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Abstract. Every finite graph admits a simple (topological) drawing, that
is, a drawing where every pair of edges intersects in at most one point.
However, in combination with other restrictions simple drawings do not
universally exist. For instance, k-planar graphs are those graphs that can
be drawn so that every edge has at most k crossings (i.e., they admit a k-
plane drawing). It is known that for k ≤ 3, every k-planar graph admits
a k-plane simple drawing. But for k ≥ 4, there exist k-planar graphs
that do not admit a k-plane simple drawing. Answering a question by
Schaefer, we show that there exists a function f : N → N such that every
k-planar graph admits an f(k)-plane simple drawing, for all k ∈ N. Note
that the function f depends on k only and is independent of the size
of the graph. Furthermore, we develop an algorithm to show that every
4-planar graph admits an 8-plane simple drawing.

Keywords: Topological graphs · Local crossing number · k-planar
graphs

1 Introduction

A topological drawing of a graph G in the plane is a representation of G in
which the vertices are mapped to pairwise distinct points in the plane and edges
are mapped to Jordan arcs that do not pass through (the images of) vertices.
Moreover, no three Jordan arcs pass through the same point in the plane, and
every pair of Jordan arcs has finitely many intersection points, each of which is
either a common endpoint or a crossing, where the two arcs cross transversally.
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2 M. Hoffmann et al.

A graph is k-planar if it admits a topological drawing in the plane where every
edge is crossed at most k times, and such a drawing is called a k-plane drawing.
A simple topological drawing of a graph refers to a topological drawing where
no two edges cross more than once and no two adjacent edges cross. We study
simple topological drawings of k-planar graphs.

It is well known that drawings of a graph G that attain the minimum number
of crossings (i.e., the crossing number of G) are simple topological drawings
[4, p. 18]. However, a drawing that minimizes the total number of crossings need
not minimize the maximum number of crossings per edge; and a drawing that
minimizes the maximum number of crossings per edge need not be simple. A
k-plane simple topological drawing is a simple topological drawing where every
edge is crossed at most k times. We study the simple topological drawings of k-
planar graphs and prove that there exists a function f : N → N such that every
k-planar graph admits an f(k)-plane simple topological drawing by designing
an algorithm to obtain the simple topological drawing from a k-plane drawing.
The function f in our bound is exponential in k, more precisely f(k) ∈ O∗(3k).
It remains open whether this can be improved to a bound that is polynomial in
k. We also present a significantly better bound for 4-planar graphs.

In a k-plane drawing adjacent edges may cross, and two edges may cross many
times. To obtain a simple topological drawing, we need to eliminate crossings
between adjacent edges and ensure that any two edges cross at most once.

Related Work. It is easy to see that every 1-planar graph admits a 1-plane simple
topological drawing [3]. Pach et al. [2, Lemma 1.1] proved that every k-planar
graph for k ≤ 3 admits a k-plane simple topological drawing. However, these
results do not extend to k-planar graphs, for k > 3. In fact, Schaefer [4, p. 57]
constructed k-planar graphs that do not admit a k-plane simple topological
drawing for k = 4. The construction idea can be extended to all k > 4. The
local crossing number lcr(G) of a graph G is the minimum integer k such that
G admits a drawing where every edge has at most k crossings. The simple local
crossing number lcr∗(G) minimizes k over all simple topological drawings of G.
Schaefer [4, p. 59] asked whether the lcr∗(G) can be bounded by a function of
lcr(G). We answer this question in the affirmative and show that there exists a
function f : N → N such that lcr∗(G) ≤ f(lcr(G)).

