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90%

�𝐹 𝑙𝑖 𝑗 (𝑥) 𝐾𝑙 1 ≤

𝑖 ≤ 𝑁𝑙 1 ≤ 𝑗 ≤ 𝑀𝑙 𝑙

𝑥

𝑥 𝑐

L (𝑥, 𝑐) =
∑

𝑖, 𝑗,𝑙

‖ �𝐹 𝑙𝑖 𝑗 (𝑥) −
�𝐹 𝑙𝑖 𝑗 (𝑐)‖

2 .

G𝑙 (𝑥) =
1

𝑁𝑙𝑀𝑙

𝑁𝑙∑

𝑖=1

𝑀𝑙∑

𝑗=1

�𝐹 𝑙𝑖 𝑗 (𝑥)
[
�𝐹 𝑙𝑖 𝑗 (𝑥),

]T

𝐾𝑙 × 𝐾𝑙
𝑥 𝑠

L (𝑥, 𝑠) =
∑

𝑙

𝑤𝑙 ‖G𝑙 (𝑥) −G𝑙 (𝑠)‖
2,
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𝑤𝑙

‖A‖ A ℓ2
A A

L(𝑥, 𝑐, 𝑠) = 𝜆𝑐L (𝑥, 𝑐) + 𝜆𝑠L (𝑥, 𝑠),

𝜆𝑐 𝜆𝑠

𝜆𝑐 𝜆𝑠

𝑥 𝑐

𝑠

X0 = {𝑋0𝑖 }
𝑛
𝑖=1

X1 = {𝑋1𝑖 }
𝑛
𝑖=1

Y0 = {𝑌0𝑖 }
𝑛
𝑖=1

Y1 =

{𝑌1𝑖 }
𝑛
𝑖=1

𝑓0 (𝑥) 𝑓1 (𝑥)

X0 X1

𝐷 (𝑥) =
𝑓1 (𝑥)

𝑓0 (𝑥) + 𝑓1 (𝑥)
.

𝑌 Y0 Y1 𝐶 = 0

1 X0

X1 Y0 Y1

𝐶 𝐷 (𝑌 )

CCT(X0,X1;Y0,Y1) = 1 − 𝐻 (𝐶 |𝐷 (𝑌 )),

𝐻 𝐷 (𝑌 ) 𝐶

𝐻 (𝐶 |𝐷 (𝑌 )) = 0 CCT = 1 𝐶 𝐷 (𝑌 )

𝐻 (𝐶 |𝐷 (𝑌 )) = 𝐻 (𝐶) = 1 CCT = 0

{𝐷 (𝑌0𝑖 )}
𝑛
𝑖=1

{𝐷 (𝑌1𝑖 )}
𝑛
𝑖=1

ℎ0 (𝑧) ℎ1 (𝑧) 𝑍0𝑖 =

𝐷 (𝑌0𝑖 ) 𝑍1𝑖 = 𝐷 (𝑌1𝑖 ) 𝑖 = 1, . . . , 𝑛 JS

CCT(X0,X1;Y0,Y1) = JS(ℎ0‖ℎ1).

JS(ℎ0‖ℎ1) Z0 = {𝑍0𝑖 }
𝑛
𝑖=1

Z1 = {𝑍1𝑖 }
𝑛
𝑖=1

ℎ0 (𝑧) ℎ1 (𝑧)

Z0 Z1 Z0∪Z1

{𝑍0(𝑖) }
𝑛
𝑖=1

{𝑍1(𝑖) }
𝑛
𝑖=1

{𝑍 (𝑖) }
2𝑛
𝑖=1

ℎ̃0 (𝑧)

(0, 0),

(
𝑍0(1) ,

1

2𝑛

)
,

(
𝑍0(2) ,

3

2𝑛

)
, . . . ,

(
𝑍0(𝑛) ,

2𝑛 − 1

2𝑛

)
, (1, 1);

ℎ̃1 (𝑧)

(0, 0),

(
𝑍1(1) ,

1

2𝑛

)
,

(
𝑍1(2) ,

3

2𝑛

)
, . . . ,

(
𝑍1(𝑛) ,

2𝑛 − 1

2𝑛

)
, (1, 1);

ℎ̃(𝑧)

(0, 0),

(
𝑍 (1) ,

1

4𝑛

)
,

(
𝑍 (2) ,

3

4𝑛

)
, . . . ,

(
𝑍 (2𝑛) ,

4𝑛 − 1

4𝑛

)
, (1, 1).

