ON A FRACTIONAL VERSION OF A MURAT COMPACTNESS RESULT
AND APPLICATIONS
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ABSTRACT. The paper provides an extension, to fractional order Sobolev spaces, of the
classical result of Murat and Brezis which states that the cone of positive elements in H~1(Q)
compactly embeds in W~=19(Q), for every ¢ < 2 and for any open and bounded set Q with
Lipschitz boundary. In particular, our proof contains the classical result. Several new
analysis tools are developed during the course of the proof to our main result which are of
wider interest. Subsequently, we apply our results to the convergence of convex sets and
establish a fractional version of the Mosco convergence result of Boccardo and Murat. We
conclude with an application of this result to quasi-variational inequalities.

1. INTRODUCTION AND MAIN RESULTS

Let © € RY be an open bounded set with Lipschitz boundary and let 92 denote its boundary.
For domains with 02 of Lipschitz type, Murat [41] initially proved that if a sequence of
non-negative distributions converges weakly in H~'(2) then this convergence is strong in
W=14(Q) every ¢ < 2. A direct and succinct proof of this result was later given by Brezis in
[19] without any assumption on the regularity of 9€2. This result has found many applications
in the literature, in particular, we mention the result on convergence of convex sets in [17]
by Boccardo/Murat: The set of elements v € Hj(2) such that v > 1, a.e. in Q converges
in the sense of Mosco to the set of elements (also in Hj(2)) v > ¢ provided that v, — 9 in
WhP(Q) where p > 2. The latter is a consequence of the Murat /Brezis results and determines
a variety of stability results of variational inequalities and optimization problems.

The first goal of this paper is to prove an analogue of Murat/Brezis’s result, also without any
assumption on the boundary regularity, for fractional order Sobolev spaces. Subsequently,
the second goal is to establish the fractional version of the Boccardo/Murat convergence
result for closed and convex sets of unilateral type. We emphasize that, the fractional
operators have recently found several realistic applications in geophysics and imaging science,
see for instance [55, 4, 5]. For s € (0,1] and p € (1,00) denote by Hyy(Q2) the fractional
Sobolev space H*P(R™) restricted to functions which are zero in RV\Q; for the precise
definition see (2.2). Our main result can be stated as follows:

Theorem 1.1. Let Q C RY be any open bounded set with Lipschitz boundary. Assume that
ho,h € Hi2(Q)*, s € (0,1] such that h, > 0 for n € N (in the sense of distributions) and
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hy — hin H3(Q)* as n — co. Then,
ho —h  in H™59(Q) := H3 (Q)",
asn — 0o, for any 1 < q < 2.

The notation — and — stands for the weak and strong convergences, respectively. Let us
stress that we work here with the Bessel potential space H*? which is different from the
Besov-space W*P, applications to which we discuss in Section 6.1. Also, we do not discuss
the case ¢ = 1, because of competing notions on how to properly define it. A proof to
Theorem 1.1 will be provided in Section 5. The proof presented here contains the one from
Brezis in [19]. As in Brezis’ result the key idea is still to use the fact that non-negative
distributions are measures, Lemma A.1. In addition, as a consequence of Theorem 1.1, we
prove the second main result of the paper, a fractional version of the Boccardo/Murat result

Theorem 1.2. Let Q C RY be any open bounded set with Lipschitz boundary and let ¥, — 1)
in Hyy' () for a ¢ > 2. Then

K,(in) == {v e HS2(Q) :v >y, a.e.},
converges in the sense of Mosco to

K,(y) = {ve HZ(Q) v > a.e.}.

We delay the introduction of the concept of Mosco convergence until Section 6.

The paper is organized as follows: In Section 2, we introduce the relevant notation and state
some well-known properties of the Riesz potential and its relationship with the fractional
Laplacian. We also state a critical density result. Our main work starts from Section 3,
where we provide a crucial Sobolev embedding type result in Proposition 3.4, followed by a
Holder type inequality in Lemma 3.5. Section 4 is devoted the characterization of the dual
spaces of fractional order Sobolev spaces. The proof of our main result is given Section 5,
where we divide the task in two parts: first we focus on the interior and then extend the
result to the boundary. Finally, we conclude the paper by considering an application of our
main result (Section 6) to convergence of convex sets and quasi-variational inequalities.

2. NOTATION AND PRELIMINARIES

In this section we establish relevant notation and assumptions considered throughout the
paper. In particular, we assume that

(2.1) Q0 is an open and bounded subset of RY,
with Lipschitz boundary.

For two open sets {11, {}; we say that {2; is compactly contained in {25, in symbols {2 CC s,
if )1 is compact and Q; C €.

For the ease of presentation we follow the =, —-notation. Namely, for two nonnegative

~J)

expressions A, B > 0 we write A 3 B if there exists a non-essential constant C' > 0 such
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that A < C' B. The value of the constant C' might change at each occurrence. We write
A~ Bif A= Band B 3 A.

We recall the definition of the s-Laplacian (—A)2 in RY. Denoting F the Fourier transform,
(—A)3 f is defined for functions f € C°(RY) via

S

F((=A)2f)(€) = clePFf(€), €eRY.

The constant ¢ can be explicitly computed depending on s and N. It is determined so that

(—A)% = —A where A is the usual Laplacian. The constant ¢ plays however no role in our
arguments, cf. [23].

The inverse of the fractional Laplacian is defined as the Riesz potential

S

IF=(-A)"z,
and for s = 2 this is usually called the Newton potential. Further, we observe that

FIf)(E) = (clel) T Ff(), §eRY

Both the fractional Laplacian and Riesz potential have a integral representation. For s €
(0, N),

Fiw=c [ o=yl f)dy
Moreover, for s € (0, 1),
(8 = [ o=y () - Sy

The latter representation still holds when s € (1,2) but in a principal value (p.v.) sense.
Another representation for s € (0,2) is given by

S

(=A)> f(x) = éC/RN A=Y (f(a + h) + f(z = ) = 2f(x)) dh.

See [23] for an overview, [53] for more detailed and extended results, and [28, Section 6.1.1]
for the harmonic analysis aspects of these operators.

We collect a few basic properties that we will use throughout the paper.

Lemma 2.1. Let f,g € C®(RY). Recalling that for s > 0 we have (—=A)~™> = I* and
defining (—A)? := id we have

(a) For any s € (—N, N) an integration-by-parts formula for Riesz potential and fractional
Laplacian holds, namely

/ (—A)ifg= [ f(-A)ig.
RN RN

(b) (—A)2(=A)2f = (=A)2 f for all s,t € (—N, N) with s+t € (=N, N).
(c) For x # 0 we have (—A)2|z|"™N = c|lz|'=>=N for s,t € (0, N) with s # t.
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(d) For f,g € C=(RYN) and s € (0,2) we have the product rule

S

(~A2(f9)(x) = (D)2 F)() gl@) + F(2) (~A)3g(x))
b U= o)),

|l‘ _ y|N+s

Proof. This follows, e.g., from the definition of the operators via the Fourier transform or
the potential represenation.

(a) By Plancherel’s theorem
[ caisg= [ FinoF@E
— [ rF O FOE
— [ PO EFFE b
= [ Fp©) FAEE de

RN

= f( A)zg.

(b) We have
F((—A)F (=A)2 £)(€) =c|ePF((—A)2 )(€) = cle|*|el'F(£)(€)
=cl¢"T'F()(€) = cF((—=A)F f)(€).