The family of k-planar graphs, for small values of k, was instrumental in
proving the current best bounds on the multiplicative constant in the Crossing
Lemma and the Szemerédi-Trotter theorem on point-line incidences [1,2]. Ack-
erman [1] showed that every graph with n ≥ 3 vertices that admits a simple
4-plane drawing has at most m ≤ 6n − 12 edges, and claims that this bound
holds for all 4-planar graphs. Pach et al. [2, Conjecture 5.4] conjectured that
for all k, n ≥ 1, the maximum number of edges in a k-planar n-vertex graph is
attained by a graph that admits a simple k-plane drawing.
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Simple Topological Drawings of k-Planar Graphs 3

2 Preliminaries

Lenses in Topological Drawings. We start with definitions needed to describe the
key operations in our algorithms. In a topological drawing, we define a structure
called lens. Consider two edges, e and f , that intersect in two distinct points, α
and β (each of which is either a common endpoint or a crossing). Let eαβ (resp.,
fαβ) denote the portion of e (resp., f) between α and β. The arcs eαβ and fαβ

together are called a lens if eαβ and fαβ do not intersect except at α and β. See
Fig. 1 for examples. The lens is denoted by L(eαβ , fαβ). A lens L(eαβ , fαβ) is
bounded by independent arcs if both α and β are crossings, else (if α or β is a
vertex of G) it is bounded by adjacent arcs.

Lemma 1. If a pair of edges e and f intersect in more than one point, then
there exist arcs eαβ ⊂ e and fαβ ⊂ f that form a lens.

Fig. 1. Lenses formed by two edges.

Operations. We present algorithms that transform a k-plane drawing into a
simple topological drawing by a sequence of elementary operations. Each oper-
ation modifies one or two edges that form a lens so that the lens is eliminated.
We use two elementary operations, Swap and Reroute. Both have been used
previously (e.g., in [2, Lemma 1.1]); we describe them here for completeness.

The common setup in both operations is the following. Let e = uv and f = st
be edges that form a lens L(eαβ , fαβ), where α and β are each a crossing or a
common endpoint. Assume that the Jordan arc of e visits u, α, β, v, and the
Jordan arc of f visits s, α, β, and t in this order. Let α and β be sufficiently small
disks centered at α and β, resp., so that their boundary circles each intersect e
and f twice, but do not intersect any other edge.

Swap Operation. We modify the drawing of e and f in three steps as follows.
(1) Redraw e such that it follows its current arc from u to α, then continues
along fαβ to β, and further to v along its original arc. Similarly, redraw f such
that it follows its current arc from s to α, then continues along eαβ to β, and
further to t along its original arc. (2) Replace the portion of e and f in α and
β by straight line segments. (3) Eliminate self-crossings, if any is introduced, by
removing any loops from the modified arcs of e and f . The swap operation is
denoted by Swap(eαβ , fαβ); see Fig. 2 for illustrations. The swap operation for
a lens bounded by adjacent arcs is defined similarly.
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4 M. Hoffmann et al.

Fig. 2. Swap(eαβ , fαβ) applied to the two lenses in Fig. 1

Observation 1. Let D be a topological drawing of a graph G, and let
L(eαβ , fαβ) be a lens. Operation Swap(eαβ , fαβ) produces a topological draw-
ing that has at least one fewer crossing than D.

Reroute Operation. We modify the drawing of f in three steps as follows.
(1) Redraw f such that it follows its current arc from s to the first intersec-
tion with α, it does not cross e in α, and then it closely follows arc eαβ to β,
and further follows its original arc from β to t. (2) Replace the portion of f in
the interior of α and β by straight line segments. (3) Eliminate self-crossings,
if any are introduced, by removing any loops from the modified arc of f . The
reroute operation is denoted by Reroute(eαβ , fαβ); see Fig. 3 for illustrations.
The reroute operation for a lens bounded by adjacent arcs is defined similarly.

Fig. 3. Reroute(eαβ , fαβ) operation on the two lenses in Fig. 1

Observation 2. Let D be a topological drawing of a graph G, and let
L(eαβ , fαβ) be a lens. Operation Reroute(eαβ , fαβ) produces a topological
drawing.

While a Reroute(eαβ , fαβ) operation modifies only the edge f , it may
increase the total number of crossings, as well as the number of crossings on f .

