltic devices have been described with many different actuators. (A) Each actuator type consists of material
with a characteristic Young’s modulus. (B) The most popular actuation schemes are pneumatic actuators, shape memory
alloys, and servomotors. Robot speed normalized by body lengths is not correlated with body stiffness—there are fast robots
for stiff piezoelectric actuators and for liquid metal actuators. The colors in (B) correspond to the Young’s modulus as
shown in (A) Triangle, square, and rhombus symbols differentiate the type of waveform the robot uses for locomotion. Note
the break in the Y axis between 7 and 20. Numbers in brackets refer to references in the bibliography. Color images are

available online.

compliance and geometrical limits. Pneumatic pressure can
be used to change segment shapes,®****"% but require
compressors. On-board compressors are typically rigid and
compressing gas is an inefficient process. Wehner et al.®®
compare pneumatic energy sources for soft robotic applica-
tions and provide a framework to support the design of un-
tethered pneumatic soft robots. Pneumatic systems, however,
are less resistant to punctures and high temperatures. Pneu-
matic robots that incorporate McKibben actuators are con-
sidered hyperelastic structures.®® The analysis presented in
this article does not account for the nonlinearity of those
actuators, preferring to focus on a more general approach, but
these nonlinearities could be incorporated in future study.

Thus, worm robots are often some of the first body designs
to test new soft actuators. Shape memory alloys (SMA) are
soft and light, and are, therefore, common in worm robots and
worm robot skins.'**!*%5 A major advantage highlighted by
Seok’s SMA controlled worm is that the entire soft body is
resilient to damage such as being stepped on or hit with a
hammer.*' When heated, SMA can decrease diameter*! or
length,>* and the segment returns to its original shape when
cooled. This can be slow. Furthermore, in our experience, it
can be challenging to precisely pair heating and cooling rates.

Developing novel soft actuators that can replace their
metallic counterparts is of broad interest.®® The use of
polymers and other softer actuators, such as hydrogels and
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bio-hybrid actuators for worm robots, has seen remarkable
growth in the last few years.%”-*~7® These actuators might be
able to avoid the problems with heat actuation by responding
to light, chemical concentration or electrical current.”” A
major drawback of these soft actuators is their inability to
produce large force, which means the structure of the body
has to be correspondingly soft. However, soft actuators prom-
ise to improve in terms of speed, reliability, power con-
sumption, robustness, and ability to be easily integrated
within the structure.

Implications of analysis for waveform control:
effective gait patterns for locomotion

The shape of the peristaltic waveform can be altered for
speed [Eq. (1)] or efficiency [Eq. (7)]. Each segment can be in
one of the four possible states: circumferentially expanded
(anchoring), circumferentially contracted (bridging), ex-
panding in diameter, or contracting in diameter (Fig. 3). We
call the spatial pattern of these states the ““waveform.”’ Just as
a legged robot might have many possible gaits depending on
the number of legs, a worm-like robot can be controlled with
different waveforms depending on the total number of seg-
ments in the structure (1). We define each gait by the number
of moving segments per wave (m), number of waves travel-
ing down the length of the body (w), and number of bridging
segments between expanding and contracting segments (b).
The waveform determines the speed and efficiency of peri-
staltic devices.

In the literature, there are several different categoriza-
tions of waveforms for worm-like robots.'”**% The rest-
ing or initial state can be circumferentially contracted
(Fig. 6AL II) or expanded (Fig. 6AIlL IV). In either case, the
segments can be controlled with a complete transition or
with traveling waves, depending whether a new wave starts
before the previous one finishes. In the case of traveling
waves, the number of moving segments is constant if there
are enough segments to fit the entire pattern. Figure 6AIV is
most similar to our robot, CMMWorm, and is the type of
robot for which will we will consider optimization.

However, there are many robots that use a two-anchor
waveform (Fig. 6B) in which the middle segment is never
designed to anchor. This allows independent design for an-
choring segments and expanding segments. Instead of having
a wave of radial contraction travel down the length of the
body, the robot locomotes by discretely expanding and con-
tracting in diameter, and extending and retracting in length.
Segments capable of circumferential strain are capable of
anchoring, whereas the segments capable of longitudinal
strain are used for forward motion. The minimum number of
segments required for this type of locomotion is three, and
additional pairs of segments can be added.

