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ABSTRACT. Tropical geometry and the theory of Newton-Okounkov bodies are two methods which produce
toric degenerations of an irreducible complex projective variety. Kaveh-Manon showed that the two are re-
lated. We give geometric maps between the Newton-Okounkov bodies corresponding to two adjacent maximal-
dimensional prime cones in the tropicalization of X. Under a technical condition, we produce a natural “algebraic
wall-crossing” map on the underlying value semigroups (of the corresponding valuations). In the case of the trop-
ical Grassmannian Gr(2, m), we prove that the algebraic wall-crossing map is the restriction of a geometric map.
In an Appendix by Nathan Ilten, he explains how the geometric wall-crossing phenomenon can also be derived
from the perspective of complexity-one T-varieties; Ilten also explains the connection to the “combinatorial mu-
tations” studied by Akhtar-Coates-Galkin-Kasprzyk.
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1. INTRODUCTION

Let X be an irreducible complex projective variety of dimension d. To study the geometry of X, we
can study the central fiber of a toric degeneration X of X, where a toric degeneration is a flat family of
varieties whose central fiber X is a toric variety; the fact that both X and X, appear as fibers of the flat
family X means that information about X can be read off of X. The combinatorial data associated to toric
varieties yield powerful tools for computing geometric invariants thereof. Hence, in the presence of a toric
degeneration X, it may be hoped that we can obtain geometric information about X from the combinatorics
associated to Xj.

In this paper, we focus on two well-known methods for constructing toric degenerations: tropical ge-
ometry, and the theory of Newton-Okounkov bodies. First we briefly recall the tropical geometry picture.
Given a variety X as above, realized as Proj(A) = Proj(C[z1, ..., z,]/I) where A is its homogeneous co-
ordinate ring and C[z1,...,z,]/I a choice of presentation of A, the tropicalization T(I) is a subset of R”
consisting of those (weight) vectors whose corresponding initial ideals in,,(I) contain no monomials (see
(2.7)). In fact, T(I) carries additional combinatorial structure, namely, it is a (d + 1)-dimensional subfan of
the Grobner fan. A Grobner degeneration of an ideal I to the initial ideal in,, (I) yields a toric degeneration
when the initial ideal in,, (1) is prime and binomial. Since primality is impossible if in,, (1) contains a mono-
mial, the tropicalization T(I) can be viewed as the set of weight vectors which provide candidates for toric
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degenerations. Now we recall the point of view of Newton-Okounkov bodies. A valuationv : A\ {0} — Q"
yields a multiplicative filtration on A and hence an associated graded algebra gr,(A), whose grading is
encoded in the value semigroup S(A,v) := image(r). When v is full-rank, then (since C is algebraically
closed) v has one-dimensional leaves by Abhyankar’s inequality (cf. [15, Theorem 2.3], also [[11, Theorem
6.6.7]), which implies that the associated graded gr,(A) is a semigroup algebra over the value semigroup
S(A,v). Hence, when S(A, v) is finitely generated, Proj of the associated graded is a (possibly non-normal)
toric variety, and the associated degeneration of A to gr, (A) is a toric degeneration [3].

This manuscript was motivated by the results of Kaveh and Manon, who showed in [15] that the two
approaches sketched above are related. Let C be a maximal-dimensional cone in J(I) and let in(I) denote
the initial ideal associated to C. Assuming that this in¢(I) is prime, Kaveh and Manon show that the
toric degeneration associated to inc () can also be obtained from the point of view of Newton-Okounkov
bodies. More precisely, they construct — using a set of rational and linearly independent vectors uy, . . ., ug41
contained in the cone C' —a valuation v : A\ {0} — Q?*! with respect to which the associated graded algebra
gr,(A) of A is isomorphic to the coordinate ring Clx1, ..., z,]/ inc(I) obtained through Grobner theory.

We can now sketch the first result of this paper. Suppose that Cy and C; are both maximal-dimensional
prime cones in T(I) and suppose they are adjacent, i.e., they share a codimension-1 face C' = C; N Cs.
First, we show that there are choices of {uy,uz,...,uqy1} € C1 and {u},us,...,uy,,} € Cy such that the
corresponding Newton-Okounkov polytopes A(A, v1) and A(A, v2) project to the same polytope under the
linear projection pyy 4 : R4*1 — R? which forgets the last coordinate. We also show that the fibers are of
the same Euclidean length (up to a global constant); we illustrate a very simple example in Figure[2.1] The
proof relies on variation of GIT quotients [10]. Once we know that the fiber lengths are equal, it follows that
there are two natural piecewise-linear maps F12 : A(A,v1) = A(A,1n) and S12 : A(4,11) — A(A,1s), the
“flip” and “shift” maps respectively, which behave as the identity on the first d coordinates. We call these
(geometric) wall-crossing maps. The precise statement is given in Theorem[2.7|

The geometric wall-crossing phenomenon for Newton-Okounkov bodies, as described above, can also
be derived from the theory of complexity-one T-varieties. Specifically, the content of Theorem|2.7|can be ob-
tained by adapting the arguments in [20]], which describe Newton-Okounkov bodies for normal complexity-
one T-varieties. (More details are in the Appendix.) This was observed by Ilten and Manon already in 2017
although not recorded explicitly in [12]. In the Appendix by Nathan Ilten, this complexity-one perspective
is briefly explained; in addition, Ilten explains the connection to the “combinatorial mutations” of poly-
topes, as studied by Akhtar, Coates, Galkin, and Kasprzyk [1].

We now describe the second set of results in this paper. In addition to the “geometric” wall-crossing maps
discussed above, under a certain technical hypothesis (stated precisely in Section [4.2), it is also possible
to construct — using a set of standard monomials coming from Grobner theory — a natural bijection © :
S(A,v1) — S(A,v2) commuting with the projection py; 4. We call this the algebraic wall-crossing. In
general, the map © is not straightforward to compute. Since the semigroups S(A4, v;) for ¢ = 1,2 are subsets
of the respective cones P(A,v;) := cone(A(A,v;)) and the maps F;2 and S;2 naturally extend to the level
of the cones, it is natural to ask whether © is simply the restriction to S(A,v1) of either of the geometric
wall-crossing maps. In Example Mwe show that, in general, the answer is no. However, for the case of
the tropical Grassmannian of 2-planes in m-space, we show that the algebraic wall-crossing map O is the
restriction of the “flip” map Fi2; this is recorded in Theoremw

The results of this paper suggest some natural directions for future work; we mention a small sample.
First, our Theorem 5.15/motivates the natural question: under what conditions is the algebraic wall-crossing
map a restriction of a geometric wall-crossing? Secondly, and as a special case, it seems natural to ask
whether our analysis of the algebraic and geometric wall-crossing for G7(2,m) can be generalized to the
tropicalizations of the higher Grassmannians Gr(k, m) for k > 2. Recent work of Mohammadi and Shaw
[18] on trop(Gr(3,m)) suggest that the case k = 3 may be tractable. In addition, it is well-known that
the Grassmannian Gr(2,m) is a cluster variety, and in this special case, our algebraic wall-crossing © can
be seen to be related to cluster mutation. In light of the work of Rietsch and Williams (e.g. [21}, Corollary
11.16]) we hope to better understand, in more generality, the connections between (both the geometric and
algebraic) wall-crossing maps and clusters.

We now briefly outline the layout of this paper. In Section [2] we establish the notation and setup for the
rest of the paper. In particular, we state precisely the result of Kaveh and Manon, on which this paper relies.
We then give a statement of our first main result in Theorem [2.7, namely, that the fiber lengths are equal.



WALL-CROSSING FOR NEWTON-OKOUNKOV BODIES AND THE TROPICAL GRASSMANNIAN 3

In Section [3| we give a proof of half of Theorem [2.7, which we formalize in Theorem [3.4] In Section 4| we
prove the second half of Theorem [2.7, namely, we construct the geometric “shift” and “flip” wall-crossing
maps; once we know the equality of fiber lengths, this is quite straightforward. Moreover, in Section4.2|we
define, under an additional technical hypothesis, an “algebraic wall-crossing” on the semigroups associated
to Cy and C;. We also show that, in general, the algebraic wall-crossing need not arise from either of the
geometric wall-crossing maps. Section [5|is devoted to the tropical Grassmannian of 2-planes in C™, and we
work out in detail what our results entail for this special case, including a concrete formula for the “flip”
geometric wall-crossing map in this case. We prove our main result of this section — that in this case, the
algebraic wall-crossing is the restriction of the “flip” geometric map — in Section|5.5| Finally, the Appendix
by Nathan Ilten discusses the complexity-one T-variety perspective.

2. BACKGROUND: NEWTON-OKOUNKOV BODIES AND TROPICAL GEOMETRY

In this section we briefly recall the background necessary for the statement of our main theorem (The-
orem [2.7). Throughout, X is an irreducible complex projective variety of dimension d and A denotes its
homogeneous coordinate ring. In particular, A is a finitely generated C-algebra and is positively graded.
Moreover, from the assumptions on X it follows that A is a domain and has Krull dimension d + 1.

We begin with a brief account of the theory of Newton-Okounkov bodies; see [15] for details. We restrict
to the setting above. Let  be an integer, 0 < r < d. Let < denote a total order on Q" which respects addition.

Definition 2.1. ( [15, Definition 2.1]) Consider (Q", <) as an abelian group equipped with the total order <.
A function v : A\ {0} — Q" is a valuation over C if

(1) forall0 # f,gin Awith 0 # f + g we have v(f + ¢) = min{v(f),v(g9)}
(2) forall0 # f,gin Awehave v(fg) = v(f) + v(g) and
(3) forall 0 # f and 0 # ¢ € C we have v(cf) = v(f), or equivalently, v(c) = 0 forall 0 # c € C.

The valuation v also gives rise to a multiplicative filtration F,, on A as follows. For a € Q" we define
2.1) Fora:i={f € AN{O}[v(f) ma} U{0}  and  Firq:={f € A\{0}|v(f) > a} U{O}.

Avaluationv : A\ {0} — Q" has one-dimensional leaves if for every a € Q" the vector space F,-,/F, ., is
at most one-dimensional. The associated graded algebra gr, (A) is defined to be

(22) gTV(A) = @ Fuia/Fu>a-
acQr

The ring structure on gr, (A) is induced from the ring structure on A. By construction, gr, (A) is graded by
S(A,v) since F,»,/F,+, # 01if and only if a € S(A,v). Note that an element g € A\ {0} can be mapped
to the associated graded gr, (A) by considering its associated equivalence class in the quotient F,»,/F,sq,
where a = v(g). Also, having one-dimensional leaves implies that, given a vector space basis for gr, (A)
which is homogeneous with respect to its grading, the map which sends an element of the basis to its degree
is a bijection.

We restrict attention to valuations of the following form. For a positively graded algebra A = ®y>0Ax,
we say that a valuation v is homogeneous on A if the following holds: forany 0 # f; € Aand 0 # f, € A4, if
deg(f1) < deg(f2) then v(f1) > v(f2) (note the switch). Specifically, we always assume we have a valuation
v:A\ {0} = N x Q! C Q" such that its first component is the degree, i.e.

(2.3) v(f) = (deg(f),v) : A\ {0} = N x Q"
where the total order on N x Q"1 is defined as follows: for (a,v), (b,w) € N x Q"~1,
(2.4) (a,v) = (b,w) if and only if (a > b, or, (a = band v <gr—1 w))

where the order <q.-1 on Q"~! is taken to be the standard lex order. Note this ordering first compares
the first coordinates and then breaks ties with the remaining coordinates; moreover, there is a reversal of
the ordering on the first coordinate. Clearly, such a valuation is homogeneous. We additionally assume
v: A\ {0} — Q" is a discrete valuation. The image S(A,v) := v(A\ {0}) C Q" of such a valuation is a

1A valuation is discrete if the image of the valuation is discrete in the target (in other words, for any y € v(A \ {0}), there exists
an open neighborhood U of y in Q" such that U N v(A \ {0}) = {y}).
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discrete additive semigroup of Q" and is called the the value semigroup (of v). The rank of the valuation
is the rank of the group generated by its value semigroup.

Definition 2.2. Let A be the homogeneous coordinate ring of a projective variety and v a discrete homoge-
neous valuation on A. The Newton-Okounkov cone of (A, v) is the convex set

Cone(S(A,v)) := {Ztisi | s; € S(A,v),t; € Rzo} C R

i=1

i.e. the non-negative real span of elements of S(A, v). The Newton-Okounkov body of (A, v) is the convex
set A(A,v) ;= {z; = 1} N Cone(S(4,v)).