Planarization. Let D be a topological drawing of a graph G. Denote by N the
planarization of D (i.e., we introduce a vertex of degree four at every crossing
in D). We call this graph a network. We refer to the vertices and edges of N
as nodes and segments, respectively, so as to distinguish them from the corre-
sponding entities in G. Our algorithms in Sect. 3–4 use the planarization N of
a drawing D, then successively modify the drawing D, and ultimately return a
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Simple Topological Drawings of k-Planar Graphs 5

simple topological drawing of G. We formulate invariants for these algorithms in
terms of the planarization N of the initial drawing. In other words, N remains
fixed (in particular, N will not be the planarization of the modified drawings).
As Reroute operations redraw edges to closely follow existing edges, our algo-
rithms will maintain the following invariants:

(I1) Every edge in D closely follows a path in the network N ;
(I2) every pair of edges in D cross only in a small neighborhood of a node of N ;
(I3) every pair of edges crosses at most once in each such neighborhood.

Length of an Arc and Number of Crossings. Let a be a Jordan arc that closely
follows a path in N such that its endpoints are in the small neighborhoods of
nodes of N . The length of a, denoted by �(a), is the graph-theoretic length of
the path of N that a closely follows. Let x(a) denote the number of crossings
on the arc a in a drawing D. Note that the length �(a) is measured in terms of
the (fixed) network N , and x(a) is measured in terms of the (varying) drawing
D. For instance, in Fig. 3(b) we have �(f) = 3 both before and after rerouting,
whereas x(f) = 2 before and x(f) = 1 after rerouting.

3 General Bound for k-Planar Graphs

In this section we describe and analyze an algorithm to transform a topolog-
ical drawing into a simple topological drawing whose local crossing number is
bounded by a function of the local crossing number of the original drawing.

Algorithm 1
Let D0 be a topological k-plane drawing of a graph G = (V,E). Let N be the
planarization of D0. Let D := D0.
While there exists a lens in D, do the following.
Let L(eαβ , fαβ) be a lens so that w.l.o.g. �(eαβ) < �(fαβ), or �(eαβ) = �(fαβ)
and x(eαβ) ≤ x(fαβ). Modify D by applying Reroute(eαβ , fαβ).
When the while loop terminates, return the drawing D.

Observation 3. Algorithm 1 maintains invariants (I1)–(I3), and the length of
every edge decreases or remains the same.

Corollary 1. Algorithm 1 maintains the following invariant:

(I4) The length of every edge in D is at most k + 1.

Lemma 2. Algorithm 1 terminates and transforms a k-plane topological draw-
ing into a simple topological drawing of G.

Proof. Let the sum of lengths of all edges in the drawing be defined as the total
length of the drawing (recall that the length of an edge is the length of the cor-
responding path in N). By Observation 3, the total length of the drawing mono-
tonically decreases. If the total length remains the same in one iteration of the
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6 M. Hoffmann et al.

while loop, then �(eαβ) = �(fαβ) and x(eαβ) ≤ x(fαβ). Since Reroute(eαβ , fαβ)
eliminates a crossing at α or β, the total number of crossings strictly decreases
in this case. Thus, the algorithm terminates. By Observations 1–2, the algorithm
maintains a topological drawing. The drawing D′ returned by the algorithm does
not contain lenses. By Lemma 1, any two edges in D′ intersect in at most one
point. Consequently, D′ is a simple topological drawing of G. ��
Lemma 3 (Crossing Lemma [1, Theorem 6]). Let G be a graph with n
vertices and m edges and D be a topological drawing of G. Let cr(D) be defined
as the total number of crossings in D, and cr(G) be defined as the minimum of
cr(D) over all drawings D of G. If m ≥ 6.95n, then cr(G) ≥ 1

29
m3

n2 .

Theorem 1. There exists a function f(k) such that every k-planar graph admits
an f(k)-plane simple topological drawing, and there exists an algorithm to obtain
an f(k)-plane simple topological drawing from a given k-plane drawing of a graph.

Proof. The statement holds for k ≤ 3 with f(k) = k [2, Lemma 1.1]. Hence we
may suppose that k ≥ 4. Consider the drawing D′ returned by Algorithm 1,
and a node γ of the network N that corresponds to a crossing. We analyse the
subgraph Gγ of G formed by the edges of G that in D′ pass through a small
neighborhood γ of γ. Let nγ and mγ be the number of vertices and edges of Gγ ,
respectively. By (I4), every edge in D′ corresponds to a path of length at most
k + 1 in N . If an edge uv passes through γ in D′, then N contains a path of
length at most k from γ to u (resp., v) in which internal vertices correspond to
crossings in D0. Every node in N that corresponds to a crossing has degree 4.
Hence the number of vertices reachable from γ on such a path is nγ ≤ 4 · 3k−1.