Inverting the Fourier transform on both sides we obtain the claim.
(¢) One can check that the Fourier-transform of a o-homogeneous function (¢ < N, o # 0)

is —N — o-homogeneous. Moreover the Fourier transform preserves radial functions.
From this we conclude that F(| - [F=V) (&) = ¢|¢|™. Consequently, F((—A)z|- [F=V)(¢) =

1€]°|€ |_t = ]|\§|S_t. Itf s Z,é t then we can invert the Fourier transform and have that
(d) thé)fijllotzvs fronc1|t1r|16 poténtial representation of (—A)z, observing that
f@)g(@) = fw)gly) = f(x) (9(x) — 9(y) + 9(y) (f (=) — f(y))
= f(z) (9(x) — 9(y)) + 9(2)(f(x) — f(y))
— (9(x) —g(y)) (f(x) — f(y))
The proof of Lemma 2.1 is complete. O

Next we recall the fractional Sobolev space H*P(RY), also referred to as Besov space (it
corresponds to the Besov space Bj (RV), [52]).

For s € (0,00), p € (1,00) denote
[lrsa@yy = (=2)% fll oy,
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[ £l om@ny = (| fllLo@ny + [f]msn@yy-
Then the space H*P(RY) is defined as
HPRY) = {f € LP(RY) : |[fllmswn) < 00}

We also need to define the fractional Sobolev space on open sets 0 C RY with zero boundary
data on 9f. Since (—A)2 acts on functions defined in all of RY one needs to assume that
the functions vanish on the complement of Q. More precisely, for s € (0, N) we define

(2.2) Hp(Q) = {f e LPFRY), (=A):fe LPRY), f=0inQ°}

endowed with the norm || f|| gs.r ) := | fllgsr@yy =1 fllLr@y) + [(=A)2 f|| Loy It is useful
to observe that this definition makes sense for any open set Q C R, there is no requirement
on the regularity of its boundary 0f2.

For the topological dual HyP(€2)*, throughout the paper, we use the following notation
H™P(Q) = Hyl ()7,

where p’ is the Holder conjugate of p. Throughout the paper, and abusing notation, we
denote the duality pairing between elements h € H=*" (Q) and u € Hy¥(Q) by hlu).

For a given Banach space X, the strong and weak convergences of a sequence {z,} in X to
some z € X are denoted “z, — 2”7 and “z, — 27, respectively.

For s = 1 and p € (1,00) the space H"P(R") coincides with the usual Sobolev space. If
Q ¢ RY with Lipschitz boundary 09 then H,F(Q) coincides with the usual Sobolev space
of functions with trace zero on 9. Clearly, C°(Q) C Hyy () for any s € (0,1], p € (1,000).

C

Theorem 2.2. Let s € (0,1], p € (1,00) and Q@ C RY be any open set. Then C>*(R) is
dense in Hyl'(£2).

While this statement is relatively easy to prove for 2 under the assumption that 02 is
sufficiently regular, it is more involved for generic open set €2, even if s = 1. Theorem 2.2 is
proven in [1, Theorem 10.1.1]; they attribute the proof to [42].

3. SOBOLEV INEQUALITIES

In this section we state embedding and compactness results which are crucial to the re-
mainder of the paper. We shall exploit a limiting version of Sobolev embedding stated in
Proposition 3.4.

We begin by stating a Sobolev inequality.
Lemma 3.1 (Sobolev inequality). Assume that (=A)2f € LP(RYN) for s € (0,N) and
p € (1,00). Then for anyt € [0,s], if s —t — % € (0,1) then

II(—A)%fHL Np < Ctp) [(=2) fll o).

m(RN) -
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Moreover for g € LP(RY), s € (0, N) with N]\iip € (1, 00),

159l e - < C(5,0) |9 o).

N—sp (RN)

Lemma 3.1 follows e.g. from [28, Theorem 6.1.3.].
Proposition 3.2 (Rellich). The following results hold:

(1) Assume that for some 1 < ¢ < p < oo and some t > 0
i3
sup [(=2)2 fillLacy + [ fall oy < 00

then fr converges (up to subsequence) strongly to some f in L1(Y) for any ' CC .
(2) Assume that fr € LP(RY) with
Slllp | ficll e @y < o0

Set g, := I°fr, where I° 1s the Riesz potential. Then up to a subsequence, gi is a
Cauchy sequence in LP(2).

Proposition 3.2 can be proven either by a direct adaptation of the proof of the Rellich-
Kondrachov theorem for classical Sobolev spaces, [24, Section 5.7]. Or it can be derived
from the abstract theory of Besov and Triebel spaces, see [52, Section 2.4.4].

Lemma 3.3. Let Q CC RY. Then there exists a constant C > 0 depending on s, N, p and
the diameter of 0 such that for any f € Hyl (),

£ 1|y < CN(=2)% flogen).

Lemma 3.3 follows from Proposition 3.2 via the usual blow-up proof for Poincaré inequality.
Due to Lemma 3.3, for f € HyP (), we have the following norm-equivalence || f]|

I (_A)%fHLp(RN). Thus
(3.1) £

defines a norm on Hgy (€2).

HoP () ™~

@) = (=) fllpomn) ,

We will make crucial use of the following adaptation of the Sobolev embedding.
Proposition 3.4. Let Q) CC Qy C RY be two open sets, p € (1,00), s € (0,1) and

t € (s,2s). Then for any q € [1, %), g < p we have

t 2s s
1(=8)% fllncon) < O, D20, N) (1Y% Floscan + (=) F v )
whenever f € LP(RY) is a function for which the right-hand-side is finite.

Proof. We may assume w.l.o.g. that Qy cC RY.

Recall that in view of Lemma 2.1,
2s

(—A)2f =17 (~A)7 f.
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Take n € C>°(£2y) with n = 1 in ; a suitable cutoff function. Then,
(3.2) (—A)zf = 1> (n(—A)%Sf> 42t <(1 B W)(—A)%sf) .

Now observe that for z € 2; we can write

P (=) f)(@) =k * (n(=A)% f)(@)
where for some A > 0 depending on diameter of 2; C supp7,

]{3(2) = X{z : |z\§cA}|Z|28_t_N7

where ¢ > 0 is a generic constant. One can check that k € LI(R") for any 1 < ¢ <
By Young’s inequality for convolutions,

N
N—(2s—t)"

2s

(3.3) Ik * (0((=2)F D) lsay) 3 CENn=2)F fllmav) 3 Clum) 1(=2)F fluiey.
That is,

172 (n(=2)% £) Neageny 3 COm) 1(=2)% Fllzaceu-
This treats the first term in (3.2).

It remains to treat the second term in (3.2). For x € ©; we have 1 —n(z) = 0. If we define

k(z,y) = |z —y[* N (1 = n(y))

then we observe that for every fixed z € €, k(x,-) is a smooth, bounded function. By
Lemma 2.1,

2t (<1 _ n)(—A)Tf) (z) = /RN((_A)ER(;U’ N(y) (=A)2 f(y) dy.

From Lemma 2.1 we have (=A)z|-|>*7*N =¢|. |[7(t=9~N_Since t € (s,2s) and s € (0,1)
we then have from the product rule in Lemma 2.1,

(=A)26(z,))(y) =: Z@Fi(x’y)

where
Ty(z,y) = |z —y|" N1 = n(y))

To(z,y) = |z — y[* " N(=A)2n(y)

Py, y) = /RN (ly =2~ = ;; - Z\j::‘ )(n(y) = n(2)) ,

and

zZ.

