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We develop an energy-stable scheme for simulating fluid-particle interaction problems
governed by a coupled system consisting of the incompressible Navier-Stokes (NS)
equations defined in a time-dependent fluid domain and Newton's second law for particle
motion. A modified temporary arbitrary Lagrangian-Eulerian (tALE) method is designed
based on a bijective mapping between the fluid regions at different time steps. In the
proposed numerical scheme, the tALE mesh velocity, the incompressible NS equations, and
Newton’s second law are solved simultaneously. We prove that under certain conditions,
the new time discretization scheme satisfies an energy law. For the space discretization, the
extended finite element method (XFEM) is used to solve the problem on a fixed Cartesian
mesh. The developed method is first-order accurate in time and space without being
momentum conservative. To verify the accuracy and stability of our numerical scheme,
we present numerical experiments including the fitting of the Jeffery orbit by rotating of
an ellipse and the free-falling of an elliptic particle in water.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Fluid-particle interaction plays an important role in scientific and engineering problems such as crude oil emulsions,
fluidized suspensions and sedimentation, ship maneuvering, and underwater vehicles. In this paper, we consider interaction
between a rigid body and the surrounding incompressible fluid. In the past decades, two categories of models have been
proposed to describe the particle surface and the hydrodynamic interaction between the fluid and the particle, including the
continuum approach [23,36,47,48] and the models using the direct numerical simulation (DNS) technique. The continuum
approach views solid particles and fluids as interpenetrating mixtures with different viscosities that are governed by the
laws of conservation. In this approach, the motion of particles and that of fluids are combined in the same mathemati-
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cal framework to form a single system of equations and the boundary conditions are imposed implicitly on the particle
surface. The continuum approach is flexible and can efficiently solve various kinds of fluid-particle interaction problems.
However, the false response from the viscous material used to mimic the rigid objects might produce undesirable hydrody-
namic effects in the case when the particle concentration is dense, or when particle-wall and particle-particle interactions
are considered. Alternatively, the DNS technique treats the fluid and the particle separately and computes hydrodynamic
interactions as a part of the solution. The boundary conditions that capture precisely the momentum and pressure response
between the fluid and the rigid particle are imposed explicitly on the solid surfaces. The DNS technique gives a clear under-
standing of the mechanisms between the fluid and the particle and is well designed for many problems involving nonlinear
and geometrically complicated phenomena.

For fluid-particle interaction simulations based on the DNS technique, the fluid domain is time-dependent as the particle
moves inside the fluid. In order to track the particle and its surrounding fluid, several numerical simulation techniques
have been developed, including the arbitrary Lagrangian-Eulerian (ALE) method, the temporary arbitrary Lagrangian-Eulerian
(tALE) method, and the fictitious domain method. For the ALE method [21,20,22], a boundary fitted mesh is used to describe
the fluid domain. The particle surface is aligned with element boundaries. The ALE mesh is updated after each time step
using the ALE mapping. Moreover, when the mesh becomes too distorted, a new mesh must be generated. In order to
simulate the fluid-particle problem on a fixed Eulerian mesh, the tALE method is proposed [10]. In the tALE approach, time
derivatives in the fluid region are discretized by an inverse tALE mapping. The interface of the particle is approximated
with the help of the extended finite element method (XFEM) [12,40], which is a generalization of the standard Galerkin
finite element method with additional degrees of freedom near the particle surface. An alternative approach is the fictitious
domain method developed by Glowinski et al. [15-17,13]. The basic idea of this approach is to extend the problem in a
geometrically complex domain to a simple and regular domain by generalizing the weak formulation of flows from the
fluid domain to a fictitious domain that represents the particles. This approach enforces the constraint of rigid-body motion
with a distributed Lagrange multiplier to introduce an additional body force to the interior of the region of particles. The
fictitious domain method is widely used to simulate fluid-particle interaction problems, including the interaction between
the fluid and a large amount of rigid particles [14,41,42].

The main purpose of this paper is to develop an energy-stable scheme for the simulation of fluid-particle interaction
problems. Energy stability becomes crucial in numerical simulations when large time step sizes are used and long-time
behavior is simulated. Ensuring numerical stability for fluid-particle interaction is far from trivial. Wood et al. [45] indicated
that numerical schemes based on sequential computation of fluid and particle dynamics are often unstable if there are
no sub-iteration steps between computations of the fluid and the particle. To improve the stability, certain sub-iteration
steps are performed between the two sets of computations [8,39,43]. Efforts have been made to study the stability of
numerical methods such as the immersed boundary methods [26,27,38,46], the block-factorization methods [3,35], and the
weak-coupling scheme using the summation-by-parts (SBP) operators [32,28]. The SBP-based schemes are proven to be
energy-stable for both time and space discretization, and they have been applied successfully in fluid-structure interaction
[31]. Other studies of the stable numerical schemes are also available [34,44]. Recently, a stable partitioned algorithm [4-6]
has been presented to simulate the fluid-particle interaction problems with light or zero-mass rigid particles.

In this paper, we develop an energy-stable time discretization scheme for simulating the fluid-particle interaction prob-
lem. The energy-stable scheme is based on a DNS-type model. The incompressible Navier-Stokes equations and Newton’s
second law are used to describe the fluid and the particle motion respectively. To track the time-dependent fluid domain,
our numerical scheme develops a bijective mapping based on the tALE mapping [10]. To ensure energy stability, the tALE
mesh velocity, the fluid equations, and Newton’s second law are solved implicitly and simultaneously. We prove that under
a mild condition that is usually omitted in practical implementation, the new time discretization scheme satisfies a discrete
energy law. The discrete energy law is similar to the energy law of the continuous system. For the discretization in space,
we use the XFEM [12,40] to handle discontinuities near the particle surface. Only a fixed Eulerian mesh is required for the
entire computation, without the need to regenerate or deform the meshes.

Numerical tests are carried out to verify the stability and accuracy of the energy-stable scheme. We simulate the Jeffery
orbit of a fixed ellipse rotating in a shear flow and compare the results with those obtained from the standard tALE-XFEM
method [49]. It is shown that our energy-stable scheme allows the usage of large time step sizes such as §t = §x, while the
standard tALE-XFEM method soon blows up even with a much smaller time step size. Moreover, our energy-stable scheme
remains stable in long time simulation. Tests show that our algorithm is first-order accurate in both time and space. We also
simulate a thin ellipse sinking in water which displays fluttering and tumbling motions. The proposed numerical scheme is
shown to be energy-stable for both cases.

The rest of the paper is organized as follows. In Section 2, we introduce the governing equations and derive the energy
law for the continuous system. In Section 3 we introduce the tALE method with a bijective tALE mapping between the
different time steps. The energy-stable scheme is developed in Section 4. The discrete energy law of the time discretization
scheme is also proved in this section. Implementation details of the proposed scheme are described in Section 5. Numerical
experiments are presented in Section 6 to support the theoretical results. The paper is concluded in Section 7.
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Fig. 1. Fluid-particle interaction problem.