Following [15] we say that a set B C A\ {0} is a Khovanskii basis for (4,v) if the image of B in
gr,(A) forms a set of algebra generators of gr,(A). Note that existence of a finite Khovanskii basis for
(A, v) implies that the associated value semigroup S(A, v) is finitely generated, which in turn means that
the Newton-Okounkov body of Definition [2.2]is a convex rational polytope, and thus is a combinatorial
object.

We next briefly recall some basic terminology in tropical geometry; for details see [15]. Let A be an
algebra as above and suppose B = {b1,...,b,} is any finite set of algebra generators of A which we assume
to be homogeneous of degree 1. Consider the surjective C-algebra homomorphism

(2.5) w:Clry,...,xn] > A

defined by 7(z;) = b; for 1 < i < n. This is a map of graded rings provided that we define the grading on
the polynomial ring by deg(x;) = 1 for all i. Let I := ker(w) C Clx1,...,z,] which is homogeneous since
7 preserves degrees. Then we have a natural presentation A = Clx1,...,,]/I associated to this choice of

generating set B, realizing Spec(A) explicitly as a subvariety of C™. Note that Spec(A) is the affine cone
over X 22 Proj(A) so we use the notation X := Spec(A).

As noted in [15) Introduction], conceptually it is more appropriate to talk about the tropicalization of a
subvariety of a torus. Geometrically, this corresponds to looking at the intersection X° := X N (C*)™ C A®
of X with the torus (C*)" sitting naturally in A”. Algebraically, this corresponds to looking at the algebra
(2.6) Clztt, .-zl /I*, where I* :=I-C[zi!,--- 2.

rn r'n

We will consider both I and 1 L below. Following [15] we define the tropicalization T(I) (or tropical variety)
of X corresponding to the choice of presentation A = Clx1,...,xz,]/I by

2.7) T(I) := {w € Q"] iny,(I) does not contain any monomials }.

This definition is a priori different from the definition appearing in [16, Section 3.2], but it is not difficult
to see that they are in fact equivalent. Thus T([) is a polyhedral fan which is pure of dimension d + 1 and
also is a subfan of the Grobner fan [[16, Proposition 3.2.8, Theorem 3.3.5]. For each cone C'in T(U) there is a
unique initial ideal denoted by inc (1) associated to this cone, defined to be in,, (1) for any w in the interior
of C.

Definition 2.3. We say a cone C'in T(I) = trop(X") is a prime cone if the corresponding initial ideal inc (1)
is a prime ideal. A maximal-dimensional prime cone is a prime cone C' with maximal dimension, i.e.,
dimg(C) = d + 1. (In [15] they use the terminology “maximal prime cone” instead.)

To state the result of Kaveh and Manon which relates Newton-Okounkov theory to tropicalizations, we
need the notion of a quasivaluation, which is nearly identical to that of a valuation (cf. Definition[2.1) except
that we allow for superadditivity in the multiplication.

Definition 2.4. ( [15, Definition 2.26]) Consider (Q", <) as an abelian group equipped with the total order
<. Let A be a C-algebra. A functionv : A\ {0} — Q" U {oc} is a quasivaluation over k if

(1) Forall0 # f,g, f + g wehave v(f + g) = min{v(f),v(g)}.
(2) Forall0 # f,g € Awehave v(fg) = v(f) + v(g).
(8) Forall0 # f € Aand 0 # ¢ € Cwe have v(cf) = v(f).
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As in the case of valuations, a quasivaluation gives rise to a filtration of the original algebra, as well as
an associated graded algebra, by using the same formulas (2.1) and (2.2). Conversely, one can construct a
quasivaluation from a decreasing algebra filtration F = {F, },cq- of A by C-subspaces by defining, for any

0#f€A,
(2.8) vy(f) :=max{a € Q": f € F,}.

(If the max is not attained, we define v#(f) := oc0.) The quasivaluations which are central to Kaveh and
Manon (and also for this paper) all arise in this manner via a pushforward filtration, as we now describe.

Let M € Q"*" be a matrix. Forp = )" _ cqz® € Clz1,...,z,] we define the Q"-valued weight valuation
Uy : Clzn, ..., ] \ {0} — Q" associated to M by
(2.9) Up(p) == min{Ma :c, #0} € Q"

where M« is the usual matrix multiplication, the exponent vector « is treated as a column vector, and the
minimum is taken with respect to the fixed total ordering on Q". [ In Grébner theory one frequently takes
a maximum, but in this paper we take the “minimum” convention. Similarly we define the initial form of p
with respect to M by

iny(p) = Z cpx”

B:MB=vn (p)
so we take only those terms with minimal value of M 3. We define the initial ideal of I with respect to M,
denoted inps(I), to be the ideal generated by all iny;(p) for p € I. Note that in/(I) is M-homogeneous in
the sense that h = iny;(h) for all h € inps(I). Next, let Fur denote the (decreasing) filtration on Clz1, . . ., ]
obtained from 7;,;. We define the weight filtration of A (associated to the surjection = and the matrix M) to
be the pushforward filtration 7(F)) on A given by the surjection in (2.5). The weight quasivaluation v,
is the quasivaluation on A associated to this weight filtration as defined by (2.8). In general, it need not be
a valuation.

We say that a C-vector space basis B for A is an adapted basis for (A, v) if the image of B in gr,(A)
forms a vector space basis for gr,(A). In the case of a valuation of the form v,; for some M as above, we
will see below (Theorem [2.5) that an adapted basis can be obtained through Grébner theory. Recall that
the maximal cones of the Grébner fan are indexed by monomial orders <; let C« denote the maximal cone
corresponding to <. Now suppose C' is a cone of the tropicalization T(I) which is also a face of C. Let
8(<,I) C Clxy,...,z,] denote the set of standard monomials with respect to I and <, i.e. the monomials
not contained in in< (1). It is well-known that the projection onto C[z1, ..., ,]/I of the monomials 8(<, I)
form a vector space basis for C[z1, ..., x,]/I. Finally, recall that the Grobner region GR(I) C R" of an ideal
I is the set of u € Q™ such that there exists a monomial order < such that in. (in,, (1)) = in<(I). We have the
following theorem, which motivates the current manuscript.

Theorem 2.5. ( [[15, Propositions 4.2 and 4.8]) Following the notation in this section, let C' C T(I) be a maximal-
dimensional prime cone. Let {u1,...,uqs1} C C be a collection of rational vectors which span a real vector space
of dimension d +1 = dim(C). Let M € Mat((d + 1) x n,Q) be the (d + 1) x n matrix whose row vectors are
Uty ... uger. Let vay o AN\ {0} — Q4F! denote the corresponding weight quasivaluation. Then vy is a valuation,
and the following hold:

(1) gry,, (A) = Clzy, ..., 2,/ inn (1) as Q4+ -graded algebras,
(2) If C lies in the Grobner region of I, the valuation vy has an adapted basis which can be taken to be the

projection via m of the standard monomial basis 8(<,I) for a maximal cone C. in the Grobner fan of I
containing C.

Remark 2.6. By an arqument similar to [23, Proposition 1.12], if I is a homogeneous ideal then its Grobner region
equals Q™, so in our case, the hypothesis in item (2) above always holds.

From item (1) of Theorem [2.5)it follows from basic tropical theory that the value semigroup S(A,vy)
(which is the semigroup of the toric variety corresponding to Clxy,...,z,]/inc([)) is generated by the

Note that if M € Q'*™ isa single row vector, then M« is just the usual inner product pairing of a “rank-1 weight vector” against
the exponent vector «, and the above rule recovers the usual Grobner theory.
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column vectors of the matrix M, and also that the associated Newton-Okounkov body A(A,vys) can be
explicitly computed as

(2.10) A(A,vp) = convex hull of the columns of M.

The results above suggest that there should be a straightforward relationship between the Newton-
Okounkov bodies associated to two maximal-dimensional prime cones Cy and C5 in T(I) if they are adjacent
in J(I), i.e., they share a codimension-1 face C' := C; N C5. The goal of this manuscript is to describe such a
“wall-crossing phenomenon” for Newton-Okounkov bodies and to work out the case of the Grassmannians
Gr(2,m). The first main result is Theorem [2.7/below. To state the theorem, we need some preparation. For
C, Cy and C; as above, fix, once and for all, a linearly independent set {u1,us,...,uq} of integral vectors
contained in C'. In particular, {u, ..., uq} span a real vector space of dimension d = dimg(C). We also fix a
total order < satisfying (2.4). We may assume that u; is chosen to be the vector (1,1, ..., 1) (this is possible
because the ideal I is homogeneous); this ensures that the corresponding weight valuation is homogeneous.
We also fix integral vectors wi € Cy and wo € Cy such that wy + > U5 (respectively wo + ) j u;) lies in the
interior of C; (respectively C5). Let M be the d x n matrix whose j-th row is the vector u; chosen above,
and let M (respectively M) denote the (d + 1) x n matrix whose top d rows are the same as those in M
and whose bottom (d + 1)-st row is equal to w; (respectively w,).

Let var,,vam, and vy be the corresponding weight quasivaluations on A. Theorem |2_5[ implies that
VM, , VM, are valuations. Although we remarked above that v, for arbitrary M need not be a valuation,
for M chosen as in our setting, we will prove in Lemma that vy = pp1,g) o vy, fori = 1,2. It can be
deduced that vy, is also a valuation from the fact that v, are valuations and py; g is a linear projection to
the first d coordinates.

Theorem 2.7. Let A = @Ay be a positively graded algebra over C, and assume A is an integral domain and
has Krull dimension d + 1. Let B = {b1,...,b,} be a subset of Ay (the homogeneous degree 1 elements of A)
which generate A as an algebra. Let I be the homogeneous ideal such that the presentation induced by B is A =
Clz1,...,z,)/I (as in 2.5)), and let T(I) denote its tropicalization. Suppose that Cy and Cy are two maximal-
dimensional prime cones in T(I) that share a codimension-1 face C. Let My, My, and M be the matrices described
above and vy, , var, and vy the corresponding weight valuations on A. Let A(A,var,) C {1} x R, A(A,vas,) C
{1} x R and A(A,var) C {1} x R~ denote the corresponding Newton-Okounkov bodies. Let ppy g : R4T! — R?
denote the linear projection R¥1 — R? obtained by deleting the last coordinate. Then

pr,a (A(A var)) = pr,a (A(A, var,)) = A(A, var)

and for any £ € A(A,vy), the Euclidean lengths of the fibers p[_l}d] (&) NA(A, vy, ) and p[_l}d] (&) NA(A,vp,) are
equal, up to a global constant which is independent of . Moreover, there exist two piece-wise linear identifications
Si2: Apny, — Apg, and Fio 0 Apy, — Ay, called the “shift map” and the “flip map” respectively, which have the
following properties: for ®15 € {S12, F12}, we have that the diagram

A(A, var,) 1

m P1,d]

A(A, VM)

A(A7 VM2)

commutes, and @15 preserves the Euclidean lengths of the fibers of 1 q4)-

Remark 2.8. The global constant appearing in Theorem|2.7|above depends only on the choices of the matrices My, Mo
and M which represent the cones C1, Cy and C respectively, which is why the constant is independent of the choice of
basepoint & € A(A,var).

Example 2.9. We illustrate Theorem [2.7]in an example which is explained in detail in Section 4 In this ex-
ample we can see explicitly that the lengths of the fibers under p; and p; are the same length; see Figure[2.1}

The next two sections are devoted to a proof of Theorem 2.7
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(1,3,4)
(1,0,0)
(1,2,-1)
Pll
PQT §
(1’ 273)
(1,0,0)
(1,3,-1)

FIGURE 2.1. Two polytopes projecting onto a common interval, and their fibers under the
projection maps.

3. THE FIBER LENGTHS ARE EQUAL

The purpose of this section is to prove the first half of Theorem [2.7} Specifically, we show in Lemma [3.1|
that we have a diagram

B

3.1) A(A,vpy) A(A,vn,)
P[1,d] P[1,d]
A(A, VM)

relating the 3 polytopes; then in Theorem 3.4/ we show the second assertion of Theorem[2.7, namely, that the
fiber lengths are equal (up to a global constant — cf. Remark[2.8). Theorem [3.4]is the substantive assertion
of Theorem and our argument uses a variation of GIT quotients. In addition to the projection p; 4,
we will also use ppj : R¥ — R, the projection which maps onto the first coordinate with respect to the
standard basis.