We first treat I'y: We have dist (21, supp (1 — 7)) > 0, so we have

sup 'y (z,y) 3 (L+|y|) M.
rEN

Since t — s > 0 the right-hand side is integrable to any power, in particular

sup [Ty (2, )| o vy < 00,
e
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which implies that

[S17Y

sup /RN Ti(z,y) (—A) 2 f(y)dy 3 1(=A)2 fll oy

e

Since €2, is bounded, we find

</Q /RN Ti(x,y) (—A)2 f(y)dy q)é S(=A) f]| o ey

Now we treat I'y. Since n € C°(€)y), for any = € €y,

. 1
—A)2 T —
(=A)zn(y) 3 FRmREET

Moreover for z € )y and y & Qy we have |z — y| ~ 1 + |y|. Consequently, for any x € 4,

s

|z — y[2 TN (= A)20(y) | =x0, ()7 — y* TN |(—A) 2n(y)|
+ xevo, |z — Y2V (=A) 2n(y))|
Zxo, () |z =y N H (L Jy) N

Observe again that the second term can be integrated to any nonnegative power, so that we
have for any x € ()

/RN Doz, y)(=A)2 fy) 3177 (xeal (= 2)2 f]) (@) + 1 (=2) fll o).

Using again Young’s inequality as in (3.3), we then find
1
Q> q

(/ / Ta(a,y) (=A)2 f(y)dy
|(_A)%f”LP(RN)

S (Xl (=A)2 £]) s +
Zlxes [(=2)2 flll oy + [(=A)2 fll ooy
ZN(=2)% fll o)

It remains to treat I's,

Firstly, if y & Q9 then n(y) — n(z) = 0 unless z € suppn. Moreover, y & Qs and z € suppn
means that |z —z| = |y — x| and (1 + |y|) = |y — z|. Thus, since 2s —¢ > 0

1 1
su [3(z, <—/ P R £ ——
xe(Il)l XRN\QQ(y>| 3( y)| ~ 1+ |y|N+5 Suppn| | ~ 1+ |y|N+5
That is,
sup | | Ty(z,y)(=A)% f(y) dy|
(3.4) "o JET\

1 s 1 s
j/RN |f(y)|w S (=2)2 fll o @n ||W”LP'(RN) S (=2)2 fllo@ny.-
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As for xq,(y)|T's(z,y)|, we estimate
(3.5)
[y — 7N — |z — 2] [n(y) — n(2)|

Yo )T (2, 1)) Sxen () / i
’ ’ dist (z,Q2)>1 |y - Z|N+S
lly — 2 — [z — 22N |n(y) — n(2)|
+ X, (9) / i
’ dist (2,922)<1 |y - Z|N+s

Observe that if y € Qq, z € ©Q; and dist (z, ) > 1 then |y—z| = 1+|z|, and |y —z| Z |z —z|.
Thus,

) / ly — a7 — 2 — 227N In(y) — n(2)] i
’ dist (2,02) ‘y - Z|N+s

1
2s—t—N ~ _ |25—t—N
— WdZNXQz(yNy x| :

On the other hand, if dist (z,{2y) < 1 then either |y —z| < 10|z — z| or |y — x| = |z — y|, and
thus (using s < 1)

xa. ()|

(o) / lly — 271N — |z — 227N In(y) — n(2)] i
’ dist (2,022)<1 |y - Z|N+S

|y o x|2sfth ‘,E|2sfth
<Vl X () / | |
dist (2,022)<1

|y _ Z|N+s—1

1
< o 2s—t—N / _ d
~Y = X \Y — az
| | :(¥) dist (5,0)<1 |y — 2|V

1 i
+ Xﬂz(y)m /z—z<|:c—y| |z — (1;|2 t=N 1~

< 2s—t—N |(L’ B y|28_t
Sy — xgg(y)+xgg(y)m

Sy =Ny = 2T xou(y) -
In second to the last step we used that = € 2, and €21, 25 are both bounded sets.

dz

All in all, from (3.5) we arrive for any z € (),
[ Talw,y)(=2)2(y) dy|
2

I (X [(=A)2 ) (@) + I (xau (= A) 2 ) (@

)-
Arguing as in (3.3), for 0 =2s —t or 0 = s+ 1 —t (in particular o € (0, 1)) we have
12° (xa (=) 2 f Dl oy 3 Ml (=2)2 Il vy 3 11(=A)% Fllogy)-

Together with estimate (3.4) we arrive at

= / Py 9)(—~A) £ dyllran 3 (=AY Fllovam.
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This finishes the proof. O

Lemma 3.5 (A type of Holder’s inequality). Let 1 < ¢ < p < oo and Q CC RY, s € (0,1).
Then

1(=2)2 ¢l a@yy < C(Q,5,,0) [(=2) 2] o)
holds for all p € CZ(QQ).

Proof. Fix €; CC RY such that Q CC ©; and take xi, x2 € C>(£;) with both x1,x2 = 1
in a neighborhood of €2, but so that x;(z)(1 — x2(x)) = 0. Then, by Hélder’s inequality
Ix2(=2) 20| Laery 3 1(=2)2 0l o).
Moreover, by the support of 1 — xo, x1 and ¢,
(1= xa(2))(—A)2p(z) = /N(l —xa(@))x1(y) |z =y~ Ve(y) dy.
R

Let

k(o) = P if |2| > 3dist (supp (1 — x2), supp (x1))
' 0 otherwise

then
(0= xala)(A)ip()| 3 [ kel do

Since k € L'(RY) we have by Young’s inequality for convolutions,
(1= x2)(=A) 2]l 1a 2 (@l o).
By Holder’s and then Poincare inequality, Lemma 3.3, recall that supp ¢ C €,
lollza@yy 3 N1ello@yy 3 I1(=2)20l Lo @n)-
The proof is complete. [l

4. CHARACTERIZATION OF THE DUAL OF H®P

We will also make use of the classification of the dual space of H®P-spaces. The following
proposition is a well known-result, indeed it is a consequence of Hahn-Banach theorem and
Helmholtz-Hodge decomposition. We state it for the classical Sobolev space H&’p (Q) =

Cgo(Q)H'”H "7 If 99 is regular enough (namely, if the trace and extension theorem hold) this
classical space coincides with Hy?(€2) as we defined it.

Proposition 4.1. Let p € (1,00), p' = ;5. For each h € H,"(Q)*, there exists f € L' ()
and g € WH'(Q) such that

h[w]=/gf-w+/QVg-Vso

||f||LP'(Q) + ||g||W1,p’(Q) < C(Q7p)||h||Hé”’(Q)* :

with
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It is known that this can also be done for fractional Sobolev spaces, cf. [7, Theorem 5.3] and
[37, Proposition 2.2.].

Proposition 4.2 (Characterization of H*?(R™)*). Let p € (1,00), p = %, and s € (0, N).
)

p—1’
If h € H5?(RN)* then there exists fi € LP (RN) and f, € H*? (RN) such that

hlg] = / fio+ / (CAf(-A)ip, Ve e CXRY)

and

11ll o vy + 1 f2ll Lo vy + 1(=2)2 fall o vy < C (8,0, N) Al rep @y -

Proof. We consider H*P(RY) as a linear subspace X C LP(RY) x LP(RY) via the identifica-
tion

T:f=(f(=4)2)),
with X := T(H*P(R"Y)). Then h € H*?(R")* induces a linear bounded functional h* on X

via,

with

177 = Al ren ey« -
By Hahn-Banach theorem there exists an extension of h* to all of LP(RY) x LP(RY). By
Riesz representation theorem there must be an f € LP(RY), g € LP(RY) such that

h* (o, ) = /RN f90+/RN g Ve, € LP(RY).

In particular,

41 h(e) = h* Vo € C(RY).
R /Rwa/RN o VpeCrRY)
Now we define the operator By := (I + (—A)3)7!, that is for u € C(RY),
1
F(Bs(u))(§) := Tc\ﬂsj:u(@'

This operator is a slight variation of the Bessel potential operator. More precisely, it is
a multiplier operator with bounded symbol ﬁ that satisfies Mihlin’s and Hormander’s
condition and thus B, : LY(RY) — L9(RY) is a linear bounded operator for all ¢ € (1, 00), [27,
Theorem 5.2.7.]. Moreover, (—A)3 B, is a bounded linear operator from LI(RY) — LI(R").
Indeed, this follows from the fact that

(-8B ()(©) = oo

1+ clgl®

satisfies Mihlin’s and Hormander’s condition and we can apply

Fu().