2. Model of the fluid-particle system
2.1. Governing equations

We consider the motion of a solid particle in the fluid, as illustrated in Fig. 1. Let ©2 be the entire computational domain
with boundary 9. Let P(t) be the interior of the solid particle, and let dP(t) denote its surface. Equations (2.1)-(2.6) are
the governing equations of the fluid-particle system:

The fluid motion is governed by the incompressible NS equations in Q\ P(t):

0
Re(a—l:—l-(u'v)u):—vp-i-v-o-i-f, (2.1)
V-u=0. (2.2)

Here p stands for the fluid mass density and 7 is the fluid viscosity coefficient. u is the vector of fluid velocity, p stands

for the pressure, and f denotes the external force on the fluid. For incompressible flow, tensor o is given by o := Vu.

Parameter Re is the particle Reynolds number, which is given by Re := %. Vo and Lo are the characteristic velocity and

characteristic length of the particle, which are the particle diameter and the particle maximal velocity norm, respectively.
The motion of the solid particle is given by Newton’s law:

dUs
ReMSW =— / (—pl+0)-ndS +Fs, (2.3)
aP(t)
dws
Re(lsﬁ + w5 X [sws) = — r x ((—pl+ o) -n)dS. (2.4)

aP(t)

Here Us is the velocity of the particle’s center of gravity, @; is the particle angular velocity, I denotes the unit matrix, n is
the inner normal of P(t) on its surface (thus it is the outer normal of 2\ P(t) on aP(t)), r =x — X, is the vector from the
particle’s gravity center X; to a point X on the particle surface, and Fs is the external force on the particle. In this model, the
particle is assumed to be rigid and is made of a homogeneous material of density ps. Dimensionless mass M and inertia I
of the particle are defined as:

M, = (ps/p) / dx,

P(t)

Is = (ps/p)/lrlzdx (2D case),
P(t)

Is:==(ps/p) /(Irlzl—r®r)dx (3D case),
P(0)

where r ® r denotes the Kronecker product of r and r”. If the fluid-particle motion occurs in 2D, or if the particle is a
spherical body made of a homogeneous material, the nonlinear term ws x Is@w; in (2.4) becomes zero.
The boundary conditions on dP(t) are

Ll(u—us)-r:—(a-n)-r, (u—us)-n=0. (2.5)
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Here us = Us + w5 x 1, and T is the tangent vector on dP(t), Ls is the slip length coefficient.
The boundary conditions on 92 are

Ll(u—uw)~t:—(a-n)~'t, u-n=0. (2.6)

Here n is the outer normal of €2, and u,, denotes the wall speed whose direction is parallel to 9<2.
The total energy E of the governing system consists of the kinetic energy of the fluid and the particle, which is defined
as:

E :=ReEy + ReMsE pm + RelsEpy, (2.7)

where

2.2. Energy law of the governing system

In this section, we derive the energy law for the governing system. For simplicity we assume the wall velocity u,, = 0.
We denote (F, G)s as the integral in the region S of the product, inner product, or Kronecker product of F and G, when
F and G are scalars, vectors, or matrices respectively. ||F||s denotes the L? norms of F. Subscript S is omitted when S is
chosen as €2\ P(t). < F, G >3s denotes the corresponding boundary integral and ||F||s the corresponding L% norm on 3S.
The following theorem gives the energy law of the continuous system:

Theorem 2.1 (Energy law of the continuous system). Assume that u,, = 0. The governing equations (2.1) - (2.6) satisfy the following
energy law:

dE 5 1 2 1 5
E=—||VU|| _L_||u'T||aQ_L_||(u_us)'7-'||3p(t)+(f7“)+Fs'Us~ (2.8)
s s

Proof. Using Green’s formula and incompressibility equation (2.2), we obtain

Ee _ M . vy w (2.9)
dt ot ’ )
Ju 1 ., 1 .,
Z(E,UH- < EIUI (u-n) >0+ < EIUI (u-m) >5p) -

Taking inner product of (2.1) with u and using Green’s formula and (2.2), we obtain

dE
Red—tk=—(6,vu)+<0'll,ll>asz+<6~n,ll>ap(r)—<p,u'ﬂ>a§z—<P,U~ﬂ>aP(t)+(f,U)

=—|IVu|> + (f,w)+ < (—pI+0) nu>s0 + < (—pl+0) -0, U>;p() - (2.10)

Taking the inner product of (2.3) with Us and the inner product of (2.4) with @, then summing up these two equations,
we obtain

d du do

a(’ReMsEpm + RelsEpr) = ReM;Us - d—ts + Relsws - d_ts =— < (=pl+0) -n,us >yp() +Fs - Us. (2.11)
Summing (2.10) and (2.11) and using the boundary conditions (2.5) and (2.6), we obtain

dF

T [IVu|>+ < (=pl+0) -n,u>50 + < (—pl+0) -0, u—us >5p() +(f, w) +Fs - Us

=—[[VulP+ <@ -n)-T,u-T>p0+<(0-n) -7, W—U) T >ypq +(f ) +Fs - Us

1 1
= —IVul* = llu- Tl — 1 —u5) - TllFpe) + E,w +F - Us. O
S S

Remark 2.1. If the wall velocity u,, # 0, we introduce W (t) as the accumulated work done by the shear force on the wall,
t
W(t):= / w@)dt, w(t):=—< (@&, t)-n)-T,uy®) T >0 . (2.12)
0
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=

Fig. 3. Computational mesh at t"™+! (right) and the fictitious tALE mesh constructed at " (left). The ellipse at t"*! is shown by a solid line and the ellipse
at t" is shown by a dotted line.

Then the energy law becomes

d 21 2 1 2
g EtW)=—IlVull” - L—sll(u—uw)-fllag - L—sll(u—us)-‘fllap(t) + (f,u) +F; - Us.

Remark 2.2. The governing system conserves mass since the fluid is incompressible and the particle is rigid. If there is no
external force acting on the fluid and the particle, the fluid-particle system (2.1) - (2.6) conserves momentum, which could
be derived by combining the momentum equations for the fluid and the particle.

3. Time discretization with a bijective tALE mapping

We will construct an energy-stable time discretization based on the tALE method. Before introducing our tALE time
discretization, we first review the standard ALE and tALE methods. Then we construct a tALE-based time discretization with
a bijective mapping in 2D and in 3D.

3.1. A brief review of the ALE and tALE methods

As a particle moves, field variables near its boundary at the previous time step t" may become undefined at time t"+!
since there may not be any fluid flow (as shown by the dashed region in Fig. 2). One way to resolve this issue is to use the
ALE method. In the ALE method, each mesh point moves at a mesh velocity so that it can track the motion of the particle.
For instance, for a point x"*! at time ¢!, we map this point to a point X" at the previous time step t" by

X1 = B(x") :=x" + st (x).

Here u" is the mesh velocity field of the ALE method. An example of the ALE mesh motion is shown in Fig. 3. However, the
ALE mesh may become too distorted after a few time steps. In this case, mesh reregeneration is needed.