We apply Lemma 3 to the graph Gγ , and distinguish between two cases:
Either mγ < 6.95n, otherwise mγ ≥ 6.95n and then cr(Gγ) ≥ 1

29m3
γ/n2

γ .
Since Gγ has mγ edges and each edge has at most k crossings in D, we obtain
1
29m3

γ/n2
γ ≤ mγk/2, which implies mγ ≤ √

29k/2 nγ . The combination of both
cases yields an upper bound mγ ≤ max{6.95nγ ,

√
29k/2 nγ}. So, for k ≥ 4 we

have mγ ≤ √
29k/2 nγ .

Since mγ edges pass through γ, by invariant (I3) every edge passing through
γ has at most mγ − 1 crossings at γ. By invariant (I4), every edge in G passes
through (the neighborhood of) at most k nodes of N . By (I2), an edge passing
through γ1, . . . , γk crosses at most

∑k
i=1(mγi

− 1) edges in D′. Combining the
upper bounds on mγ and nγ , we obtain that every edge in the output drawing
D′ has at most

√
29k/2 · 4k · 3k−1 = 2

3

√
58 · k3/2 · 3k crossings, for k ≥ 4. ��

4 An Upper Bound for 4-Planar Graphs

The function f from our proof of Theorem 1 yields

f(4) =
2
3

√
58 · 43/2 · 34 ≈ 3290.01
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Simple Topological Drawings of k-Planar Graphs 7

and so every 4-plane drawing can be transformed into a 3290-plane simple topo-
logical drawing. In this section we improve this upper bound and show that 8
crossings per edge suffice.

Theorem 2. Every 4-planar graph admits an 8-plane simple topological draw-
ing. Given a 4-plane drawing of a graph with n vertices, an 8-plane simple topo-
logical drawing can be computed in O(n) time.

The proof of Theorem 2 is constructive: Let D0 be a 4-plane drawing of a 4-
planar graph G = (V,E) with n = |V | vertices and m = |E| edges. The Crossing
Lemma implies that a k-planar graph on n vertices has at most 3.81

√
kn edges.

For k = 4, this implies m ≤ 7.62n. (We note that Ackerman [1] proved a bound
m ≤ 6n − 12 for 4-plane simple topological drawings with n ≥ 3 vertices; this
bound is not applicable here.)

We want to eliminate all lenses using swap and reroute operations. We define
three types of special lenses that we handle separately. A lens L(eαβ , fαβ) is

– a 0-lens if eαβ has no crossings;
– a quasi-0-lens if the arc eαβ has exactly one crossing γ, where e crosses an

edge h, the edges h and f have a common endpoint s, and the arcs fsα and
hsα cross the same edges in the same order (see Fig. 5(a) for an example);

– a 1-3-lens if x(e) = 4, x(eαβ) = 1, and x(fαβ) = 3; see Fig. 4(a).

We show that all lenses other than 0-lenses and 1-3-lenses can be eliminated
by swap operations while maintaining a 4-plane drawing (Lemma 6). And 0-
lenses can easily be eliminated by reroute operations (Lemma 4). The same holds
for quasi-0-lenses (Lemma 5), which are of no particular concern in the initial
drawing but are important for the analysis of the last phase of our algorithm.
The main challenge is to eliminate 1-3-lenses, which we do by rerouting the arc
with 3 crossings along the arc with 1 crossing.

Our algorithm proceeds in three phases: Phase 1 eliminates all lenses other
than 1-3-lenses. We show that it maintains a 4-plane drawing (Lemma 8). Phase 2
eliminates every 1-3-lens using reroute operations. We show that this phase pro-
duces an 8-plane drawing. Phase 2 may also create new lenses, but only 0- and
quasi-0-lenses, which are eliminated in Phase 3 without creating any new lenses.

