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Abstract

We prove L? bounds for the extensions of standard multilinear Calderén—Zygmund
operators to tuples of UMD spaces tied by a natural product structure. The product can,
for instance, mean the pointwise product in UMD function lattices, or the composition
of operators in the Schatten-von Neumann subclass of the algebra of bounded operators
on a Hilbert space. We do not require additional assumptions beyond UMD on each
space—in contrast to previous results, we e.g. show that the Rademacher maximal
function property is not necessary. The obtained generality allows for novel applica-
tions. For instance, we prove new versions of fractional Leibniz rules via our results
concerning the boundedness of multilinear singular integrals in non-commutative L”
spaces. Our proof techniques combine a novel scheme of induction on the multilin-
earity index with dyadic-probabilistic techniques in the UMD space setting.
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1 Introduction

A Banach space X has the UMD property if any X-valued martingale difference
sequence converges unconditionally in L? for some (equivalently, all) p € (1, 00).
Standard examples of UMD spaces are provided by the reflexive L? function spaces, as
well as the reflexive Schatten—von Neumann subclasses S? of the algebra of bounded
operators on a Hilbert space. The works by Burkholder [2] and Bourgain [1] yield an
alternative characterization: X is a UMD space if and only if singular integrals, in par-
ticular the Hilbert transform, admit an L” (X)-bounded extension. Such equivalence,
albeit striking, is not so surprising when viewed from the modern dyadic-probabilistic
perspective on singular integral operators. Indeed, Petermichl [43,44] realized that the
Hilbert transform lies in the convex hull of certain dyadic operators akin to martingale
transforms (the so-called dyadic shifts), while Hytonen [28] extended this represen-
tation to general singular integral operators of Calder6n—Zygmund type, relying on a
probabilistic construction. These results have roots in the pioneering work of Figiel
[13] and on the probabilistic approach of Nazarov—Treil—Volberg to non-homogeneous
T b theorems [41].

The theory of linear singular integrals on Banach spaces, beyond its intrinsic inter-
est, has historically been motivated by its interplay with several related areas, such
as geometry of Banach spaces [31,32], elliptic and parabolic regularity theory [3,47],
the theory of quasiconformal mappings [15]. Furthermore, vector-valued bounds may
often be used in the pursuit of their multi-parameter analogs [22,27].

In this article, we are concerned with Banach-valued extensions of multilinear
singular integral operators. A linear singular integral takes the general form

Tf(x) = fR K, y) £ () dy.

where different assumptions on the kernel K lead to important classes of linear trans-
formations arising across pure and applied analysis. The term singular integral refers
just to the underlying kernel structure—a Calder6n—Zygmund operator is a bounded
singular integral operator. A heuristic model of an n-linear singular integral operator
T in R? is then obtained by setting

T(fiseo s f)O) =U(/i® @ fu)x,...,x), xeRI fii:R! - C,

where U is a linear singular integral operator in R"?. For the basic theory see e.g.
Grafakos—Torres [18].

Multilinear singular integrals arise naturally from applications to partial differential
equations, complex function theory and ergodic theory, among others. Focusing on
the results of greater significance for the present work, we mention that L? estimates
for the fractional derivative of a product, often referred to as fractional Leibniz rules,
are widely employed in the study of dispersive equations starting from the work of
Kato and Ponce [33], descend from the multilinear Hérmander—Mihlin multiplier
theorem of Coifman—Meyer [4]. The bilinear Hilbert transform is a prime example of
a modulation invariant bilinear Calderén—Zygmund operator. It rose to prominence
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with Calderén’s first commutator program, and has been featured as a model operator
in the study of bilinear ergodic averages; the latter connection is expounded in e.g.
[11]. Proving L? estimates for the bilinear Hilbert transform in the Lacey—Thiele
framework [34,35] involves a decomposition into single trees, which are essentially
modulated bilinear Calderén—Zygmund operators.

Vector-valued extensions of multilinear Calder6n—Zygmund operators have mostly
been studied within the more restrictive framework of £7 spaces and function lat-
tices. Boundedness of these extensions is classically obtained through weighted norm
inequalities, more recently in connection with localized techniques such as sparse
domination: see [16] and the more recent [6,37,42] for a non-exhaustive overview of
their interplay. The paper [10], by Ou and one of us, contains a bilinear multiplier the-
orem which applies to certain non-lattice UMD spaces. The approach of [10] is based
on a localization of the UMD-valued tent space norms, see for instance [23], within
the Carleson embedding framework of Do and Thiele [12]. The tent space techniques
lead to the additional assumption of L? estimates for a certain analogue of the Hardy-
Littlewood maximal operator obtained by replacing uniform bounds with randomized,
or R-bounds, see e.g. [47] for a definition. This assumption, usually referred to as the
RMF property of X, dates back to the work of Hytonen, McIntosh and Portal on the
vector-valued Kato square root problem [21], and is in fact necessary for the X-valued
Carleson embedding theorem to hold [20].

In this article, we obtain vector-valued extensions of multilinear singular integrals
to tuples of UMD spaces tied by a natural product structure, such as that of pointwise
product in UMD function lattices or, more generally in fact, that of composition
within the Schatten-von Neumann classes. We do not require additional conditions
on the spaces involved—in particular, we do not require the RMF property. Thus,
we are able to extend multilinear Calrerén—Zygmund operators to natural tuples of
non-commutative L” spaces—a result which does not seem attainable via abstract
theorems involving multilinear RMF type assumptions. A motivating corollary is a
version of the fractional Leibniz rule for products of Schatten-von Neumann class-
valued functions.

In contrast to [10,21,23], our techniques are dyadic-probabilistic: a multilinear
version of the representation theorem of Hytonen [28], which appeared in the bilinear
case in [39] by Y. Ou and three of us, reduces the problem to the boundedness of
the extensions of a class of multilinear dyadic model operators, namely paraproducts
and multilinear dyadic shifts of arbitrary complexity. The novelty lies in how we treat
these operators—multilinearity poses significant problems in the vector-valued setup.

We note that UMD-valued extensions of bilinear, complexity zero dyadic shifts
have implicitly been treated in the work by Hytonen, Lacey and Parissis on the UMD
dyadic model of the bilinear Hilbert transform [30, Section 6]. The simple approach
of [30] does not extend to either the higher complexity or the multilinear cases. We
tackle the n-linear case by inducting suitably on the linearity, which is made possible
by associating to our n-tuples of UMD spaces a collection of related m-tuples, m < n.
The framework is carefully designed to allow us to treat non-commutative theory.
Moreover, bilinear theory would not reveal all the difficulties and is, in fact, strictly
easier—a feature that is also present in our followup paper [9] involving operator-
valued multilinear analysis. Before providing further insights on the novelty of our
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proof techniques, and comparisons to previous approaches, we give the statements of
our main results.

1.1 Main results

We start by discussing a simpler question, where the current literature already has
some restrictions that we can lift. If X is a Banach space and 7 is an n-linear integral
operator on R acting on n-tuples of functions in L?(Rd ), we may let T act on
(LP(RY) ® X) x L¥(RY) x --- x LL(RY) by

T(fi, fareoos f) ) =D e jT(f1 s frreoos f)X), x €RY,
fi=Y enifij, fjeLE®RY, e €X.

A basic thing implied by our methods is that n-linear Calder6n—Zygmund operators
extend boundedly when applied to one UMD-valued function and n — 1 scalar func-
tions, without any additional assumption on the UMD space. We send to Sect. 2.4 for
the precise definition of an n-linear Calderén—Zygmund operator. This is the simplest
complete multilinear analogue of Bourgain’s UMD Hormander-Mihlin multiplier the-
orem from [1]; see also Weis [47] and Hytonen-Weis [26] for the operator-valued,
non-translation invariant case.

In the bilinear, translation invariant, operator-valued setting, a related result
appeared in [10, Corollary 1.2] under the assumption, known to be rather restric-
tive, that X is a UMD space with the non-tangential Rademacher maximal function
property [21]. Theorem 1.1 shows, in particular, that the latter assumption is unnec-
essary. However, we formulate the following more general version to facilitate the
discussion below regarding the somewhat special nature of bilinear theory.

Theorem 1.1 Let X, X5, Y3 be UMD spaces with an associated product (a bounded
bilinear operator)

X1 x X2 = Y3: (x1,x2) = x1x2,  |x1x2ly; < |x1lx, [x2]x,-

Let n > 2 and T be an n-linear Calderén—Zygmund operator on R?. The n-linear
operator

T froeee f) @ = Y erjiea T (fijye frjpr fooeeon f) (@), x € R

Jt.J2
d
=) eijfij. fr=Y erpfrj fij frj € LERY,
J1 2

el,j, € X1, ez,j, € Xo,
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extends to a bounded operator

n
T: LP'(RY; X)) xLP2(RY; X)) x ]_[ LPI(RY) — LI+ (RY; Y3),
k=3

n
1
1 1
< — _—— = —
l<pk_oo,n<qn+1<oo, e E o
k=1

The proof of this model case is an adaptation of the proof of Theorem 3.17 with some
additional observations regarding the bilinear case—see Remark 4.3. This simpler
result also showcases why the genuine n-linear theory that we formulate next is harder
than bilinear theory: the n-linear theory requires us to exploit a more careful product
setting so that we can run our inductive proof. We also note that at least in the basic
case X;] = Y3 = X and X, = C, Theorem 1.1 can also be seen as a corollary of
Theorem 3.17 using Example 3.10. It is simpler to just look at the proof, however.

Our main theorem concerns extensions of n-linear CZO operators T to an n-tuple
X1, ..., X, of UMD Banach spaces lying in an enveloping algebra .4, allowing for a
standard definition of (associative, not necessarily abelian) product A x A — A. We
refer to these configurations as UMD Holder tuples if certain conditions are in place, in
particular, if the n-tuples are associated with suitable collections of related m-tuples,
m < n. If each X is a subspace of A, and f; € L?O(Rd) ® Xi forl <k <n, we
may define the extension of a scalar integral operator by

T(fiooo f) @ = > T(fijpnon fag)@ [ [ exier x €RY

Jlseens Jn k=1

fe=Y erjifejo fej € LERY, exjy € X (1.1)
Jk

The abstract setup is developed in Sect. 3. For expository purposes, herein we provide
a statement in a rather general concrete case of a UMD Holder tuple. In the statement,
we denote by L? (M) the non-commutative L? spaces associated to a von Neumann
algebra M endowed with a normal, semifinite, faithful trace 7.