To solve the system on a fixed Eulerian mesh, Choi et al. [10] introduced the tALE method. Different from the ALE
method, mesh points in the tALE method do not move. For the time discretization of the tALE method, we find the previous
position of the fixed mesh points by an inverse flow mapping B (see Fig. 4) such that

X" = ’B’(anrl) — xn+1 _ 8tﬁn+1 (xn+l)_

Here " is the mesh velocity field of the tALE method. The values of the physical quantities at such points in the previous
time step are calculated by interpolation. Unlike the ALE method, the tALE method maps the fixed mesh at the current time
step, to a fictitious mesh at the previous time step (see Fig. 3). Mesh regeneralization is not needed since only a fixed mesh
is used in the practical implementation. Similar to the ALE method, the inverse mapping may be constructed from “mesh
velocity”. However, the “mesh velocity” in tALE is only used to find the previous position of a mesh point, thus it does not
change the mesh in the calculation.
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Fig. 4. Inverse mapping ®~' between the computational mesh and the tALE mesh. The mesh in red is the fixed mesh in computation, while the mesh in
blue is the tALE fictitious mesh in the previous time step. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this
article.)
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Fig. 5. lllustration of (X}, 65") for an ellipse.

For both theoretical analysis and practical implementation of the tALE method, one of the key issues is to ensure the
bijectivity of the fluid region at different time steps. Without such bijectivity, the position of a point inside the fluid in
the current time step might be tracked to a position inside the particle or outside the entire domain in the previous time
step. Such poor tracking will make the algorithm not well-posed. Moreover, such bijectivity is crucial to the stability of the
numerical scheme. The issue of bijectivity also appears in the standard ALE analysis [30].

Remark 3.1. The tALE method allows discretization on a fixed mesh, and so it is less costly compared to the standard ALE
method. However, one of the drawbacks of the tALE method is that it cannot be written in a conservative form in a discrete
setting.

3.2. Bijective tALE mapping: 2D case

For our model problem, we show how to construct a bijective mapping between time steps t" and t"+!. We start from a
simple case where the particle does not rotate. We show that the ALE/tALE method can form a bijective mapping. However,
the ALE/tALE method fails in bijectivity as soon as the particle starts to rotate. Then we introduce our bijective map to
resolve this problem.

Assume that the particle is circular and does not rotate. Denote by X7 and 6] the position of the particle’s center of
gravity and the angular orientation of the particle respectively. Here the angular orientation of the particle is defined by the
angle from the x axis to a particular half-line. The half line starts from the particle’s center of gravity and goes through a
fixed reference point on the particle interface. Fig. 5 shows an example of (X7, 6]) for an ellipse at t =t", where the fixed
reference point is positioned at X;'f. Using the ALE method for example, the bijective mapping (x", X?) — (x"*1, X**1) can
be constructed in a simple way:

XM =x" 4 sta" (x7),
X0+ = X1 4 5tUT,

where the tALE mesh velocity u" is given by

—AU" =0, in Q\ P(t"),
W=U1, onaP(™),
u' =0, on 9%.

Denote B(x") = x" + stu" (x"). Assume that u" is Lipschitz continuous, that is,
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Fig. 6. Example of non-bijective mapping between different time steps. The solid circle is P(t"), which is rotating. The dashed circle is P(t"*'), which is
the particle boundary at t = t"+! calculated by the tALE mapping using (3.1).

SN

P(t") and P(t"*1)

ESS

Fig. 7. Example of bijective mapping between different time steps. The solid line circle is both P(t") and P(t"*!). The modified tALE mapping is shown by
arrows.

[u" (x2) —u"(x1)| < L|x2 —X1], VX1, X2 € Q\ P(t"), X1 #Xo.

Then the discrete mapping B is a bijection from Q\ P(t") to Q\ P(t"*1), for all §t < 1/L, since (i) the mapping on particle
surface is bijective, (ii) the mapping and inverse mapping are continuous. However, when the particle rotates, we cannot
construct a bijective mapping using the ALE mesh velocity field.

To further illustrate this, for an arbitrary point with coordinate X" on the particle boundary, 1" is defined by r" :=x" —X{.
If we define a mapping B using the above tALE velocity field, the tangential velocity on the particle boundary will distort
the particle surface. We show an example in Fig. 6, where the particle is a rotating sphere with a fixed center of gravity.
In this example, since mesh velocity on the sphere surface is in the tangential direction of the sphere, for the mapping
B(x™) = x" + 5tu" (x"), a point on the particle surface at time t" will not be mapped onto the particle surface at time t"+1,
The same problem also occurs in the tALE method since the mesh velocity field is similarly derived.

—AU" =0, inQ\ P(t"),
u"=U"+ " xr", ondP(t"), (3.1)
u' =0, on 9Q.

In order to resolve this issue, a modified mesh velocity field needs to be designed. Denote by x"*! the position of an
arbitrary point on the particle surface at time t"t!, and denote by XQ“ the position of the center of gravity of the particle
at time t"*1. Define r**! :=x™1 — X1, Denote by #"*! and 6" the angular orientation of x**! and x" with respect to
the particle’s center of gravity. In order to ensure bijectivity, we need to map each point X" =X + (|r"| cos#", |r"|sin6") to
X = X 4 ([0 cos 6™, 1"+ sing™ ). This is done by developing the boundary condition of the tALE mesh velocity
field by u" = (x"*! — x") /st for each point X on 3P (t"). We can see from the same example that the modified tALE mesh
velocity helps maintain the shape of the particle (see Fig. 7). Note that |r"| = |r™*1| for each pair of X" and x"*! above. We
have

1 . .
X" — X" = UTst + 1| (cos(0" + ! 8t) — cosH", sin(6" + wlst) — sind").
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Let @ = (0,0, @7 ). If the angular velocity of the particle is not 0, define
S s,z

r'} = (a);‘,z(St)_1 I (sin(®" + wist) — sind", —(cos(8" + w]st) — coso™), 0),

otherwise let r'} :=1" (this can also be obtained by letting ws — 0). Using Taylor expansion, we can see that r'} is a
first-order approximation of r" w.r.t. §t. The boundary condition of the mesh velocity field can be written as

U= (" —x")/8t = U} + @] x r} on dP(t). (32)

The modified tALE velocity is obtained by solving the following equations:

—AU" =0, inQ\ P(t"),
T =U"+ o x1", ondP(h, (3.3)
u' =0, on 9.

Using the modified tALE velocity field ", we can construct a bijective mapping from the time step t" to the time step t"*!:

XM =x" 4+ sta" (x"),
X0 =X+ 5tU7, (34)
oMl =01 + St

Define a mapping B" : Q\ P(t") — €\ P(t"*1) such that B"(x") = x" + §tu" (x"), where " is given by equation (3.3). For
all 8t < 1/L, where L is the Lipschitz constant of u", such discrete mapping B" is bijective from ©\ P(t") to €\ P(t"*1),
since (i) the mapping on the particle surface is bijective, (ii) the mapping and inverse mapping is continuous. Moreover, for
all functions f™ defined in ©\ P(t"), we can define the corresponding function f]' by

Ay = M~ Ix, vl e @\ Pt (3.5)

It is easy to see that

roe = [ et (36)
Q\P (") Q\P(t1+1)
where J" the Jacobian of B.