Again, the symbol > Ié\s
Hérmander’s theorem, [27, Theorem 5.2.7.], to conclude the boundedness of (—A)2 B,. From

these two results we obtain
(4.2) 1(—=A)2 Bou| Loy + | Bsttl| ey 3 lullpamyy  Vu € LYRN), Vg € (1,00).
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Moreover,
(4.3) w=(—A):Bu+ Bau  Yuec LYRY), Vg€ (1,00);
indeed applying the Fourier transform, (4.3) is equivalent to

1

2
e T el

— T ué) + Fu(§) = Fu(§).

1+c|§|

Applying (4.3) to g we reformulate (4.1) into

/]RNfso+/ 2Byg + Byg) (—A)
— [+ a)iBg) e+ / (-A)iBg(-A)ip

N|w

¥

and in view of (4.2) we have

1f + (=2)2 Bgll 1 @y 3 17|

Hs,p(RN)* 5

and

| Bsgl|

HSvPI(RN) é ||h/| Hs,p(]RN)*.

So if we set fi := f + (=A)2B,g and f, := B,g the claim of Proposition 4.2 is proven. [
For p = 2 we also get a local version of Proposition 4.2. We restrict our attention to p = 2,
since for p # 2 the estimate (4.5) requires the (to our knowledge unknown) LP-boundary

Calderén-Zygmund regularity theory for nonlocal differential equations — for the interior
regularity theory cf. [37].

Proposition 4.3 (Identification of Hiy (Q)*). Let Q be any open bounded set, s € (0,1),
h € Hg' ()

then there exists u € Hiy (Q) such that for any ¢ € C(1),

(4.4 el = [ (-)iu(-a)te.
RN

Moreover,

(4.5) (=) 2ull 2@y = 1Pl o2 0y

Proof. The proof is a direct consequence of the fact that [|(—=A)2 - ||;2(z~) defines a Hilbert-
space norm on Hgy () (see (3.1)) and the Riesz Representation Theorem. O
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5. PROOF OF CONVERGENCE, THEOREM 1.1

Theorem 1.1 is a essentially equivalent of the following statement, which is proven within this
section. Recall that Q C RY is an arbitrary bounded and open set with Lipschitz boundary.
In the following we continue to use the following notation, H~*%(Q2) = Hy! (Q2)*.

Theorem 5.1. Suppose that h,,h € H5*(Q) = Hy (Q)*, for s € (0,1] and such that

e h,,h >0 in the sense of distributions in €2, that is
hale], hlp] =20 Vo € CZ(Q), ¢ = 0.
o h, weakly converges to h in Hyy (Q)*, that is
halp] =5 Ble] VY € Hy'(9).

Then h, 2= h strongly in H-9(Q) = HZY (Q)* for any 1 < ¢ < 2, i.e.

(5.1) sup [Pul] = hlg]] === 0.
PECE (@), el g o, <1

Theorem 5.1 is obtained as a consequence of Theorem 5.3 which shows the strong convergence
of the functionals when localized away from the boundary 0€2. We further prove that the
latter result holds not only for H’(Q)* but also for HyP(Q)* with p € (1,+00). Finally,
this together with Theorem 5.4 allows to extend the result and obtain Theorem 5.1.

Example 5.2. Let us remark that the statement of Theorem 5.1 is false in general without
the assumption h,,h > 0. E.g., let Q := B(0,1), and take any f, € L?*(R"), supp f, C
B(0,1) with f, converging to some f weakly in L?(RY), but no subsequence of f, converges
strongly to f in any LY(RY), 1 < ¢ < 2. Take for instance, the usual example for weak but
not strong convergence

fu(x) :=n(zx) cos(nzy) cos(nzs) ... cos(nxy),
where n € C2°(1) is a standard radial bump function.
Let s € (0,1] and set h, := (=A)z f,. For any ¢ € (1,2),

lim inf sup |hnl0] = hlo]| > liminf || f,, — f|La@ny > 0.
n—oo

0 peCR (D), 191l o g7 vy <1

That is, the conclusion (5.1) of Theorem 5.1 fails — even though h,, satisfies all assumptions
of Theorem 5.1 besides h,[p] > 0.

5.1. Local strong convergence. We prove first the interior result which holds for any

p € (1,00).

Theorem 5.3. Suppose that h,,h € H=*?(Q) = H' (Q)*, s € (0,1], p € (1,00) such that
® h,,h >0 in the sense of distributions in ).

o h, weakly converges to h in H' (Q)*.
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For an arbitrary n € C(R2), consider

i) = Paln],
and
hl] = hlng).
Then, for any open an~d bounded Q' C RN (7/Lot necessarily contained in Q) we have strong
convergence of hy, to hy in H=*9(Q") = Hy' (V)*, for any q € (1,p); that is

7 7 n—oo

(5.2) I

Proof of Theorem 5.5. First note that the result need only to be proven for a subsequence
My, and then the convergence for the complete sequence is given by the uniqueness of the
limit A.

Let ¢ € HyP () be arbitrary, then we observe

(53) (=2 010) vy 3 C) (Ilorey + (= A) el wam) ) -

Indeed (5.3) is essentially a consequence of the fractional Leibniz Rule; see [33, Theorem
7.1]. Since n € C(Q), we have

”(_A)%HHLT(RN) = C(natvr) < 00, Vit > O,T € (17OO>

Thus, the fractional Leibniz Rule together with Sobolev embedding, Lemma 3.1, implies that
for any t < s with N — (s —t)p > 0,

1(=2)% () = n(=2)2¢ — o(=A)21l| o)
SC(WaPy S, t) ||(_A)5SOI| < C(n>pv S, t) ”(_A)%SOHLP(RN)'

Np
Lm(RN)
From this we readily obtain (5.3).

It follows from (5.3), that if ¢ € H*P(RY) then np € Hy' (), with the estimate

1101l 720 ) = 1101 o ey + (= 2)2 (00) | 2t vy < CD N e ey
Given that
we observe
SUD [Pl e vyye < C01) SUD lnll 0 g < 00
In particular we have that h, is uniformly bounded in H*¥ (RM)*, and then h, — h in
H*? (RN)* up to taking a subsequence.

By Proposition 4.2, there are representatives f, € LP(RY), (=A)2g, € LP(RY) such that

el = [ hot [ (D (A Voe xR,

RN
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Moreover,

D | Lo (e) + 5D [l e ey 3 C) SUD |1l st ) < 00-

By reflexivity of the incumbent spaces, up to taking a subsequence, we have the following
weak convergences

fo—=f i LP(RY),
go =g in H*P(RY),
(—A)2g, = (-A)Zg i LP(RY).
Since hy, weakly converges to h, we have

M= [ fo+ [ (~Dig-a)e Ve eCT®Y)

By the compactness result of Rellich-Kondrachov, Proposition 3.2, we have strong conver-
gence

(RY)
(RN) Y

In — ¢ in LV

loc
rf,—If in Lj,
also along subsequences. Here, I° f is the Riesz potential defined in Section 2.
Let Q' C RY be an arbitrary open and bounded set, and let g < p.

We will show in the following that

(5.4) sup / (fo— e =20
€O (), Il 0.qt v, <1/ RV
and
(55) e A N
PO ), Il e v, <1 RN

Together with the density of C°°(€)-functions in Hg? (€), Theorem 2.2, the limits (5.4)
and (5.5) readily imply (5.2) up to a subsequence. As remarked above, by the uniqueness of
the weak limit, this establishes (5.2).

Strong convergence of f,,: Proof of (5.4).

Let B(0,R;) be a ball of radius R; > 0, containing €)', centered at the origin, and let
R > 20R;.