Theorem 1.2 Let M be a von Neumann algebra endowed with a normal, semifinite,
faithful trace. Fors = 1, ..., S, let (M, jts) be measure spaces and fors =0, ..., S
let
S S N 1 . 1
1<p1,...pn,qn+l<oo, — = —
qn+1 k=1 Dk

be Banach Holder tuples. Let

S S—1 1 0
Xp = LPx(Ms, pg; LPv (Ms—1, us—1; - - - LPk(My, oy LPE(M)) - -),
k=1,...,n,

N S—1 0
Yyi1 = LI+ (Mg, pug; L9+t (Ms_y, ps—1; - L1 (M, wr; LI+t (M) -- ).
(1.2)

@ Springer



F. Di Plinio et al.

The n-linear operator (1.1) extends to a bounded operator

n
T - Hka(Rd; Xi) — Lim+ (Rd; Yoi1),
k=1
1 n
1 _ 1
1<Pk500,;<9n+1<00,m— i
n 1
T:[]L'RY: X — L ® R V).
k=1

In fact, we have the stronger estimate

(T (oo fo)s fast)] 5 |

M (1l Ul Lz, )

1
n+1

1
M(gi, ..., garD)():=sup [ [(lg; o (g>Q:=@/Qg- (1.3)

xeQ j=1
The estimate (1.3) is equivalent to a certain sparse bound, see Remark 3.16.

We send to Sect. 3.3 and to the references [7,8] for more details on sparse bounds
and to [37,38] for a survey of the weighted inequalities that may be derived as a
consequence.

Theorem 1.2 is obtained as a corollary of Theorem 3.17 using Example 3.12. How-
ever, we remark that, at least to the best of the authors’ knowledge, the spaces (1.2)
encompass all known examples of UMD Banach spaces. We further remark that the
mixed norm structure of the spaces (1.2) prevents from using purely non-commutative
tools, as (1.2) may be interpreted as semi-commutative spaces only if p; does not
vary with s for all 1 < k < n; on the other hand, (1.2) are not UMD lattices, so that
Theorem 1.2 is out of reach of purely lattice-type techniques.

Theorems 1.1 and 1.2 can be used to deduce certain weighted multilinear Leibniz
rules in the UMD-valued and non-commutative setting. For simplicity of notation,
we particularize the statements to the bilinear, unweighted, non-endpoint case for the
homogeneous fractional derivative D* f = F~1(|& |‘f(§)), in the setting of Theorem
1.1. A variety of formulations may be found e.g. in the article by Grafakos and Oh
[17].

Corollary 1.3 (Fractional Leibniz rules in UMD spaces) Let X1, X2, Y3 be UMD
spaces as in the statement of Theorem 1.1. For all sufficiently smooth f; : R —
X1, f2: RY — X, there holds

||Ds(f1f2)||an(Rd;Y3) S ||Dsf1 ”LPl (R4 X1) 120l o2 e x)
+ ||f1||Lr1(Rd;X1) ”Dsf2|

L2 (RY; X5)
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whenever s > d and

I < p1, pa, 11,12 < 00, §<q3<oo, i:%_}_

N T
q3 _r1+r2'

€
P2
Corollary 1.3 appears to be the first instance of a Leibniz type rule in the full vector-
valued setting, with no additional assumptions on the UMD spaces involved. We
have not strived for optimality of the range for the fractional exponent s. While
the range obtained in Corollary 1.3 is wider than what would follow from results
of Coifman-Meyer type, see [17, Remark 1], the extension to the sharp range

s > max {0, d ( — 1) } requires bilinear estimates for kernels which fail to be

1
q3
of the standard CZ type considered herein. Such estimates are carried out e.g. in [17]:
their extension to the full vector-valued setting is left for future work.

Proof of Corollary 1.3 We follow the beginning of the proof of [17, Theorem 1]. The
estimate we seek is reduced to a bound for the UMD-valued extension of three different
bilinear paraproducts (meaning suitable parts of a Littlewood—Paley decomposition
of a product of functions—not in the exact sense as we use the word in connection
with dyadic model operators). We note that the symbol of the high-low paraproducts
I1; and I1; is of Coifman-Meyer type; therefore I1y, T, are bilinear CZO operators
as defined in Sect. 2.4 and Theorem 1.2 applies directly. The high-high term IT3 is a
bilinear integral operator with kernel

KumyﬁzZ/ﬁM%MW—WWWwﬂWWWWﬂww
meZ R
where ¥ is a Schwartz function whose Fourier transform W is supported in an annular

region around the origin and ¢ = D*¢ for some Schwartz function ¢ such that its
Fourier transform has compact support containing 0, so that

s ()] < (14 XD~ x e RY.

As s > d for us, this implies that I13 is a bilinear CZO operator with a kernel K
satisfying

(T3] 3 1Kz S 1,

L3x13—L2

where || K ||cz, is the kernel constant defined in the beginning of Sect. 2.4. The required
bounds for IT3 follow from an application of Theorem 1.1. O

1.2 Proof techniques and novelties

A basic example of an n-linear dyadic shift operator of complexity zero on R, in
adjoint form, is
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(fisoos far1) = Zem/ (1"[ Amfkm) (]"[ Emfkm) dx

meZ keC keN

where ¢, are bounded coefficients, and E,, and A,, respectively indicate the con-
ditional expectation on the m-th dyadic filtration and the corresponding martingale
difference, CNN = @and CUN = {1, ..., n+ 1}, with the key feature that the car-
dinality of the cancellative indices C is always at least 2. We approach UMD-valued
extensions of the above forms to (n 4 1)-tuples of UMD spaces via a novel induction
argument, aimed at reducing the cardinality of the set of non-cancellative indices N
and the linearity of the shift n at the same time. The induction relies upon a certain
structure of the tuples involved, which is most easily described in the bilinear, n = 2,
case. Loosely speaking, we consider UMD spaces X1, X2, X3 endowed with a linear
functional 7 defined on all products ejeze3, e; € X j, with the property that

lleillx, ~ sup |T(e1e2e3)]
le2]x, =le3lx;=1

and the same holds for all permutations of X1, X5, X3.In combination with the martin-
gale decoupling inequality of McConnell [40] and Hytonen [29], and Stein’s inequality
in UMD spaces, this structure allows to reduce a trilinear shift form on X1, X», X3
where, say, | € C and2 € N, toabilinear shift formon X, X ’f where both indices are
cancellative, and whose boundedness is known from the UMD character of X ;. The
induction is crucial in the n-linear case to allow a repeated use of Stein’s inequality.

We remark here that the martingale decoupling has been previously used by Hén-
ninen and Hytdnen [19] in the proof of a T'1 theorem for linear singular integrals
on UMD spaces with operator-valued kernels, providing among other results a non-
translation invariant analogue of Weis’s theorem [47]. The multilinear operator-valued
theory, together with a related representation theorem, is the object of forthcoming
work by the authors [9].

2 Definitions and preliminaries

2.1 Vinogradov notation

We write A < B if A < C B for some absolute constant C. The constant C can at least
depend on the dimensions of the appearing Euclidean spaces, on integration exponents,

on the degree of linearity of the multilinear operators, and on various Banach space
constants. We use the notation A ~ Bif B < A < B.

2.2 Dyadic notation
Let Dy be the dyadic lattice in R, defined by

Do = {27510, ) +m): k € Z,m € Z%}.
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We recall the random dyadic grids of Nazarov—Treil-Volberg, see for example [41].
The version we use here is from [29]. Let Q@ = ({0, 1}4)% and let P be the natural
probability measure on 2 such that the coordinates are independent and uniformly
distributed on {0, 1}d. If Q € Dy and w = (wp)rez € 2, we set

Q+w=0+ Y w27"

k: 27k <2(Q)

The random dyadic lattice D,, on R4 is defined by Dy, = {Q +w: Q € Dy}. By a
dyadic lattice D we mean that D = D, for some w.

Let X be a Banach space. If p € (0, 0o] we denote by L”(X) = L?(R%; X) the
usual Bochner space of X-valued functions f: RY — X. Let D be a dyadic lattice.
Suppose Q € Dand f € L} (X) (the set of locally integrable functions). We use the
following notation:

loc

e The side length of Q is denoted by £(Q);

e ch(Q) consists of those Q" € D such that Q' C Q and £(Q") = £(0)/2;

e If k € Z, k > 0, then Q(k) denotes the cube R € D such that Q C R and
2°0(0) = €(R);

e The average of f over Q is (f)p = ﬁfg fdx, and we also write Eg f =
(Nolo:

e The martingale difference Ag fis Ag f = ZQ,ech(Q) Eof—Eqof;

e Fork € Z, k > 0, define

Ayf= Y Arf and EHf = Y Erf.
ReD ReD
R(k)=Q R(k)=Q

Haar functions

When Q € D we denote by K¢ a cancellative L? normalized Haar function. This
means the following. Writing Q = I1 x - - - x I; we can define the Haar function 1,

n=@n,...,na) € {0, 1}, by setting
K= @ s

where hO | 1;|~ 1/211 and hl | 1;|~ 1/2(11 —1y,,) foreveryi =1,...,d. Here
I; ; and I, ~ are the left and rlght halves of the 1nterval I; respectively. If n # 0 the
Haar function is cancellative: f k" = 0. We usually exploit notation by suppressing

the presence of 7, and simply write h o for some h"Q, n #0.
Notice that if f € LIOC(X) then Ap f = Zn#o f, h'7 Q’ or suppressing the n
summation, Ag f = (f, ho)hg.Here (f, ho) fth
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2.3 Definitions and properties related to Banach spaces

An extensive treatment of Banach space theory is given in the books [24,25] by Hyto-
nen, van Neerven, Veraar and Weis.

We say that {e}x is a collection of independent random signs, where k runs over
some index set, if there exists a probability space (M, ) so that e: M — {—1, 1},
{ex}x is independent and u({ex = 1}) = u({ex = —1}) = 1/2. Below, {ex}x will
always denote a collection of independent random signs.

Suppose X is a Banach space. We denote the underlying norm by | - | x. The Kahane-
Khintchine inequality says that for all x1, ..., xy € X and p, g € (0, 0co) there holds
that

)4 1/p q 1/q

E ~|E

M
§ EmXm
m=1

M
E EmXm
m=1

X X

We also denote

1/2

”(xm)”Rad(X)::(]E} > 8mx’”)j()

The Kahane contraction principle says that if (am)nﬂf: | is a sequence of scalars and
p € (0, o], then

M rN\1/p M rN\1/p
(E‘ Z EmlmXm ’x) < max |am|<E‘ Z EmXm ‘x) . 2.1
m=1

m=1

Actually, if p € [1, oo] and a,, € R, then (2.1) holds with “<” in place of “<”, see
[24] for more details.