Fig. 4. Reroute(euβ , fuβ) applied to a 1-3-lens L(euβ , fuβ).

The initial 4-plane drawing has O(n) crossings since the graph has O(n)
edges and each edge has at most four crossings. The set of lenses in the initial
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8 M. Hoffmann et al.

drawing can be identified in O(n) time. Due to the elimination of a single lens,
a constant number of other lenses can be affected, which can be computed in
constant time. Further, each elimination operation strictly decreases the total
number of crossings in the drawing. Consequently, Algorithm 2 performs O(n)
elimination operations and can be implemented in O(n) time.

Lemma 4. Let L(eαβ , fαβ) be a 0-lens. Then operation Reroute(eαβ , fαβ)
decreases the total number of crossings and does not create any new crossing.
Further, if any two edges have at most two points in common, then it does not
create any new lens.

Proof. The operation Reroute(eαβ , fαβ) modifies only the edge f , by rerouting
the arc fαβ to closely follow eαβ . Since the arc eαβ is crossing-free, the edge f
loses one of its crossings and no edge gains any new crossing. Overall, the total
number of crossings decreases, as claimed.

Assume that any two edges have at most two points in common before the
operation. Consider a lens L(gγδ, hγδ) in the drawing after the operation. As no
new crossings are created, γ and δ are already common points of g and h before
the operation. Since g and h have no other common points by assumption, the
lens L(gγδ, hγδ) is already present before the operation. ��

For quasi-0-lenses we define the operation Quasi-0-Reroute(eαβ , fαβ) as
follows; see Fig. 5. Let h be the edge that crosses eαβ at γ and shares an endpoint
s with f . Redraw f such that it closely follows h from s to γ, it does not cross e
in γ, and then it closely follows arc eαβ to β, and further follows its original arc
from β to t. The analogue of Lemma 4 reads as follows.

Fig. 5. Quasi-0-Reroute(eαβ , fαβ) applied to a quasi-0-lens L(eαβ , fαβ).

Lemma 5. Let L(eαβ , fαβ) be a quasi-0-lens, where h denotes the edge that
crosses eαβ at γ and shares an endpoint s with f . Then operation Quasi-
0-Reroute(eαβ , fαβ) decreases the total number of crossings, and does not
increase the number of crossings between any pair of edges. Further, if any two
edges have at most two points in common, then it does not create any new lens.

Proof. The operation Quasi-0-Reroute(eαβ , fαβ) modifies only the edge f , by
rerouting the arc fsβ to closely follow first h from s to γ and then eαβ to β.
Let f ′ denote the new drawing of f . Since (1) e has at least one fewer crossing
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Simple Topological Drawings of k-Planar Graphs 9

with f ′ than with f , and (2) every crossing of f ′ along the arc between s and
γ corresponds to a crossing of f along the arc from s to α, the total number of
crossings strictly decreases, and for each pair of edges the number of crossings
between them does not increase, as claimed.

Assume that any two edges have at most two points in common before the
operation. Suppose Quasi-0-Reroute(eαβ , fαβ) creates a new lens. This lens
must be formed by f ′ and another edge, say g. Then f ′ and g must have at
least two points in common, and g must cross fαβ , implying that f and g have
at least three points in common before the operation. However, by assumption,
edges f and g have at most two points in common, which is a contradiction.
Consequently, every lens in the resulting drawing corresponds to a lens in the
original drawing, where the arc fsα is shifted to the arc of f ′ from s to γ. ��
Lemma 6. Let L(eαβ , fαβ) be a lens either bounded by nonadjacent arcs with
x(eαβ) ≤ x(fαβ) ≤ x(eαβ) + 2, or by adjacent arcs with x(eαβ) ≤ x(fαβ) ≤
x(eαβ)+1. Then the operation Swap(eαβ , fαβ) produces a drawing in which the
total number of crossings on each edge does not increase, and the total number
of crossings decreases.

Proof. The operation Swap(eαβ , fαβ) modifies only the edges e and f , by
exchanging arcs eαβ and fαβ , and eliminating any crossing at the endpoints of
these arcs. In particular, the number of crossings on other edges cannot increase.
This already implies that the total number of crossings decreases.