Velocity-optimal and COT-optimal waves

What is the best waveform shape for a particular robot?
This analysis allows us to supplement empirical results with
theoretical optima for either speed or COT. Note that because
we made many simplifying assumptions (no slip, segments
are uniform thin hollow cylinders, small deformations, and
perfectly controllable segments), the relative contributions
of bending versus compression versus other types of energy

KANDHARI ET AL.

expenditure might be different for specific designs. However,
the general optimal waveforms should be preserved even if
precise deformation calculations vary.

First, consider a short (n=6) worm robot similar to our
robot CMMWorm. There are three possible gaits that meet
the aforementioned constraints (shown in Table 1). We pre-
viously called these 2x 1, 2x2, and 3 X 1,17 where the first
number represents the total number of moving segments per
wave (m+ b) and the second is the number of waves along the
body (w). For n=6, in all cases m =2, but there may either be
one wave with a bridge segment (3x 1, w=1, b=1), or one or
two waves without a bridge segment (2x 1 or2x2,w=1or2,
b=0). Previously, we showed that the 31 and the 2x2
waves were expected to be equally fast. In this study, we
extract geometrical and structural properties from our robot
CMMWorm, where the ratio of radius to length of segment,
R/L=0.5, ratio of radius to thickness of segment, R/t =30 and
the Poisson’s ratio=1.4. In addition, CMMWorm has an
anisotropic Young’s modulus, that is, the effective Young’s
modulus in the longitudinal direction is not the same as that
in the circumferential direction; the actual ratio is E/E;=
3x10* Inserting these numbers into inequality (7), we cal-
culated the robot’s COT for these three different wave-
forms. Next, we empirically measured the COT for the same
waveforms in our robot as described in the Materials and
Methods section and compared it with our calculated COT.
These results are shown in Table 1. Our analysis correctly
predicts that the 3 x 1 wave is more energetically efficient,
followed by the 2x2 wave, followed closely by the 2x 1
wave. Furthermore, due to the modularity of our robot, we
removed two segments and performed a 2x 1 wave on a four
segment robot. The measured COT for this case was 73.6,
which as predicted by our analysis is greater than a six-
segment 3 X 1 waveform.

It is not surprising that the measured COT is much higher
than the theoretical minimum predictions. The power cal-
culated is the mechanical power required to deform the
structure based on mechanics calculations. However, the
power measured is the electrical power input to the motors.
Electrical power was chosen because it is both easier to
compare across different actuation types, and more relevant
to battery power usage for future untethered robots. There-
fore, the measured COT will be higher because it includes
frictional and inertial losses in the motors and transmissions,
cable friction, ground-mesh interactions,l7 and electronics.
The losses in converting electrical to mechanical energy is
often substantial. For reference, Dynamixel’s actuator doc-
umentation (http://emanual.robotis.com/docs/en/dx1/x/x1430-
w250/) suggests a maximum expected efficiency of 25% and
this efficiency decreases for variable speeds and higher tor-
ques. This value would be multiplied by another efficiency
factor that represents losses when converting actuator power
to structural deformation of the 3D printed mesh structure.
Thus, we expected the measured COT to be greater than an
order of magnitude more than the predicted minimum COT.
However, the relative magnitudes across different waveform
shapes show the same pattern, indicating that the analy-
sis correctly predicts which waveforms are energetically
optimal. It may be possible to further decrease COT by op-
timizing AL for different waveforms [Eq. (4)], or changing
other parameters in Equation (7), or redesigning the actuation
system to increase electrical-to-mechanical efficiency.


http://emanual.robotis.com/docs/en/dxl/x/xl430-w250/
http://emanual.robotis.com/docs/en/dxl/x/xl430-w250/
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FIG. 6. There are different types of waveforms commonly used in peristaltic devices. (A) If there are large number of
segments (in this case shown with six, and with positive Poisson’s ratio), the original resting state can be either cir-
cumferentially contracted (I, II) or expanded (III, IV). In both cases, either all segments can actuate before any segments
return to resting state (I, III) or a traveling anchor can be generated with a constant number of anchoring segments (II,
shown with one anchoring segment, and IV, shown with four anchoring segments). (B) Two-anchor waveforms have three
segments but the middle and end segments have different functions, and thus a coupling ratio is not required. The middle
only extends in length, and needs never anchor. The ends need only anchor and release (not extend). Color images are

available online.