Lemma 3.1. Following the notation in this section, the images under the projection py g : R** — R of A(A, vy, )
and A(A, vy, ) are the same and are equal to the Newton-Okounkov body associated to vy, i.e.

Pr,d (A(A, var)) = pp,a (A(A var,)) = A(A, var).

For the proof of Lemma [3.1] the following is useful (see [15, Lemma 3.2] and remarks following). In
analogy to the classical Grobner theory, we say the (rank r) Grobner region GR"(I) C R™" is the set of M
such that there exists a monomial order < with in (inps (1)) = in< ().

Lemma 3.2. Following the above notation, for any f € Clz1,...,z,]|/I we have

(32) var(f) = max{pu () | f € Cles, ..., en] and m(f) = f}.
Moreover, in our setting, maximum on the RHS of the above equation is always attained.

Proof. The first claim is [15, Lemma 3.2]. The second claim follows from [15, Proposition 3.3, Lemma 8.7]
and the remarks following [15, Definition 2.27]. O

Using the above, we can explicitly compute v, as follows.

Lemma 3.3. Following the notation above, p(1 q) © Var, = Pl1,d] © VM, = VM-
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Proof. The valuation 7y, is by definition a minimum, i.e. 7y/(f) = min{Ma | ¢, # 0} for f = Y0 Cal®
and similarly for 7y, and 7y,. Therefore, the formula (3.2) is in fact a max-min formula. Moreover, by our
assumption on My, My and M we know that ppy g (Mia) = ppy,q)(Maa) = M. To prove the lemma we first
prove that

(3.3) P[1,q(minT) = minpp g(7T) and  pp,q(maxT) = maxpp q(7)
for any T C Z4}! such that both min 7" and max T exist. Indeed, from the definition of the total order

we have that a = b implies pji,q(a) = pp,q(b) for any a,b € Z‘g{)l. Then it readily follows that if T
achieves its min (respectively max) then the left (respectively right) equation of holds. Now suppose
f=24caz® € Clzy,...,xn]. Forany N € {M,M;, My} we define T v := {Na | ca # 0}. Since

T} y is finite, it achieves both its minimum and maximum, and by definition 7y (f) := minT} . For
feClxy,...,x,]/I and i = 1,2, we define

Ty, = {minT; ;. | f €Clay,..., ) and 7(f) = f}.

By the last claim of Lemma [3.2| we know that the maximum of T,y is achieved for i = 1,2, and there-
fore pjy gj(max Ty n) = maxpp g(Tf,n). As observed above, T y also achieves its minimum, so that
P[1,q) (min T ) = minpy g (Tf,N)' From the above we can compute that for i = 1,2

P (Vm; (f)) = pp,a(max Ty ar,) by

max pyy,q)(Tr,a,) since the max of T} yy, is achieved

= max{p1,q(min T, ) | f€Clay,...,zn]and 7(f) = f} by definition of Ty ar,

= max{min p1 4 (T »,) | feClz,...,z,)and n(f) = f} since T’ py, s finite

= max{minT% ,, | feClz,...,z,]and n(f) = f} since P[,q (M;a) = Mo for all «

= max{iy(f) | f€Clz1,...,z,]and 7(f) = f} by definition of 7

=vum(f)
as desired. O

We can now prove Lemma

Proof of Lemmal3.1] By Definition 2.2\ we know A(A,vy,) = Cone(S(A,vp,)) N ({1} x RY) fori = 1,2 and
similarly for A(A,vyy). Since pyy g is a linear map, p 4 (Cone(S(A, var,))) = Cone(ppi,q)(S(A, vay,))). Now
by Lemma@we know that ppy q(S(A4,vn,)) = S(A,va) for i = 1,2. Hence, Cone(ppy q(S(A,var,))) =

Cone(S(A,va)) for i = 1,2. The projection p; 4 preserves the first coordinate, so taking the level-1 slice
commutes with pj; 4 and the statement follows. O

We now wish to deduce a relationship between the fibers on the corresponding polytopes
Pl (©NAA ) and  pply () N A ).
for £ € A(A,va). An example was illustrated in Figure To facilitate this, we define functions £; and
Ly which record the lengths of these fibers, i.e.,
(3.4) Li: A(Avar) =R, & len(pyly (€) N A(A vay,))

for i = 1,2, where len denotes the standard Euclidean length in R¢*! with respect to which each standard
basis vector €;, 1 < ¢ < d + 1, has length 1. Since any polytope is an intersection of finitely many affine
half-spaces which are defined by linear inequalities, it is clear that both £; and £, are piecewise—linear
With this notation in place, we can state the following.

Theorem 3.4. Let & € A(A,var). Then the Euclidean lengths of p[*l}d] (&) N A(A,vpr) and p[*l’ld] &) NA(A, var,)
are equal, up to a global constant which is independent of . Equivalently, there exists a global constant k > 0 such
that KLy = Lo as piecewise linear functions on A(A, var).

3A real-valued function on a polytope A is piecewise linear if A can be written as a finite union of polytopes, on each of which f is
an affine function, i.e., it is a linear function plus a global translation.
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To prove this, we start with some preliminary observations. First, since the £;,7 = 1,2 are piecewise
linear, it is straightforward that there exists a regular subdivision of A(A, vs) such that both £, and £ are
affine on each cell. With this in mind, the following lemma shows that to prove that x£; = £ it suffices to
check equality on a suitable subset of points in A(A, vyy).

Lemma 3.5. Let A be an m-dimensional polytope, and let f, g : A — R be piecewise-linear functions on A. Suppose
there exist Q; C A for 1 < j < N for some positive integer N such that A = UL, Q;, where each Q; is a polytope
and both f and g are affine on Q; for each j = 1,..., N. Suppose that, for each j, 1 < j < N, there exist a set of
m+ 1 points {x; 1,22, ,Zjmy1} € Q; whose convex hull is an m-simplex, and such that f(x; ) = g(x; 1) for
all k,1 <k <m+1. Then f = gon A. In particular, to check equality of f and g above, it suffices to check, for each
Q;, the equality f(z) = g(x) for x in a dense subset of any open m-ball of positive radius contained Q) ;.

Proof. For the first statement, it suffices to check equality on each @); where £, L, are affine. Choose a j,
1 < j < N. Since ) is m-dimensional, an affine function on @), is determined by its values on m+1 affinely
independent vectors in @;. Since a set of m + 1 points whose convex hull is an m-simplex must be affinely
independent, the result follows. For the last statement, note that any open ball contains an m-simplex, as
long as the simplex is small enough, and it is clear that the vertices can be arranged to lie in the dense
subset. O

For the rest of the section we use the notation S; := S(A,vy,) and S := S(A,vy). By assumption on
the M; and M, the semigroups S; and S are contained in Z9*! and Z¢ respectively. We will also use A(S)
(resp. A(S;)) to denote A(A, vys) (resp. A(A,vay,)). Denote by G(S) (resp. G(S;)) the group generated by
S (resp. S;). The starting point of our argument is to observe that for appropriately chosen ¢, the Euclidean
lengths of the fibers pﬁl d ()N A(S;) have a geometric interpretation; this is the content of Lemma below.

We need some preparation. Let w;, w2 be the integral vectors which were chosen before the statement of
Theorem[2.7]

Lemma 3.6. in,,, (iny (1)) = inpg, (1) fori =1,2.
Proof. This is immediate from [[15, Lemma 8.8]. O

Since the cones C; are prime and maximal-dimensional by assumption, the corresponding initial ideals
inpg, (I) are toric ideals. Let X; for i = 1,2 denote the corresponding Grobner toric degenerations. Note that
Lemmal3.6Jsays that we may also realize X; as a Grobner toric degeneration of Y := Proj(Clz1, . .., @]/ ina (1))
By construction, and also by the assumptions in the special case under consideration, we know that inys (1)
is homogeneous with respect to a Z¢-grading; thus, Y is equipped with the action of a codimension-1 torus
T, and this torus still acts on the toric degeneration X;. More specifically, the full-dimensional torus acting
on X; (with respect to which Xj is a toric variety) contains T as a subtorus. We have the following.

Lemma 3.7. Let £ € A(S) N Q? be a rational point in the relative interior of A(S). Let m € Z, m > 0 such that
m& € Z4. Let i = 1 ori = 2. Then there exists a real positive constant r;, independent of &, such that the length
1en(pﬁ1d] (&) NA(S;)) is equal to k; /m times the degree of the GIT quotient X,/ /meT.

Proof. Leti =1 ori = 2. We know Xj is a toric variety and the moment map of the codimension-1 subtorus
is obtained by projection of A(S;) to A(S) via ppy,q [6, Section 28.3]. For m chosen as in the statement
of the lemma, we may consider m¢ as a point in mA(S), i.e. the m-scalar multiple of A(S). Note that
since T is codimension 1, the GIT (equivalently, symplectic) quotient by 7" will be complex 1-dimensional
and real 2-dimensional (cf. [17], [6, Theorem 23.1]). The degree of the GIT quotient X;//,,¢T is also the
symplectic volume of the symplectic quotient of X; at m¢ with respect to the m-scalar multiple of the
original T-moment map ( [7, Theorem 13.4.1], [6, Section 30.1]). The symplectic (GIT) quotient X;//m¢T is
equipped with a residual S'-action (C*-action) whose moment map image is precisely the fiber p[_l1 p) &n
A(S;) (multiplied by m) [6, Section 24.3]. It follows that the symplectic volume of the symplectic quotient
is m times a normalized Euclidean length of P[_11 P (&) NA(S;) [6, Section 30.1]. Here the normalization factor
k; depends on the index of G(S;) N {z1 = --- = 4 = 0} in Z and is hence independent of ¢, as claimed. O

The above lemma indicates that in order to prove Theorem [3.4) it suffices to show that the degrees of the

two GIT quotients X //.,¢T and X5/ /meT are equal. This is where we use a variation of GIT. We have the
following.
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Lemma 3.8. deg(X1//meT) = deg(Xa//meT).

Proof. We observed above that both X; and X5 are Grobner toric degenerations of Y/, since in,,, (inar (1)) =
inpy, (I). This means that there exist flat families X(; and X5 over Al such that the generic fibers are isomor-
phic to Y for both X; and X5, and the special fiber is isomorphic to X; and X respectively. We also saw that
there is an action of a codimension-1 torus on Y, X; and X5, and it is straightforward to see that this action
extends to the families X; and X,. By [10, Theorem 2.1.1] we know that, for ¢ = 1 or ¢ = 2, the global GIT
quotient of the entire family by 7" at m¢ is a flat family X;//,.¢T over A! whose generic fiber is Y/ /,,¢T and
whose special fiber is X;//m¢T. Since the family is flat, we know deg(Y/ /e T) = deg(Xi//meT). Since this
equality holds for both ¢ = 1 and i = 2, we conclude that deg(X1//m¢T) = deg(X2//meT'), as desired. [

Proof of Theorem|3.4, From Lemma |%_5[ it suffices to check the equality of lengths at all rational points in the
interior of A(S). Let £ € A(S) N QY be an interior point and choose m > 0,m € Z such that m¢ € Z¢. By
Lemmawe know that £1(£) = =L deg(X1//meT) and Lo(§) = 22 deg(X2//meT) where both £y, ko are
real and positive global constants that are independent of £. From Lemma (3.8 we know that the degrees
of the two GIT quotients X;//,,¢T and X5//.,¢T are equal, so we conclude = ;252(5) Setting
Kk = kg/k1 completes the proof. O

4. WALL-CROSSING FORMULAS FOR NEWTON-OKOUNKOV BODIES AND VALUE SEMIGROUPS

The main result of this section is the construction of explicit wall-crossing maps S (the “shift map”) and
F (the “flip map”) mentioned in Theorem 2.7, thus completing the proof of Theorem[2.7} This will complete
the proof of our main result, Theorem [2.7| Since these maps are defined between the polytopes, we refer
to these as the “geometric wall-crossing” formulas. Then, in Section 4.2, we construct a bijective map
© : S; — Ss on the semigroups that covers the identity on S := S(A, vjs) and behaves well with respect to
the generators of the semigroups, in a sense to be described below (see Lemma4.3). To distinguish the map
O from the geometric wall-crossing maps, we refer to © as the “algebraic wall-crossing map”. It should be
emphasized that the algebraic wall-crossing map © is not necessarily a semigroup homomorphism, and it
does not necessarily arise as a restriction of a geometric wall-crossing map to the semigroup. Example 4.5
illustrates these points.