ℎ̃0 (𝑧) ℎ̃1 (𝑧) ℎ̃(𝑧)

Z0 Z1 Z0 ∪Z1

𝑍 (0) = 0 𝑍 (2𝑛+1) = 1 𝜖 = min2𝑛
𝑖=0

[
𝑍 (𝑖+1) − 𝑍 (𝑖)

]
/2

JS(ℎ0‖ℎ1)

ĴS (Z0‖Z1) =
1

2𝑛

𝑛∑

𝑖=1

ℎ̃0 (𝑍0(𝑖) ) − ℎ̃0 (𝑍0(𝑖) − 𝜖)

ℎ̃(𝑍0(𝑖) ) − ℎ̃(𝑍0(𝑖) − 𝜖)
+

1

2𝑛

𝑛∑

𝑖=1

ℎ̃1 (𝑍1(𝑖) ) − ℎ̃1 (𝑍1(𝑖) − 𝜖)

ℎ̃(𝑍1(𝑖) ) − ℎ̃(𝑍1(𝑖) − 𝜖)
− 1

ĴS (Z0‖Z1) → JS(ℎ0‖ℎ1)

𝑛 → ∞

X0 X1 Y0 Y1

�CCT(X0,X1;Y0,Y1)

X0 X1

𝐷 : 𝑥 ↦→ [0, 1]

Z0 = {𝐷 (𝑦) : 𝑦 ∈ Y0} Z1 = {𝐷 (𝑦) : 𝑦 ∈ Y1}

ĴS(Z0‖Z1)

CCT

𝐷 : 𝑥 ↦→ [0, 1] X0 X1

Y0 Y1
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𝐷 : 𝑥 ↦→ [0, 1]

𝑠 ⊗ I

I 𝑠
�CCT

I0 I1
S 𝛿 ∈ (0, 1)

𝑠0 ∈ S

𝑡 = 0, 1, 2, . . .

𝑠𝑇 ⊗ I0 𝑠𝑇 ⊗ I0
𝑠 ∈ S

�CCT(∪𝑖≤�𝑠𝑖 ⊗ I0,∪𝑖≤�𝑠𝑖 ⊗ I1; 𝑠 ⊗ I0, 𝑠 ⊗ I1) < 𝛿.

𝑠�+1 = 𝑠

𝑌 ∈ Y0 ∪Y1

𝑍 = 𝐷 (𝑌 ) 𝐷 𝑌

𝑍

ℎ(𝑧) =
ℎ0 (𝑧) + ℎ1 (𝑧)

2
.

𝑝 (𝑐, 𝑧) 𝐶 𝑍 = 𝐷 (𝑌 )

𝑐 𝑝 (𝑐 = 0) =

∫
𝑝 (0, 𝑧)�𝑧 𝑝 (𝑐 =

1) =
∫
𝑝 (1, 𝑧)�𝑧

𝐻 (𝐶, 𝐷 (𝑌 ))

= −
∑

𝑐∈{0,1}

∫
𝑝 (𝑐, 𝑧) log 𝑝 (𝑐, 𝑧) d𝑧

= −

∫
𝑝 (𝑧 |𝑐 = 0)𝑝 (𝑐 = 0) log[𝑝 (𝑧 |𝑐 = 0)𝑝 (𝑐 = 0)] d𝑧

−

∫
𝑝 (𝑧 |𝑐 = 1)𝑝 (𝑐 = 1) log[(𝑝 (𝑧 |𝑐 = 1)𝑝 (𝑐 = 1)] d𝑧

= −

∫
ℎ0 (𝑧)

2
log

[
ℎ0 (𝑧)

2

]
d𝑧 −

∫
ℎ1 (𝑧)

2
log

[
ℎ1 (𝑧)

2

]
d𝑧

𝐻 (𝐷 (𝑌 )) = −

∫
ℎ(𝑧) logℎ(𝑧) d𝑧

= −

∫
ℎ0 (𝑧)

2
logℎ(𝑧) d𝑧 −

∫
ℎ1 (𝑧)

2
logℎ(𝑧) d𝑧.