A Banach space X is said to be a UMD space if for all p € (1, 00), all X-valued
L?-martingale difference sequences (d j)’;: | and signs €; € {—1, 1} there holds that

| Xk:e,-d,-‘ 2.2)
=1

k
S|4, 0
Lrx) ™ ; e

Here the L”(X)-norm is with respect to the measure space where the martingale
differences are defined. If the estimate (2.2) holds for one pg € (1, 00), then it holds
for all p € (1, 00).

A version for UMD-valued functions of Stein’s inequality concerning conditional
expectations is due to Bourgain. For a proof, see for example [24, Theorem 4.2.23].
For our purposes we formulate the estimate in the following way. Suppose X is a
UMD space and let D C R be a dyadic lattice. Suppose that for each Q € D we
have a function fp € L! (X) supported in Q (such that only finitely many of them

loc
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are non-zero). Then for all p € (1, co) there holds that

]EH > EQ(fQ>Q1Q‘ o S EH > SQfQ‘ (2.3)
0eD QeD

Lr(X)

The decoupling inequality

We record a special case of the decoupling estimate [19, Theorem 6] by Hénninen—
Hytonen. These decoupling estimates originate from McConnell [40], but see also
Hytonen [29].

Let D be adyadic lattice in R? and Q € D. Let V¢ be the probability measure space
Vo = (Q,Leb(Q), 0|~ dx| Q), where Leb(Q) is the set of Lebesgue measurable
subsets of Q and |Q|~!dx| Q is the normalized Lebesgue measure restricted to Q.
Define the product probability space V = HQ <p Yo, and let v be the related measure.
If y € V, we denote the coordinate related to Q € D by yg.

Suppose X is a UMD space, p € (1,00) and f € LP(X). Letk € {0,1,2,...}
and j € {0,..., k}. Define D; y C D by

D ={0 € D: £(Q) = 2"* V¥ for some m € Z}. (2.4)

[19, Theorem 6] implies that

/Rd) Z Abf(x)‘;deEAd/])‘QZ SQlQ(X)Ale()’Q)id\)(Y)dx

QE'Dj‘k ED_,-vk
(2.5)

forany [ € {0, 1, ..., k}. The point of dividing to the subcollections D; x is that now
AIQ f is constant on every Q' € D; ; such that Q" C Q, which is required by the

decoupling theorem (together with the fact that [ AIQ f = 0and spt AIQ fco.

2.4 Multilinear singular integrals and model operators

A function
K:RIMTIN\A S C, A={x=(x1,..., Xpt+1) € RYCHD: x = = xpa1),

is called an n-linear basic kernel if for some o € (0, 1] and Cgx < oo it holds that

K| < Cx ,

dn
1
(Z:,l:;z |x1 — X |>
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and forall j € {1,...,n+ 1} it holds that

, xj — x|
|K(x) — K(x)| = Ck i
n+1 n+a
Zm:Z |x1 _xml
whenever x = (x[,...,X,41) € Rd(”“)\A and x’ = (xl,...,qu,x;-,le,...

Xni1) € RIHD gatisfy

lxj —xil<27' max [x; — xml.
: J 2<m=<n+1

The best constant C is called || K ||cz, .

An n-linear operator 7' defined on a suitable class of functions (e.g. on the lin-
ear combinations of cubes) is an n-linear singular integral operator (SIO) with an
associated kernel K, if we have

n+1
K(anrlvxl,--~7xn)l_[fj(x]')dx

j=1

(T(fi- s fi Fusn) =/

RA(n+1)

whenever spt f; Nspt f; = & for some i # j.
We say that T is an n-linear Calderon—Zygmund operator (CZO) if the following
conditions hold:

e T is an n-linear SIO.
e We have that for all m € {0, ..., n} there holds that

1 1/2

1T (1 Dllsvos=sup sup (= D HT™ (.o D)) < oc,

D KoeD ‘Kol feb
KCKy

where the first supremum is taken over all dyadic lattices D. Here T%:=T,
T™* denotes the mth adjoint of T for m € {l,...,n}, and the pairings
(T™*(1, ..., 1), hg) have a standard T'1 type definition with the aid of the kernel
K.

e We have that

T |lwsp:=sup sup |Q|_1|(T(1Q, ..., 1g), 1g)| < o0.
D Q€D

An SIO T is a CZO if and only if

n

1T e fllpasi ey S TT 1fmllom ey (2.6)

m=1

for some (equivalently for all) exponents pi,..., p, € (1,00), gny1 € (1/n,00)
satisfying Y " _; 1/pm = 1/qn+1. While such a T'1 theorem is well-known (see e.g.
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[9,18,39]), we will need a very precise version of this called a dyadic representation
theorem. To this end, we need some definitions.

Letk = (ky,...,kn+1), 0 < k;j € 7Z, and let D be a dyadic lattice in RY. An
operator S = Sé‘) is called an n-linear dyadic shift if it has the form

SUrseon f) =Y Ak(fis s o), .7

KeD
where

Ak(fi,o f)= Y, ak (Q,)H (fi ho)ho, .-

01,....,OQnr1€D j=1

Here ak (¢;) = ak,;...,0,,, 18 @ scalar satisfying the normalization

.....

110,12
a . <—,
lak.opl = K|
and there exist two indices jo, j1 € {1,...,n + 1}, jo # Jji, so that EQJO = hQ./‘o’

ho, =ho, andho, =hy if j ¢ {jo. j1).
An n-linear dyadic paraproduct m = mp also has n + 1 possible forms, but there
is no complexity (the k = (ky, ..., k,+1)) associated to them. One of the forms is

Tl =Y ax [[(F)khk.

KeD j=1

where the coefficients satisfy the BMO condition

K()ED

This is the paraproduct associated with the tuple (1x/|K|, ..., 1x/|K|, hg), and in
the remaining » alternative forms the i g is in a different position.

We call shifts and paraproducts dyadic model operators (DMOs). Suppose T is an
n-linear Calderé6n—Zygmund operator in RY related to akernel K. If fi, ..., fuy are,
say, L+l (Rd) functions, then the representation theorem states that

o0

(T(fis-- s fa)s far1)=CrE, Z Yo ammheR L (fiae fa)s fat)-

(2.9)
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Here

n
ICrl £ D) IT™ . ... Dlmo + I Tllwep + 1K llcz,
m=0

ST N prst oo prtt s it + 1K ez »

« is the parameter in the Holder continuity assumptions of the kernel of 7', and the sum
over u is finite, say, over u = 1,2, ..., C(n,d). If maxk; > 0, then U7k3 " is some
w>s

dyadic shift S’l‘j of complexity k£ with respect to the lattice D,,. If max k; = 0, then

Up k . 1s a shift of complexity zero or a paraproduct. In this sense, a CZO T can be
represented using DMOs. For n = 2, a proof of this result is given by three of us and
Y. Ou in [39]. The n-linear case for general n, which requires certain modifications, is
[9, Theorem 6.3]. The reference [9, Theorem 6.3] is a more general theorem involving
operator-valued CZOs. We note that the additional assumptions related to the operator-
valued setup, such as the RMF assumption, concern only the estimation of the model
operators. They are not needed for the above stated structural theorem, which has
essentially the same proof in the scalar-valued and operator-valued settings.

As DMOs satisfy L? estimates in the full expected range of exponents, the 7'1
theorem follows from the representation theorem. Our main task in this paper will be
to prove L”-bounds for the extensions of n-linear DMOs to suitably defined tuples of
UMD spaces, which we term UMD Holder tuples and define in the subsequent section.

3 UMD Holder tuples and the boundedness of multilinear SIOs

Throughout this section, and the remainder of the article, we make use of the following

notational conventions. For m € N we write 7,,:={1, ..., m} and denote the set of
permutations of 7 C J,, by X(J). We simply write X (m) in place of X (7). We
say that p1, ..., pn, is a Holder tuple of exponents if
m
1 <ply..oy pm < 00, Zp%: 3.1
j=1

3.1 UMD Haolder tuples

The notion of UMD Holder tuple involves fixing an associative algebra A over C.
We denote the associative operation A x A — A by the product notation, that is, we
write (e, f) + ef. In the abstract definition, we do not find useful for A itself to be
endowed with a topology; on the other hand, we will work with linear subspaces of .A
endowed with a Banach norm.

We assume that there exists a subspace L' of A and a linear functional t : £! — C,
which we refer to as trace.
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Given an m-tuple (X1, ..., X,;) of Banach subspaces of A, we construct the semi-

norm
m
T (6 1_[ ea(g))
=1

|€|Y(X1,...,Xm) = sup{ L0 € E(m), |€j|xj = l,j = 1, ,m}

(3.2)

on the subspace

m

Y(Xi1,.., Xp) = :eeA:eneg(Z) eL'Voex(m), ej € Xj, j= lm}
=1

(3.3)

of A. The next lemma clarifies the intent of definition (3.2): if | - |z is a seminorm
such that all (m + 1)-linear forms on X x - - - x X,, x Z in (3.4) below are bounded,
then the Z-seminorm dominates the seminorm Y (X1, ..., X;;).

Lemma3.1 Let (Xy,..., X;y) be a m-tuple of Banach subspaces of A. Suppose that
e € A belongs to the subspace (3.3). Then

m
T (e 1_[ eg(@)
=1

holds for le|z = lely(x,,...x,,)- In addition, if | - |z is a seminorm on A such that (3.4)
holds, lely (x;....x,) S lelz.

m
<lelz[[lejlx;s Yo eZ(m).ejeX; j=1,....m (34
j=1

Proof Immediate from the definitions. O

Definition 3.2 (Admissible spaces) We say that a Banach subspace X of A is admis-
sible if Y (X) from (3.3) is a Banach space with respect to | - |y(x) of (3.2)!, the
map

yeY(X) > x"[yle X*, x*[ylx) =t(yx), xe€X, (3.5)
is onto, and furthermore, foreach x € X, y € Y(X), xy € £ and

T(xy) = t(yx). (3.6)

Remark 3.3 If X is admissible, then the map (3.5) is an isometric bijection from Y (X)
onto X*. We are thus allowed to identify ¥ (X) with X™* via (3.5) and we do so without
explicit mention from now on. Notice that if X is admissible, then X is a UMD space
if and only if Y (X) is.

