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1. Introduction

In this paper, we consider the nonstationary incompressible magnetohydrodynamics (MHD) equations over [0, T] x £2
where 2 C R? (d = 2, 3) is a Lipschitz polyhedral domain:

ou

5Jr(u-V)u—RglAu—Sj><B+Vp:f, (1.1a)
i—R,'VxB=0, (1.1b)

9B
E—FVXE:O, (1.1¢)
V.B=0, (1.1d)
V.-u=0, (1.1e)
j=E+uxB, (1.1f)

with the boundary and initial conditions as

u=0, B-n=0, Exn=0, onas, (1.1g)
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u(x, 0) = up(x), B(x,0) = By(x), (1.1h)

where V -ug = V-By = 0. In (1.1), u is the fluid velocity, p is the fluid pressure, j is the current density, E and B are the
electric and magnetic fields respectively. The system is characterized by three parameters: the hydrodynamic Reynolds
number R,, the magnetic Reynolds number R, and the coupling number S. f € L%(£2) stands for the external body force.
n denotes the outer unit normal vector on 952.

The nonstationary incompressible MHD equations have wide applications in fusion reactor blankets [1], liquid
metals [2,3] and plasma physics [4]. The global existence of weak solution is well known. The existence and uniqueness
of local strong solutions on regular domains is proved in [5]. There are many research works on numerical methods and
numerical analysis on the nonstationary incompressible MHD equations. Here we just provide an incomplete list [6-12].

In (1.1) both velocity u and magnetic field B are divergence-free. Due to the physical significance of such condition, var-
ious structure-preserving numerical methods were developed to seek for approximations to these fields while preserving
div-free properties. Recently, exactly divergence-free discretizations on the magnetic field B draw more attentions. Though
by [9] it seems that it is tolerable if this property is only satisfied weakly in numerical simulations of incompressible
MHD equations, we notice that it is desirable to provide exactly divergence-free numerical magnetic field in numerical
approximations for inductionless MHD model (see [13-16]). Authors of [17] utilized H(curl)-conforming elements to
approximate A which is the potential of B (B = V x A), such that their numerical approximation of B is exactly
divergence-free. It is proved in [17] that a subsequence of their numerical solutions converge to the true solution on
any Lipschitz polyhedral domain. In [18], a structure-preserving finite element method is developed for the nonstationary
incompressible MHD equations. Besides u and B, the electric field E is also considered as an unknown in the numerical
method in [18]. By using discretization of the equation

oB

— +V xE=0,

at
the numerical approximation of B is exactly divergence-free. Later in [19], it is proved that the method in [18] achieves
optimal convergence in the energy norm under the regularity assumption that j € L*([0, T]; L*°(£2)).

In this paper, our main contribution is to carefully modify/linearize the structure-preserving finite element method
in [18] so that it is semi-implicit with respect to time-discretization and it only needs to solve a linear system at each
time step. This effort is based on our rigorous analysis of the scheme. In addition, we do not compromise on the accuracy
of the method, structure-preserving and/or smoothness of the exact solutions. We prove optimal convergence for the
energy norm even for solutions with low regularity. We also show that our numerical approximation of B is exactly
divergence-free and the method is energy conserving.

The rest of the paper is organized as follows: Section 2 we describe the linearized scheme together with the main
results from our analysis. In Section 3 we present analytic tools needed for the analysis. Details of the proofs for the main
result are presented in Section 4.