4.1. Geometric wall-crossing for Newton-Okounkov bodies. The goal of this section is to construct the
two piecewise-linear maps F and S between the Newton-Okounkov bodies A(S7) and A(Sz) in the same
setting as Section 3| For the purpose of this discussion we view the polytopes A(S;) and A(Sz) in the
“level-1” affine subspace {1} x RY C R%*! as in Section[3]

Let i = 1 or 2. Since A(S;) is a polytope and projects to A(S), there exist piecewise-linear functions
;i : A(S) = Rand ¢; : A(S) — R such that

@1 AS) ={((1,v),2) € {1} x R x R|(1,v) € A(S), ¢i(1,v) < z < (1, 0)} C {1} x R™.
From Theorem [3.4/we know that for any (1,v) € A(S) we have

@2 da(1) — (1) =lem (57 (1,0) N ASY)) = ~len (p7(1,0) N A(S:)) =~ (a(1,0) — (1)

where £ := |k /k2| is the global constant, appearing in Theorem which depends on the choices of
C;, M;. Using this, we define the shift map Si2 by the formula

Sy : R+l _y Rrtl
4.3) (Lv,2) = (1,v,6(z — p1(1,v)) + p2(1,0))
and we define the flip map F;5 as
Fip : R™ R
(4.4) (Lv,2) = (1,0, k(=2 + @1(1,v)) + ¥2(1,v)).

We can now complete the proof of Theorem 2.7}
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Remainder of proof of Theorem M Since we already saw in Lemma [3.1/and Theorem [3.4/that the first claims
of Theorem-hold it remains to show that the maps S;2 and F12 from A(S) to A(S2) are piecewise-linear,
bijective, and that the following diagrams commute:

) >z A(S:)  A(S)) Fz A(S)
A(S) A(S)

To do this, we first check that the maps are well-defined, i.e., they take values in A(Ss) as claimed. It is
straightforward to check that both maps are injective. Let (1,v, z) € A(S7). We have

p1(Lv) <2z <Yi(Lv) © 0 < 2 —oi(1,v) <¥i(1,0) = v1(1,0)
& p2(1,v) < k(2 = 91(1,0)) + @2(1,0) < K(P1(1,0) = @1(1,0)) + @2(1,0)
< 0a(1,v) < k(2 — p1(1,0)) + ©2(1,v) < Ya(l,v) — wa(1,v) + pa(1,v)
< p2(1,v) < k(2 = 91(1,0)) + @2(1,v) < P2(1,0)

where we have used the fact that x(¢1(1,v) — ¢1(1,v)) = ¥2(1,v) — wa(1,v). It follows that S;5 is well-
defined, and the argument for F;, is similar. Since v;, p;,7 = 1,2 are piecewise-linear, it follows that both
S12 and Fy2 are piecewise linear. Similar arguments show that both are bijective, and the diagrams commute
by construction. This completes the proof of Theorem 2.7, O

4.5)

We can extend the definitions of the shift and flip maps to the cones Cone(S1), Cone(S3). This is useful
when we consider the relationship between the geometric wall-crossing maps S15 and F;, with the algebraic
wall-crossing map to be defined in the next section.

Remark 4.1. Let (s,v) € Cone(S1) for s # 0. By rescaling, we obtain that that (1, Lv) € A(S1), since Cone(S1)
is the cone over A(Sy). Then F2(1, 1v) € A(SQ) and therefore s - F1(1, 1v) € Cone(Sy). A similar formula holds
for Sy2. Thus we can extend the shzft map (4.3) and the flip map (4.4) to Cone(S’l) as follows:

12 : Cone(S7) — Cone(S?)
(s,v) = s-Fia(1,v/s).
The same holds for S12.

4.2. Wall-crossing for value semigroups. In the previous section, we constructed maps between the Newton-
Okounkov polytopes A(S1) and A(Sz) associated to the maximal-dimensional prime cones C and Cs. In
this section, we turn our attention to the underlying semigroups S; and S and ask whether there exists a
natural bijection © : S; — S5 between them which would cover the identity on S, i.e., so that the diagram

(4.6) S ——2 5

P[1x ‘A d]

commutes. The answer, which is the content of this section, is that there does exist such a natural map, at
least under the hypothesis that the two cones C; and C are both faces of a single maximal cone C. of the
Grobner fan of I. Let 8§(<, I) C C[z1, ..., z,] denote the set of standard monomials with respect to I and the
monomial order < and let b, := m(2®) denote the projection to A of z* € §(<, I). The following is known.

Proposition 4.2. ( [15, Proposition 3.3]) Given C' as above, let M be an r x n matrix with j-th row equal to u; for
linearly independent vectors {uy, ..., u,} C C. Then the set B := {b,} is an adapted basis of A with respect to v;.
Moreover, we have inc (inpr (1)) = in< (I).

The point of the above proposition is that, if C; and C5 are both faces of the same maximal cone C.
in the Grobner fan, then the same set $(<, I) of standard monomials with respect to < projects to give an
adapted basis of A for both vy, and vyy,. This fact allows us to produce a function S; — S as follows.
Applying Proposition 4.2|to M; for i = 1 and 2, we conclude that B is adapted to both vy, and vyy,. Since
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both vy, and vy, have one-dimensional leaves, we can conclude that the valuations vy, for ¢ = 1 and 2
induce bijections
61 : B — S; defined by b, — var, (ba)
for each b, € B, and similarly
0> : B — S, defined by b, +— var, (ba).
Then the function on semigroups may be defined by

(47) O = 92 ¢} 9;1 : Sl — 52.

We refer to O as the algebraic wall-crossing map. Moreover, the above argument shows that this is well-
defined and a bijection.

The following, which is a straightforward consequence of [15, Lemma 2.32], will be computationally
useful.

Lemma 4.3. Let © : S} — Sy be the map defined above and let z* € §(<, I). Then ©(Mia) = Maa.

We now show that the diagram (4.6) commutes. Recall that the projection map pyy 4 : S; — S forgets the
last coordinate.

Lemma 4.4. The map © covers the identity on S, i.e., for all u € Sy, we have pjy g)(u) = pp1,q(O(u)).

Proof. Since 6, and 6, are bijections, we know that any element in S; (respectively S») can be written as
M« (respectively Msa) for some 2 € §(<,I). Lemma [4.3/ implies that it suffices to show that, for all
r® € 8(<,I), we have p1 g/ (Mia) = pp1,q/(Macr). This follows immediately from the fact that M; and M,
are equal except on the bottom row. O

Since the map © defined above is a map between semigroups, it is natural to ask whether O is in fact
a semigroup homomorphism. Moreover, since the shift and flip maps of Section |4.1/ can be defined on
all of Cone(S1) and the semigroup S; lies in Cone(S;), we can ask whether the restriction of either of the
“geometric” wall-crossing maps —i.e. the shift or the flip map — to the subset .S; is equal to ©. It turns out
that, in general, © need not be a semigroup homomorphism, and © is not necessarily obtained by restriction
of Sy or Fy2. We give an example to illustrate this.

Example 4.5. First we illustrate that the algebraic wall-crossing map need not be the restriction of either of
the geometric wall-crossing maps.

Let f = x3! — 282z, — alasa} € Clwy, 20, 23,24) and let I = (f) be the principal ideal generated by
f. The tropical hypersurface T((f)) is defined to be the set of (u1,uz,u3,us) € R* such that in,(f) is not
monomial. It is not hard to see that two of the maximal (3-dimensional) cones of T({f)) are given by

C, = Cone{(0,0,—1,4),+(1,1,1,1),£(0,1,2,3)} and
Cy = Cone{(0,0,3,—1),+(1,1,1,1), £(0,1,2,3)}.

(There is another maximal cone C3 which we do not need to consider, since it is not prime.) The initial
terms of f corresponding to the cones C; and C above are

ing, (f) = z3' — 28232, and

in, (f) = @3" — wjwsa].

We claim that both in¢, (f) and ing, (f) are irreducible, and thus that C; and Cy are maximal-dimensional
prime cones in T((f)). It is clear from the above that C; and C, share a codimension-1 face, so this means
we are in the situation being discussed in this manuscript. Since the arguments for irreducibility of in¢, (f)
and ing, (f) are similar, we sketch the argument only for in¢, (f). Consider the matrix

11 1 1
A=10 1 2 3
0 0 -1 4

Then the kernel of A, considered as a linear transformation C* — C*, is spanned by the vector (—6, 11, —4, —1).
Define a map ¢ : Clz1, o, 3, 24] — C[tE', t51, 5 by 21 v t1, 20 > tita, x5 > ti1tht;* and x4 — t1t3t5.
Let I4 := kerp. This is a prime ideal since the image of ¢ is a domain (being the subring of a domain); it
is also called the toric ideal of A. By [9, Exercise 3.2, Section 3.1], 14 is principal since A has rank 3. It is
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straightforward to check that in¢, (f) is contained in I4 = ker. We now claim that ing, (f) is a minimal
generator of /4. We need some notation. For a vector o € Z* we define a4 and a_ by the formulas

(OL )7 o; ifa; >0 (a )4.7 0ifa; >0
He 0if0é¢<0 A —aiifaig().

By [9, Theorem 3.2], there exists a binomial f, = 2%+ — 2% with a € ker(A4) N Z* such that f,, generates I4
and divides in¢, (f). Since the kernel of A is spanned by (—6,11, —4, —1), there must exist a constant ¢ € C
such that ¢(—6,11, —4, —1) = (a1, a2, a3, a4). Since a € Z*, we conclude ¢ must be an integer. If ¢ # +1,
then the total degree of f, is greater than 11, so we conclude ¢ = £1. This then implies f, = +in¢, (f).
Thus, in¢, (f) is a minimal generator of 14, and since 14 is prime, in¢, (f) is irreducible. A similar argument
shows ing, (f) is irreducible. We conclude that Cy and C5 are both maximal-dimensional prime cones.

For the cones Cy and C; we may choose the corresponding matrices M; and M; as follows

11 1 1 111 1
Mi=[0 1 2 3] and My=[0 1 2 3
00 —1 4 00 3 -1

We illustrated the pair of polytopes associated to these matrices in Figure[2.1|

Notice that both C; and C; lie in the maximal cone of the Grobner fan corresponding to in< (1) = (x3!).
The standard monomials $(<, I) for I with respect to (a choice of such) a monomial order < for this Grobner
cone is the set of all monomials not divisible by z3!. Since x1,z2, 73,24 are all standard monomials, the
algebraic wall-crossing map © sends the j-th column of M to the j-th column of M, for 1 < j < 4. In
particular, ©(1,1,0) = (1, 1, 0), since the second column goes to the second column. The Newton-Okounkov
bodies in question are the convex hulls of the columns of M;, which we now view as polygons in R?
{1} x R2%. Thus the point (1,1,0) considered above is now identified with the point (1,0) in R?, and this
point is contained in the interior of both A(A, vy, ) and A(A, vy, ), see Figure Moreover, we have just
seen that this interior point (1,1, 0) in A(A, vas, ) must be sent by O to the point (1,1,0) in A(A, v, ). Itis
an easy exercise to check that neither the geometric “flip” map Fi2 nor the geometric “shift” map Si can
accomplish this. Therefore, the algebraic wall-crossing map © does not arise as the restriction of a geometric
wall-crossing in this case.

FIGURE 4.1. The Newton-Okounkov bodies for the matrices M; and M in Example

Secondly, we show that for this example the algebraic wall-crossing © is also not a semigroup homomor-
phism. We follow the notation above. As already noted, the standard monomials of in¢, (I) with respect
to < are all monomials not divisible by z1!. We have also already seen that ©(1,1,0) = (1,1,0). If © were
a semigroup map, then we must have ©(11,11,0) = 11 - ©(1,1,0). However, since z3! is not a standard
monomial, in order to compute © of (11,11,0) = 11(1,1,0) = M; - (0,11,0,0) we must first find a standard

monomial 2% € 8§(<, I) such that M - (0,11,0,0) = M;a. Notice that #8243z, accomplishes this. Therefore,
O(11,11,0) = O(M; - (6,0,4, 1)) = My(6,0,4,1)" = (11,11,11) # 11- (1, 1,0)

where by slight abuse of notation we have denoted vectors occasionally as rows and at other times as
columns. Hence we conclude that © is not a semigroup map.