Similarly, the bijective mesh could also be constructed from t™t1 to "

X" = x+ — st (xn+,
X! = X0+ — §eyn+l (3.7)
o1 = M1 — St

where
YN in Q\ P(t"t1),
T U?Jrl + w?“ x r1}+1 , on 8P(t"+1), (3.8)
@t =0, on 9.

= (@530 T (sin 6™ — sin@"! — [ F180), —(cos 6™ — cos(@"! — [ F1810)), 0).

Define a mapping B"t!: Q\ P(t"1) — Q\ P(t") such that B"+1(x"*1) = x"*1 — stu"*!(x**1), and define fr(x"+1):=
fr(B+1x"t1) Denote "t as the Jacobian of B"t!, we also have

/ fn(xn)dxﬂ — / f:z(xn+1)1n+1dxn+1_ (39)

Q\P (") Q\P(™H1)

Remark 3.2. In the above discussion, to make B" bijective, we require 3t to be small enough such that §t < 1/L. Such
requirement for §t is rarely explicitly mentioned in numerical papers based on algorithms using the ALE method, but it is
required to guarantee well-posedness. According to the actual implementation experience, such constraint is very mild in
numerical simulation and is naturally satisfied in most cases.
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3.3. Bijective tALE mapping: 3D case

In this paper we mainly consider 2D problems. Meanwhile, the bijective tALE mapping can also be extended to 3D
without extra difficulties. We first consider the case where the particle gravity center is fixed. In this case, we use fixed
Eulerian coordinates. As the particle rotates, velocity of an arbitrary point X on the particle surface can be expressed as

dx
dt
For standard tALE, this leads to an explicit discretization

=@ XT.

XX = St x 1),

which is not bijective between t" and t"*1, as shown in the previous section. To obtain a bijective tALE mapping, similarly
we find an r’}“ such that the following identity holds exactly:

X _xT = st(@"! x r’}“). (3.10)

Given x"1, x", @™, and ®?, (3.10) becomes a group of linear equations of 1"}“. Similar to the 2D case, r**! can be
explicitly expressed by the position and angular velocity at the current and previous time steps by solving the above linear
system. Using the bijective mapping on the particle surface, we can calculate the tALE mesh velocity field @" and construct
a bijection from Q\ P(t") to Q\ P(t"*1).

If the particle simultaneously translates and rotates, consider Newton-Euler coordinates which are always centered at the
particle’s gravity center. Motion of the particle is decomposed into translation and rotation. Rotation of the particle can be
described in the Newton-Euler coordinates and r**! can be solved in a similar way.

For the 3D case, the Jacobian determinant J" of linear transformation B" is

14562000 52000 5¢ 20
e e Ve
Jn — (Std(u )2 ‘l + (Std(u )2 (Std(u )2
st a(aﬁx )3 st 3(5”2;)3(2 1 5:;?6”)3
0X1 0Xo + 0X3

=148tV -a" +8t2(J12 + J23 + J31) + 86 det(Va"),

where
d@), d@)
]12 — 1+ ‘?t_nax1 st afvz_n ,
50 q 4 0@
aa™), aa™),
]23 — 1 + 8t7n8X2 8t 8X37n s
R B Lo
EIC) ")
_ at ax13 144t ax33
Js1= @), 3@,
1 + 8t 3)(1 StW

Equation (3.6) also holds in 3D using the above r'} and J".

4. Energy-stable time discretization

In this section, we derive the energy-stable time discretization for our model problem. As mentioned earlier, one of the
main difficulties in constructing an energy-stable time discretization comes from the time-dependent shape of the fluid
domain. In order to overcome this difficulty, we first modify the tALE method with the bijective mapping introduced in
section 3. Then, we construct an implicit numerical scheme in which the tALE mesh velocity, the NS equations for the
fluid and Newton’s law for the particle are solved in a coupled system. We introduce the Jacobian determinant J"*! in the
numerical scheme of the NS equations, which enable us to balance the fluid kinetic energy in different fluid regions in the
energy analysis. From this section, (-, -) is the abbreviation for (-, -)q\p(n+1) and || - || denotes the corresponding L? norm in

Q\ P(t"1.
4.1. Energy-stable time discretization

Using the bijective tALE mapping designed in the previous section, we design an energy-stable scheme for the fluid-
particle interaction problem:
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Algorithm 4.1 (Energy-stable time discretization).

Stelllz Given l(u”, p", U, o}, X7, 67) at time step t", solve the following coupled system (a)-(c) simultaneously to obtain
(ﬁn+1, Ug+1’ 5)?4— ,X?+1, 9;1+1) at tn+1:

(a) Calculate particle position and angular orientation by solving

X0+l = X1 4 Ut
ortt =08 + aptlet.

The region P(t"*!) and @\ P(t"*') are determined by X"*! and 67+ in this step. Here ®"*! = (0,0, arth.
(b) Solve the bijective tALE velocity field:

—Au"' =0, inQ\ P,
T =W, onaP(etH), (4.1)
+t—o, on 9%,

where
~n+1 Un+1 + w 1}+1 ,
r'} = (@)~ P sin g™ — sin@" ! — &1E16t), —(cos "t — cos(0™ ! — @Pt16t)), 0).

(c) Solve the NS equations for the fluid in Q\ P(t"*!) and Newton’s law for the particle:

ﬁn+1 —u® N _ N _ 1 N _ -
RE[T** + ((un+1 _ uﬂ+]) . V)un+]] —-V. 0.11+1 _ iRE(V . (un+l _ un+]))uﬂ+1 + fi’l‘Fl7 (4.2)
fjn+1 . N
REMST — / 0.11+1 . nds + F?+1, (43)
IP ()
a~)n+1 — "
Reh% + 0" x [ = — / X @ myds, (4.4)

3P(t"+1)

where u?, := uf(]”“)%, u"(x) := u"(B"*1x). J"t1 is the Jacobian determinant of bijective mapping B"*!, which is defined
by

B @\ P - @\ P(th), BT =xM — @t (x".

The boundary conditions on 92 are

i .n=0, Lls(ﬁ"“ —uy) - T=—@"""n)-T. (4.5)
The boundary conditions on 9P (t"*1) are

@+ — ?H) ‘n=0, (un+1 n+1) T=—@"".n) 1. (456)

Step II: Given (ﬁ““,U';”,E)?“,XQ‘”,GQ“), solve (w1, p™1 UM @1 in Q\ P(t"*1) by pressure correction (see

e.g. [18]):
n+1 _ yn+1
rRel W _ —vptl, 4.7)
8t
V.utl =0, (4.8)
urt! — ﬁn+1
ReMS% =— / —p™*1. nds, (4.9)
3P(t”+])
wn+1 _ a')nJrl
Rels% =— / r’}‘” x (—p™ 11 n)ds. (4.10)
BP(t”“)

10
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The boundary condition on 92 is

u"!l.n=0. (411)
The boundary condition on 9P (t"+1) is

@ —ut1) . n=0, (412)

where uf ! = U + @1 x Ift.