Let e′ and f ′ denote the new drawing of e and f . If both α and β are crossings,
then both crossings are eliminated, hence x(e′) = x(e)−2+(x(fαβ)−x(eαβ)) ≤
x(e) and x(f ′) = x(f)−2+(x(eαβ)−x(fαβ)) ≤ x(f)−2. If α or β is a vertex of G,
then only one crossing is eliminated, hence x(e′) = x(e)−1+(x(fαβ)−x(eαβ)) ≤
x(e) and x(f ′) = x(f) − 1 + (x(eαβ) − x(fαβ)) ≤ x(f) − 1, as required. ��
Lemma 7. Let D be a 4-plane drawing of a graph, and let L(eαβ , fαβ) be a lens
with x(eαβ) ≤ x(fαβ).

1. If x(fαβ) − x(eαβ) ≥ 2, then L(eαβ , fαβ) is either a 0-lens or x(eαβ) = 1 and
x(fαβ) = 3.

2. If x(eαβ) = 1 and x(fαβ) = 3, then eαβ and fαβ are adjacent arcs.

Proof. As D is 4-plane, we have x(e) ≤ 4 and x(f) ≤ 4. Assume first that
both α and β are crossings, and so x(fαβ) ≤ x(f) − 2 ≤ 2. Combined with
x(fαβ) − x(eαβ) ≥ 2, this implies x(eαβ) = 0, hence L(eαβ , fαβ) is a 0-lens.
Assume next that α or β is a vertex in G. Then x(fαβ) ≤ x(f) − 1 ≤ 3. With
x(fαβ) − x(eαβ) ≥ 2, this implies x(eαβ) = 0, or x(eαβ) = 1 and x(fαβ) = 3. ��

Algorithm 2
Input. Let D0 be a 4-plane drawing of a graph G = (V,E).
Phase 1. While there is a lens L(eαβ , fαβ) that is not a 1-3-lens, do:
If it is a 0-lens, then Reroute(eαβ , fαβ), else Swap(eαβ , fαβ).
Phase 2. Let L be the set of 1-3-lenses. For every L(eαβ , fαβ) ∈ L, if neither
eαβ nor fαβ has been modified in previous iterations of Phase 2 (regardless
of whether x(eαβ) or x(fαβ) has changed), apply Reroute(eαβ , fαβ).
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10 M. Hoffmann et al.

Phase 3. While there is a 0-lens L(eαβ , fαβ), do: Reroute(eαβ , fαβ).
While there is a quasi-0-lens L(eαβ , fαβ), do: Quasi-0-Reroute(eαβ , fαβ).

For i ∈ {1, 2, 3}, let Di denote the drawing obtained at the end of Phase i.
We analyse the three phases separately.

Lemma 8. Phase 1 terminates, and D1 is a 4-plane drawing in which every
lens is a 1-3-lens, and any two edges have at most two points in common.

Proof. By Lemma 4 and Observation 1, each iteration of the while loop reduces
the total number of crossings. Since D0 has at most 1

2 ·4m ∈ O(n) crossings, the
while loop terminates after O(n) iterations. By Lemma 7 all lenses satisfy the
conditions of Lemma 6, except for 0-lenses and lenses L(eαβ , fαβ) with x(eαβ) =
1 and x(fαβ) = 3. Each lens of the latter type is either a 1-3-lens, which remains
untouched, or x(e) < 4 and the lens is eliminated by a swap operation. In this
case, though the number of crossings on the edge e increases, it does not exceed
four and the total number of crossings in the drawing strictly decreases. In all
other cases we can apply either Lemma 4 or Lemma 6 to conclude that each
iteration maintains a 4-plane drawing. By the end condition of the while loop,
all lenses other than 1-3-lenses are eliminated.