5. EXAMPLE: THE GRASSMANNIAN OF 2-PLANES IN m-SPACE

In this section, we illustrate the wall-crossing phenomena developed above for the tropical Grassman-
nian trop(Gr(2,m)). In addition, although we saw in Example {4.5|that the algebraic wall-crossing map is
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not necessarily the restriction of a geometric wall-crossing, we show in Theorem [5.15| that in the case of
trop(Gr(2,m)), the algebraic crossing O is the restriction of the geometric “flip” map.

5.1. Background on the tropical Grassmannians. To begin, we briefly establish some notation. Let Gr (2, m)
denote the Grassmannian of 2-planes in C™ embedded in P(A?(C™)) via the Pliicker embedding. For each
subset J C [m] := {1,2,...,m} of cardinality 2 we associate a variable p;. It is well-known that the ho-
mogeneous coordinate ring A of Gr(2, m) with respect to the Pliicker embedding satisfies A = Clp; : J C
[m], |J| = 2]/I2,, where I5 ,, is the Pliicker ideal

(6.1) I = (pijpri — Pikpji + Papje | 1 <i<j<k<l<m)

(see e.g. [16, Proposition 2.2.10]). Let us now briefly summarize some facts about the tropical Grassmannian

T(Ia2m) = trop(érO(Q, m)); see [16,22]. We need some terminology. A phylogenetic tree on [m] is a tree
with m labelled leaves and no vertices of degree 2. The m edges which are adjacent to the leaves of the
tree are called pendant edges and the others are called interior edges. Given a phylogenetic tree 7 on [m],
a tree distance is a vector d = (d;;) € R(3) constructed as follows. Assign a length ¢, € R to each edge ¢
in 7 (note we do not assume the lengths are positive). Since 7 is a tree, there is a unique path connecting
any two leaves i and j; let d;; be the sum of the lengths /. of all the edges in this path. The set of all tree
distances in R(%) is called the space of phylogenetic trees.

Theorem 5.1. ( [16, Theorem 4.3.5]) The negative —T (I3 ) C R() of the tropical Grassmannian is equal to the
space of phylogenetic trees with m labelled leaves.

We now briefly describe the fan structure of T(I ,,) C R(g) For details and proofs see [16]. The maximal
cones of T(I5 ,,, ) are in bijective correspondence with the set of trivalent trees on [m], where a tree is trivalent

if all the interior vertices are incident to exactly three edges. We label the coordinates in R(%) by the subsets
J of [m] of cardinality 2, corresponding naturally to the Pliicker coordinates p;. For such a subset J, let e
denote the standard basis (“indicator”) vector with a 1 in the coordinate labelled by J and 0’s elsewhere.
The lineality space[’| L is given by

L:span(Z eJ|1§i§m>

Jued

and this m-dimensional subspace is contained in all cones of T(I3,,). The ideal I, ,, is a homogeneous
ideal with respect to the usual Z-grading where deg(p;) = 1 for each Pliicker coordinate p;, so we also
note that L contains the vector 1 := (1,1,1,...,1) € R(%), Next, let 7 be a trivalent tree and ¢ be an edge
of 7. The choice of ¢ naturally yields a partition of the m leaves into two subsets J. and J¢, given by the

decomposition of the vertices obtained by removing . We can define a corresponding tree distance

(5.2) d.= Y ey

i€Je,jEJS
obtained by assigning length 1 to the edge €. By Theorem —d. € T(I2,m). However, we would like to
keep the entries positive. In the case in which € is a pendant edge, since —d. € L we will use d, instead.
In the case in which ¢ is an interior edge, since 1 € L we will use the vector 1 — d, € T(I2,,) instead. The
maximal cone C; corresponding to such a tree 7 is isomorphic to RZ; * x R™ and can be described explicitly
as

C,=Cone1-— Z €ij

i€ jeJg

¢ an interior edge ; x span{ Z ej|l<i< m} > R7; % < R™

Jued

where Cone denotes the non-negative span of the given set of vectors, and span denotes the usual R-span
[16, Proposition 4.3.10].

4The lineality space of T(I) for an ideal I is the subspace of w € R™ such that in,, (I) = I.
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5.2. Newton-Okounkov bodies of adjacent maximal-dimensional prime cones in T(Iz ,,). We now de-
scribe the Newton-Okounkov bodies and value semigroups associated to adjacent maximal-dimensional
prime cones in T(I3 ,,). To begin, we need to know the set of maximal-dimensional prime cones in T(I3 ).
The following is known.

Lemma 5.2. ([16, Remark 4.3.11]) Let T be a trivalent tree on [m] and let C; be the associated cone in T (12 ). Then
the initial ideal ingc_ (I3 ) corresponding to C is a prime ideal. Equivalently, all the maximal cones of T(I2 ) are
prime in the sense of Definition|2.3|

From Lemma [5.2]it follows that we can apply Theorem [2.5/to any maximal cone C; in T(I2,,). Doing
so involves an explicit choice of linearly independent vectors in the relevant cones. We wish to describe
the Newton-Okounkov bodies concretely and also to compare the Newton-Okounkov bodies of adjacent
maximal-dimensional prime cones, so to facilitate our computations, we will make a systematic choice of
these vectors.

We begin by characterizing adjacency of the maximal-dimensional prime cones. It is known that two
maximal-dimensional prime cones C;, and C;, are adjacent exactly if there exists an interior edge in 7, and
an interior edge in 72, such that we obtain the same tree after contracting these edges in their corresponding
tree. Figure[5.1/shows what this looks like locally.

€a €d

€2m—3

J Ep Eec

K
FIGURE 5.1. The figure on the left schematically represents 7; and the right figure rep-
resents 7o. If 71 and 7, are adjacent, then they are identical except on one interior edge;
in the figure these are labelled e,,—3 and ¢5,,_5. There also exists a decomposition
IUuJUK UL = [m] of the leaves such that the trees schematically look as above, where the
edge ¢; leading to I indicates that the vertices to which ¢; leads lie precisely in I C [m], and
similarly for the others. It is understood that 7, and 7 are identical except near the edges
Eom—zand g, .

Now suppose C,, and C-, are adjacent maximal-dimensional prime cones. Fix 7 € {7, 72}. We choose
linearly independent vectors ui, us, ..., u2m—3 € C- as follows. For the purposes of this discussion, we
assume that the edges of 7 are labelled {1, €2, . . ., £2,—3} Where the first m edges ey, . . ., &, are the pendant
edges incident to the leaves labelled 1,2, ..., m respectively, the last m — 3 edges €41, . ..,€2m—3 are the
interior edges, and moreover, the very last interior edge €2,,—3 (for both C-, and for C;,) corresponds to
“the” edge by which the two trees differ, as in Figure [5.1/above. As discussed in Section [3| we always
choose u; = 1 := (1,1,1,...,1) so that the corresponding weight valuation is homogeneous with respect
to the (usual) degree. Next, for 2 < i < m we choose u; to be the tree distance d_, = Zie ;e Finally, for
m+1<a<2m-—3,weletu, =1—d_ . We then obtain a (2m — 3) x ('y) matrix M, whose i-th row is the

2
vector u;. By construction, M,, and M, are identical except on the last (bottom) row.

Example 5.3. Let m = 4. In this case the Pliicker coordinates for Gr(2,4) are given by the 6 = (3) coordi-
nates p12, P13, P14, P23, P24, P34; throughout this discussion we assume that these 6 Pliicker coordinates are
ordered as in the list just given. Let 71 (resp. 72) be the trivalent tree on the LHS (resp. RHS) in Figure[5.2|

The interior edge of m partitions the set [4] into the subsets J = {1,2} and J® = {3,4}, so us = 1 —
Yicsjee €ij = 1—(e13+erateas+eas) =(1,0,0,0,0,1). For 7, the partitionis J = {1,4} and J¢ = {2, 3}.
The matrices can be computed to be
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1 4
1 4 .
2 3 2 3

FIGURE 5.2. Two trivalent trees for T(I34).

111111 111111
100110 100110
M.,=|0 10101 and M,=|0 101 0 1
001011 001011
100001 001100

so they are identical except on the last row.
By Theorem [2.5|and (2.10) we know that for any 7 we have
P, := P(A,vy.) = R>¢-span of the columns of M.,
A = A(A, vy, ) = convex hull of the columns of M.

Note that A, = P, N {z; = 1}. Furthermore, denoting by M., ,, the matrix resulting from deleting the
bottom row of M, we also have

P7'17'2 = P(Av VJ\/IHTZ)
Ar = A(A, vy, . ) = convex hull of the columns of M, ,.

= R>¢-span of the columns of M .,,

T172

5.3. The geometric wall-crossing maps for Gr(2,m). In this section, we describe the geometric wall-
crossing maps for Gr(2,m) for two adjacent maximal-dimensional prime cones C; and C5 corresponding
to trivalent trees 7, and 7». Let M., and M, denote the corresponding choices of matrices described in the
previous section.

To proceed, it will be convenient to first give the inequalities which cut out the cone P; for a given
trivalent tree 7. In order to do so, we make a change of coordinates v : R?"~3 — R?™~3 which transforms
P, to a cone P;. It will turn out that P, is more compatible with the combinatorics of phylogenetic trees,
and moreover, the inequalities defining P, are known from the work of Nohara and Ueda [19].

We begin by explicitly defining the polytope P;; from this we can deduce the transformation ~. For a

m
2

obtained by assigning 1 to edge ¢, and 0 elsewhere. Labelling columns of M, by pairs of leaves {3, j} and

trivalent tree 7 we define a (2m — 3) x (") matrix M, by taking its a-th row to be the tree distance d.,

rows by a, the matrix entries cflj of M, can then be seen to satisfy

(5.3) ij {1, if the (unique) path from i to j contains edge ¢,
. ¢ =

0, otherwise.
We now define
(5.4) P, := Cone{c” | 1 <i<j<m}CR™3

i.e. P, is the cone spanned in R?"~3 by the columns of M. Similarly we define

(5.5) A, := convex hull of the columns of MT
and
(5.6) S, := semigroup generated by the columns of M.

We have the following.
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Lemma 5.4. The linear map v : R*™=3 — R*™=3 defined by
(5.7) v:R¥"3 5 RIS

1 1
7(Zl+"'+zm)_Zm+17'~'7§(zl+"'+zm)_22m73

1
(2’/17"‘722m*3)'—> <2(21+"'+Zm)722,...72m,2

is a linear isomorphism and maps the ij-th column of M, to the ij-th column of M. In particular,  restricts to
bijections S; — S, and P, — P-.

Proof. Recall that our convention is to order the edges so that €1,¢2, - , &5, are the pendant edges, with
edge ¢; adjacent to leaf i, and the edges €41, - ,€2m—3 are the interior edges. In order to show that
takes ¢/ to the corresponding ij-th column of M, we check each coordinate of y(c¢*/).

Fix a column ¢%. First, we consider the first coordinate. By definition, each column in M, has first entry
equal to 1. Therefore, to show that v(c%) agrees with the corresponding column in M., we must show that
the function 1 (21 + -+ z,) (here the z;, denote the standard coordinate functions in R?"~3) evaluates to
1 on ¢, By (5.3) we see that the i-th and j-th coordinates of ¢/, corresponding to the pendant edges ¢; and
€; respectively, are equal to 1, since these edges are contained in the path connecting ¢ and j. Moreover, no
other pendant edge is contained in this path, so all the other coordinates corresponding to pendant edges
are equal to 0. Therefore, z; + 22 + - -+ + 2, = 2 on ¢ and hence £ 5(z1+ -+ zmn) =1, as desired.

Second, we consider the Coordinates corresponding to the pendant edges €q for 2 < a < m. By definition,
the a-th row of M; is the tree distance d_ , which is equal to the a-th row of ]\77. Hence the entries are in
fact equal, so the identity map on those coordinates, namely zg, ..., 7, takes the corresponding entries of
¢ to those of the columns of M, as desired.

Finally, consider the coordinates corresponding to interior edges, i.e. the a-th coordinates for m + 1 <
a < 2m — 3. From the construction of M, we know that the a-th entry of the ij-th column of M, is 1 — ¢iJ.
Therefore we need to show that (21 + 22 + -+ + 2p,,) — 2, evaluates on ¢/ to 1 — ¢iJ. But we already saw
above that 3(z1 + 22 4+ -+ - + 2mm) = 1 on ¢/, so the claim follows.