For our purposes, it is convenient to state the next observation in the form of a
lemma.

! This includes that if y € Y(X) then [y|yx) < ooc.
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Lemma3.4 Let X be admissible and reflexive. If Y(X) is also admissible, then
Y(Y(X)) = X as sets and |x|yy(x)) = |x|x forall x € X.

Proof The reflexivity of X and Remark 3.3 imply that Y (Y (X)) is isometrically iso-
morphic with X. Here we want to show that they are actually equal as sets with equal
norms. Denote Y:=Y (X) and Z:=Y (Y). It follows quite directly from the definitions
that X is a subset of Z.

Let ¢: X* — Y be the isometric isomorphism from the definition of the admissi-
bility of X. This induces the isometric isomorphism ¢: X** — Y* defined by

P i=x** (9~ (v)),

where x™ € X* and y € Y. Since X is reflexive and Y is admissible, we have

the canonical isometric isomorphism p: X — X** and the isometric isomorphism

n: Y* — Z.Now, the composition n o ¢ o p: X — Z is an isometric isomorphism.
Suppose x € X and denote z:=n o ¢ o p(x). Let y € Y. Then we have that

@) ="M =¢"on @@ ()
=0 "M o onT(2) = Tlxy).

Since x and z are both elements of Z, the fact that 7 (zy) = 7(xy) forall y € Y implies
that x = z. Thus, the isometric isomorphismno¢op: X — Z is actually the identity

map. O
If X, Xy, ..., X,, are Banach spaces we write X = Y (X1, ..., X;;) to mean that
X and Y (X1, ..., X,;) coincide as sets, Y (X1, ..., X;;) is a Banach space with the

norm | - |y(x;,... X, and that the norms are equivalent, that is, [x|x ~ |x|y(x;,.... x,)
forallx € X.

We turn to defining UMD Holder m-tuples relatively to A4, . We first do so for
m=2.

Definition 3.5 (UMD Hélder pair) Let X, X, be admissible spaces. We say that
{X1, X2} is a UMD Holder pair if X1 is a UMD space and X> = Y (X1). In view of
Remark 3.3 and Lemma 3.4 one can equivalently say that {X, X»} is a UMD Holder
pair if X, is a UMD space and X1 = Y (X>).

For m > 3 the definition of a UMD Holder m-tuple is given inductively on m as
follows.

Definition 3.6 (UMD Holder m-tuple,m > 3) Let X1, ..., X, be admissible spaces.
We say that {X1, ..., X, } is a UMD Holder m-tuple if the following properties hold.
P1. For all jy € J,, there holds

Xjo=Y({X;:je€Tn\lio}})-

P2Ifl <k <m—-2and J ={j1 < jo<-- < ji} C Tm-then Y (X;,,..., X})
is an admissible Banach space with the norm (3.2) and

X Xjs Y(X oy X))
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is a UMD Holder (k + 1)-tuple.
The following remark is an important consequence of the definition.

Remark 3.7 Letm > 3 and {X1, ..., X,,} be a UMD Holder m-tuple. Then according
to P2 the pair {X,, Y (X ,)} is a UMD Holder pair, which by Definition 3.5 implies
that X, and Y (X ,) are UMD spaces. The inductive nature of the definition then
ensures that each Y (X, ..., X,) appearing in (3.6) is a UMD space.

Remark 3.8 Letm > 2and {X1, ..., X,;} be a UMD m-Holder tuple. Lete; € X ; for
Jj € Jn.Foreacho € X(m), as X5(1) = Y(X5(2), ..., Xo(m)), We necessarily have
[Ti=i eoj) € L' and

m m
IT(eo(1) *+ eom)| = lea )Y (Xp2). X)) l—[ lea (X, = 1_[ lejlx;-
=2 j=1

We clarify the extent of our definition with some examples of UMD Holder tuples.

Example 3.9 It is immediate to verify that the m-tuple X; = C, j =1,...,m,isa
UMD Holder m-tuple with respect to the usual product.

The next example is of relevance if one wants to deduce Theorem 1.1 in the basic
case X; = Y3 = X and X, = C from Theorem 3.17. However, otherwise we do not
need it, and Theorem 1.1 is best seen mimicking our main proofs.

Example 3.10 Let X = X be acomplex UMD space and denote X, = X*. The goal of
this example is to show that for each m > 2 the tuple {X1, X2, ..., X} with X; =C
for2 < j < misa UMD Holder tuple. This is conceptually simple but requires some
work in order to define a suitable enveloping algebra A. We let V = X & X*, and
define A to be the tensor algebra over V, namely

o
A=Pve
k=0
We let
L' =span{e @ e* + f*Q f, e, f € X, &5, f* € X*};
notice that this is a linear subspace of V®2. We then define the functional by
te®e" + [*®f) = (f" e)+ (e f)

fore, f € X, e*, f* € X* and extend it to all of £! by linearity. We notice that the
definition (3.3) yields that

X 1é{...,jkh2€{ji...,jk}s
Y(Xjp, oo Xj)=1X" Telji....jxh 2¢ {1 whs
C {L2yc{ji....yor{,2}N{ji..., jk} =@.
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With this information in hand, we learn that X, X*, C are admissible spaces. Proceed-
ing by induction on m, we then easily verify that { X1, X», ..., X,} isa UMD Holder
tuple.

We now start explaining how non-commutative L? spaces fit our abstract frame-
work.

Example 3.11 Consider a von Neumann algebra M C B(H), namely a self-adjoint
unital subalgebra of the algebra of bounded linear operators on a complex Hilbert
space H which is closed in the weak operator topology [45,46]. Let M. = {A €
M : (Ah,h) > OVh € H} denote the positive part of M. A trace t is a functional
My — [0, oo] satisfying

T(A+AB) =t(A)+At(B), VA, BEe M4, A>0
as well as the tracial property
T(AAY) = 1(A*A)

for all A € M. Following [46], we assume T is normal, semifinite, faithful (n.s.f.)
and define the corresponding space of measurable operators A = L°(M) equipped
with convergence in measure: a detailed definition is in [46]. Then A is a (metrizable)
topological x-algebra and M is dense in .A. We will also recall the notion of S, S as
introduced in [46, p. 1463]: S is the cone of those A € M 4 suchthat T (supp A) < oo,
where supp A is the least projection P € M with PA = A,and S C M is the linear
span of Sy. We note [48, Proposition 1.15(ii)] that T may be extended to a unique
linear functional on S, satisfying

7(A*) = t(A), 1(AB) = t(BA), VA,B€S. 3.7)

For 1 < p < oo, we call noncommutative LP space the Banach subspace of A
obtained by completion of S with respect to the norm

» 1
14l = [7 ((47) )], 1< p < oo,
In fact, we record the characterization
LP(M) = {A ceA:t ((A*A))'zl) < oo} :

in the above equality, T denotes the extension of the trace to the positive part of A
defined via generalized singular numbers [46]. We also point out the Holder inequality

1821l ey < NE1llLrr My llE211 P2 (M) % = % + %
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valid whenever 1 < pip, p2, p < 00. A suitable substitute holds for p = oo if
the LP(M)-norm is replaced by the B(H )-norm. Furthermore, notice that T may be
extended from S to a unique linear bounded functional on L!(M) satisfying

IT(A)] < [AllL1 M-

The tracial property (3.7) extends to the following: if A, B € A are such that A €
LP(M) and B € L? (M), then

t(AB) = 1(BA). (3.8)

This is the concrete equivalent of property (3.6) we assumed in the abstract setup. We
refer to [48, Rem. 1.2.11] for the details of (3.8).

For 1 < p < oo, we then have LP (M)* = LP' (M) with isometric isomorphism
given by the Riesz representation map

A e LP(M)* > By € LY (M), A(A) =1(B,A) YA € LP(M).

A fortiori, LP (M) is reflexive for 1 < p < oo. For our purposes, it is also important
to observe that L? (M) is a UMD space in the same range [46, Corollary 7.7]. We
detail below two concrete examples of von Neumann algebras equipped with a n.s.f.
trace.

If M is an abelian von Neumann algebra, then M = L°° (M, u) for some measure
space (M, =), a n.s.f. trace is obtained by integration with respect to the measure 1,
and A = L%(M, u), the topological *-algebra of measurable functions on M with
respect to convergence in measure. Then L? (M) = LP(M, p) for 1 < p < oo.

If M = B(H), the bounded linear operators over a separable Hilbert space H and

9]

T(A) =) (Ae;, ei)

j=1

where ¢; is any orthonormal basis of H [46, Example (ii), p. 1465], then the spaces
LP (M) are referred to as Schatten-von Neumann classes and denoted by SP.

Let now p;, j = 1,...,m be a Holder tuple as in (3.1). We claim that X; =
LPi(M) is a UMD Holder tuple relative to the algebra A = L°(M), with trace 7.
This can be proved by induction on m, relying on the equality

1 1
LPD (M) = Y({LPI(M) : j , =1 —
M) =YALPIM) e T, —= ijj

valid for each @ C J C J,,, whose verification is immediate and left to the reader.

Example 3.12 In Appendix A, we prove that if { pj. : 1 < j < m} are Holder tuples of
exponents asin (3.1) fors =0, ..., S, M is a von Neumann algebra with n.s.f. trace t
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as in Example 3.11, and (M, ) are o-finite Borel measure spaces fors =1, ..., S,
the tuple of spaces

ps p‘s.‘71 pl. pQ
X;j=L" (Mg, pus; L™ (Ms—1, us—1; -+~ LT (My, py; LY (M)) - -+)

is a UMD Holder m-tuple relative to the trace

[ / T(f(t, ..., ts))dpy X - X us(t, ..., ts).

My x--xMg
A precise statement is provided in Proposition A.1.

3.2 Extensions of CZOs

If X is a Banach space we will use the notation L° ® X for functions of the type
SN fiei, where N €N, fi € L°(RY) =: L® and ¢; € X.