Next, we show that a difference in speed optimal (Fig. 7A)
and energy optimal (Fig. 7B) gaits persists in longer worm
robots by considering all possible waveforms for n=100. In
this case, the number of moving segments can vary between
2 and 50 for a single wave. The maximum no-slip velocity
occurs with 2 waves with 49 segments moving (case c: 24
pairs of actuating segments and 1 bridged segment, which
leaves only 2 anchoring segments) when the velocity would
be 12 times the segment strain rate. However, the COT of
such a wave is 71.9, which is relatively high. The most effi-
cient waveform would have 10 waves with 6 moving seg-
ments in each wave (case a). This waveform has only 60% of
the segments moving, and thus a speed approximately equal

to the segment strain rate. However, the actuators would only
need to overcome the segment stiffness required to keep
fewer segments aloft. Between these two waveforms is case b
in Figure 7, which is an approximation of the waveform of
an earthworm. Earthworms move ~48% of their segments
(according to our observations) with one or two waves trav-
eling down the length of the body. For a 100 segments worm,
that would correspond to 2 waves of 24 moving segments.
To generalize for arbitrary numbers of segments, we per-
form this energy optimization for each worm length from
n=4 (the minimum) to 150. In Figure 8A, the optimal power
requirements are dominated by compression cost at low
segment numbers, but the bending cost increases for higher
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TABLE 1. WAVE PROPERTIES AND CORRESPONDING IDEAL VELOCITY AND COST OF TRANSPORT
FOR THE DIFFERENT WAVEFORMS FOR A SIX-SEGMENT ROBOT

(T [T]  [[owes [] = m (]

Total No. of segments (n) 6 6 6
Actuating segments per wave (m) 2 2 2
Bridged segments (b) 0 1 0
No. of waves (w) 1 1 2
Anchoring segments ) 4 3 2
Ideal velocity normalized by L 0.166 L 033 L 033 L
Calculated ideal velocity (cm/s) 0.55 1.1 1.1
Measured velocity (cm/s) 0.36 0.79 0.77
Bending COT factor 0.015 0.04 0.007
Compression COT factor 1.72 1.14 1.72
Total predicted minimum required COT 1.735 1.18 1.727
Measured COT?* 67.7 30.8 59.7

Italic values indicate rate of change of length. .

A still from the waveform is shown in the first row and below that wave properties and bending and compression COT factors. L for
CMMWorm is 3.33 cm/s.

#Average electrical power input to the robot divided by velocity, which one expects to be much higher than rate of work done.

COT, cost of transport.

Color images are available online.
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FIG. 7. For a given number of segments, in this case 100, we calculate the velocity (A) and COT (B) for all possible
waveform combinations. The waveform using the least COT and the waveform with the maximum velocity are highlighted
by a black box (case a and case c, respectively). For minimum COT, the waveform is 10 waves of 6 moving segments each
wave. The ratio of moving segments to anchoring segments is 1.5. In contrast, for maximum velocity, the waveform is 2
waves of 49 moving segments each wave. The ratio of moving to anchoring segments is 49. From our observations,
earthworms move approximately half their segments using one or two waves (case b). Here there are 2 waves of 24 moving
segments each wave. The ratio of moving to anchoring segments is 0.92. Color images are available online.
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FIG. 8. Waveform parameters corresponding to the minimum COT (A) The best COT for a peristaltic robot decreases as
the number of segments increase until leveling off at ~0.8 after 10 segments. Orange line shows compression COT factor
and purple shows bending COT factor. The summation of both these factors is the total COT (black line). Bending COT is
always smaller than compression COT since the number of segments that are being cantilevered at the beginning of the
wave are always few. (B, C) The waveform parameters that result in best COT above are shown. As the number of segments
increases, it is suggested that the number of moving segments be limited and the number of waves increase, allowing small
cantilevers with large numbers of moving segments. The maximum number of moving segments is 6 in a single wave,
which is constant beyond 48 segments; however, the number of waves continues to increase from 5 to 15. (D) Thus, the
percentage of moving segments for energy-optimized waveforms (black line) is much lower than for velocity optimized
waveforms (blue line), especially as the number of segments increases. We show our robot (CMMWorm) velocity and
energy optimal data for four and six segments. We also show percentage of moving segments for earthworms in this case,
where we took measurements from three different worms with total number of segments (n) =142, 147, and 144. The
number of moving segments for each case was m + b=70, 67, and 64, respectively. (E) Ideal Veloc1ty for velocity optimal
waveform (blue line) ranges between 0.2L to 18L and goes off the scale as the number of segments increases beyond 20,
whereas for the COT-optimal waveform (black line) the velocity stops increasing just under L. COT, cost of transport. Color
images are available online.

numbers. The optimal total COT is high when the number of
total segments is low; as the number of segments increases,
the COT decreases and is almost constant as the number
of segments increases beyond 10. The optimal 10 segment
worm waveform is shown: It has one wave that travels down
the body with 5 moving segments (1 bridge, 2 expanding and
2 contracting). The other five segments are stationary an-
choring segments.