This shows that 7 takes the columns of MT to the corresponding columns of M, as desired. The second
claim of the lemma follows immediately from the definitions of ]57 and P.. O

Remark 5.5. The proof of the lemma above shows also that A is the intersection of P, with the hyperplane
1

It follows that ~y also restricts to a bijection ~ : A, — A, which can be written explicitly as (z1, ..., zom_3)
(1a227' ceyZmy 1 — Bm4ly e 1- Z2m73)-

In order to give the inequality description of P, it now suffices to give an inequality description of P,
and then to translate this back to P, using the coordinate change ~. In fact, the half-spaces defining P, were
given by Nohara and Ueda. We have the following, which follows from [19, Theorem 4.9].

Theorem 5.6. The polytope A is the intersection of the half-spaces defined by the inequalities
(5.8) 2714t 2, =2 and
(59) |Zb - Zc| < Za < Zp + Zc,

where e, €y, €. are incident to a single interior vertex of T, and these inequalities run over all interior vertices of .
The cone P, is defined as the intersection of the inequalities of (5.9).

Proof. As mentioned above, the statement of the theorem is essentially that of [19, Theorem 4.9]. However,
a change of coordinates is required to deduce the above statement from [[19] so we explain this briefly here.
For details we refer the reader to [19]. In [19, Section 6], the authors give a set of lattice points in R?"~3
whose convex hull is a polytope which they denote as Ar. In [19} Section 4], the authors perform a change
of coordinates [19, Equation (4.2)], and it is not hard to see that, under this change of coordinates, the

lattice points whose convex hull is Ap get mapped to m/2 times the columns of our matrix M, . Therefore,
under the change of coordinates [19, Equation (4.2)], the polytope Ar of Nohara and Ueda is mapped to

A The equations of [19, Theorem 4.9] describe the inequalities of mA as a subset of the hyperplane
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z1 + -+ + zom—3 = m/2 and therefore the cone JST is the intersection of the inequalities of (5.9). The claim
about A, now follows straightforwardly. O

We can now give explicit formulas for the geometric wall-crossing maps as in Section 4 for Gr(2,m).
Let 71 and 72 be two trivalent trees corresponding to two adjacent maximal-dimensional prime cones. The
trees 7; and 7, agree everywhere except near one edge which we may take to be labelled as €3,,_3, and that
locally near €3,,_3 the trees 7; and 75 are of the form given in Fig ure|_} More specifically, we assume that
71 looks locally near €9,,,— 3 like the figure on the left in Figure|5.1|and 75 is the figure on the right. Let PT1 -
denote the projection of P, _(equivalently P.,) to R?™~4 obtained by forgetting the last coordinate. Then,
as in (1), we may express P,, for i = 1,2 as follows:

Pr, = {(v, 22m-3) |v € Primy, $i(0) < 223 < $i(v)}

for certain affine functions ¢; and {/;1 We have the following.

Lemma 5.7. In the setting above, we have
©1(v) = max{|z, — 2p], |2 — 24|}, {/zvl(v) = min{z, + 25, 2¢c + 24},
B2(v) = max{|za — zal, |2 — 2|}, V2(v) = min{za + 24, 2 + 2}

Proof. We prove the formulas for @, and ¢;. The proof for i = 2 is similar. It may be helpful to refer to
Figure[5.1] From Theorem [5.6) we know |z, — 2| < 22m+3, and similarly |24 — 2| < 22y13. We conclude
Zom+3 > max{|zq — 2|, |2a — zc|}. The other inequality in Theorem-lmmedlately imply zom43 < min{z, +

Zby Zd + %} This yields the desired formulas. O

We can now deduce that the lengths of the fibers are equal.

Lemma 5.8. Forallv e A,
1 (v) = F1(v) = 2 (v) — Fa(v)
and therefore
length of (p’l(v) N ﬁﬁ) = length of (p’l(v) N Zm) .
Proof. A computation verifies that for «, 3, v, § real numbers, we have
min(a + 8,7+ §) — max(Ja — B, |y — 4|)
=min(2«,206,27,20,a+ +vy—d,a+B—v+da—B8+v+06,—a+B8+v+9).

Applying the above formula to both min(z, + 25, 2. + zq) — max(|zq — 25|, |2c — 24|) and to min(z, + 24, 2p +
ze) — max(|zq, — 24|, |26 — 2c|) yields the result. O

In particular, the above shows that, in this case of Gr(2,m), the constant x appearing in Theorem [3.4is
equal to 1. Following (4.3), we can now compute that the shift map in this case is

512 . R2m73 — R2m73

(215 -y 22m—3) = (21, .+, 22m—2, 22m—3 + max(|za — 2al, |2p — 2¢|) — max(|zq — 20, |2c — 2al)),
and by (4.4) the flip map is
(5.10) Fip : RZ™73 _ R2M3
(21, -y 2am—3) = (21, ., Zam—2, —Zom—3 + min(z, + 24, 2 + 2c) + max(|za — 28|, |2c — 2al)-

In fact, it is not hard to see that the same formulas extend to give maps on the cones ﬁn — ]372.

We can now describe the flip and shift maps on the original polytopes (respectively cones) A, , A,
(respectively P, , P-,) by translating via the change of coordinates ~. Specifically, the flip map Fis : Pr, —
P., and the shift map Sy, : P;, — P;, are given by the formulas

(511) F12 =7yo Flg o ’771 and 512 =7o glg o ’}/71

such that the following diagram commutes:
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F
P --- 2, P,
vlJ %
RO
P, —2—- P,

and an analogous diagram commutes for Sy,.

Remark 5.9. In [19, Proposition 3.5] the authors describe a wall-crossing formula for A.. This map agrees with the
shift map Sio.

Example 5.10. Let m = 4 and 71 be the tree of Figure[5.2| The corresponding matrix is

111000
N 100110
M.,=|0 1010 1
001011
011110

The inequality description of A, is
2 =121+ 20+ 23 + 24,

z1<zet+ 25, 22<z1+25 25 <21+ 2,

23 <z4+2z5, 24 < z3+25 25<z23+24.
Using the map v we can now obtain the inequality description of A, . Specifically, since 2 = 21 + 22+ 23+ 24
we obtain y; = %(zl + 294+ 23+ 24) = 1, wealsohavey; = z; fori = 2,3, 4and y5 = y1 — 25 = 1 — z5.
Making appropriate substitutions in the above inequalities we obtain the inequalities for A, :

1=,
Ys+1<2ys+ys+uya, 292+ys+ystys<3, ys+ys<l+ys
Ys+ys <14wya, ya+ys <1l+ys, 1<ys+ys+ys.
Now let 75 be the other tree of Figure[5.2| The shift map is

glg : &7—1 — 87-2

(21,5 25) = (21, .., 24, 25 + max(|z1 — 24, [22 — 23]) — max(|z1 — 22, |23 — 24])),
and the flip map is
Flg : ﬁﬁ — 87—2
(21, ey 25) — (Zl, ceoy %4, —25 + HliIl(Zl + 24,22 + 2’3) + max(|zl — Zg|, |Z3 — Z4|)

Similarly, one can give an explicit description for the shift and flip maps for A, — A,,.

Remark 5.11. Our flip maps are related to cluster mutations in the case of Gr(2,m). Recall that the homogeneous
coordinate ring of the Grassmannian is a cluster algebra with the Pliicker coordinates as its cluster variables [8] and
this cluster structure gives rise to an atlas of complex tori on (an open dense subset inside) Gr(2, m). The transition
maps between adjacent tori are called (cluster) mutations. In this case the tropicalized mutation coincides with our
“flip” wall-crossing. Let us exhibit this in the example above. Starting with the seed {p12, o3, P34, D14, P13} and
mutating at pig replaces this coordinate with

D14D23 + P12P34
Dbis

yielding the seed {p12, P23, P34, P14, D2 }. The tropicalization of this Laurent polynomial with respect to the maximum
convention is —p13 + max(p14 + pos, P12 + P34). By identifying the variables as follows

= P24

21 = P12, 22 = P23, %3 = P34, Z4 = P14, %5 = P13
and using the identity

min(zq + 24, 26 + 2¢) + max(|zq — 23|, |2e — 2d|) = max(zq + 2p, 2c + 24)
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we obtain Fyy. In [21)] Rietsch and Williams obtain piecewise linear maps for Newton-Okounkov bodies for Gr(2,m),
and more generally Gr(k, m), by tropicalizing cluster mutation. See also [4,5] for related discussion.

5.4. The algebraic wall-crossing map for Gr(2,m). In this section, we give a description of the algebraic
wall-crossing map described in Section 4.2/ for the case of Gr(2,m), or more precisely T(I3 ). In the next
section we will prove that the algebraic wall-crossing obtained below is also the restriction (to the semi-
group) of the geometric “flip” map. For the definition of the algebraic wall-crossing, as explained in Sec-
tionwe restrict to the case when the two adjacent maximal-dimensional prime cones of T (I3 ,,) lie in a
certain maximal cone of the Grébner fan. This may appear to be a restrictive condition. While not strictly
logically necessary, we illustrate in the first few lemmas below that, up to the symmetry of &,,,, this is true
for any pair of adjacent maximal-dimensional prime cones of T(I3 ).
Recall that the semigroups

S‘rl = S(A, VMT1 ) and 57—2 = S(A7 V]\/[_,_Q)

are generated by the columns of M;, and M., respectively. As explained in Section 4.2} we will use an
adapted basis to construct the algebraic wall-crossing map © : S;, — S,. To describe © more concretely
we need some preliminaries. By [24, §3.7] we know there exists a total order < on Clp; | I C [m], |I| = k]
such that for any quadruple {4, j, k, ¢} of indices in [m] with i < j < k < [ we have that

(5.12) in<(pijprl — PikPjt + PuPjk) = —PikDit-

The next lemma is essentially [16, Second proof of O in Theorem 4.3.5] and will be useful in what follows,
so we briefly recall the idea of the argument. Note that the symmetric group &,, naturally acts on the
variables p;; by permuting the indices.

Lemma 5.12. Up to this &,,, symmetry, all the maximal cones in T(I2 ) are contained in the maximal cone of the
Grobner fan of I ,, corresponding to the monomial order < above.

Proof. Let 7 be a trivalent tree with m leaves. Fix a planar embedding of the graph where the m leaves
are arranged in a circle. We can act by &,, to relabel the leaves so that they appear 1,2,...,m, in order,
counterclockwise. We claim that, in this situation, the cone C'; lies in the maximal cone of the Grobner fan
corresponding to the monomial order < above. To see this, it suffices to check that for any choice of four
leaves 1 < i < j < k < £ < mof 7, the initial term of the corresponding Pliicker relation inc._ (p;jpre—pixpje+
piepjk) contains the monomial —p;xpj., since this implies that < refines the weight order corresponding to
C'r. Recall that the cone C; is spanned by the tree distances of the form 1 — d. for interior edges ¢, and also
the lineality space. By definition, the lineality space does not affect the Pliicker relations so it suffices to
consider the interior edges. Let ¢ be an interior edge. Due to the counterclockwise ordering of the vertices,
it is not hard to see that if ¢ has the property that |{3, j, k, (}| N J.| = 2, then we have

(5.13) {i,j.k, 0y N J. ={a,b} and {5,k ¢} NJ = {c,d}

where either {a,b} = {i,j} or {a,b} = {3,¢}. It can then be checked that the initial term iny_q_(p;;pre —
PikDje + Piepji) contains the monomial —p;ip;, in either case. For any other internal edge €', since 7 is a tree
we can see that either |{i, j, k, £}| N J./| # 2 or, the decomposition {37, j, k, £} = ({i, 4, k, ¢} NJ)U ({3, 4, k, £} N
J¢) is the same as that for ¢ in (5.13). In the former case,

ni_q, (PijPre — PikPje + PieDjk) = DijPke — DikPje + DitDijk
and in the latter case, the initial term is the same as that for e. It follows that inc.. (p;;pre — PikDje + PiePjx) =
—PacPbd + PadPbe, as desired. -

To describe the algebraic wall-crossing map, we first need to act by &,, to simultaneously take two
adjacent maximal-dimensional prime cones in (I3 ,,) to the same maximal cone in the Grébner fan. This is
the content of the next lemma.

Lemma 5.13. Let 7 and 1 correspond to two adjacent maximal cones in T(I3 ,,). Then there exists an element of
6., which takes both C, and C., to the maximal cone in the Grobner fan corresponding to <.