CCT

1 − 𝐻 (𝐶 |𝐷 (𝑌 )) = 1 − 𝐻 (𝐶, 𝐷 (𝑌 )) + 𝐻 (𝐷 (𝑌 ))

= 1 −

∫
ℎ0 (𝑧)

2
log

[
ℎ0 (𝑧)/2

ℎ(𝑧)

]
d𝑧 −

∫
ℎ1 (𝑧)

2
log

[
ℎ1 (𝑧)/2

ℎ(𝑧)

]
d𝑧

= −
1

2

∫
ℎ0 (𝑧) log

[
ℎ0 (𝑧)

ℎ(𝑧)

]
d𝑧 −

1

2

∫
ℎ1 (𝑧) log

[
ℎ1 (𝑧)

ℎ(𝑧)

]
d𝑧

=
1

2
KL(ℎ0‖ℎ) +

1

2
KL(ℎ1‖ℎ) = JS(ℎ0‖ℎ1)

�

JS(ℎ0‖ℎ1)

JS(ℎ0‖ℎ1) =
1

2
KL

(
ℎ0

����
ℎ0 + ℎ1

2

)
+
1

2
KL

(
ℎ1

����
ℎ0 + ℎ1

2

)
.

1

𝑛

𝑛∑

𝑖=1

ℎ̃0 (𝑍0(𝑖) ) − ℎ̃0 (𝑍0(𝑖) − 𝜖)

ℎ̃(𝑍0(𝑖) ) − ℎ̃(𝑍0

(𝑖)
− 𝜖)

− 1 → KL

(
ℎ0

����
ℎ0 + ℎ1

2

)

1

𝑛

𝑛∑

𝑖=1

ℎ̃1 (𝑍1(𝑖) ) − ℎ̃1 (𝑍1(𝑖) − 𝜖)

ℎ̃(𝑍1(𝑖) ) − ℎ̃(𝑍1(𝑖) − 𝜖)
− 1 → KL

(
ℎ1

����
ℎ0 + ℎ1

2

)

𝑛 → ∞

�

𝜆𝑐 𝜆𝑠

𝜆𝑐 𝜆𝑠
𝜆𝑐

𝜆𝑠
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𝜆𝑐 𝜆𝑠
𝜆𝑠 = 105 𝜆𝑐

𝑠0, 𝑠1, 𝑠2, · · ·

𝑠� = 𝑠0 𝑡 ≥ 1

𝑠�
𝑡

𝑠�
𝑠0, 𝑠1, · · · , 𝑠�−1 𝑠�

𝛿

𝛿

𝛿

𝛿 = 0.75

𝑠0

𝑠�−1 𝑠� 𝑡 ≥ 1

𝑠�

𝑠�−1 𝑠� 𝑡 ≥ 1

𝑠�

80%

0.8010 = 10.74%

95% 0.9510 = 59.87%

1.67

𝜆𝑐

𝜆𝑐

𝜆𝑐

𝜆𝑐
𝜆𝑐 = 1.3
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𝜆𝑐

𝜆𝑐 = 2.1 1.8 1.3 0.8 0.5

𝜆𝑐

𝜆𝑐 = 0.8

𝛿

𝛿

𝑠 𝑠 ′ ≠ 𝑠

2184 48 × 47 = 2256

�CCT(𝑠 ⊗ I0, 𝑠 ⊗ I1; 𝑠
′ ⊗ I0, 𝑠

′ ⊗ I1) < 0.75.

< 0.82

𝛿 = 0.75

> 90%

𝑠0, 𝑠1, . . . , 𝑠9

80%

0.8010 = 10.74%
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84.6%

89.6%

18.8% 33.3%
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