2. An implicit linearized mixed FEM
2.1. Preliminaries

In this section, we introduce the notations and spaces that related with the scheme. We adopt the standard notation
for the inner product and the norm of the L? space. Namely, for scalar valued functions the inner products are defined

as: (u,v) = f_q u-vdx, |ul|l = (fg|u|2dx)l/2. This convention applies to vector and tensor-valued functions as well.
For a function u € WkP(£2), we use llullxp for the standard norm in WkP(£2). When p = 2 we drop the index p,
ie. lullk == llullk2 and |lu]| = |lullo2. Vector-valued Sobolev spaces, we use the bold version of the corresponding

scalar-valued spaces. For instance, H'(£2) := [H'(£2)]%.
In addition to the standard Sobolev spaces over 2, we define vector function spaces as:

H(curl, 2):={v € [3(2),V x v € [L2(£2)1*},
H(div, 2) == {w € [2(2),V - w € [}(2)},
Hy(2) = {ve H'(2): |, , =0},
Hy(curl, 2) := {v € H(curl, £2), v x n = 0 on 0£2},
Hy(div, £2) := {w € H(div, £2), w-n = 0 on 082},
H(div0, £2) := {w € H(div, £2), V- w = 0},
Hy(divO0, £2) := {w € Hy(div, £2), V- w = 0},

[3(2)=1{qe LZ(Q),/ qdx = 0}.
2
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2.2. The linearized mixed FEM

Next we introduce some notation and spaces in order to define the linearized mixed FEM for the problem (1.1). Let
Tn be a conforming triangulation of the domain £2 with tetrahedral elements. Here we assume that the triangulation is
shape-regular and quasi-uniform. For each element K € T, hx denotes the diameter of K and the global mesh size is
denoted by h = maxges, hx. To approximate (u, p), we use the stable pair of Stokes elements V; x Q; C Hé X Lg(.Q)
which satisfies the discrete inf-sup condition: there exists a constant 8 > 0 only depending on £2 such that

, V-
inf  sup u>x. (2.1)

ah€\0 yoevino lonllilignllo —

In this paper, we choose the classical P¥*1-P* Taylor-Hood pair:
Vi = {vn € Ho(£2)lvplc € PY(K), VK € T},
Qi = {an € Li(2) N C(2)ldnlk € P(K), VK € Th).

Here P{(K) denotes the space of polynomials of degree no more than I over K.

For the other two unknowns (E, B), we use discrete spaces Cj, x D, C Hy(curl, £2) x Hy(div, §2) which are compatible
in the sense that they belong to the same finite element de Rham sequence [20,21]. In this paper, we choose Cj to be
the kth order second type Nédélec H(curl) element and D, the kth order Brezzi-Douglas-Marini element on simplexes.
In this paper we assume k > 1.

For the time discretization, let {th}LO be a uniform partition of time domain (0, T) with the step size t =
generic function U(x, t) we define U" = U(-, nt). Finally, we define

n n—1 n n—1
D,U“:U -U , Unzu +U
T 2

Now we are ready to derive the linearized mixed FEM for the MHD system (1.1). For each n > 0 we seek approximate

solution (uy, p, Ej, By) € Vi, x Qu x Cp, x Dy satisfies the following governing equations:

T
- and for

, for n=1,2,...,N.

1

(D.u}, v) + RV, Vo) + 5[(u;;*1 Vi, v) — ("' - Vo,up)] (2.2a)
—SR (Vi x By) x By~ v) — (p}.. V - v) = (f", v),

G, F)—R;'(B,,V x F) =0, (2.2b)

(D.B},Z)+(V x E},Z) =0, (2.2¢)

(V-ul,q)=0, (2.2d)

jr=E} +uyxB; ", (2.2e)

for all (v, q,F,Z) € V, x Qp x Cp, x Dy. At the initial time step, we take ug = ITyuy, Bg = IIpBy. Here ITyugy, I1pBy are
projections (defined in the next section) of the initial data ug, By in the spaces V,, Dy respectively. Here the discrete curl
(Vh, x -)is a linear map L%*(£2) — C;, defined as: given B € L%(£2), V), x B € C, satisfies

(Vh xB,F)=(B,V x F) VF € Cj. (2.3)

Remark 2.1. Notice that in the above scheme, the convection term and jj are linear with respect to uj, Ej respectively.
Comparing with the original scheme proposed in [18] the main improvement is that at each time step, we only need to
solve a linear system while in [18] each time step requires an additional iterative process due to the nonlinear coupling.