Proof. Leteoy,—3 € T and €, _5 € T be the edges by which the two trees differ, as in Figure There exist
I,J,K,L C [m] such that ¢; corresponds to the partition U J, K U L and e corresponds to the partition
I'UL,JU K. There are planar realizations of 7, and 7, with the leaves arranged in a circle so that I, J, K, L
are arranged in counterclockwise order. O



WALL-CROSSING FOR NEWTON-OKOUNKOV BODIES AND THE TROPICAL GRASSMANNIAN 21

7 6 5 4 3
€
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9 1

FIGURE 5.3. The initial form of the Pliicker relation for 1,4,5,9 with respect to the tree
above is p14psg — P15P49-

The above discussion shows that the assumption that two adjacent maximal-dimensional prime cones
are both contained in the same maximal cone of a Grobner fan is not very restrictive. With this in mind,
we now describe the wall-crossing © for value semigroups, under the assumption that both C;, and C;, lie
in the maximal Grébner cone corresponding to the above monomial order <. By Theorem [2.5/(2), we may
take the projection onto Clp; : J C [m],|J| = 2]/I2,, of the standard monomial basis for I ,, with respect
to < as an adapted basis B for (A, v, ). Since the Pliicker relations are a Grobner basis for < [16, Second
proof of O of Theorem 4.3.5] we have

ing(Iam) = apj | 1 <i<j<k<l<m)
then B is the image of 8(<, I ,,,) under the projection 7 : C[p;] — C[ps]/I2,m, where

(5.14) 8(=,Iom) = Hp%” | ey =0 for 1<i<j<k<l<m
i<j
As before, the maps
6k :B— S(A,VMTI“)
b— VMTk (b)

are bijections for k = 1,2. We then obtain the bijection © : S,, — S, defined by © = 6, 0 6; " as in
Section 4.2 We work out a concrete example below.

Example 5.14. Let m = 4 and consider T (I3 4). Let 7y and 72 be as in Example and let eja, ..., e34 (re-
spectively fis,..., f34) denote the columns of M., (respectively M,), labelled by the same Pliicker indices
as the columns themselves. We claim that the algebraic map is given by the concrete formula

a2
max (0, a13 — @aq)
a4 + min(o3, a24)
Qo3 + min(a3, aea)
maX(O, Q24 — 0413)
34

(515) @(Mn a) =M,

4
To see this, first let M, a € S(A,vpy, ) for an arbitrary a € Z(>2g . We check by cases. Note that the
only set of indices satisfying the condition 1 < i < j < k < ¢ < 4isi=1,j = 2,k = 3,{ = 4. Hence
if a1304 = 0, then by it follows that p® € 8(<, I5,,) and therefore ©(M,, o) = M,,«, which agrees
4

with . On the other hand, if aj3a94 # 0, then from the definition of © we must first find 5 € Z(>2g such
that p? € 8(<, I2,,») and such that v, (m(p®)) = v, (m(p?)). This would imply that ©(M,, o) = M,, 3. To
achieve this, we can use the relation p13p24 = p14p2s3 in Clps]/ inc,, (I2,4) to see that

13,13, 24 —Q13 3
PRIspes — P14" P23 P2s if > a3
13 P2i = _ 0 .

T3 Tt pes®  if a1z > oy

in Clps]/inc,, (I2,4). The vector § can be found by using the above substitution in p*. Then (5.15) follows
from combining the cases.

In general, the algebraic wall-crossing map is difficult to describe explicitly.
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5.5. The geometric wall-crossing map F;» induces the algebraic wall-crossing map for Gr(2,m). The
main result of this section is the following.

Theorem 5.15. Let I, be the Pliicker ideal for Gr(2, m) and let C., and C, be two maximal-dimensional prime
cones in T (I ,,) which share a codimension-1 face. Assume that C, and C., are contained in the maximal cone of the
Grobner fan corresponding to <. Extend the flip geometric wall-crossing map F12 of toamap Fio : Py, — P,
where P;, is the cone spanned by the columns of M.,. Then the algebraic wall-crossing map © : S;, — S, is the
restriction of the flip geometric wall-crossing map Fis.

Our method of proof is to first show the analogous result for the matrices M,, introduced in Section
Since the M, and M, are related by the change of coordinates « of (5.7), this gives us the desired result.

First, we define a map
(5.16) O:=7'00o0.
By Lemma we know that v induces a bijection from §T to §;,, so it follows immediately that O restricts
to a map

0:5, = 5,5,.
Since « takes columns of MT to the corresponding columns of M, for ¢ = 1, 2, it follows easily that the map
O of (5.16) behaves as follows: o N
O(M: o) = My,

for a such that p* € 8(=, Iz ).

The following proposition is the analogue of Theorem for the map O. Let Fy5 be the flip map defined
in Section 5.3l
Proposition 5.16. The restriction of Fyy to the semigroup Sy is equal to © : Sy — So, ie., for any « such that
p® € 8(=, Iz,m) we have

F12 (MTl Oé) = @(M-,—l Oé) .

The following lemma will be useful to prove the above proposition. Here we use the notation introduced
in Figure
Lemma 5.17. Let 71 and 1o correspond to two adjacent maximal-dimensional prime cones Cr, and Cr, in T(Iz ).
Assume that C, and C, both lie in the maximal cone of the Grobner fan corresponding to <. For o € Z(Z%)'

(Fi2(My,0))2m—3 = ars + |arx — o] + oxr
where the a1y, ork, . . . denote the sums of the form
apj = Z Qij
i€ljed

and similarly for the others.

Proof. Recall from (5.10) that if (24)q=1

(5.17) (Fu(ﬁna))gm,g = —Zom—3 + min(z, + 24, 26 + 2c) + max(|za — 2p), |2¢ — 24l)-

am—3 denote the coordinate entries of Mﬁ «, then

.....

From the formula (5.3) for the matrix entries of M., , it follows — using the notation of Figure|5.1|— that for

any edge ¢, the coordinate z;, in M, o equals the sum of the exponents «;; such that the path from ¢ to j
uses €. Applying this to a, b, ¢, d, and 2m — 3 we conclude

_ ij _ i

Zq = E el = ary +arg +arrg, Zd = E a5¢; =arp +ayp +akr,
=S ayel = _ i _

Zp = aij¢y =arg+oajk +agr, Ze = E el = arg + oy +akr.

We also have
(5.18) Z2m-3 = Z Oéijcg—n_g =arx +orp +ajg +agr.
It is straightforward to compute

(5.19) min(z, + 24, 26 + 2¢) = arg + arx + oy + axr + 2min(arp, gk,
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and
(520) max(|za — Zbl, |Zc — Zd|) = |C¥JK — a1L| + ‘CYJL —QrK|-

Since
2min(arp, ajk) + |ayx — arp| = arp + agk,
then by combining (5.17), (5.18), (5.19) and (5.20) we obtain

(F12(Mfl&))2m—3 =ary+|ajL —arx| + akr

as desired. 0
We now prove Proposition

Proof of Proposition|5.16] We first claim that © and Fy» agree on the first 2m — 2 coordinates. Indeed, note
that the flip map F12 is the identity on the first 2m — 2 coordinates and thus so is F12 =~y"1oF307. The
same is true of O, since the matrices MT1 and MT2 are identical except for the bottom rows. Thus it remains

to see that © and F, agree on the last (2m — 3)-th coordinate.
Let o € Z(>%) such that p* € 8(<,I2,,). In the notation of Figure |5 l where the right hand figure

corresponds to the tree 7 and from the formula (5.3) for the entries of M., we conclude that the 2m — 3-th
coordinate of @(Mna) MT20¢ is
(5.21) (]\77201)2771—3 =ajj+arx + oy +akr.
We take cases. If arx # 0, then since « corresponds to a standard monomial we know « ;;, = 0. Therefore
by (5.21) and Lemma we conclude

(Fra(Mr,@)am-s = ary + arxe + axr, = (O(Mr a))am-s.
On the other hand, a;x = 0 then by (5.21) and Lemma5.17|we have

(F12(Mﬁa))2m—3 = Qg +ajg + KL = (é(ﬁna)bm—3
which proves the claim. O

Proof of Theorem By Remark [4.1]the geometric wall-crossing map Fi; of (4.4) is a wall-crossing map for
the cones which restricts to the flip geometric wall-crossing of the Newton-Okounkov bodies. Let M, o €
Sr,. Since 7 is an invertible linear map mapping, for all ij, the ij-th column of M, to the ij-th column of
M, then

(5.22) y(My o) =M. o and v (M, a)= M, a.
Let o be such that p* € 8(=, I5 ). We compute
Fia(My,@) = 7y o Fiz 07 1 (M, ), by5.11]
=y o Fis(M,a), by
= (O(M,, o)) by Proposition|5.16|
= y(M,0) by definition of ©
=M« by
=0(M, ) by definition of ©
as desired. 0

APPENDIX A. NEWTON-OKOUNKOV BODY WALL-CROSSING VIA COMPLEXITY-ONE T'-VARIETIES
by Nathan Ilterﬁ

5 Department of Mathematics, Simon Fraser University, 8888 University Drive, Burnaby, British Columbia, V5A 1S6, Canada.
Email: nilten@sfu.ca
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A.l. Preliminaries. We continue with notation as in the main paper. In particular, we have a presentation
Clx1,...,xy]/I = Aofa (d+1)-dimensional positively graded integral domain, and two (d+1)-dimensional
prime cones C; and Cs in trop(I) which intersect in a codimension-one face C. In this appendix, we show
how the main features of wall-crossing for the Newton-Okounkov bodies as outlined in Theorem 2.7|follow
from the theory of complexity-one T-varieties.

The main algebraic objects we will consider are as follows. Let N = Z"N(C), and R = Clz1, ..., z,]/inc(I).
The dual lattice to N is M = (Z")*/N+ = N*. Then

(1) Thering R is an M-graded integral domain of dimension d + 1;

(2) Ris finitely generated as a C-algebra;

(3) The degree zero piece Ry of R is C;

(4) The set of those v € M with R, # 0 generates all of M, which is a rank d lattice.

Rings R satisfying these four properties are exactly the coordinate rings of (potentially non-normal) affine

complexity-one T-varieties with a good T-action (where 7' is the algebraic torus Spec C[M ])EJ We will thus
call rings satisfying these four properties good complexity-one M-graded domains.

A.2. Polyhedral Divisors. We fix a lattice M and a smooth projective curve Y. Let w be a full-dimensional
cone in Mg = M ® R. A polyhedral divisor on Y with weight cone w is a finite formal sum

D= ZDP®P
Pe?P

where P is a finite set of points of Y and the D p are piecewise linear concave functions
D piw— R

with rational slopes. See [2| §2-3] for details. For any v € w N M, we obtain a Q-divisor

D(v):= Y Dp(v)-P

Pe?

on Y. We say D is a p-divisor if deg D(v) > 0 for v € M in the interior of w, and for every v € M in the
boundary of w, either deg D(v) > 0, or D(v) has a principal multiple.

To any p-divisor D as above, we may associate a normal good complexity-one M-graded domain [2,
Theorem 3.1]:

RD)= @ H(Y,0y (D) x""
veEwNM
Furthermore, every normal good complexity-one M-graded domain R arises in this fashion [2, Theorem
3.4]. In geometric terms, there is a bijection between equivariant isomorphism classes of normal affine
varieties with good complexity-one torus action, and p-divisors on smooth projective curves modulo a
natural equivalence relation, see [2].

A.3. Newton-Okounkov Bodies. Consider a good complexity-one M-graded domain R. We now fix a Z-
grading on R by considering a projection deg : M — Z satisfying deg™'(0) Nw = 0. Set 0 = w N deg™ ' (1).
By the discussion of @, there is a p-divisor D = 3 .., Dp ® P on a curve Y such that the integral closure
of R is isomorphic to R(D); we identify R with its image in R(D). In general, R may not be equal to R(D),
as R may not be integrally closed.

Fix a total ordering on M. For any point ) € Y, we obtain a valuation

valg : R(D)\ {0} - M x Z
f— I}li;lO(U,OI'dQ(fv))

ViJo

where f =" ), fo is the decomposition of f into homogeneous pieces, ordg(f) is the order of vanishing
of f at @, and we take the lexicographic ordering on M x Z. The valuation valg restricts to a valuation on
R.

6Recall that a torus action on an affine variety is good if the only invariant regular functions are constants.
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Lemma A.1. The Newton-Okounkov body A(R, valg) is equal to

(1) A(R,valg) =< (z,y) e OXR| —Dg(z) <y < Dp(x)

For the case Q) ¢ P, we use the convention that Dg = 0.