Let{X1, ..., Xs+1} bea UMD Holder tuple where n > 1. Suppose Tj is an n-linear
CZO0O with a kernel K as defined in Sect. 2.4. Since we know that T is a bounded
operator, see (2.6), we know that (To(f1, ..., fu), fat1) makes sense for f; € L.
We define the corresponding (n + 1)-linear form

A i LP @ X1 x -+ X L ® Xpq1 — C,
n+1

AT()(fl"-~7fn+1): Z <T0(f1,a17~'-vfn,a,1), fn+1,an+1>f l_[ej,aj ,
=1

(3.9)

where f; = Zi\ll fj.a€j,a- It U is a dyadic model operator as in Sect. 2.4 we define
the form Ay in the corresponding way. We can also make sense of Ay more directly.
For example, if U is a dyadic shift as in (2.7), then

il
Ay (fis--os fut1) = Z Z aK,(Q_,-)r<]_[ f],th ) (3.10)

Remark 3.13 We chose to utilize the identity permutation in X (n + 1) for the prod-
uct appearing in (3.9). However, the notion of being a UMD Holder tuple is clearly
invariant under reordering of {X1, ..., X,4+1} .
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Let p; € (1, 00) for j € J,41 be such that ZHI 1/pj = 1. From Theorem 3.17

j=1
it will follow among other things that
n+1
A7 (Fis-eos DL S T - (3.11)
j=1

Based on this boundedness one can define as usual n + 1 adjoint operators. Let us
describe how the adjoints look like in our Holder tuple set up.
Fix jo € Juy1and f; € LPi(X ;) for j € Jy+1\{jo}. Consider the linear functional

ij € ij() (XJO) = AT()(flv L] fn+1)s (312)

which is bounded because of (3.11). Recall that LPio (X jo)* is identified with
L®Pi) (Y (X jy)) with duality pairing

(8 i) = /R T8 ) dr.
Therefore, there exists a function
T0(f; 2 j € Tt \GoD:=T " (f1, ..., fio—1s Fio1s - -» far1) € LP0) (Y (X))
so that
An(fives fusy = [T € T\ LoD () ) .

The n-linear bounded operator

TI0%: LP (X)) ¢ oo X P07 (X jomt) X L2 (X jyi1)
X+ oo X LPnt1 (Xn+1) —> L(p/o)/(Y(on))

is one of the adjoint operators. In the same way one can define the adjoint Toj *of Ty
so that

(TOIO*(g17 ""gj()7]5gj()+]a ~~,gn+l), g]()> = (TO(gl, "'7gl‘l)7 gl‘l+1>7

where g; € L7/,

Suppose f; = Z;V;l fia€ja € L ® X for j € Tutr1\lJjo}. A calculation
involving the invariance of t under cyclic permutations yields that

T0(fj 2 j € Tusr\ o))

jo* .o .
= Z T() (fj,aj ] € \7H+1\{]0})ej0+1,aj0+1 Tt en+1,an+1 Tt ej()fl,ajofl .
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3.3 Sparse domination of dyadic operators

The following basic sparse domination result, Lemma 3.14, was first proved by Culiuc,
Ou and one of us in the linear scalar-valued setting in [6,7] and recast by Y. Ou and three
of us in the multilinear scalar-valued case [39]. The proof in our current Banach-valued
setting is completely analogous.

Let n € (0, 1). We say that a collection S of cubes in R? (not necessarily dyadic)
is n-sparse (or just sparse) if for every Q € S there exists a set Eg C Q with
|[Egl > n|Q| so that the sets Ep, Q € S, are pairwise disjoint.

Lemma3.14 Let n > 1, {X1,..., Xn+1} be a UMD Hoélder tuple, D be a dyadic
grid, k = (ky,...,kp+1), 0 < ki € Z. Suppose that the scalars ak ;) satisfy the
normalization

n+1

lak.opl < AL [ 121" 1K™
Jj=1

and we are given scalar functions uj g = ZQ’ech(Q) cj.o' 1o satisfying luj o| <

Q=12

If there exists a Holder tuple py, ..., py+1 as in (3.1) such that the forms
n+1
Up (g1, gnp1)i= ) > aK,(Q,-)T( [ ]t uj,Q,-)), D' CD,
KeD Qy,..., On+1€D j=1
0=k
satisfy
n+1
sup |Upr (g1, -+, gne) < Ao [ [ 18117 gasx,
D'cD

j=1
g eLPRE X, j=1,...,n+1,

then for each tuple f; € LX(X;), j = 1,...,n+ 1, and n > 0 there exists an
n-sparse collection S = S((f;), n) C D such that

n+1
(UD (1o fi) faet)] Sy (A1 + A+ A2 S 101 T 51x,) o
QeS j=1

where k = max ky,.

In the previous lemma the sparse collection is in the same grid where the dyadic
operator is defined. The result can be updated to involve a universal sparse set, which is
explained in Remark 3.15. This is important when we move the sparse estimate from
DMOs to CZOs via the representation theorem, which involves a family of dyadic
grids.
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Remark 3.15 There exist dyadic grids D;,i = 1, ..., 3%, with the following property,
see Lacey—Mena [36], or [8,39], for a simple proof Let gm € Lloc, m=1,...,n+1,
be scalar-valued and let 1y, 72 € (0, 1). Then for some i there exists an ny-sparse
collection U = U((gm), n2) C D;, so that for all n;-sparse collections of cubes S we
have

n+1 n+l
Y10 Ttenbo Smm Y 101 [T lene
QeS m=1 QeU m=1

Remark 3.16 In [8], it is noted that the sparse domination estimate for an n 4 1-linear
form A on R?, acting on scalar functions

n+1
A frDl S 1] TU SN
QeS j=1

is equivalent to the estimate in terms of the multilinear maximal operator M

AL o fue D] S ML - fasD

n+l1

MUfis o )0 = sup [Tusihe
xe j:1

Vector-valued versions of this principle may be formulated in a totally analogous way.
We have used this equivalence to state the sparse bounds in our main results; this is
particularly convenient as the formulation in terms of the multilinear maximal function
may be given without defining what a sparse collection is.

Next, we discuss the well known fact that the sparse domination of an operator
implies boundedness in the full range: for more details and weighted corollaries see
[8,39] and references therein.

Let X1, ..., X,,+1 be Banach spaces, n > 1. Assume that A is an (n + 1)-linear
form initially defined on LSO(Rd) ® X1 X --+ X L?O(]Rd) ® X1 such that if f; €
LSO(Rd ) ® X, then there exists a dyadic lattice D and a sparse collection S C D so
that

n+l
A fuDL S Y 10T TS5 o (3.13)
QeS j=1

This easily implies that if p; € (1, oo) for j € J,41 are such that Z"H l/pj =1
then A can be extended to a bounded form A : L' (X{) x --- x LPn+! (Xn+1) — C.
Indeed, just use Holder’s inequality and then Carleson embedding theorem in the right
hand side of (3.13).

We estimate the adjoints 7/* of A, which are defined in the usual way based on
the functional as in (3.12). By symmetry it will suffice to tackle the case j = n + 1
and simply write 7' in place of T"+D*,
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We use the so-called A, extrapolation from Cruz-Uribe—-Martell-Pérez [5]. Let
Aso(RY) be the class of Ay, weights in R?, see [5] for a definition. Suppose v €
Aso(R?) and fj € LX(X;) for j € J,. Taking f,41(x) = £(x)v(x) for a suitably
chosen & € L2°(X,,11) there holds that

LTl o~ A fi)
R4

SO T T f1x) ev(Q)

QeS j=1

2
< 3 (M50 AL, Ul P2 ) 0(©)
QeS

5/ anD(|f1|X1,...,|f;1|Xn)U,
R4

where (h)”Q =v(Q)"! fQ hvand M, (g1, - .-, 8n):=SUPgep [T {lgml)olpisthe
dyadic maximal function and in the last step we used the Carleson embedding theorem.
Now, the Ao, extrapolation result, Theorem 2.1 in [5], gives that

/ T(fr s I vsf M filx, e )"y
Rd n+l Rd

forall p € (0,00) and v € Ao (RY). Using this with v = 1 the boundedness of the
maximal function gives that

n

1T Cfroeees fidllansi e, S TTi 0L oxy )
j=1

where p; € (1, oo] are such that 1/g,41:= Z?:l 1/pj > 0. Notice that the bound-
edness of M7, follows from Holder’s inequality and the boundedness of M. L since

there holds that M% (g1,..-,8n) < ]_[:,’1=1 MlD (gm)- As is clear, multilinear weighted
bounds also follow from this argument and the corresponding results of M.

3.4 Proof of the main theorem

In this section we state and prove our main theorem assuming the estimates for model
operators from Sects. 4 and 5.

Theorem 3.17 Letn > 1, Ty be an n-linear CZO with kernel Ky and {X1, ..., Xp+1}
be a UMD Holder tuple. The (n + 1)-linear form A, defined in (3.9) can be extended
to act on functions f; € L°(X;), and given n € (0, 1) there exists an n-sparse
collection of cubes S = S((fm), 1) so that
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n+1
A7 i S D] Sy [IKollez, + I Tollwee + D 1T (1, ..., Dlsio]
j=1
n+1
< 1o JUsilxe
QeS j=1

Consequently, we for instance have

n

NToCfis ooy fdlimsr e, S [T s )

j=1

whenever p; € (1, 00] are such that 1/q,1:= 27:1 1/p;j > 0. See Sect. 3.3 for a
full discussion of the corollaries of the sparse estimate.

Proof Let f; € L° ® X for j € J,41 be of the form f; = Zi\ll fj.a€j.a- Then,
we have by the dyadic representation (2.9) that

ATO(flv R} fl’H—l)

o Y om Y

ayseenslptl ki,....kp41=0

o max; ntl (3.14)
Zz—i Upy o (frans - Fua)s Farrane )T | [ ] €10,
j=1

max ki

= CrE, Z 222 A (fie ).

In Sects. 4 and 5 it is shown that if U is a dyadic model operator then

n+1

IAu (g gar DL S T el x,) (3.15)
j=1

holds for any p; € (1,00) and g; € LX°(X ), j € Ju+1, such that Z?:i 1/pj =1,
if U is a shift, then the estimate depends polynomially on the complexity. This implies
that A7, can be extended to act on functions f; € L2°(X ) and that (3.14) holds for
such functions.

The estimate (3.15) implies via Lemma 3.14 and Remark 3.15 thatif f; € L2°(X)
for j € Ju41 then there exist a dyadic grid and an n-sparse collection S = S((f;)) C
D so that all the model operators appearing in (3.14) satisfy

n+1
At oo Fnl S 3 101 TT0 )0
. 0es  j=I
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where the estimate depends polynomially on the complexity. This combined with
(3.14) finishes the proof. O

In Sect. 6, we show that the UMD Holder tuples enjoy a suitable maximal property
among tuples of spaces admitting L?”-bounded extensions of n-linear CZO operators
and dyadic shifts.