We define now the bump functions 5\,5, and \p as follows. Let A € C®(B(0,2)), A = 1
in B(0,1) be arbitrary. Set £(-) := A(-/(2R1)) € C*(B(0,4R1)), § = 1 in B(0,2R,), and
Ar = A(-/R) € C*(B(0,2R)), A\g = 1 in B(0,2R).
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Let ¢ € C°(§Y), then

(5.6) — / E(f— HIF(—A)ip

The first equation in (5.6) is because ¢ = ¢, since £ = 1 in B(0,2R;) and ¢ € C>°(Q'). The
second equation in (5.6) follows from the basic properties of the Riesz potential, Lemma 2.1,
and that I°(—A)2¢ = cp. The third equation in (5.6) is the “integration by parts” in
Lemma 2.1.

Thus, we find

[t -

o | [ - pr-syie] | fa-awrie - o

For the first term on the right hand side of (5.7) we have

‘/ARIS(f(fn - f))(—A)SSO‘ S N=2)2 0l o gy MR (E(Fa = D LaBrion)-

Observe that £(f,, — f) converges weakly to zero in LP(RY). Since ¢ < p, by the compact
support of € we conclude that £(f, — f) converges weakly to zero in LY(RY). By Rellich’s
theorem, Proposition 3.2, we conclude that for every fixed R > 0

(5.8) lim sup sup / Mel*(€(fa — ) (~A)i| = 0.

n—00  peCe ();llell

HSq (]RN)Sl

For the second term on the right hand side of (5.7), observe that whenever ¢y, ¢, € (1, 00)
with 1 =1 then

| / (1= )P (¢ f>><—A>%so\ S = Dl 11 = M) (=) e,

Choose ¢, such that ¢; < & p (if sp > NV, this condition becomes ¢; < 00), and ¢ > 77—
From Sobolev embedding, here in the form of Lemma 3.1, we obtain

11°(E(fn = Do @y ZNE(fn — )H ay S fa = Flle@ny-
(B(0,4R1))

In particular, since f, — f in LP(RY), we have

(5.9) sup | 1 (€(fu = S)ll o ey < +o0.
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For any R > 0 sufficiently large, by the disjoint support of 1 — Az and ¢, we have
L L [ B T I
rT=yY|=Z

Combining Young’s inequality for convolutions, q% + q% = 1, the fact that the support of ¢
is in ', and Holder’s inequality, we find

a2 1/g2
e 0 A € A ) I I T
T=Y|Z

_N—g)+ &
2 ROV o) e,
_s_ N
SR allellpey
SCEW)R

e N

“ el pe @y
with C(Q') := ||/

That is, for all sufficiently large R > 0, we have for some fixed ¢ > 0 that

(510)  sup sup / (L= AP (E(f — ) (~A)ig| 3 OB,

n peCee (Q);llel|

Hs,q/ (]RN) Sl

The convergence of f,,, namely (5.4), follows now from (5.7) together with (5.10) and (5.8)
by taking first n — oo and then letting R — oc.

Convergence of g,: Proof of (5.5) Let K3 cC RY with ' cC Ks;. Take again a bump
function £ € C°(K3) with £ = 1 in a neighborhood of €.

Then for any ¢ € C°(€Y)

= [ (80— (~8)Eg) e-a)i

= [ (8 = (M) Ao+ [ (o= 0) ()% (1= (-2)5)

R
By the disjoint support of ¢ and (1 — &) we can argue as for f, (5.6), to conclude that

s (=0 (0 (-0 (-)Ee) S0

peCS(Q), ”(p”Hs,q/(RN)Sl
Thus, in order to establish (5.5) it remains to show

(5.11) I(=A)2g, — (—A)3g

which we do in the following.

n—o0

|La(xs) —— 0,
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Since h,, is a positive distribution, by Lemma A.1, there exist non-negative Radon measures
4 such that

/sadun =halel = | fap+ /N(—A)Sgn(—ﬁ)gso Vo € CF(RY).
R

Observe that we can rewrite this as the distributional equation

(5.12) (—A) T gy = ptn — f, in RV,

We can mollify the PDE (5.12) with the usual convolution kernel v, = £ "v(-/¢) where
v € C(B1(0)), v > 0 everywhere, normalized so that [~ = [, = 1. Then,

RN

2s

(5.13) (—A)Z (gn * V) = pin ¥ Ve — foxve in RY,

Since the cutoff function 7 used in the definition of il@ clearly belongs to Hp’ I(Q), we find
that we can test h, with the constant function 1, i.e. h,[1] is well defined. Then,

sup Mn(RN> = sup ‘ﬁnu” = sup |h,[n]| < sup [|hn| 5P () M g vy < 00
n n n n ( 00 ( )) ( )

Thus, we obtain from Fubini’s theorem

Sup SUp [ ftn # v | 1 ey < 0.
e>0 n

Since moroever f, is bounded in LP(RY), for any bounded open set K the sequence f, is
bounded in L'(K).

Take K a bounded open set but large enough such that ' CC K3 CC K where K3 is from
above, (5.11).

Then we have
sup sup || fr * vl L1 (k) < C(K) < oo.
e€(0,1) n

That is, from (5.13), we have

2s
sup sup [[(—=A)2 (gn * ve)| 1) < C(K) < o0,
e€(0,1) n

Moreover, since sup,, ||(—A)2 gy o~y < 0o we find that in particular,

sup sup H(—A)%(gn * Ve) || ovy < 00.

e€(0,1) n
Take an open set K; CC K such that K3 CC K;. From Proposition 3.4 we find that for
any 6 >0, r € (1,00) such that s+d <2s,s+d<mnand 1 <r < m,

s+6
sup s?p) ||(—A)%(gn * Ve) || r () < C(K1, K) < oo.
n e€(0,1

Taking Ko CC K; an open set such that K3 CC Ky By weak compactness, letting ¢ — 0
we thus find

5+6
sup [[(=A)= gnllr ) < oo
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By Rellich’s theorem in the form of Proposition 3.2 (recall that sup,, ||gn|| gsr@y) < 00),

we then find that (—A)zg, is strongly convergent in L"(K3) for any 1 < r < m. In

particular we have that (—A)2g, is strongly convergent in L'(K3). Since (—A)3g, is on
the other hand weakly convergent to (—A)2g in LP(RY), by Vitali’s theorem in form of
Lemma A.3, we find that ||[(—=A)2g, — (—A)2g||a(ks) —— 0 whenever 1 < ¢ < p. That is
(5.11) is established. The proof is concluded. O

5.2. Up to the boundary. Once we have Theorem 5.3 which treats convergence in the
interior of €2, the convergence up to the boundary is comparatively simpler. Further, note
that although Theorem 5.3 is proven for a general p, in the following result we consider only
the p = 2 case.

Theorem 5.4. Let g € (1,2), s € (0,1), and hy, h € H3 (Q)* be such that

sup || A | H2 () < 00
n

and assume

e we have locally strong convergence of h,, to h in Hgéq/(Q)* i the following sense: for
all n € C(Q) we have

7 7 k—
thﬂ? - hn“HSE)ql(Q)* — 0,

where

hagle] = halngl, and Do) = hng).
Then we have global strong convergence of hy, to h in (HS (Q))*, namely

7 7 k—o0
1P = Pll g - 0.

Proof of Theorem 5.4. Part 0: Preliminaries on weak convergence.

Set

A= stllp || 71| e+ I H2 () < 00

From Proposition 4.3 we obtain u,,u € Hgy () such that
mid = [ Ol el
R

and

Wl

Ml = [ (M)A Voe (@)

Moreover we have the estimate

sup | (—A) 2| 2y + [[(=A)2ul 2vy 3 A
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In particular (—A)2u, has a weakly converging subsequence with respect to L?(R") to a
v € L(RY). We claim

(5.14) v=(=A)2u.