Remark 2.2. Here we also want to remark on the fact that in (2.2a) we replaced ji with R.'V,, x EZ comparing with
the original scheme defined in [18]. Similar treatment was studied in [22] for stationary MHD systems. This modification
requires a global L?-type projection in the assembly process. Nevertheless, from the analysis below we can see that it is
crucial to make such modification in order to obtain the desired optimal error estimates. It is not clear if the analysis
remains valid if we keep jj in this term.

2.3. Main result
We first present the stability of the discrete problem (2.2) in the following theorem:
Theorem 2.1. The discrete solution (uj, py., E;, B}) satisfies

-1
g 1> = a1

2T

-1
L IBR I — 1By

_ — _ =n _
+ R M| Vay || + SR,2( Vi x BylI* + SR;, o

= (f", uy).
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Consequently, we have forn=1,2,...,N:

n
_ _ —i _ —i
I 1? + SR BRI + 7 ) (R I Va1 + 2SR, [ Vi x By 1)
i=1

n
< [luRll® + SRS B + CT Y Rellfill% .
i=1
In addition, the magnetic field is exactly divergence free:
V-B,=0, forn=1,2,...,N,

provided V - B = 0.

Proof. Taking (v,F,Z,q) = (u;, —SR,'Vy x Ez, SR,?E:, pl) in (2.2a)-(2.2d) and adding together, after some algebraic
simplification we have:

-1
g 1> — 1%

o + R YVE" | 4 SR2(|Vh x By |I* + SR,

-1
2 IBR I — 1By —
2 =

_ 1
< CIFM A IV < CRFMIZ, + SR Hvag)®.

In the above estimate we used the Cauchy-Schwarz inequality, Poincaré inequality and Young’s inequality. Hence for any
n=1,2,...,N if we sum over the above estimate from 1 to k we have

n
_ _ —i _ —i
I ll” + SRS IBRI + 7 ) (R IV, |2 + 2SR, Vi x B1®)
i=1

n
< luRl® + SR, B 4 CT ) Rellfil% -
i=1
This completes the proof for the first assertion. For the second part, notice that V x Cy, C Dy N Hy(div0, £2). Hence (2.2¢)
is equivalent as

D.B! 4+ V x E} = 0.
Or
B! - B!

h L VxXE]=0.
T

Taking the divergence of the above equation we have:
V-(Bl-B"")=0.
This completes the proof. O

For the error estimates, we assume that the exact solution of MHD system (1.1) uniquely exists and the unknowns
have following regularity property:

u e [0, T; H5(2)), u; € I2(0, T; H'), uy € [2(0, T; LA(£2));
p € L0, T; H(R2)). p; € L*(0, T; HY(R2));

B,V x B e L®(0,T; H($2)), B;, V x B, By € L*(0, T; [*(£2))
E,V x E € L*(0,T; H(£2)),

where s > % Under this assumption, our main error estimate result can be summarized as follows:

Theorem 2.2. Let (u, p, B, E) be the exact solution of (1.1) with the above regularity (2.4) holds. Let (uy, pn, By, Er) be the

numerical solution of the discrete system (2.2). Then we have foralln=1,2,...,N
n
— — —n —n
" — uf|)® + |B" — Bj|* + Ct Y (VA" — Vaih|? + [[Vy x B' — Vi x By ||?) (2.5)
j=1

< eZCT(hZﬂ + _’(,2)7
at each time step, we also have
[Vu" — V|2 4 ||V, x B" — V}, x BY||> < C(h*# + ©%). (2.6)
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with 8 = min{s, k + 1} and C depends on the physical parameters but is independent of the discrete parameters T and h.
Further, at each time step, we have

|E" — E}|I* < C(t + h*).