4 Boundedness of multilinear shifts in UMD Holder tuples

This section is dedicated to the proof of the boundedness of multilinear shifts. Before
starting the main argument, we record a randomized bound for UMD Hélder tuples in
the following lemma.

Lemma4.1 Let{Xy, ..., Xyt1} be a UMD Holder tuple, n > 2, and let K € Z. For
eachk =1, ..., K let ai be a scalar such that |ax| < 1 and for each j € [J, assume
that we are given e ;. € X j. Then we have

’Zakne/k‘y(x <H|I(€J Dzt [Rad(x ))-

=1

Proof Fix K, |ax| < 1 and ejx € X; asin the assumptions. Let {sf{}f:l,i € Ju—_1,be
collections of independent random signs. We denote the expectation with respect to
the random variables {s} } ,le by Ef, and write E = E! - .. E*~!. We have the identity

K n

R 1.1 .2 .2 n—1 _n—1 .
Zakl_[w—E > eheheheh ek an [T ein,
k=1 j=1 ki,....kp=1 j=1
K K K
1 1.2
“o(S el X chetens) (L)
ki=1 ko=1 n=1

We can dominate this with

K n—-1 K K
1 i—1 i n—1
e 32 chner |, (TT| Zek s, )] X et ene]
ki=1 i=2 k=l ! =

which is further controlled by

172
(¢ et

=l @.1)

2 ]1/2

K
gl Sk € k; 5n_1€n,k,,
«[B (HHZ ebenn | )] 2 e e
kn=1
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The first factor is less than || (e x) ,le lRad(x;) by Kahane’s contraction principle.
We now consider the second factor. We see that the variables 811 appear only inside
the norm X5, and moreover there holds that

K 2

1 12 K |2

E H > ekt N 2.0 k=1IRad(x2)-
ko=1

After using this identity, the variables ¢ ,i do not appear anymore, and the variables 8]%
appear only inside the norm X3. Repeating the same reasoning, we deduce that the
second factor in (4.1) is equal to the product ]_[’;:2 | (ej,k),f:1 IRad(x ;) O

Now, we turn to the actual proof of boundedness of shifts. We assume that n > 1
and that {X1, ..., X;4+1}isa UMD Holder tuple. Letk = (ky, ..., ky+1),0 < k; € Z,
and let D be a dyadic lattice in R?. Suppose S"::SkD is an n-linear dyadic shift as
described in Eq. (2.7). We consider its related (n 4 1)-linear form A g which acts on
locally integrable functions f;: RY — X by

Age(fioeos far) = Y Ak(fiooos far))s (4.2)
KeD
where
n+1
Ao for) = D0 ak@pjeq,, © | [14f3: 7o)
le-n;{Q}H»lED j=1
0;=k

Here ak (0)))cz,,, 1s a scalar satistying lax.(0);cz,, | < l‘[’;:% 1Q;1'2|K|™", and

there exist two indices jo, j1 € Jn+1, jo # J1, SO thatth0 = thO, ZQ.M = thl and
ho, = hy, if j € Tnr1\ljo, 1}
The sparse domination lemma 3.14 reduces the problem to the following theorem.

Theorem 4.2 Suppose p; € (1, 00) for j € Jn41 are such that Z?:i 1/pj =1.The
dyadic shift form from (4.2) satisfies the estimate

n+1

[Ase(fiseeos FurDl S TTUF rs )

j=l1
for f; € LX(X ), where the estimate depends polynomially on k:=max; k;.
Proof Let f; € LI°(X;) for j € J, and consider (4.2). Recall the lattices D; ,

from (2.4), where x:=max; k;. We first divide the sum over the cubes K € D as
Yok eD, .- We fix one i and consider the corresponding term.
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Let 7 be the set of those indices such that the corresponding Haar functions are
non-cancellative, thatis, hp, = hOQj. Suppose j € J is such that k; > 0. We use that

fact that (f;, ho,) = (EY fj, hY ) and split

kj—1
kj l;
EQfj= ) Agfj+Exf. 43)
1;=0
There holds that
0 0 0 0
(Exf 0, ) = (£ ) (e 1) (4.4)
and
(Aléfj,hog.): Fich amip )h w1, 09 ), 4.5)
! o I\ e
where as usual we suppressed the summation over the different Haar functions.
We use (4.3) to split ZKG’D,- Ak (fi, ..., fus1) into at most (1 + )"~ terms of
the form ’
n+1 ;
Yoo > akopies, T | TP fihe) | (4.6)
KGDi,K (O Ony1€D Jj=1
(k;
0;" =K

where [; € Z,0 < I; < kj.For j € JHH\j we have that P,lgqj is the identity

operator, and below we write [; = k;. If j € J and lj > 0 then Pll(j’j = AII](', and if

j € j and /; = O then P,(g j is either Ex or Ak (but does not change with K). We
write

> X =2 XX

KeD; 01,....0n41€D  KeD;, Ly,....Ly11€D Qy,...,0n41€D
(kj)_K L(lj)—K (k./*l.,‘)_L_
Q" = i = Q;7 =L

and notice that by (4.4) and (4.5) we always have that
l. ~
(P15 T0,) =170 ) Qs L.
where i} € {h} . hy;}and

1011/
ly(Qj, Lj)| = W
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We can now write (4.6) further as

n+1
/
> 2 brkapegt ([0 ) *7)
KGDi,K L];~‘~:Ln+]E'D Jj=1
L=k
=
where
n+1
bk (Lj)jeg,,, = > AK (Q))jed sy [[r L.
le(;(»-’?n)Jrle,D j=1
Q;" T=L;

There exists J C Jy+1 with#7 > 2 so that #/ .= th forj € Jandifj € J+1\J
then h’Lj = h%/_ and /; = 0. Also, we have the normalization |bK~(Lj)jeJn+1| <
[T 1L, 2 K

We have reduced to considering the new shift type operator (4.7). The coefficients
satisfy the usual normalization of shifts, but the number #.7 of indices with cancellative
Haar functions may be bigger than 2. What is essential is that the complexity related
to the non-cancellative indices is zero—that is, if j € J,41\J then[; = 0. We now
start estimating (4.7). Also, the separation of scales, K € D; ,, will allow us to use
the decoupling estimate (2.5).

Case 1. Assume that 7 = J,41. Let g,4+1 € (1, 00) be the exponent determined
by 1/qn+1 = Z'}Zl 1/pj. We need to estimate

n

H > Yo bkwpes, |14 hehe,,

Lin+1 (Y(Xn+1))

KeD; Ly,....Lyy1€D j=1
5
L. =K
J
~EL LY i X brien,
KeD; Ly,..., Ly+1€D
)
L.7 =K

=

qn+1 1/qn+1
x [T4f50 hi Ve, %) dv(y)dx)
. ’ Y(Xu+1)

j=1

where we used the decoupling estimate. Notice that since by assumption X,+; =
Y (X1, ..., Xn), there holds also that Y (X, 4+1) = Y(Y(X1,..., X»)), so we could
also use the norm | - |y(y(x,,..., x,,)) instead. Write

,,,,,
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n
Z bk (L)jeq,,, H(fj, hpjhe,,, (k)
L|,..,,L,,+leD j:1

U _
L =K

j=1

1 n . n I,
= K f bk (yk,2) l_[ Aéfj(Zj)dZ:/]; bk (K, 2K) l_[ Alj{fj(Zj,K)dl)n(Z),
K" . n
j=1
where v, is the product measure v x - - - x v on the product space V" and

n
bk, zk) = K" Y bkwpes,, | [P @ o)k, k)

Li,...Lyt1€D Jj=1

)
Lj =K

We can now continue the estimate by using Holder’s inequality related to the integral
Jyn- We end up with

dn+1

Y (Xnt1)

<E‘/1‘Qd\/];/n ) Z SKIK(x)bK(yK,zK)]l:[l Al]éfj(Zj,K)

KGD,‘»K

)1/(1n+1

dv, (z) dv(y) dx (4.8)

Suppose n > 2. Notice that |bg (vk, zx)| < 1 and use Lemma 4.1 to get that

‘ Z exlg ()b (k. 2K) H Alljffj(zi‘K)

Y(X
KED,‘V,( j=1 ( n+1)

n
l.
< [T 10k @AY fi G0 ke, IRaacx -
j=1

Using first Holder’s inequality, then Kahane-Khintchine inequality and finally the
decoupling estimate, we conclude that

- lj j 1/p;j
(4.8) < /1:[1 (/Rd /v Ak ()Ag fizk)keD; ||£‘ad(xj)dV(Z) dx)

~TIEL [ X estxwaisen]) @)™
j=1 !

KeD;

n
ST xj-

j=1
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Suppose then n = 1. In this case we have that g = p; and Y(X2) = X;. We
use Kahane-Khintchine inequality to move the expectation inside of the exponent p.
Then, we use Kahane’s contraction principle and move the expectation out again. This
gives that

1/p1

(48 EfR[V( > exlk@AL Ao, dv@dr| S 1A,

KED,',K

where the last step used the decoupling estimate. Linear estimates for shifts have
appeared e.g. in [19,29].

Case 2. Assume now that J C J,41. Since #J > 2, this implies that n > 2. Let
Jjo € Jn+1\J be anindex such that jo+1 € J;by(n+ 1)+ 1 wemean 1. Leto €
X (n+1) be the cyclic permutation such thato (n) = jo. Theno (n+1) € J.1fe; € X
for j € J,+1 then from Remark 3.8 one sees that ]_[?=1 ej € Y(X,41) and therefore
the cyclic invariance of the trace (3.6) gives that t(ej---e,4+1) = T(ept1€1---€pn).
Repeating this we have that (4.7) is equal to

n+1
’
Z Z bK.(Lj)jeg, T H(f"(j)’ figy)
KeDj L1,....Ly11€D j=1

[G)
Lj =K

Having made this important observation, we may now assume, for small notational
convenience, that jo = n and o = id. Under this assumption n € J,41\J, which
implies that [, = 0. Thus, the coefficient bx (). T depends only on the cubes
Li,...,L,_1,L,+1 and K. Below we will write the coefficient as bK’(Lj).