The specific gait pattern corresponding to the minimum
COT for each robot length is shown in Figure 8B and C. With
<12 segments, the energetic optimal waveform is 1 wave with

the size of the wave increasing (more moving segments
per wave). For robots with more segments, additional waves
should be added, with about five or six segments moving in
each wave. (Note that when the number of moving segments
is odd, a bridge is needed, b = 1; otherwise, when the number
of moving segments is even, b=0).

Thus, we can compare the percentage of moving seg-
ments for waveforms optimized based on velocity [Eq. (1)]
and COT (Eq. (7)] in Figure 8D. As the number of segments
increases beyond 12, the percentage of moving segments for
velocity optimization is between 90% and 98%, whereas for
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energy optimization the percentage is between 50% and 70%.
This suggests an explanation for why earthworms (red dot)
have so many anchoring segments—the faster waveforms
require much more energy. Results from CMMWorm (red
circles) are consistent with predictions of the equations.

As the total number of segments increases, the ratio be-
comes greater than one; that is, the number of moving seg-
ments is greater than the number of anchoring segments.
Figure 8E emphasizes the velocity for energy-optimized
waveforms, although velocity for energy-optimized wave-
forms is less than velocity optimized waveforms (energy-
optimized velocity ranges between 0.2—1.0 X segment strain

(Continued).

rate as compared with 0.2—-18 X segment strain rate), the COT
for the energy-optimized waveforms is much lower (COT for
energy-optimized waveforms is <1 and COT for velocity
optimized waveforms can reach 250).

In Figure 9, we compare ideal velocity as a function of
number of moving segments, optimal COT and waveforms
for published peristaltic robots. It seems likely that most of
these robots are designed for maximum speed, since peri-
stalsis can be a slow form of locomotion. As described ear-
lier, for fewer numbers of segments, higher velocity is
achieved when there are more moving segments; however,
this might not be the most energy efficient waveform.
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FIG. 9. This plot shows the different velocities that can be achieved by changing the number of moving segments. Gray
boxes indicate waveforms where the cantilevered segments will tip on flat ground as the number of moving segments in a
single wave is more than half the total number of segments. Robots moving more than half their segments can be designed
to operate in constrained environments (e.g., pipes), which allows them to achieve traction uniformly along their surface
area, thereby preventing them from tipping. Black boxes indicate that locomotion will require anisotropic friction. The black
line is the energy-optimized waveform. Peristaltic robots in existing literature are indicated by red dots. For example, red
dots for number of segments n=6 and maximum segments moving at once w(m + b)=3, are our robots, CMMWorm, 17
CMMWorm-S,'* and FabricWorm,”* Note: in those cases, in which the ratio of moving to anchoring segments is not
constant, that is, complete transition method (Fig. 6AlL III), we consider the ratio of maximum number of moving segments
to minimum number of anchoring segments. Note: References for robots mentioned asinumber of segments (n) maximum
segments moving at once (w(gm + b)), [3 2], 842,43,51,56.87 [4,2], 50.58,69,85,88,92 [5, 2] [4,3], 3.80; [5 3] [6 3], 14,1794
15,414 7,415 [6,51,%° [8,7),"%%¢ [12,10]." Color images are available online.

Conclusions and Discussion

After characterizing >50 worm robot designs (see exam-
ples in Fig. 1),”*°* we developed a template model (Fig. 3).
Assuming perfect segment control and no slip, the theoretical
speed of the idealized model [Eq. (1)] is limited by the rate of
extension of a segment and the number of moving segments
that can be lifted off the ground. Specifically, radial defor-
mation must exceed the vertical bending of cantilevered
moving segments in addition to vertical compression of an-
choring segments (Fig. 3C). Waveforms with many moving
segments concentrate body weight on a few anchoring seg-
ments, which then undergo greater vertical compression, and
thus will have to further extend those moving segments so as
not to drag on the ground. Similarly, more moving segments
will have to be further cantilevered from anchoring segments,
and thus will also require greater extension to counteract
bending deformation [Eq. (4)]. Approximations are found for
each of these bending and compression terms, based on as-
suming that each segment can be modeled as a uniform thin
cylinder of length L, radius R, thickness ¢, and with aniso-
tropic Young’s modulus. The bending term is proportional to
(%)~ and the compression term is proportional to £ times £.
Since R/L ranges from 0.1 to 1 for the robots in the literature
and the thickness must always be less than the radius, the

compression term dominates the overall COT as compared
with the bending term.