Remark 4.1. From the definition, J™*1 is of order 1+ O (8t). Multiplying J"*! by u” brings an O (8t) truncation error in the
discrete scheme, so that the time discretization is consistent with the continuous system, while the accuracy is limited to
0 (8t).

Similar to the continuous model, we may also define total energy of the discrete system. At time step t", the total energy
E" of the governing system is defined as:

E" := ReE} + ReMsE},, + RelsEj, (413)
where
1 2 1 2 1 2
B / WP, By = IO, B = S0
Q\P(t")
4.2. Energy law of the time discretization

Assuming that wall velocity is zero, we have the following energy law for the time discretization Algorithm 4.1:

Theorem 4.2 (Energy law of the time discretization). Assume that the wall velocity u,, = 0, Algorithm 4.1 satisfies the following energy
law:

En+1 _ En 8t||v~n+] || + 8t(fn+1 ~n+1) + 8tF?+] . ﬁ?+1 (414)

~n+1 ~n+1

~n+1 2
- |||.l T”aQ_(St_H(u ;H_ )'T||3p(tn+l)~

Proof. Using property (3.9) of the bijective mapping B"™1 and a simple inequality %(a2 —b?) <a(a —b), we have
Re(Ej™ — E}) = %Re( W2 — a2 1) < Re@™! — W), (4.15)
Taking the inner product of (4.2) with @"t15t, we obtain
Re@ ! -, 0" <1+ 1+ 13 (4.16)
where
I = —StRe((@! — @™y . vyam+!, w1y — %StRe(V S@ — @ty @t ),
I =8t(V -, I3 = st(™ a"t).
Using Green’s formula and boundary conditions (4.5), (4.6) and (4.1), we obtain

~n+12 | ("“FH-] n+1 ~n+1,2 | ("‘I‘H-] nJrl

[ =6t <= |u ) N>y +8t < - |u ) -m>5p=0.
Using Green’s formula we also have
—8t@™ 1, vt 4+ 5t <G, W > 50 46t <G o, W > 5p
=—5t[VU"T 2 £ 8t <o n, @ >0+t <™ on, @ S gpq)

Plugging the above two equalities in (4.16) and using (4.15), we obtain
Re(EfT — Efy < —ot|va™ 2 + (@, @) + 6t < o™ o0, @ >p0 48t <o™ 0 0 Sip . (417)

11
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Taking the inner product of (4.3) with ﬁ?‘”&t and the inner product of (4.4) with @?*18t, then summing these two equa-
tions, we obtain

ReMs (BT — ET )+ Rels(ER — EN ) < =8t <™ m, W0 > p ey +FITT - OFFL (4.18)

Similar to the proof of the continuous case, summing (4.17) and (4.18) and using boundary conditions (4.5) and (4.6), we
obtain

E’n+1 E" 8t||Vu"+1|| +8t(fi1+1 "“I’H-]) +6tFn+] Uﬂ+1 (419)

||un+1 ||(~11+1 ~ﬂ+1

2
T||BQ ) T||ap([n+1)

For the pressure correction step, taking the inner product of (4.7) with 8tu™*!, and using the inequality %(a2 —b?) <
a(a — b), we have

RE(EZ+1 _ EZ+1) < Re(un+l _ ﬁﬂ+1 , un+1) — _(Vpﬂ+1 , un+1).
Using Green’s formula and boundary conditions (4.11) and (4.12), we have
Re(EpT —Ep*) < =8t < p™ u™ > gp ) (4.20)

Taking the inner product of (4.9) with UQ“(St and the inner product of (4.10) with w?“ét, then summing up the two
identities, we obtain

E M <. (4.21)
Energy law (4.14) is then straightforward combining (4.19) and (4.21) O

Remark 4.2. When the wall velocity u,, # 0, define W" as the accumulated work done by the wall:

=Yy owlow! ::/(St((a‘"“(x, t')-m) - 7)(uy - T)ds,
i= a0

and we have

E™T W™ — BT+ W <~ 8t||V~"+1|| + 8t wm +5tF"+1 ot

| |(~Tl+l | |(~Tl+1 ~n+l

2
uW)'T”aQ ) T||ap(tn+1)

Remark 4.3. Since we use the bijective mapping for fluid domains, the volume of the fluid domain remains constant at
each time step, thus time discretization in Algorithm 4.1 conserves mass. Conservation of mass is also true for the fully
discrete scheme since we use a level-set function to describe the particle surface. The time discretization does not conserve
momentum. The fully discrete scheme introduced in the next section does not conserve momentum either.

Using techniques introduced elsewhere [19], we may also obtain an equivalent form of Algorithm 4.1 by eliminating u"+!
in the numerical scheme and view U"t! as the solution at time step t"*1. Such equivalent algorithm is given in Appendix A.

5. Numerical implementation

In this section, we describe the implementation of Algorithm 4.1. We solve the coupled system by iteration, and use the
XFEM method to handle variable discontinuities across the particle surface.

5.1. The extended finite element method

The XFEM method [12,40] is widely used for handling the jump in unknowns across elements. In order to handle the
discontinuities across 9P (t"t1), we enrich the FEM basis functions by adding Heaviside function H(s), which is defined by
a scalar level set function s:

1. 520 >0, xeQ\ P("),
H(s) = — 7 wheres(x){ <0, xe P(t"), (5.1)
0, s<0
’ =0, XedP(t").

12
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A
O standard dofs
B vitualdofs [P
X removed dofs
/\
D
N

Fig. 8. Standard, virtual, and removed DOFs in XFEM.

et
Eiaasaas

Fig. 9. Element subdivisions near the particle surface.

We choose s(x) as a signed distance function to the particle boundary. For example, for an ellipse with major radius a,
minor radius b located at (xp, yo) and with the major axis parallel to the x axis, the level-set function s(x) for x = (x, y) is
defined by

X — X0)? —y0)? .1
SX) ::(( azo) n y bzyo) o1

Denote by {¢;} a standard set of FEM basis functions in an element T. In XFEM we use basis functions {H(s)¢;} instead of

the standard FEM basis.

A simple interpretation of the XFEM enrichment procedure for the fluid-particle interaction system is shown in Fig. 8.
We classify the degrees of freedom (DOFs) into standard DOFs, virtual DOFs, and removed DOFs by the relationship between
the element and the particle surface. For the elements intersected by the interface dP(t"), we mark the DOFs inside the
fluid region as standard DOFs and the DOFs inside the particle region P(t) as virtual DOFs. For the remaining DOFs, if the
DOFs lie in an element entirely inside the fluid domain, then the DOFs are standard DOFs. Otherwise, the element is entirely
inside the particle region, and the DOFs in that element are removed since they do not have any contribution to the system.