Proof. We observe that A(R, valg) = A(R(D), valg) by e.g. [13| Proposition 2.18], so we reduce to the case
R = R(D). In the case Y = P!, we may now apply [12, Theorem 5.10]. For arbitrary Y, we may apply
Petersen’s description of Newton-Okounkov bodies for complexity-one T-varieties [20, Proposition 3.13].
For the sake of the reader, we reproduce Petersen’s argument below.

Consider any homogeneous element f - x” € R(D) of degree v. Since f is in H°(Y, 0(D(v))), we obtain
0 <ordg f+ Dg(v) <> pcp Dp(v). Since the image of valg, is determined by valuations of homogeneous
elements, it follows that A(R, valg) is contained in the expression on the right hand side of (f).

Conversely, choose any rational point = in the relative interior of O and y € Q with (z,y) contained in
the right hand side of (f). There exists a natural number X such that v = X -z € M and D p(v) is integral for
all P € P. Since z is in the relative interior of O, the Z-divisor D(v) has positive degree. By the theorem of
Riemann-Roch, there thus exists a sequence of sections s; € H°(Y, O(D(i - v))) such that

lim LQQ(SO =y
1—00 7 )\

Since A(R, valg) is a closed set, this implies that (z, y), and thus the entire right hand side of (]ﬂ), is contained

in A(R,valg). |
A.4. Wall-Crossing. We now take R to be as in §A.1, the degeneration of A corresponding to the cone
C =C1NCs. Letuy,...,uq € Z"™ be elements of the relative interior of C' which form a lattice basis for N.
We assume that u; € Z" is the primitive vector giving the Z-grading of the variables z;; in the standard
graded case it is just (1,...,1). Likewise, for i = 1,2 let w; € Z" be in the relative interior of C; such that
u1, ..., uq, w; form a lattice basis for (C;) N Z". As in §2| the collection of vectors w1, ..., u4, w; gives rise to

valuations on both A and R, both of which we denote by val;.

Theorem A.2. There exists a rational polytope A C {1} x R*~1 C RY, and piecewise affine-linear concave functions
W, Uy, Uy with rational slopes and translation from A to R satisfying Wy + ¥y + Uy > 0, such that

A(A,valy) ={(z,y) e AXR| —¥y(x) <y < Uy(z) + Vo(z)};
A(A,valy) = {(z,y) € AXR| — ¥y(x) <y < Ty(z)+ To(z)}.

In particular, under the projection from R? x R to RY, A(A, valy) and A(A, valy) have the same image A, with fibers
of equal Euclidean lengths.

Proof. By construction, A(A,val;) = A(R,val;); we will show that A(R, val;) has the desired form. As in
§A.3, we identify R with a subring of R(D) for some p-divisor D on a curve Y. The vectors uy, . .., uq give
an isomorphism ¢ : M — Z¢ by sending v € M to ((u1,v),..., (ug,v)). A straightforward adaptation of
the arguments of [12, Proposition 5.1] from the case Y = P to arbitrary ¥ shows that there exists a point
Q; € Y, constant ¢; € N, and linear map v; : M — Z such that the valuation val; : R\ {0} — Z¢ x Z has the
form

Valz(f) = U:I?vigo(¢(v)’ Ci - OI'in (fv) + ’Yi(v))

for f =3 car fo- Since uy, ..., uq, w; is a basis for (C;) N Z", the group generated by val; (R \ {0}) must be
all of Z% x Z!. This implies that ¢; = 1.

Both valuations val; and valg, are determined by their behavior on A/-homogeneous elements. Together
with LemmalA.1, this implies that A(R, val;) consists of those (z,y) € ¢(0) x R satisfying

(671 (@) = Do, (671 (@) Sy < %i(@7 (@) + Y Dp(¢ ' (2)).
P53,

By abuse of notation, we are using ¢ and +; to also denote their linear extensions to Mg. As in Lemma élL
Dg = 0for Q ¢ P. The map deg : M — Z giving a Z-grading on R is the map induced by u; € N.
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1 -1 0
®°°/%A %/MA ﬂl/%A
0 1 1 0 0 —1 0 0 0

FIGURE A.1. Piecewise linear functions for wall-crossing

We set
A=¢0), To=mo¢ ' +y10¢ '+ Y Dpog™’;

PeP
P#Q1,Q2

U, =D, 0  —yiop™t  i=12

to obtain the main claim of the theorem. For the claim regarding fiber lengths, we observe that for both
Newton-Okounkov bodies, the length of the fiber over = € A is exactly ¥y (z) + ¥1(z) + ¥2(x). g

A.5. Example. Consider the ideal I = (z125 — 2374 — 27 — 22) C Clx1,. .., z5]. The tropicalization trop(I)
is the product of its 2-dimensional lineality space with a cone over the complete graph K4 on four vertices.
The initial ideals I} = (w122 — x374) and I» = (z1z2 — x3) correspond to prime cones C; and Cy; for
C =CyNCywehaveing(I) = (v129 — 2374 — 27).

We may take the elements u;, ug, ug, w1, we to be the rows of the matrix

[

==

OO = =
olo|lo | ~
~olo o~
o~ o+

0

Then A(A,val;) and A(A, valy) are the convex hulls of the columns of this matrix, after removing the fifth
and fourth rows, respectively.

We now view this example from the perspective of T-varieties. The lattice [V is the rank three lattice gen-
erated by the first three rows of the above matrix. This gives an identification of N with Z3, and we obtain an
induced identification of M with Z3. Under this identification, the image of z; in R = Clz1, ..., x5]/inc (1)
is homogeneous of degree equal to the first three entries in the ith column of the above matrix.

Let w be the cone in R? generated by (1,1,0), (1,—1,0), and (1,0, 1). The convex hull A of these three
vectors is the affine slice of w on which the first coordinate is equal to 1. We consider the p-divisor D =
Doo @ {0} + Do @ {0} + D1 ® {1} on Y = P!, where the piecewise-linear functions Dp : w — R induce
subdivisions of A, and has values on it vertices exactly as pictured in Figure|A.1, For the figure, we have
projected A to the second and third coordinates.

Let y € C(P!) be such that div(y) = {0} — {oo}, that is, y is a rational function vanishing only at the point
0, with a single pole at co. We obtain that

R(D) = C[yX(17170)7X(170,0), yX(l’O’O), X(l,—LO)’yX(LO,l)].
Sending

(1,1,0) (1,-1,0) (1,0,0) (1,0,1)

T1 > YX To > X , rg — (1 — y)x(l’o’o), Ty > YX Ts — YX

induces an isomorphism of R with R(D). This p-divisor D for R could have been obtained with the method
of [2, §11].

Under this identification of R with R(D), the valuation val; is just the valuation valg for Q = 0 € P!;
likewise valy = valg for @ = 1 € P!. Hence, to obtain ¥; as in Theorem @, we take ¥q, U, ¥y to
respectively be the restrictions of Do, Dy, and Dy to A. See Figure|A.1, One immediately checks that the
description of A(A4, val;) from Theorem|A.2 holds.

A.6. Dual Description and Mutations. We continue with notation as in §A.4| In particular, ¥y, ¥;, U5 and
A are as in Theorem|A.2. Define polyhedra

Vi={ueR?| (u,z) > V,;(z) forall z € A}.
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Using Minkowski addition and the inclusion R < R? x R = R sending u to (u, 0), we further define
o1 = Cone(V1 +e,Vo+Vy— e) C R4+
= COHQ(VQ + e, Vi+Vo— 6) C Rd+1.

Here e denotes the (d + 1)st standard basis vector of R4 It is a straightforward exercise in convexity to
see that we recover A(R, val;) by intersecting the dual cone o’ C R with {1} x R%.
Consider a vector 7 in the interior of A with ¥y (n), U2(n) > 0 and ¥ (n) = 0. We obtain polytopes

D; = {u € o | <u’ (7770» = 1}

for i = 1,2, from which we can recover o;, and thus A(R, val;).

Remark A.3. In general, such n may not exist. Nonetheless, for any n in the interior of A, there exist rational
numbers cy, c1, co With co + ¢1 + co = 0 such that the U, = U, + ¢; satisfy the desired condition. The polytopes
resulting from the W) as described in Theorem |A.2|will be rational translates of A(A,valy) and A(A, valy) in the
direction of the final coordinate.

On the other hand, the choice of n is far from unique. However, if A(A, valy) (or A(A, valy)) has a unique interior
lattice point (for example, A(A, valy) is reflexive), a natural choice for 1 is the projection to M of this lattice point.

The transition from D; to D, may be viewed as a generalization of the combinatorial mutations considered
in [1], as we now explain. To make this connection, we will assume that the point (,0) € A x R is contained
in every facet of the graph of ¥,. This is equivalent to requiring that (u,n) = 0 for each vertex u of V.

For i = 1,2 we define
1
h; = max <) .
uev; \ {u,n)

Let A be the smallest natural number such that \/(u,n) € N for all vertices u of Vy, V1, Va. For any integer
¢, let Hy = {u € R?| {(u,n) = £/A\}. Set 7 = (ConeA)" N Hy and F = VN Hy. Then we can rewrite D; as
Ahy
Dl—COIlV(T U (V1N Hy) + €],

Moy

U 21(V2n Hy) +F—e])
I

=1

and D as
D
D2:conv( ZL:JZ[(VQQHZ)‘FGL

/\-h1>\
SUViNH)+F—¢]).

/=1

Comparing with [[1, Definition 5], we see that up to mirroring the final coordinate, this is a combinatorial
mutation, except that we have relaxed the integrality constraints from loc. cit.

A.7. Mutation Example. To illustrate the connection to mutations, we present a second example. We keep
notation from §A.4 and §A.6, Consider the ideal I of C[z1, . .., xs] generated by

T4 + Ts — T, T3 — Te — I8, Ty — Ts + Te — T3
2
17 — Ts5T8, T5Te — Tg + 58

which is homogeneous with respect to the standard grading. Its tropicalization has three maximal cones,
all of which are prime. These three cones intersect in C, the lineality space of trop(I). The respective initial
ideals are

2
I = (x4 — x6, 23 — T8, Ta — T8, T1XT7 — T5T8, Tg — T5Tg)
o . 2
I, = <l5 — X6, T4 — T8, X3 — Te, L1L7 — Texg, L2T6 — 908>

2
I3 = (w6 + T8, T4 + X5, T2 — T5,T1T7 — T5Tg, T3T5 — Ty).
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ViNnH, +e VanNH, +e
(1,-1,1) === m === ® (1,1,1) (1,0,1) == =-o (1,1,1)
T T
----—---9 ----—---
(1,-1,—-1) @& === ===9(1,1,-1) (1,2, 1)@ === o====0(1,1,—1)

VonHy +F—e

Dy

VinH  +F—e

Dy

FIGURE A.2. A combinatorial mutation

All three are prime ideals; we focus on the ideals /; and I,. We may take the elements u, uz, w1, ws to be
the rows of the matrix

Then A(A, val;) and A(A, valy) are the convex hulls of the columns of this matrix, after removing the fourth
and third rows, respectively.

In this example, we may identify M with Z? via the first two rows of the above matrix. The polytope A
is exactly the convex hull of (1,1) and (1, —1). The functions ¥; from Theorem|[A.2 are as follows:

1
0
—1
0

oo =
==

1 1
0 1
0 0

—1
—1

o -1 -1 -1

0 <0
v 1) = -
0(I7) {—JJ >0
1 <
\P1($71): v :C—O
—z+1 >0
z+1 <0
v 1) = - .
2(z,1) {1 23>0

This gives rise to

v0 = COHV{(O, 0)7 (07 _1)} + COHG{(]_, 1)7 (17 _1)}
Vi = conv{(1,1),(1,—-1)} + Cone{(1,1),(1,-1)}
VQ = CODV{(L 1)a (170)} + COHG{(L 1)7 (L _1)}
and cones o and o, generated respectively by the columns of the matrices
1 1 1 1 1 1 1 1
) 1 -1 1 -1 and 10 1 -2
1 1 -1 -1 1 1 -1 -1

The natural choice of 7 in this example (see Remark|A.3) is n = (1,0). With this choice of 7, we obtain
that D; and D, are respectively the convex hulls of the columns of the matrices in ({{). We also obtain
hi1 = ho = X = 1. Furthermore,

7 =conv{(1l,-1),(1,1)} F = conv{(0,0), (0,—1)}.
Considering Figure |A_.2, we see that Dy and D5 are exactly as described at the end of §A.6.
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