The model highlights three key design choices for a peri-
staltic robot. First, a segment structure with a nonzero ef-
fective Poisson’s ratio is needed, which has been achieved in
various ways (Fig. 4). Second, actuators capable of causing
longitudinal or circumferential strain are needed. We show
that at least nine types of actuators have been used in the
literature (Fig. 5). The actuation determines the mass and
greatly affects the overall stiffness (Young’s modulus) of the
robot and also can be characterized by speed and power-to-
weight-ratio. Finally, a worm robot requires the choice of a
waveform shape for control. Although several different wave
types have been used (Fig. 6), we propose a unified charac-
terization based on the number of moving segments per wave,
the number of waves, and any bridging segments in the wave
(see Table 1 for the complete list of possible examples for
n==06).

Based on these fundamental concepts, we developed an
expression for the required power-to-weight output of the
segment actuators [Eq. (7)]. The required power is propor-
tional to velocity, and inversely proportional to Poisson’s
ratio. Furthermore, the power expression also includes geo-
metric and waveform terms, which means that energetically
optimal waveforms can be found for various geometries
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(Fig. 7). Thus, such waveforms may provide a guide for
future robots, which may increase the number of segments
to increase speed or reduce power-to-weight requirements
(Fig. 8). Power-optimal waveforms have fewer moving seg-
ments and more anchoring segments than speed-optimal
waveforms, and most current worm robots are between speed
optimal and power optimal curves (Fig. 9). Worm robots with
larger numbers of segments will be increasingly possible with
improved techniques for fabricating large Poisson’s ratio
segment structure and with novel actuation materials with
high power-to-weight ratios. Measuring electrical power in-
put will be especially important for battery-powered un-
tethered robots.

We note that this analysis does not constrain the Young’s
modulus to a particular optimum value. This suggests that
robots capable of peristaltic locomotion can be made out of
any convenient materials, soft or hard. In our experience, it
is relatively easier to work with stiffer materials'* because
they tend to be easier to control, but if the actuator power-
to-weight ratio is too small, actuation may not be possible.
In addition, our analysis does not include specific actuator
models, but provides a baseline analysis neglecting nonlin-
earity of the structure and actuator performance. More ac-
curate models can be implemented to use this framework for
a specific robot. While developing a robot, researchers can
use the analytical guide developed in this article to calcu-
late waveform properties that might be most efficient given
geometrical properties, or can calculate geometrical proper-
ties given various waveform properties that might help with
the initial design of the structure.

Our analysis also suggests an alternative explanation for
the behavior of biological earthworms. Perhaps they have so
many anchoring segments (as first measured by Quillin'?) not
because of anisotropic friction (as has been previously sug-
gested Alexander'®), but because 60% of segments anchoring
is optimal for segments locomoting under gravity. To verify
the high percentage of anchoring segments in a dry flat en-
vironment, we duplicated these experiments with biological
earthworms and found that ~50% of segments were sta-
tionary at any given time.

On uneven terrain, sensory feedback is likely to be very
important for efficient motion. Although current robots often
use feedforward control for gaits, we have shown in simu-
lation that COT can be changed in response to feedback,
especially in constrained environments.'® Biological earth-
worms have a rich range of sensors and their behavior is
dominated by feedback: mechanosensory organs and stretch,
touch and pressure receptors along the length of the body
allow earthworms to locomote in constrained environments
and to burrow.”® Although there are many worm-like robots,
contact sensing has not been explored for most of them. We
have demonstrated that by implementing force sensors along
the circumference of the mesh structure of our robot, DiSCo-
Worm (Distributed Sensing Compliant Worm robot), slip can
be reduced while moving in constrained environments.*’
However, the use of traditional sensors such as force sensi-
tive resistors, stretch sensors, and inertial measurement units
hinder the deformable characteristics of soft robots. There-
fore, researchers are developing soft sensors’® and sen-
sors that are embedded within soft materials that will allow
the structure to retain its flexibility while achieving accu-
rate control.

KANDHARI ET AL.

Future worm robots are needed especially for confined spaces,
a challenging terrain for other types of robots. The anchoring
segments may need to take advantage of not only more than just
radial expansion but also perhaps anisotropic friction or a
changing friction coefficient.”’ The robots will also need to have
responsive turning behaviors to climb over and around obstacles.
The body stiffness may be critical for terrain adaptation or it may
be secondary to other environment-specific design criteria.
There remain many design challenges for future study in
making soft robots smaller, more autonomous and more re-
sponsive—and ultimately more like biological earthworms.
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contracting segments, b bridged segments, and " /, cir-
cumferentially expanding segment. The mass of each seg-
ment is me, (Fig. Al).