We need to estimate

n—1
o/ 1/2
| > > b [T MK e,
KeD;, Ly,..., Ly_1,Ly+1€D j=1
(E/ / ‘ Z 1)/ > ‘qn+1 dv(y)d >l/qn+1
~ EK K (X)(QK,y) K v X >
rd Jy PEIIK]y iy

KEDI',,(

where we used the decoupling estimate, and for K € D; , and y € V we defined the
function @g : R — Y (Xn41) by setting gk y(x) to equal

n—1
|K|1/2 Z bK,(LI) n(fj, hi])fn(x)th#»l(yK)

Ly,..., LnflsL)H»leD Jj=1

@ Springer



F. Di Plinio et al.

After using Stein’s inequality (2.3) with respect to x € R? with fixed y € V we are
left with

dn
) L 4.9)

qn+1
E 1 d d
( /Rd/‘)‘ > ekl (gk y(x) vty VOO

KED,‘V,(

Recall that n > 2 in Case 2. From Remark 3.8 we can deduce that if ¢, € X,
and epy1 € X1, then epenpy € Y(Xi, ..., Xp—1) and lepentily(x;...x, 1) =
lenlx,lent1lx,.,- Also, since {X1, ..., X,—1, Y (X1,..., X,—1)} is a UMD Holder
tuple, we see from Remark 3.8 again that if ¢; € X; for j € J,—1, then ]_['};} ej €
Y(Y(X1,...,X,—1)). Suppose now thate; , € X; for j € J,—1,k=1,..., K, and
en € X,. Then the above consideration implies that the key inequality

K n—1 K n—1

e; e 5( e,k‘ lenlx, (4.10)
’ZH PE Y X ;;,Ul lyaax,axe

k=1j=1 7" k=lj=1 7

holds. Write Z:=Y (Y (X1, ..., X,—1)) for the moment. Using this in (4.9) and then
Holder’s inequality we have that (4.9) is dominated by || | 7= (x,) multiplied by

(E/Rd/v‘ Yo oeklk@ Y bray

KeD;j Ly,...Ly—1,Ly1€D
L(Ij)_K
i_
ol P(Tn) s
n= P(Tn—1)
[T b e G| av(ey de) "
Jj=1

n—1
- H Z Z ’EK’(L/') H(f]’ h/L_/')thJrl

KeD;, L1,....Ly—1,Ly41€D j=1

)
L7 =K

LP(J,,_U(Z)’

where we defined 1/p(J,—1):= Zj;} 1/pj, EK,(Lj):=|K|1/2bK,(Lj) and used the
decoupling inequality. Notice that

T 2h 1L 2 Ly 2
|K|n—1

bk (Ll <

We see that we have reduced the estimate to the boundedness of an (n — 1)-linear
shift type operator as in (4.7). Now, we have two possibilities. If all the Haar functions
h’Lj for j € J,—1 are cancellative then we are in a position to apply Case 1 from
above to finish the estimate. If some of them is non-cancellative, then we dualize with
afunctiong € LPTn-1) (Y(X1, ..., Xn—1)). Thisleads us to a corresponding situation
as the beginning of Case 2 above but now the form is n-linear and the underlying UMD
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Holder n-tuple is {X1, ..., X,—1, Y (X1, ..., X,,—1)}. We see that we can repeat the
argument in Case 2 until we can apply Case 1. This finishes the proof. O

Remark 4.3 We discuss why Theorem 1.1 works without any UMD Hoélder tuple
assumptions on the spaces X1, X» and Y3, and why we can’t allow more UMD spaces
in Theorem 1.1. The key point is that for e; 4 € X and ez € X the estimate

K K
< , 4.11
‘];el’kez)h < )I;el’k‘&'@')(z ( )

which corresponds to (4.10), holds without any further assumptions on the spaces.
Using this kind of estimates one can prove Theorem 1.1 with similar techniques as in
the proof of Theorem 4.2.

Suppose then we have UMD spaces X1, ..., X, and Y, 41, where n > 3, and we
have a product X1 x --- x X, — Y, 41—a bounded n-linear operator. Of course, an
estimate corresponding to (4.11) holds, namely

K n K n

E el k | |ej < ‘ E el,k‘ | | lejlx;-
‘ — ;e Vg1 — Xi 7 !
k=1 =2 k=1 =2

However, in the above proof for shifts, when we use Stein’s inequality, we need to
reduce the linearity before we can use it again. That is why we need the product
structure of UMD Hélder tuples rather than just a product X1 x --- x X,, — Y,41 on
the top level.

5 Boundedness of multilinear paraproducts in UMD Holder tuples

In this section we prove the boundedness of multilinear paraproducts. Let us first recall
a result for paraproducts acting on UMD-valued functions. If X is a UMD space, D is
a dyadic lattice and {ag}pep is a collection of scalars satisfying the BMO condition
(2.8), then

” Z aQ(f)QhQ’ Lh 0 SfllLex), 5.
QeD

where p € (1, oo). This result goes back to Bourgain, see Figiel-Wojtaszczyk [14].

Another nice proof is obtained by adapting the argument of Hanninen—Hytonen [19],

who consider paraproducts with operator coefficients.

Letn > 1 and let {Xy, ..., X,,4+1} be a UMD Holder tuple. Suppose that D is a
dyadic lattice and that 7w :=mp is a paraproduct as described in Sect. 2.4. Let jo € Jn+1
be the index related to the cancellative Haar functions of 7 and let 0 € X (n + 1) be
the cyclic permutation such that o (n + 1) = jo. We consider the (n + 1)-linear form
Ay acting on functions f; € L2°(X ) by
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Ax(fiseoos far) = Y agt [H foiNe|Uowinho) | 52)

QeD j=1

where the scalars {ag}pep satisfy the BMO condition (2.8). The following theorem
combined with Lemma 3.14 proves the desired estimate.

Theorem 5.1 Suppose that p; € (1, 00) for j € J,1 are such that Z"H l/pj =1
If fj € LX(X;) for j € Tn1 then the form Ay from (5.2) satisfies the estimate

n+1

A (fiseees )] S [T 20 x-

j=1

Proof Form € J, we let p(J,,) be the exponent defined by 1/p(J,) = Z;’-;l 1/pj.
For convenience of notation we may assume that jo = n + 1, so that ¢ = id. In this
case we need to estimate the term

HZ“QI—[ (fi)oh Q’

QeD j=1

LP(Jn)(Y(X”_H ))

The case n = 1 is the known estimate (5.1). Therefore, we assume that n > 2.
Applying the UMD property of Y (X,,+1) we are led to

=/,

where to pass from /¢ to || we used that for fixed x € R? the families {egh g (x)}
and {eg|ho(x)|} are identically distributed. Since |hg| = 1¢/|Q|'/?, we can use
Stein’s inequality to have that

Z g0ag 1_[ (fi) QIhQ(x)I‘p(jn )1/,7(‘7,,)’ (5.3)

Y(X, H)

(535 (E / | Z eag H £i) an<x>|hg<x>|\p(‘7" )”W"),

Y(X)H»l)

Now, we use the same inequality we used in the shift proof, Eq. (4.10), and Holder’s
inequality to have that the last term is less than || ;|| 7= (x,) multiplied by

S);

Since {X1,..., Xp—1, Y(X1,..., Xs—1} is a UMD Holder n- tuple, we see that we
have reduced to a situation as in (5.3) but now the degree of linearity is n — 1. We can
repeat the argument until we end up with a linear operator, and then we apply (5.1). O

p(Tn-1) 1/p(Tn-1)
)

Y(Y (X1, Xn—1))
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6 Maximality of UMD Holder tuples

In this brief section, we show that UMD Hoélder tuples are in a suitable sense maximal
for L?-boundedness of extensions of n-linear CZO operators and dyadic shifts via an
associative product as in Section 3. The precise statement is in Proposition 6.2 below.

Therefore, we fix an associative algebra A and a functional 7 as in Sect. 3. We
begin with a lemma.

Lemma 6.1 Let (Xy,...,X,) be a n-tuple of admissible spaces. If X,4+1 is an
admissible space such that for all (n + 1)-linear shift forms (3.10) and functions
fieC®HY@X;, j=1,....n+1

n+1
Aus, (oo fos fasn)| S (1"[ ||fj||Ln+1<Rd;x_,>> ©.1)
=1
with implicit constant depending possibly on the complexity k, then (3.4) holds for
m = n, and in particular X,+1 — Y (X1, ..., Xn).
Proof Test (6.1) on a suitable trivial shift and appeal to Lemma 3.1. O

To make our maximality claim precise, we need an additional definition. We say that
the tuple {X1, ..., X,+1} of admissible spaces is an n-linear shift extension if (6.1)
holds for all (n+1)-linear shift forms (3.10). If in addition, whenever Z is an admissible
space such that for some jo € J,41 the tuple {X1,... Xjo—1, Z, Xjo+1, ... Xng1} 18
an n-linear shift extension, it must be Z < X, we say that {Xy,..., X, 11} is a
maximal n-linear shift extension.

Proposition 6.2 Let {X1, ..., X, 11} be a UMD Holder tuple. Then

e {X1,..., X,41} is a maximal n-linear shift extension;
o whenever | <k <n—1land#J =k {X;:je JIU{Y({X;:jeTD}isa
maximal k-linear shift extension.

Proof Theorem 4.2 shows thatif {X1, ..., X,4+1} is a UMD Hélder tuple, then it is an
n-linear shift extension. As X ;, = Y({X; : j € Jo}) by definition of UMD Holder
tuple, we learn from Lemma 6.1 that {X1, ..., X,,+1} is in fact a maximal n-linear
shift extension. This proves the first point.

By the inductive definition of UMD Holder tuple, for each 1 < k < n — 1 and
#T =k {X;:je JIU{Y({X,:j e J}}isa UMD Holder tuple. Then this tuple
must be a maximal k-linear shift extension because of the first point. The second point
is also proved. O
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Appendix A: Iterated mixed-norm non-commutative LP spaces

Let M be a von Neumann algebra equipped with a n.s.f. trace as described in Example
3.11. Recall in particular that A = L°(M) is an associative *-algebra endowed with
a compatible complete metrizable topology, induced by the metric d 4 of convergence
in measure. For an integer S > 1, let (My, us), s = 1,..., S, be o-finite measure
spaces and (2, ws) the product measure space

N S
QS:HMS7 wSzl_[Ms~
s=1 s=1

Let 2% s be the vector space of simple functions f : Qs — A, namely

J
f(t):ZAle/(t)7 tz(tla"-vtS)GQS7

j=1

with A; € A, EJ c Qg with wg(E’/) < oo. Then 2.5 1s an associative algebra
with respect to the pointwise product: for f, g € % g, the function fg defined by
(fg)(@®) = f(r)g(t), where the latter is the strong product in A, belongs to <% s. We
denote by

s:= closure of o) w.r.t. sequential d 4-pointwise convergence
namely, f € <7 if there exists a sequence f, € 9%, s such that

limdA(f (1), fu(®) =0 ace. 1€ Qs.