It is well known that the accuracy of a numerical quadrature is crucial for the robustness of XFEM [10]. To achieve better
approximation, we perform local mesh subdivisions near the interface to calculate the weights of the numerical quadrature.
The local mesh subdivisions are only used in calculating the numerical quadrature and do not add extra DOFs to the system
of equations. An example of the subdivision near the interface is shown in Fig. 9.

13
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5.2. The iteration scheme

In this section, we discuss how to apply step I in Algorithm A.1 in practice. We discuss Algorithm A.1 since it is the
algorithm we use in the real calculation. Implementation of Algorithm 4.1 is similar. Since equations (a)-(c) in the numerical
scheme are strongly coupled, we solve the equations (a)-(c) by iterating over the particle velocity U?*! and angular velocity

@1, The iteration proceeds are as follows:

Algorithm 5.1 (Nonlinear iteration).

ﬁn+1 ~n+1

1. Given an initial guess of U'™! and @™, let UltL @'} be equal to the initial guess of U and w{*!. For example,

we may choose the initial guess as Ut} = U7 and @1}, = ol
2. Solve the following decoupled equations in (a)-(c) respectively:
(a) Calculate particle position and angular orientation by

X0t = X0 4 ULt ot

n+1 _ gn 4 ~yn+l
04 =0 +ws,old.z5t’

~ntl ~n+1
where O g = (0,0, “’s,old,z)'

(b) Given fj?ﬁd and (T)g"glz, solve the tALE mesh velocity in \ P(t"*1):

AT =0, inQ\ P,
u" =u onaP(™tY),
!l =o, on 9%,

where

~n+1 _ yn+1 ~n+1 n+1
u - Us,old + ws,old X rf 4

= (@0 0T IO (sin 6™ —sin(@™ ! — @[ 80), —(cos ™! — cos(6™! —

s,old,z s,old,z

(c) Solve the NS equations and Newton’s law in €\ P(t"*!) with the tALE mesh velocity in (b):

it £ JPORPE R 1 ~ny1_ | Sntl bl y~nl
Rel e (@ W) I = —(Vp"). )+ V5 - SRe(V - @ -
fjn+1 _ fjn -
ReMsf =— / —p"I-nds — / "1 . nds,
aP(t") P (tn+1)
a*)n-&-l i -
ReIs% =— / '} x (=p"l-mds — / r’};],d x ("1 . n)ds.
AP(t") ap(tht1)

The boundary conditions on 92 are

- 1 -
1"t .n=0, L—(u"+1 —uy)-T=-0@"".n) 1.
S

The boundary conditions on 9P (t"*1) are
~ ~ 1 ~ ~
(un+1 _ u?-‘rl) ‘n= O, L_(uﬂ+1 _u;l+1) T = _(O.TH-1 . n) .T.
S

nn+1 _qm+1 S5n+l _ ~ndtdl
3. Let Ughe,, = Ui, @ ey =@ . If

nn+1 nn+1 n+1 ~n+1 ~n+1, / ~n+1
U hew — Us,old|/|Us,old| <toland [@; ey, — ws,old|/|ws,old| < tol,

then output (@1, UM+1, @™, X1, g1+1) as the solution at time t"t1, else set

nin+1 _ n+1 ~n+1 __ ~n+1
U o1 = Usnews @ o1q = @s new

then repeat step 2.

(5.2)

(5.3)

(5.4)

(5.7)

14
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We can see that if UMf], = INJ’;LL and @ = ~§'le hold exactly after step 2, then we obtain exactly the solution of
the tALE step I in Algorithm A.1, i.e. solution of step I in Algorithm A.1 is the fixed point of the above iteration.

We also introduce the FEM weak form that we use in practical implementation for (c). Penalty terms with parameter €,
are introduced to deal with the essential boundary conditions on dP(t"*1) and 8. For example, we apply a Robin type
boundary condition on 3P (t"*1),

@' —@") .n+€,(@-n)-n=0,

instead of the Dirichlet boundary condition on 9P (t"+1):

@' -t . n=0.

Similar Robin-type boundary conditions are applied on 9€2.

Denote by €2 the set of FEM elements that we use in computation, i.e. the set of elements with only standard/virtual
DOFs. Denote by 9P, (t"t!) the approximated particle boundary 9P (t"*!). Define (-,-) as the L? inner products in 2.
Denote < -, >;p, ¢n+1) and < -, - >yq as the L? inner product on 9P, (t"t1) and 9 respectively. We use a Q1-Q1 element
to discretize 6"*! and denote the corresponding FEM discrete space by (Q '($2,))2. Define Rogq := span{(0, 0, 1)}. The FEM
weak form of step (c) is as follows:

Find @1, UM, @) € (Q 1(21))% x R x Rgo1, such that for all
(V, Vs, ¢5) € (Q1(Qn))% x R x Roon,

Re@1,v) + 5tRe(@ ! —u"™) . V)u?, v) + 5t(@" !, Vv)

_ ~ 1~
+ote, ! <THnvon >0 +8t<L—u”Jrl CTLV-T >0
S

+8t€51 < (ﬁﬂ+1 _ﬁ?“rl) -n,(v—Vs)-n > 4P, )

1 - ~
+dt < L_(un-H - ursH_]) ‘T, (V=Vy) - T > P (et
S
1 5 31 (s ~
+ S BtRe((V - @ — T )ulv) + ReM;UTT! - Vs + Rel &5 - g

1
=Re(u}J2,v) = St (VP ) 2.V) 48t < Uy - T.V-T >ag
S

-0t < —pnl -n, Vs 4 ¢ X l'r}+1 >9P,(th) —G—T\’,EMSU? -Vs + Relsw? - s
+ StFITL .V st ).

6. Numerical experiments

We test the accuracy and stability of our numerical scheme with two numerical experiments. In the first example, we
simulate the Jeffery orbit of a fixed ellipse rotating in a shear flow and compare the results with those obtained from the
standard tALE-XFEM method. In the second example, we simulate the dynamic behavior of an elliptical free-falling particle
in water.

6.1. The Jeffery orbits

The phenomena of suspension and dynamics of a particle in a viscous flow have attracted intense interest in the scientific
community. In this numerical example, we simulate a fixed ellipse rotating in a shear flow, as shown in Fig. 10. It has been
shown experimentally that the ellipse undergoes a periodic revolution [37]. The particle motion consists of a spin about the
axis of symmetry and a precession of this axis about the vorticity of the undisturbed flow. The rate of spin is equal to the
component of the vorticity in the direction of the axis of symmetry. In the well-known paper of Jeffery [24], the spin rate
of the ellipse is described in terms of polar angles. Bretherton [9] demonstrated the general validity of the Jeffery orbit for
particles with rotational symmetry. The effect of the boundary slip on the Jeffery orbit has also been studied in [48]. In this
section, we simulate a Jeffery orbit with our energy-stable scheme.