To prove the final statement, suppose to the contrary, two edges e and f in D1

have three or more points in common. By Lemma 1, there exist arcs eαβ ⊂ e and
fαβ ⊂ f such that L(eαβ , fαβ) is a lens, which is necessarily a 1-3-lens. We may
assume without loss of generality that x(e) = 4, x(eαβ) = 1, and x(fαβ) = 3.
Denote by γ a common point of e and f other than α and β. Since D1 is a
4-plane drawing and x(fαβ) = 3, we may assume that α is common endpoint of
e and f , furthermore γ is a crossing in the interior of fαβ . Since eαβ and fαβ

form a lens, the arc eαβ cannot pass through γ. Hence γ is a crossing between
fαβ and e \ eα,β . By Lemma 1, eβγ and fβγ form a lens, which is necessarily a
1-3-lens. However, x(eβγ) ≤ 2 and x(fβγ) ≤ 2, which is a contradiction. ��

For the analysis of Phases 2 and 3, we introduce some notation. Let N denote
the planarization of D1. Note that N is a simple graph, since a double edge would
correspond to a lens whose arcs are crossing-free (i.e., a 0-lens). Phases 2 and
3 apply only Reroute and Quasi-0-Reroute operations. Hence the resulting
drawings satisfy invariants (I1)–(I3). For a node α of N , we denote by α a small
neighborhood of α. Recall that the length �(a) of an arc a along an edge of G is
the combinatorial length of the path in N that the arc closely follows.

Lemma 9. D2 has the following properties: (i) the length of every edge is at
most five; (ii) at most two edges of G pass along every segment of N ; (iii) through
every node ν of N , at most two rerouted edges of G pass through ν; and (iv) at
each node α of N , an edge passing through α crosses at most two edges in α;
(v) any two edges have at most two points in common.

Proof. (i) By Lemma 8, the drawing D1 is a 4-plane drawing. Therefore, every
edge in D1 passes through at most 4 crossings, hence its length is at most 5.
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Simple Topological Drawings of k-Planar Graphs 11

Each Reroute operation in Phase 2 replaces an edge of length 5 with an edge
of length 3 (cf. Fig. 4(a)). Property (i) follows.
(ii) Each Reroute(eαβ , fαβ) operation in Phase 2 reroutes the longer arc along
the shorter arc of a 1-3-lens in L. Let A be the set paths of length 2 in N
that correspond to shorter arcs eαβ in some 1-3-lens L(eαβ , fαβ) ∈ L. By the
definition of 1-3-lenses, �(e) = 5 and eαβ consists of the first two segments of
N along e. Thus every segment γδ of N is contained in at most one path in A.
Consequently, at most one new edge can pass along γδ due to reroute operations.
(iii) Let γ be a node in N that corresponds to a crossing in the drawing D1.
Then γ is incident to at most two paths in A (at most one along each of the two
edges that cross at γ). Hence at most two rerouted edges can pass through γ.
(iv) Let γ be a node of N , and let e be an edge that passes through γ in D2. By
property (ii), at most 4 edges pass through γ. If at most 3 edges pass through
γ, then it is clear that e crosses at most two edges in γ. Suppose that four edges
pass through γ. Then the four segments of N incident to γ are each contained
in the shorter arc of some 1-3-lens in D1. Consequently, γ is the middle vertex
of two distinct arcs in A. In the drawing D2 (after Reroute operations), two
edges run in parallel in each of these shorter arcs. Hence each edge that passes
through γ crosses at most two other edges in γ, as claimed.
(v) Suppose f1 and f2 have three points in common in D2. By Lemma 8, we may
assume that f1 has been rerouted in Phase 2, and f1 follows a path (v, γ, δ, u) in
N and (v, γ, δ) ∈ A. Since f1 and f2 have at most one common endpoint, they
cross in both γ and δ. After the rerouting operation, f1 does not cross any edge
of D1 in δ, which implies that f2 has also been rerouted in Phase 2. Since both
f1 and f2 have length three and pass through γ and δ, and N is a simple graph,
both f1 and f2 pass along segment γδ, which contradicts the fact that at most
one new edge can pass along γδ (see the proof of (ii) above). ��
Corollary 2. D2 is an 8-plane drawing of G.

Proof. Every edge of G passes through the small neighborhood of at most four
nodes of N by Lemma 9(i). In each such neighborhood, it crosses at most two
other edges by Lemma 9(iv), and it has at most one crossing with each by (I3).
Overall, every edge has at most eight crossings in D2. ��

Unfortunately, Phase 2 may create new lenses, but only of very specific types.
We analyze these types and argue that all remaining lenses are removed.