Then 47, the class of strongly measurable .A-valued functions on g, is an associative
algebra with respect to the same product. Furthermore, <75 is complete with respect
to the topology of convergence in measure, namely f;, — f if foralle > 0

lirrlnu ({r € Qs 1 da(f(1), fu@®)) > e}) =0,

and the product operation is continuous. Note that the latter topology is also metrizable,
proceeding in an analogous way to [24, Proposition A.2.4].

Recall that M is equipped with the n.s.f. trace t, which is a linear bounded func-
tional on L' (M). Then the functional

Ts(f)i= / (S (1)) dos (1)
Qs

is linear and bounded on the Bochner space L! (s, ws; L! (M), which is a subspace
of «75. With this definition, <75 is endowed with the trace tg. Under these assumptions,
we have the following proposition.
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Proposition A.1 For a Holder tuple {p? 11 < j<m}asin (3.1), let

X9 = L M.

Let {pj. 1 1 < j < m} be further Holder tuples of exponents, for | < s < S. Then the
Banach subspaces of <

X5 =LV My, s X57H, s =1,..08, (A2)

are a UMD Holder m-tuple.

Before the proof proper, we need to set some notation, and develop suitable auxiliary
lemmata. For l <k <m—-1,TJ={ji1<jpo<-<ji} C Tn,and 0 <s < S we
write

1
=1-—.

1
P’J qa

k
s=
It will be convenient to introduce the auxiliary mixed norm spaces

1
E]l =LP'/(M17I'L1)’
Ej = Lp;(Mm//Ls; E;_l)a s=2,....,8,

for j =1, ..., m and similarly
0 _
E; =C,
ES = L97 (Mg, st ES7Y), s=1.....5.
In general we write S(X) for the unit sphere in the Banach space X.

LemmaA3 Let J = {j, : 1 < u < k}. There exists maps B;, : S(Ef7) — S(Eju)
such that

k
r=T1BH vreSE
u=1
and
Ifn = flles, = 0, [l fu(ts) — f([s)”Ei;l —Oae. ty;€e My —
1B, (f) — B;(fn)”EjIM — 0, |B;(fu)(ty) — Bf,(fn)(ls)llEs/;—l — Oae. t; € My,
1<uc<k.

(A4)
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Proof We deal with the case j, = u,u = 1,..., k which is generic. We prove the
statement by induction on s. If s > 2, assume inductively that maps B;’l as in the
statement have been constructed; for the base case s = 1, we run the argument below
with B0 the identity map. In both cases, we need to define B;) : S(E“ ) = S(ES). We

use thateach f € § (E ) is E =1 _valued. So for each ty € Mg, write

k qj

k
) =11 @)l gg) = [ ] |f<r3>|,§‘:1gu<rs) =[] Bi(H@)

u=1 u=1

where g is S(E ) valued, so thateach g, = B;~ l(g) isS(E;™ 1y_valued. Notice that

each f, = B;( f ) is (strongly) pts-measurable with values in E}~ U in fact | £ ()| gl
J

is ug-measurable and each g, is ug-measurable, as B,j_l is (norm) continuous from

Ef7_1 — E;_l and g is ug-measurable with values in Ef7_1 . A direct calculation
reveals that

Ifulls =1, 1<u<k.

It remains to show that the thus defined maps B;, are continuous in the sense of (A.4) by

assuming the same properties hold for the maps B;_l. Let f,;, f be as in the first line of

(A.4) and write f, () = | fu(t5)] ps—18n (f5). We first show the pointwise convergence:
T

for each we have

1B (f)(ts) = By (fu) (ts) || 51 =< 1 )l s IIBZ_I(g(ts)) - B;_l(gn(ts))”Ei—l

‘1J
+ 1B (8 )l - 1|||f<m||g’: = ||fn<ts>||,§? !

Relying on the norm continuity of B;_l we obtain that both summands in the previous
display converge to zero for each z; such that || f (E) | gs=1 = [|f @) gs=15 18n (E5) —
T J

g(tx)||Ei7_1 — 0; this is a set of full u; measure, so that this part of the proof is
complete. We come to the norm continuity in (A.4). We have

I1B;(f) — 15%;,’<fn)||‘,§-%i S / If(ls)IEs B (8(0) = By @)1y dpss ()
,,J P ]
+f, |f<r5)|,§tl LB a7 ds 1),

The first integrand converges to zero pointwise a.e. and is dominated by | f (tS)|ES s

so the integral converges to zero by dominated convergence. The second mtegral is
equal to
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S

qJ 7
|F — n||Lp M)’ F(ty) = |f(fs)|£? 1 Futy) = |fn(ls)|£if7_1o
Notice that [|F |, = ||f||[’~7/”u 1Fully, = ||f,,||"5/”“. As F, — F pointwise,

Fy, F € LPi(Mj, s) and ||F lps — I Fllps, then ||F Fy |l ps converges to zero by
a well-known variation of the proof of the L” dominated convergence theorem. O

LemmaA.5 Let?

X% = L9 M), X%, = LT (M),

XJ—L"J(MA,M,XS ‘) XY = L9 (My s X571), s =1, 8.

Let f € Xf7 + be a simple function with ||f||X:J = 1. Then there exist f, € X‘]Y.H’Jr,
u=1,...,kwith

k
F=110e Wlys =1.

u=1
Proof Again we deal with the generic case j, = u,u = 1,...,k. First of all, we
make a remark about the case s = 0. Fix A € Xoj n with ||A||X(37 = 1. Using the

Borel functional calculus for positive closed densely defined operators to define A?
for6 >0

k i
A=1_[BM(A), By(A)=Ar, u=1,..., k. (A.6)
Trivially
9
0
| By (A)leo—||A||§8 =1, u=1,...,k

We now prove the main statement. Let f € X be a simple function with || f| x5, =
1. We factor

f@) =F@®)A®@), F(t)=|f(t)lxoj, t e Q.

Notice that F' € E f7 of unit norm, so that using Lemma A.3

F=T]ByF). 1B (Pl =1,

u=1

0 0 0
2 Recall that LYT (M )+ denotes the positive cone of LT (M), namely the positive operators in LT (M).
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and we may write, also using (A.6)
k
f=[1r fu=ByF)@)BAW)).
u=1

Notice that each f;, is strongly measurable as B, (A(-)) is a simple X 3’ . -valued func-
tion and B} (F) is a measurable function in E;. Also as |B,(A(t))] X0 = 1 for all
t e

I fullxy = 1By ()l = 1,
which completes the proof of the claim. O

We turn to the proof of the proposition. Namely we need to show that the tuple X j
from (A.2) is a UMD Holder tuple for each s = 1, ..., S. In proving this, by virtue of
the case s = 0 being already established in Example 3.11 we may argue inductively
and assume the claim has been proved in the cases of 0, ...,s — 1.

Clearly each Xj'. is a subspace of .o7;. Denoting by q;, s =0,...,S the conjugate
exponent of pj., it is convenient to define the spaces

0
Y) = LU (M),
Y8 =L (M, e Y3, s=1.....5,
which are Banach subspaces of .o7;. Further, as each X j is a reflexive Banach space

and enjoys the Radon-Nikodym property [24, Theorem 1.3.21], an inductive argument
yields the Riesz representation theorem (cf. [24, Theorem 1.3.10]) then yields that

k
(x5) =v;. 1=j=m
through the identification
e (XD > ge Y AN =teaf). feX

We have in particular shown that each X j is an admissible space for the algebra o7
with trace 7y and Y(Xj'.) = ij .

We verify that {X j 1 j € T} is a UMD Holder tuple by induction on m. The case
m = 2 is actually immediate by virtue of the observation and the well known fact that
each Xj., Y; is a UMD space.

To obtain the inductive step, we fix m > 3 and verify the following equality. For
eachl <k<m-—1,7={j1 < j» << jk} C Tm, there holds

Y({X5 : j € J)) is isometrically isomorphic to (Xf7)*, (A7)
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where we refer to the spaces defined in Lemma A.5. More explicitly, denoting

0
Y9 = LP7(M),
Yh = LT (M, i Y5, s=1,....8,

*

we have Y({Xj. 1jeJh = Y} = (X%) .

Property P1 then corresponds to this equality in the cases k = m — 1. Verifying
property P2 amounts to checking that when k < m — 1, the tuple {X ; jeJiuly 3}
is a UMD Holder (k + 1)-tuple. Ask < m — 1, {X‘;. 1jeJiu {Y:}} is a UMD Holder
(k + 1)-tuple and the exponents { p‘]‘. 2 j € J, p*(J)} are a Holder tuple, this check
is made by a straightforward appeal to the induction assumption.

We are left with proving (A.7). To do this we will define a linear surjective isometry
®:Y({X}:j €T} — Y. Firstof all note that

Igllyxs:jeay = lgll y = lgllys, (A.8)

Lpf7(M ,Yxfl
soMss X 7

descends immediately from Holder’s inequality in L”(Mj, g)-spaces and Lemma
3.1 applied to the UMD Hélder tuple X jl_l X jz_l X jk_l We will use this below.

Fixtheng € Y({X} : j € J}). We claim thatif f is asimple X?7 . -valued function
on 2, with ||f||XsJ =1, then

17Nl = lglly(xs:jeay- (A.9)

Indeed, applying Lemma 3.1 we obtain

19

u=
[ fullxs =1, u=1,...,k,
Ju

k

72| = < llglyxssjeay [T 1 ullxs, -

u=1

which is (A.9). As X is the X’7-norm closure of the linear span of simple Xf)7 4
valued function on €, the linear bounded functional f +— 7,(gf) extends uniquely
to an element ®(g) of (Xf7)* = Yf7 with

12 @llys, = ligllyxs:jeqy-
It is easy to see that the map @ : Y({Xj'. 1jeJl) — Yf7 is linear. From (A.8)
we gather that if g € Y} then ®(g) is well-defined. In this case the linear bounded

functionals g +— t(gf) and ®(g) coincide on a dense set, it must be ®(g) = g. So
® is obviously surjective. Furthermore using (A.8) again we obtain

12 @llys, = I1P@lyxs:jeqy = I8lyxs:jean = 1P@ys,
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whence equality must hold throughout. So @ is a linear isometric isomorphism and
the proof of (A.7) is complete.
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