The computational domain Q is [—1,1] x [—1, 1]. Boundary conditions on the top and bottom wall are Navier-slip
boundary conditions with the wall speeds u,, =2 and u,, = —2 respectively. A periodic boundary condition is applied on
the left and right boundaries of Q2. The center of the ellipse is set at (0, 0) with zero initial velocity. Major and minor axes
of the ellipse are a = 0.25,b = 0.15. In the absence of gravity and slip on the particle surface, Jeffery [24] showed that for
a two-dimensional ellipse in the Stokes flow, the ellipse undergoes a periodic tumbling which is determined by the Jeffery
orbit equation

15
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Fig. 10. An illustration of the Jeffery Orbit.

Table 1
Fitted k and y solved by the
energy-stable scheme.

mesh k y

50 x 50 04723  1.9624
100 x 100 04700  1.9627
200 x 200 04695 19625
Theoretical  0.4706 2

Table 2
L? norm of the error and convergence rate for x-velocity component u, y-velocity component v
and pressure p at T = 0.2 with different grids.

mesh u rate \ rate p rate

(50 x 50) — (800 x 800) 5.94e-02 7.59e-04 8.84e-04

(100 x 100) — (800 x 800) 1.20e-02 2307  3.25e-04 1223  3.01e-04 1554
(200 x 200) — (800 x 800)  4.68e-03  1.358 1.05e-04 1.630  1.05e-04 1.519
(400 x 400) — (800 x 800) 1.83e-03 1354  3.56e-05 1761 3.43e-05 1614

wWs = %(—1 + k cos 20;), (6.1)

where y =2uy,/H and k = }I_—ﬁ H =2 is the distance between walls, and e = b/a = 0.6. When the inertial effect is
considered, Ding et al. [11] showed that the system approximates the Jeffery orbits for a sufficiently small Reynolds number.

In this numerical experiment, we choose ps = p. Other parameters in our numerical experiments are

Re=1, Ly =0.0025, €, =1071°.

We compute the solution with three different grids, 50 x 50, 100 x 100 and 200 x 200 with the same time step §t = 0.001.
Best fitted k and y are calculated by linear regression. A comparison with the theoretical result is given in Table 1.

To check the accuracy of the numerical scheme, we simulate the Jeffery orbit problem with different grids and a suffi-
ciently small time step size 8t =5 x 107>. The meshes used are 50 x 50, 100 x 100, 200 x 200, 400 x 400, and 800 x 800,
all of which are uniform rectangular meshes. We use bilinear FEM elements for all the variables in the fluid domain. Denote
by TN the set of all mesh points of an N x N mesh. We compute the error at tg = 0.2 by taking the difference between
the numerical solutions using the N x N mesh and a reference solution using an 800 x 800 mesh for N = 50, 100, 200,
and 400. The L? errors Ey of the fluid field unknowns are approximated by numerical integration in the fluid region with
an 800 x 800 mesh via the following steps: first, interpolate FEM solutions on the N x N mesh into a piecewise bilinear
function space defined on an 800 x 800 mesh. Such interpolations are identical since the 800 x 800 mesh can be viewed as
a refined mesh from N x N, where N =50, 100, 200, and 400. Next, compute the error by calculating

Ev=0 Y. 1OnN®— s 8x]2, (6.2)
xe\ P (tg)NT 1600

where (-)y is the numerical solution calculated using the N x N mesh. The convergence rate is calculated by log2(Ey/E2n).
Table 2 shows the results using the energy-stable scheme. Numerical results show that the velocity and pressure are con-
vergent. Accuracy of velocity and pressure is of first order.
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Fig. 11. Fitted curve with different time steps in the energy-stable scheme using a 200 x 200 mesh.
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Fig. 12. Total energy of the system with a 200 x 200 mesh, 8t =5 x 1073,

To see if the energy-stable time discretization improves numerical stability in practical implementation, a comparison
is made between our energy-stable scheme and the standard explicit tALE scheme with XFEM (see section 3). We use the
same model and parameters with a fixed 200 x 200 mesh and run the code with increasing the time step size §t. For the
standard tALE method, the numerical calculation blows up when we increase time steps to §t = 3 x 10~3, while our energy-
stable scheme is still stable for time steps as large as 8t = 1072 (§t = §x). Fig. 11 shows ws — 6; fitted curves obtained from
the energy-stable scheme with different time steps. We show the total energy over time for the energy-stable scheme in
Fig. 12 using time step size t =5 x 10> and on a 200 x 200 mesh. The energy of the entire system undergoes a periodical
change, thus remains stable for 5,000 steps of calculation (25 seconds for the simulated problem). For the momentum of
the continuous system, the total momentum of the solution is zero in both x and y directions due to symmetry. For the
numerical results, we show the history of total momentum in the x-direction with different time step sizes in Fig. 13. It can
be seen that total momentum is stably controlled in a small region and approaches to zero as the time step size becomes
smaller.

Comparing between the fitted curve of the standard tALE scheme and that of our energy-stable scheme, it can be shown
that the energy-stable scheme gives a less oscillative 6s — ws curve. The fitted curves for the standard tALE scheme and our
energy-stable scheme with a 100 x 100 mesh are shown in Fig. 14. Time step size for both methods is chosen as §t = 1073.
According to the numerical results, both numerical schemes fit well with the theoretical result. Meanwhile, the standard
tALE scheme produces oscillations in the simulation results (similar oscillations also appear in the numerical results in e.g.
[48]), while the energy-stable scheme still produces a near-perfect cosine curve. We show in Fig. 15 a comparison of the
error of ws between the numerical result and the fitted curve calculated by the standard tALE scheme and our energy-stable
scheme.
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Fig. 13. Total momentum in the x direction for different time step sizes, using 200 x 200 mesh.
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Fig. 14. Fitted curves of ws and 6; by the standard tALE method (left) and our energy-stable scheme (right), using a 100 x 100 mesh, §t = 1e — 3. Both
results are well-fitted by a cosine curve, while the standard tALE produces more oscillations.
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Fig. 15. Error between the fitted curve and numerical simulation, where the latter is performed using the standard tALE scheme and our energy-stable

scheme with a 100 x 100 mesh, §t = 1e — 3.

6.2. Elliptical particle free falling in water

In this experiment, we simulate the dynamics of an free-falling elliptical particle inside water (see Fig. 16). Under the
action of gravity, the free-falling elliptical particle turns, flutters, and tumbles, and therefore its downward trajectory is
complicated. The dynamical behavior of the particle is highly sensitive to the initial position and velocity of the particle,
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Fig. 16. Illustration of a falling elliptical particle inside water.
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Fig. 17. Trajectory of the free-falling ellipse. Hollow circle indicates the center while the line segment indicates the long axis of the ellipse, as shown on

the left.

as well as the boundary conditions on the boundary of the region. The behavior of objects free-falling in fluids has been
studied extensively both experimentally and numerically [7,29,33,2,1,25]. We carry out a numerical experiment to simulate
this problem using our energy-stable scheme. The computational domain is (—3, 1) x (=11, 1) with a 200 x 600 rectangular
mesh. The ellipse is released at (0, 0), with angular orientation 65 = 7t /4. Major and minor axes of the ellipse are chosen as

rq =0.25, r, =0.1. The gravity is g = (0, —9.8) and the external force terms are

f="TReg, Fs=TReMg.
Densities of the fluid and the ellipse are p =1 and ps = 2.7. In the previous numerical experiments, for simulations for
the problem of a leaf or business card falling in air [33,25], the particle Reynolds number are around 1000 (for example
as Re = 837,1100 in [25]). In the numerical experiment in this section, we simulate a problem with Reynolds number