Indeed, by the weak convergence h,, — h we obtain that

(5.15) / (v (~A)3u) (—A)ip=0 Vpe CPRY).
RN

Since both v, (—=A)2u € L2(RY), by duality and density of C°(RY) in L?(RY) there exists
Y € CP(RY) with [[¢]| 2@~y < 1 such that

o — (—A)sul 2y, < 2 / (v— (-4

RN

N|w

Take py > 0 such that B(0, pg) D supp .
Let n € C*(B(0,2)) with n = 1 in B(0,1), and set x, := n(x/p). Then the fact that
Y = (—A)21%), Lemma 2.1, and (5.15) imply

[ mine= [ o= i)y

By [37, Proposition 2.4.] for any p > po,
(1 = X20) (—A)2 ((1 = X)) [ 2@y D102y < 1.
and there exists p < 2 such that
2o (=2)2 (1= Xp) %) 2@y 3 07 219 oy < o7 2,

Observe that the dependency with respect to p can be obtained from [37, Proposition 2.4.]
by scaling. So that

/RN(U — (=A)2u)(1 — x9,) (—A)2 (1 — x,) )

p—00

v = (—A)%UHB(RN\B@,J)) — 0.

In the last step we used that v — (—=A)zu € L*(RY) and absolute continuity of the integral.
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Moreover,

n —00

/RN@ — (D) R)xa (~)F (L= X)) 2 v — (~A) b anypi~E 22550,

This implies that
lo = (=A)2ul| 2@r) = 0.
That is, (5.14) is established and we have

[S17Y

(=A)2u, — (=A)2u  weakly in L*(R").

Part 1: strong convergence of u,

From Poincaré inequality (observe that u,,u = 0 in RV\Q) we have
sup [[u, — ul| 2y 3 sup I(=A)% (u, — )| r2@yy < o0.
neN neN

Since (—A)2 (u, —u) — 0 weakly in L2(RY) and u,, —u is uniformly bounded in H*?(R") we
obtain from Rellich’s theorem, Proposition 3.2, u, —u ~—% 0 strongly in L} (RY). Since
U, = u = 0 in RV\Q this implies u,, — u —— 0 strongly in L*(R"). Using yet again the
compact support of u,, — u, we find

(5.16) [t — ul| payy < C(Q)|Jtn — ul| f2@ny ~— 0.

Part 2: strong convergence of (—A)%un It remains to prove

(5.17) 1(=A)5up — () Full gy =225 0,

We will reduce the proof of (5.17) to estimates in three subsets of R"

e the “outer part” €,., a subset of R"\Q) with positive distance to 0f2
e the “inner part” €; ., a subset of 2 with positive distance to 02
e the “close to the boundary part” €25 ., the set of points close to the boundary 0€.

Step 0: Reducing to three regimes. Our goal of this preliminary step is to reduce the situa-
tion to the estimate of the three sets mentioned above, namely (5.18) below.

Let e € (0,1). Since 2 is open and bounded, the set 0f2 is compact. Set
B.(09) := {z € RY : dist (x,09Q) < &}.
Since 2 is bounded, B.(9f2) is bounded. Moreover, by the dominated convergence theorem®

|B.(09)] =5 0.

IThis is the only place in this entire work where we use that 9 is Lipschitz.
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We call B.(092) the boundary regime Qg . := B.(02). Moreover we define the outer part
Qe = RY\B.(Q) and the interior part Q;. := Q\Qp.. Then
1(=2) 3w = (=A)2ul pogeyy <[(=A) 3w, — (—A)2ul age,
(5.18) +(=A) 2w — (=A)2ul| Loy,
+1(=4)

ol

Uy — (—A)2u| Laa,..)-

Step 1: first we treat for the boundary part. Since g < 2,

s s l_l 13
(5.19) 1(=A)2u, — (—=A)3u]|pao, ) < [Qoc]7 24 =5 0.

Step 2: Secondly, we treat the outer part: Since u, — u vanishes in R¥\Q, for z € Q,. we
have

(=8 =) = [ o=yl ) () do

—S8—n
e

so by Young’s estimate for convolutions,

1(=2)% (un = w)l| 2o,y Slun = wll o) / 27" dz

|z|>e

(5.20)
:C ||un - UHLQ(RN) 878
Step 3: Lastly for the inner part we use the assumption of local convergence. For our fixed

e>0let n. € C(Q) with n. = 1in Q;./» (i.e. in an e-neighborhood of €;.). Then, by
duality, for any n € N there exist F,, € C2°(§2; ) with [[F, || 1o gay < 2 such that

1=y — ) a0,y < / (=AY (uy — ) F.

RN

Since F}, is smooth we may write (/° = (—A)~% is the Riesz potential)

Let us use the commutator notation,
[(=2)%. fl(9) := (=A)3(fg) — F(=D)2g.
Using again I°(—A)2g = g, Lemma 2.1, we have
(—A)E (I F,) = 0o + [(—=A)5, ) (I Fy).

By Coifman—McIntosh—Meyer type commutator estimates, here in the form of [33, Theorem
6.1.], we observe

H[(—A)%, 7]5]<ISFn)HLq/(]RN)
SnFull g @y + (1 4+ 11Vl oo @) 11 Full o gy 3 CEFl o vy
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where in the last step we used the estimate?

”ISFnHLQ’(RN) SFall e = |[f'n
LN+sd" (RN) Lntsd’ (Q¢)

S| o vy

That is
sup [|(—=A)2 nI°Fy) || o mwvy < 2C(e,€2).

By the relationship of u,,u to h,, h we have
[ =) (<)% (P

=(hn — h)[ne MI°F,)] = (ilnms - ﬁns)[ns[an]
and thus for any fixed ¢ > 0, by the local strong convergence of h,, to h

[ 8= 0 () (1) R N T,

It remains to estimate

[

B /RN (un — ) (=A)7 (1= (n)*)IF,)
_ /Q(“" —u) (=A% (1= () 'F,)

n—oo
HEg" ()

N|w

0.

(NI

(n — ) (=A)% (1= (ne))I°F)

2s

A (1= (m))I°Fy)

Sllun = ull 2@ H(_ Q)

Set x. :=1— (n.)?. That is,

Gla) = (1= P)FF) @) = [ ko= sl o) Bl d

Observe that x. and F;,, have disjoint support, so we may choose yet another another cutoff
function 7). € Cgo(Qi’%) with 7. = 1 in ;. (that is: F,, = F,,i.. Then we have for

K y) = b= ol xel0) ()
that
Gla) = [ bl i) dy.
)

Moreover, since |z|*~Y € LP(RM\B,(0
inequality for integral operators that

||G||Lp RN) < ||F ||L1 RN) < C(Q €)||F ||L2 < QC(Q 8)

for any r > 0 and p > NL_S, we find by Young’s

2this estimate holds whenever N + ;> 1, equlvalently = > 5. When N > 2, ¢ < 2 this is true whenever

€ (0,1). For N = 1, ¢ needs to be taken small enough But this is not a problem since again, strong
convergence at L% (qo > 1 small) and weak convergence at L? implies strong convergence for any L9,
q € (1,2) by Vitali’s theorem.
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Moreover, k(z,y) is smooth and computing the second derivative with respect to z (notice
Vx:(x) has compact support) we find that (for s € (0,2))

92
axjamik(x,y) e L'NL¥RY xRY), forall 1<i,j<N.
So we have
0?G N
Sy 220(Q,e), forall 1<4,5<N.
8%8@- LP(RN)

That is G € W?P(RY) — H*P(RY) (Sobolev embedding) for any s € (0,2). In particular,
1(=8)% Cllrey) 3 20(9, ).