Lemma 10. Phase 3 terminates with an 8-plane simple topological drawing D3.

Proof. The while loops in Phase 3 terminate, as each iteration decreases the
number of crossings by Lemmas 4 and 5. The drawing D2 at the beginning of
Phase 3 is 8-plane by Corollary 2, and remains 8-plane and no new lens is created
by Lemmas 4 and 5. It remains to show that Phase 3 eliminates all lenses of D2.

Every lens in D1 is a 1-3-lens by Lemma 8, and they are all in L. Phase 2
modifies an arc in every lens in L. Thus the lenses of D1 are no longer present
in D2. (The two edges that form a lens L ∈ L may still form a lens L′ in D2,
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12 M. Hoffmann et al.

but technically this is a new lens, that is, L �= L′, which is created in Phase 2
and will be discussed next.)

We classify the new lenses created in Phase 2. Assume that edges e and
f = uw form a lens in D2. Without loss of generality, the edge f was modified
in Phase 2. Each iteration in Phase 2 applies a reroute operation on a 1-3-lens,
which decreases the length of an edge from 5 to 3. Therefore Phase 2 modifies
every edge at most once. The drawing of edge f in D2 was produced by a
Reroute(guβ , fuβ) operation, for some edge g, where u is a common endpoint of
f and g. The resulting drawing of f in D2 closely follows a path (u, α, β) in N and
then the original arc (in D1) from β to w. After operation Reroute(guβ , fuβ),
edges f and g do not cross each other.

Suppose first that f crosses e in β. Then e was redrawn in Phase 2 to closely
follow f from w to β and beyond; as in Fig. 6. However, in this case, e and
f have a common endpoint at w. No other edges follow segment βw in N by
Lemma 9(ii), hence e and f form a 0-lens. All such 0-lenses are eliminated in
Phase 3, without creating any new lenses (cf. Lemma 4). Therefore, we may
assume that f does not cross any edge in β.

Fig. 6. New 0-lens formed by e and f crossing in β.

By Lemma 9(iv), the edge f crosses at most two other edges in α. If it crosses
exactly one other edge, and f forms a lens L with that edge, then this crossing
in α is the only crossing of f in D2 and, thus, L is a 0-lens. Otherwise, f crosses
two edges, denote them by e (for which we know that it crosses f) and h; one
of them was redrawn in a Reroute operation in Phase 2 to closely follow the
other, which passes through α; see Fig. 7 and 8. Therefore, e and h are adjacent,
and they do not cross at the end of that operation. Thus, they do not cross in
D2, either; otherwise, three rerouted edges would pass through α, contradicting
Lemma 9(iii). As no new crossing is introduced in Phase 3, the edges e and h
do not cross anytime during (and after) Phase 3, either.

If the common endpoint of e and h is u or w (see Fig. 7), then both e
and h form a lens with f : One of these lenses is a 0-lens, and when this lens
is eliminated, the other lens either disappears, or it becomes a 0-lens as well.
Hence Phase 3 eliminates both crossings.

If e and h share distinct endpoints with f , without loss of generality e and
f are adjacent at u and h and f are adjacent at w. As e and h do not cross, the
crossing e ∩ f is closer to u and the crossing h ∩ f is closer to w along f . Hence,
e and h each form a 0-lens with f , both of which are eliminated in Phase 3.

A
ut

ho
r 

Pr
oo

f



Simple Topological Drawings of k-Planar Graphs 13

Fig. 7. f crosses two edges at α and forms two 0-lenses.

Fig. 8. f crosses two edges at α and forms a quasi-0-lens.

It remains to consider the case that only e is adjacent to f (while h is not).
Assume first that e and f are adjacent at w (see Fig. 8). If the crossing e ∩ f is
closer to w along f than the crossing h∩ f , then the lens formed by e and f is a
0-lens; else it forms a quasi-0-lens. In any case, the lens is eliminated in Phase 3.
The same argument works in case that e and f are adjacent at u. ��
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