The position of the center of mass (COM) is defined as

(AL1)
2 2

{%Q+Mﬁ@uhwﬁfwu+ya+@a+umiﬁ¥ﬁ@ﬂ

n

(Appendix continues — )
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m

= contracting segments ~ expanding segments
| each of length I, | ["each offength 7 |

| |
b bridging segments ‘_—‘

each of length J, Anchoring segments

I I

Anchoring segments

APPENDIX FIG Al. Schematic depicting a total of n segments, where a total of m/2 segments are contracting in
diameter, m/2 segments are expanding in diameter and b segments are bridged between the contracting and expanding
segments. The length of each contracting segments is ., the length of the expanding segments is /., and the length of the
bridged segment is /,. For locomotion without slip, the anchoring segments are at their maximum diameter and do not move.
Color images are available online.

Taking derivatives of the length L with respect to time, the
velocity of the COM is

Vcom =
BLCJF%LCJF +%2_1)L0] +
[(gm %Lb) n (gm %@) N (gm S ”Lbﬂ I (AL2)
[(%Lc +bLy+ Le) + (3L +bLy+ 3L.) + (%Lc +bLy + ML)}
n
The length of the bridged segment does not change over For multiple waves traveling within the body, anchoring

time and for our case the rate of circumferential expansion is  segments would not move and the ideal velocity of the body
equal to the rate of circumferential contractions, which im- is multiplied by the number of waves.
plies that

. o e Viea = Mt 20) j (AL7)
L= —-L,=L. (AL3)
Simplifying Equation (2), we get Appendix Il. COT Calculation
[%LL +3L+ ..+ ML] |AR| > y+d , (AIL1)
+ [ %LC) + %Lf) +ot (% LC)] +( =1 where y is deformation due to cantilever of segments
m 1 m 3 my 2(5) -1
(7 Lo— fLC) + (7 L.— 2 Le ) + (7 L.— 22 LC>:| (4 D) mgeggl? (AIL2)
vcom - y o 8EI ' '
n
(AL4) I is the moment of inertia for a thin cylinder
veow = LT AIGL]. (ALS) 1= Rt (AIL3)
. m Am\C 3
Voon = 220 f (AL6) ry= A mesl (AIL4)

(Appendix continues — )
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d is the compression on the anchoring segments due to the
weight of the entire structure

__ megn (R
d= mm. (AILS)
1 is the moment of inertia for a thin rod, which is
I= 5L7. (AIL6)
fd= esn (K] (ATL7)

(n—w(m+b))2E(L? )"

For the case of small deformations, AR can be simplified as

|AR| ~ URAL. (AILSB)

IR > GRRE y (ALL9)

IRY > Mg (MR | (ALLIO)
el L ) LY

Note: E in Equation (AII.11) is Young’s modulus along the
circumferential axis, and is denoted as E. in the following
steps.

Energy in a linear elastic structure

U= JVE;?, (AIL.12)
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where V is volume and E; is Young’s modulus along the
longitudinal axis.

Assuming P to be the ratio of power to weight, P can be
written as

P _ VE]S2

= . (AIL13)

Substituting E into the LHS of Equation (AIl.11) and
substituting V for a thin cylinder=2nRLt and e = Al/L

IRIAIE, 2mes8ATP _ YRIAIE, 2my s AIPL> _ YATPE,
lm:eggL VizE, - m:eggL 27thLtAle, — 7Al E/ ¢ (AH 14)
. YATPE, (m+b)'r? (R)
Al E; > 81R3 (n— w(,rln +b)) 2(Lt* ):| ' (AIL15)
Multiplying and dividing the RHS by Vigea
Vigea = M) (AIL16)

9P E. (m+b)*L? n (R) Videa
i |: 8nR3 + (n—w(m+b)) 2(L? ):| l:wm(’g}zlb)l"] - (AIL17)

P 1 |:n(m+b)4L3 2n’n (R)3i| |: ( 1 i|

Videal >EL./E T Gimw(m T B) (L) m+2b)
1

(AIL18)

n(m M -3 n 2
cor > ﬂlg_é] {% (%) + wm(m+2b§(n27w(m+b)) (%) (%) i|

(AIL19)