Re = 600. Other parameters in the system of equations are
Ls=0.005, €, =107'°.
Fig. 17 shows the trajectory of the falling ellipse. We draw a hollow circle to represent the center, and a line segment to

represent the long axis of the ellipse (see the left of Fig. 17 for a simple illustration). It is shown in Fig. 17 that the ellipse
flutters for a while, then starts to tumble when it is near the bottom of the water. According to Theorem 4.2, the discrete

system satisfies the following energy law:

1 - 1 -
E™1 —E" < st f 5||a”+1||%dx—5t/ L—|(u”+‘ —uy) - 7|%ds (6.3)
S

Q\P (1) aQ

1 - ~
— 5t / L—|(u’”rl —u't) . 7)%ds 4 8t Re / g-u""dx 4+ stReM,g - UM,

N

aP(tn+1) Q\P(t"t1)
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Fig. 18. History of S(t) over time. S(t) stands for the total energy minus the total work done by external forces at time t.

where y?“ and y7 are the y-coordinates of the center of the ellipse at t"*1 and t" respectively. Since there are external
forces in this problem, by the energy law of the discrete system, total energy minus total work should decay over time.
Define

n
S(t") =E" —5tRe Y g - ufdx — stReM,g - UK,
=lap
which is the total energy minus the total work done by external forces. It is shown in Fig. 18 that S decays over time
throughout the calculation, which is consistent with the theoretical analysis.
7. Conclusions

We have developed an energy-stable time discretization scheme for the fluid-particle interaction problems. Theoretical
analysis shows that the time discretization satisfies an energy law similar to that of the continuous system. The fully-discrete
algorithm uses the XFEM method to solve the coupled system on a fixed mesh. The numerical method is first order accurate
in time and space without being momentum conservative. Numerical experiments show that the algorithm is energy-stable
and allows large time steps in practical application.
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Appendix A. An equivalent numerical scheme by elimination

Applying mapping B"1 to both sides of the equation (4.7) in t", then multiplying both sides by (]”“)%, we have

u! —u’ u’ —u"
Reee e = et S (JH) 3 = —(Vp.(J™H)E in @\ P, (A1)
From (4.9) and (4.10) we have
u" - ur
ReMS% =— / —p"l - nds, (A.2)

aP(th)
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" — "
Relsﬁ =— / ' x (=p"I-myds. (A.3)
Q\P(")

Summing (A.1) and (4.2), (A.2) and (4.3) and (A.3) and (4.4) respectively, we can eliminate u™*! in the NS equations and
Newton'’s law:
ﬁn—H _u

Re[ n *k + (("ﬁn+l _ ﬁn+1) . V)ﬁﬂ-‘rl]

_ (Vpn)*(1ﬂ+1)% + V. 6."n+1 _ %Re(v A (ﬁn+] I‘l+] ))"‘"ﬂ“rl 1—'7"4’17

Un+] _ Un
ReMST =— / —p"l-nds — / " . nds +FM,
P (") ap(tn+l)
@t &t ~
Relsﬁ =— f r} x (—p"I-m)ds — f r’}” x (6™ . n)ds.
apP (") P (th+1)

Similarly, we can eliminate u™*! in step Il of Algorithm 4.1. Apply a divergence operator to both sides of (4.7). Since
u™t! is incompressible, we have

_ApmH = _Rey g1
St

Multiplying equation (4.7) by m on dP(t"*1) yields the following boundary condition of the above Poisson’s equation:
apﬂ+1 Re
am 8t

According to the boundary conditions (4.6) and (4.12), and equations (4.9) and (4.10), we can derive the boundary condition
of p"*1 on 9P (t"+1):

— @ —@" ) .nonapP").

8pn+1 Re n+1 ~n+l Re n+1 ~n+]
— =— n=—(@ n
on st ( ) st (u; )
1
=— ﬁ( / —p™1.nds)-n (A4)
s
3P(t"+1)
(( / n+1 n+1l n)dS % rﬂ+]) n)
3p(tn+l)

The boundary condition of p™! on dQ can be similarly derived:

apn+1
on

Collecting the above equations, we have an equivalent algorithm to Algorithm 4.1.

Algorithm A.1 (Modified energy-stable scheme with u™*1 eliminated).

Step I: Given (u", p", U 7, X2, o) at time step t", solve the following coupled system (a)-(c) simultaneously to obtain
@, Ut @it X, 9;”1) at

(a) Calculate particle position and angular orientation by

XIH = X0 4 U s,
ortl =on + @it lot.

(b) Calculate the tALE velocity field in €\ P(t™t1):
—Au"' =0, inQ\ P,
a =urt, onaP(t"th), (A5)
"l =o, on 9.
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Bijective mapping B : @\ P(t"™!) — Q\ P(t"), and functions u" and U7, are defined in the same way as they are in
Algorithm 4.1.
(c) Solve the NS equations and Newton’s law:

ﬁn—H _ ﬁn

Re[ 5 ** ((ﬁn+1 _ ﬁn-ﬁ-]) . V)ﬁ”Jrl]
~ 1 ~ _ ~
_ (Vpn)*]% + V. O.n+1 _ ERe(V . (un+1 _ un+1))un+l + fn+1’ (A.G)
Un+] _yn N

ReMST =— / —p"l-nds — / "1 . nds + F'1, (A7)

aP (") P (1)
('6n+1 —a"

Relsﬁ =— / r’} x (=p"l-n)ds — / r’}“ x ("1 . n)ds. (A.8)

aP(t") AP (tt1)

Boundary conditions on 92 are

i !l.n=0, (N”“ —uy)-T=—0""".n) 7. (A.9)
Boundary conditions on BP(t”“) are

@+ — ~151+1) ‘n=0, (~n+1 ~n+1) T=—(@"".n)-1. (A10)

Step II: Given (@1, U1, CT)QH,X?“,%“), solve p"*1 in Q\ P(t"):

Re _
_Apn+1:__v‘un+l. (Al-l)
St
The boundary condition on 9% is
9 n+1
b =0. (A12)
an

The boundary condition on 3P (t"*) is

3 n+1

p = ( f p"™11-nds) -n (A13)
aP(t"+1)
(( f ! x (—p™tII- n)ds)xnﬂ“) n
JP(En+1)

Remark A.1. For an arbitrary test function g, boundary condition (A.4) yields

8p11+1
/ qu_—( / p" - nds) - ( / —q"'I- nds)

AP+ ® apanty AP+
1
+ I_( / r’}“ x (=p™ 11 n)ds) - ( / r'}” x (—¢"11- n)ds).
N
P (tn+1) P (tnt1)

Thus the Robin-like boundary condition (A.4) may be applied using the above symmetric inner product in the FEM weak
form.
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