Together we have shown for the interior case

(5:21) =AY (un = W)l < C208) (llun = ullzzo) + Wona. = | gt - )

Plugging this all together, namely (5.19), (5.20), (5.21) into (5.18), we have shown that for
any € > 0,
s s s 11
(= At — (=) Eullgaqany < C(O) fn — ullpagamy =~ + C(Q) 5
+C(Q,¢) <||un —ullz2@) + ||iane - ian"]s| Hgéq,(m*>

In view of the locally strong convergence of h, Rellich as in (5.16), we let n — oo and obtain
that for any € > 0,

lim [[(=A)3u, — (—=A)5u|| gogry <C(Q)e1 2 A

n—oo

This holds for any € > 0 and thus for ¢ — 0 (since ¢ < 2),
lim |[(=A)2u, — (—A)%uHLq(Rw) =0.

n—o0

(5.17) is established, and the proof of Theorem 5.4 is complete. O

6. Mosco CONVERGENCE IN THE FRACTIONAL SOBOLEV SETTING

Mosco convergence [40, 39] is a set convergence concept with useful application in several
areas of mathematics. The definition is appropriate to the study of problems involving
moving convex sets in reflexive Banach spaces, as we now explain. In particular, it has made
possible to study stability properties of variational inequalities and associated problems
(see [36] for a modern account). One class of those associated problems are the quasi-
variational inequalities (QVIs), that can be thought as variational inequalities where the
constraint is implicit (in the sense that it is state dependent). QVIs arose initially from the
work of Bensoussan and Lions [14, 35] (see also the monographs [15, 13, 16]) on impulse
control problems, and later found application modeling a wide variety of non-convex and
non-smooth phenomena in applied sciences. Specifically, areas including superconductivity
([32, 49, 50, 9, 12, 45, 30, 31]), continuum mechanics ([26, 32, 2, 3]), growth of sandpiles and
the determination of rivers/lakes networks ([10, 11, 12, 47, 43, 44, 46, 11, 44, 46]), among
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others. Further, a first account on problems with fractional-gradient constraints can be found
on [51], and a concrete application associated to fractional spaces can be found on [6]. For
a complete and classical account on QVIs, we refer the reader to the text of Baiocchi and
Capelo [8].

We now provide an application of the compact embedding results established in the previous
section to the convergence of convex sets. This, as stated in the introduction of the paper,
can be seen as the extension of the Boccardo/Murat result for fractional Sobolev spaces. We
start by introducing the definition of Mosco convergence [40]:

Definition 6.1 (M0OSCO CONVERGENCE). Let K and K,, for each n € N, be non-empty,
closed and convex subsets of a reflexive Banach space V. Then the sequence {K,} is said
to converge to K in the sense of Mosco as n — oo, denoted by

K, K,

if the following two conditions are fulfilled:

(I) For each w € K, there exists {w,/} such that w,, € K, for " € N C N and w,, — w
inV.
(I1) If w, € K,, and w, — w in V along a subsequence, then w € K.

The notion of Mosco convergence provides the right notion of convergence to establish sta-
bility results for variational inequalities and constrained optimization problems. Specifically,
we have the following (see [40] and [48] for a proof).

Theorem 6.2 (Mosco). Let V' be a reflexive Banach space, f € V', and A : V. — V' be
linear, bounded, and coercive. Suppose in addition that for each n € N, K,, and K are
convez, closed, and non-empty subsets of V', and that

K, K.
Then, the sequence of unique solutions {u,} to
Findue K, : (Au—f,o—u)>0, forallvekK,,
converges V -strongly to u*, the unique solution to
Findue K : (Au— f,v—u)>0, foralvekK.

It follows that in order to determine stability results for variational inequalities, conditions
that guarantee Mosco convergence are of interest. While for some kind of sets, necessary
and sufficient conditions are known (see [21], the application of such to particular examples
is an arduous task). On the other hand, there exist some useful (and simple to verify in
applications) sufficient conditions such as one arising from the so-called Boccardo-Murat [17]
result: A direct consequence of the Murat/Brezis compactness.

In the classical setting, the result of Murat, namely that the positive cone of non-negative
elements of H~1(Q) compactly embeds in W~14(Q) for ¢ < 2, implies that Mosco convergence
of the sets

K(¢n) :={veHy(Q):v>¢, ac}
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to the set K(¢) is achieved not only if ¢, — ¢ in H} (), but also if ¢, — ¢ in W,?(Q)
for p > 2. In our setting, we prove that our result stating that the positive cone of non-
negative elements in Hgy (Q)* compactly embeds into Hi(Q)* for 1 < ¢ < 2, implies that
the sequence of sets

K () :={ve H3H Q) s v >y, a.e.}
Mosco converges to K4(¢) provided that ¢, — ¢ in Hg (€) with p > 2. This corresponds to
the analogous result to the Boccardo-Murat [17] one but in the fractional Sobolev framework.

Initially, note the following result for existence of solutions to the class of variational in-
equalities of interest.

Lemma 6.3. Let f € H3 (Q)* and ¢ € H (Q). There exists a unique u € K,(1) such that

(6.1) [

Proof. Existence and uniqueness follow from minimizing the strictly convex energy

1 s .
E(u) = §||(_A)2u||%2(RN) — flu] in Ky (v).
The Direct Method of Calculus of Variations is applicable. O

N|w

w(=A)s(v—u) > flv—u] Yoe K, ().

The next statement is the analogue of [17, Théoreme 1]

Theorem 6.4. Let f € Hy (Q)* and consider a sequence of obstacles 1, € Hyl(Q) weakly
converging to ¢ in Hy'(Q) for some ¢ > 2. Denote by u,, and u the solutions from
Lemma 6.3 corresponding to K(1y,) and K(v), respectively. Then

U, 25w strongly in Hyy ().

Proof. Given that u is uniquely determined, it suffices to show the convergence of wu, for
some subsequence as n — 0.

Testing the variational inequality (6.1) for u, (when the constraint set is given by K (¢,))
with v = 1, we readily find

1(=2)3unll2ery 3 I1(=2) 2l 2wy + 1 fll s

In view of (3.1) (up to a subsequence) we thus find that u, converges weakly to some @ in
H (), ¥n — ¥, u, — @ in L*(Q) and pointwise a.e., and (—A)Zu, — (=A)z4 in L*(RY).
Further, the weak lower semicontinuity property of the norm implies

(6.2) 1(=A)2 72 @) < lim inf (= A) 7t 72y

On the other hand, u, — ¢, > 0 a.e., and since the subsequence of ,, and u,, converge a.e.
we find in the limit that © — ¢ > 0 a.e., that is

ue K1)
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Testing again the variational inequality (6.1) for w, with now u, + ¢ (for some nonnegative
¢) we find in the distributional sense that

(—~A)%u, —f>0 ¥neN inQ.

Moreover since we have from the weak convergence of u,, that

2s

(=) Fu, — f = (=A)Fa—f in HZ (),
we observe ,
(=A)2a—f>0 inQ.
From Theorem 1.1, we obtain that for any p < 2,

sup /RN ((—A)%un —(—A)2 u) © %0,

1911557 <

where (as usual) the above integral is understood in the duality pairing sense. Then

S

sup / ((—A)gun — (—A)%ﬂ) (—A)zp nzoo, 0,
llell e @S RN
(ﬂ)
and hence
(63) 1(=8) 5ty — (A gy 22250

n—oo

Note that we can conclude that (—A)zu, “— (—=A)2d in L*(RY) if we show
(6.4) 1(=2) 2wl 2y === [[(=A)2 @] 2.
To establish (6.4), given that (6.2) holds, it only remains to show
limsup [[(=A) 2ty || 2@sy < [[(—A)24] 2@y
n— o0

For this we test the variational inequality (6.1) for w, with v := 1, + @ — 1; observe that
@ — 1 > 0 since @ € K(v). Then

/RN(—A)SUTL( )%(%—FU—Tb—un)Zf[;bn_ya_w_un]‘

1.e.

[

8ol < [ (M) u(=a)ii+ [ (), = D))~ )

s [ (CAEB) = 0) + Fl6 — vl + Sl
RN
By weak convergence u,, to u in Hg; (Q), we observe

lm [ (=A)2u,(—A)2a = [[(—A)2

n—oo RN

I<q1

and by the weak convergence of ¥, to 1 in Hy!(€2), we have
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and

lim [ (=A)2a(—A) (¢, — ¢) = 0.

n— oo RN

By the uniform boundedness of (—A)2 (1, — 1) in LI(RY) (recall that ¢ > 2) and the strong
convergence of (—A)zu,, in L7 (RN),

[ 8 - -2, - )] 3
)51 — ()50, N5 (W — ) 2 0

In conclusion,

N|w

imsup (A5, Faeny < [ (A)F(-A)fa

n—oo
which in view of (6.2) establishes (6.4), which in turn establishes the strong L?(R" )-convergence
of (—A)zu, to (—A)34.

Finally, let w € K(¢) be arbitrary and consider the test function v = ¢, +w — ¢ € K (¢y,)
on the variational inequality associated to u,, i.e.,

/RN(_A);un(_A);(wn +w—1vY— un) > f[wn +w—1— un]

Then, given that (—A)2u, — (=A)2a in L*(RY), ¢, — ¢ in Hgf(Q), and u, — @ in
H2 (), we have

Since 4 € K4(¢), and w € K4(¢) was arbitrary, then @ = w, the unique solution to (6.1),
which concludes the proof. 0]
As in [17] (after Definition 9) we obtain

Corollary 6.5. Let ¢, weakly converge to v in Hy'(Q2) for ¢ > 2. Then K(,) Mosco-
converges to Ks(1) as n — oo, i.e.,

K (1) == K,(¥),
Proof. We prove both items in Definition 6.1.
(I) Set f:= (=A)2u € H?(Q)* where u € K,(¢) is arbitrary. Then
[ a0 = - we (o)

and in particular this equation holds for all v € K (v). For this f and 1), solve the
inequality Lemma 6.3, and obtain u,, € K(1,). In view of Theorem 6.4, u,, converges
strongly to u in Hy (Q).

(IT) follows from the Rellich compactness result: u,, and v, converge a.e., so u, > " a.e.
implies in the limit u > v a.e., i.e., u € K4 (¢).
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O

6.1. Quasi-variational Inequalities. The above results directly allows us to establish ex-
istence of solutions to quasi-variational inequalities (QVIs) as we show next. Consider an
operator ®, and subsequently the following QVI: Given f € HS(’)Q(Q)*,

(6.5) Find u € Ks(®(u)) : /RN(—A);u(—A);(w —u) > flw—u] Ywe K{(P(u)).

We now show that the above problem has solutions via Corollary 6.5.

Theorem 6.6. Let ® : Hy () — H(Q) for some q > 2 be weak-weak continuous, i.c., if
v, = v in HY(Q), then ®(vy,) — ®(v) in HYL(Q). Then, (6.5) has at least one solution.

Proof. First, define the map T such that T'(v) € Hg;(Q) corresponds to the unique solution
of the variational inequality

Find y € K,(®(v)) - /RN<—A>%y<—A>%<w—y>zf[w—yL v € K,(D(v)).

Then, solutions to the QVI are equivalently defined as fixed points of the map T, i.e., v
solves the QVI if and only if
T(v) =w.

Coercivity of fractional differential operator implies T(Hgy (Q)) € Br(0; Hyi(Q)) for some
R > 0. Hence, any sequence {v, } in Br(0; H3;>(€2)) contains a subsequence such that v, — v
and T'(v,) — z in H(Q) for some v and z. Since ®(v,) — ®(v) in Hy(Q) with ¢ > 2, then
by Corollary 6.5 we observe K,(®(v,)) =+ K (®(v)), and hence T(v,) — T(v) in Hgy (Q)
by Theorem 6.2, i.e., the map T is compact and a fixed point exists due to the theorem of

Schauder. O

REMARKS AND OPEN QUESTIONS

e The statement of Theorem 1.1 is also valid for the classical Sobolev space Hé’p (02)
for any ¢ < p — the proof changes only slightly and is left to the interested reader.
For p = 2 this was proven in [17, 19]. Our argument for Theorem 1.1 is very much
inspired by [19] but it is significantly more general.

e We expect this result to be true for functionals in (Hyy (2))* with convergence
(Ho'(2))" for ¢ < p. However, our proof does not cover this case since we are
not able to classify the dual space of Hyl'(2) as in Proposition 4.3 — namely the
global estimate (4.5) is unknown when L?(RY) and (H{7(Q))* are replaced with
LP(RY) and (Hgl(Q))*, p # 2. The issue is boundary regularity theory for equations
involving the so-called regional s-Laplacian, which is still under active investigation,
see e.g. [25, 29]. Observe that their results assume regularity of 0fQ.

e For s € (0,1), p € (1,00) denote

*
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and for s € (0,1) we set
Wo () == {f € LP(R") : [flwsw@mn) <00, f=0inQ°}

endowed with the norm || f ||y« @)
It is likely that a statement as in Theorem 1.1 fails, i.e. that there is no (W*7)*-

convergence for ¢ < 2 — due to the fact that W*2-functions may not even belong to
WP for p < 2, [38].

loc
e Another functional analysis approach to fractional variational inequalities was pre-

sented [54].
e Results related to Murat’s theorem for non-linear operators have been investigated
in [18, 22]

APPENDIX A. ON DISTRIBUTIONS AND FUNCTIONS

In this section we gather some standard results from Sobolev spaces and distributions.

Firstly, nonnegative distributions correspond to Radon measures, more precisely we have
[34, Theorem 6.22].

Lemma A.1 (Schwarz). Every nonnegative distribution f € (C(RM))*, ie.
flel 20 Yo € CZ(RY, [0,00))
1s of the form

flol= [ fau

for some non-negative Radon measure .

Secondly we recall the Vitali convergence theorem, [20, Section 4.5, Exercise 4.14.4].

Lemma A.2. Let f, be a sequence LP(Q), 1 < p < co. Then f, == f if and only if

(1) convergence in measure: Ye > 0, lim, o L™ ({x : |fo(z) — f(x)] > €}) =0
(2) for any e > 0 there exists a measurable set E. with |E.| < oo such that

sup/ |ful? < e.
n Jo\E.
(3) for any € > 0 there exists 6 > 0 such that for any measurable E C Q with |E| < § we

have
sup/ |ful? < e.
n JE

A direct consequence of Lemma A.2 is

Lemma A.3 (Vitali convergence). Let Q C RY be open and bounded. Let fi be uniformly
bounded in LP(Q2) and assume that fy 20 £ in LY Q). Then f 20 fin L) for any
q € [1,p).
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Proof. The first property of Vitali follows from L!-convergence.

Now observe that for ¢ < p by Holder inequality,

sup [ 147 < 1BV sup |l o
k E k

<oo

This implies the third property (and the second one is trivial if © is bounded). O
Another consequence of Vitali’s Lemma is the Brezis-Lieb lemma, [20, Section 4.5, Exercise
4.17).

Lemma A.4 (Brezis-Lieb Lemma). Let p € (1,00), fi, f € LP(Q) be such that

sup [ frllLe (@) < o0

and f LN f almost everywhere in Q). Then

[ ]
k—o0
||fk||§p(9) - ”f”ip(g) —[Ife = f”zL)p(Q) — 0
e In particular if

S |l o) = I 1o
then fr =% f in LP(Q).
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