Ip" = ppll?> < C(z~'h?* + 7).
If we further assume that u; € L°(0, T; H'(2)); B;, V x B; € L°(0, T; L*(£2)), we have that:

IE" — Ej|l < C(z? + h?P). (2.9)

3. Auxiliary estimates

In this section, we gather the necessary tools for the final error estimates in the next section. First we present an
approximation property for the discrete curl operator:

Lemma 3.1. For any vector field C € H(curl, §2), we have
IV % Cllp) < IV X Cllpa),
with any p € (1, co).
Proof. Define IT; : L*(£2) — Cj be the standard [?>-projection. By the definition of the discrete curl operator (2.3) we
have for any C € H(curl, £2)
(Vi x C,F)=(C,V xF)=(V xC,F) VF € Cj.
Therefore, this implies that V, x C = IT(V x C). Similar to the proof of [23, Theorem 3], we have:
IVh X Cllpe) = IHTH(V % O)llwe) < GIIV X Cllpe),
with any p € [1, +o00]. O
The next result gathers classical and discrete Sobolev inequalities needed for the error estimates in the next section

[24,25].

Lemma 3.2. For u € H'"*(2) with s > 1 we have
lullop < Cllulls, for 1<p=<6,
lullo,co < Cliull1s.

For B € H*(2) with s > 3, we have
[Bllo,s < CIIBI|s.

Further, for B € H*(£2) N H(div0, £2), we have
IBllo,s < CliBlls < CIIV x BJ.

Next we define the projections of the unknowns (ITyu, I1yp, II cE, II ;B) and gather their approximation properties.
For the fluid pair u, p, we follow the idea used in [9]. Namely, for a fixed t € (0O, T], for the exact solution (u, p) €
H(l,(.Q) X LS(.Q) we define the Stokes projection (IIyu, I1yp) € Vi, x Qp satisfies

R;Y(VITyu, Vv) — (ITgp, V - v) = R, (Vu, Vo) — (p, V - v), (3.1a)
(V-IIyu,q)=(V-u,q), (3.1b)

for all (v, q) € Vi x Q. We can see that the above projection is defined globally over 2 through the variational form of
Stokes equations. For the electric field E we simply use the Nedéléc H-curl projection [26], denoted by IT (E.

Finally, for the magnetic field B, notice that B, € Dg = Dy N Hy(div0, £2) and B € Hy(divO0, §2). We define the
[?-projection ITp : L*(2) — DY) such that ITpB € D) satisfies:

(ITpB,Z) = (B,Z) VZ € D). (3.2)

We have the following approximation property result for the projections [9,27]:

Lemma 3.3. Under the regularity assumption (2.4), the above projection satisfies

18ulls + 18,1l < ChP(llull11p + lIpllg),

08
||a—;'||1 < ChP(luellvsp + lpellp),
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I1Tvulleo + I ITvull1z < C(lullip + Ipllg) < o0,
86l + IV x 8ell < CR(IIEllg + IV x Ellp),
851l < ChP||B| .
Vh X 83 =0.

with 8 = min{s, k + 1}.
Proof. It suffices to establish the last two inequality and identity since others are well-known results [27]. Notice that
since B € Hy(divO0, §2) we have that its BDM projection ITgpyB € Dg. This implies that

851l < 1B — ITgpmBI| < Ch’(|B||5. (3.3)

For the last identity, we can derive this identity by the definition of “V},x” (2.3) and the projection IT is L*>-projection
onto Dy: for any F € Cy

(Vi x IIpB,F) = (ITpB,V x F) = (B, V x F) = (V, x B, F).
This completes the proof since V;, x B, V;, x IIpB € C,. O
As a consequence of the above result, we have that the initial errors satisfy:
u® —ull, + |B® —BY|| < Ch®, V4 x B®— V) x B =0. (3.4)

Finally, we need the well-known discrete Gronwall’s inequality [28]:

Lemma 34. Let 7, B and ay, by, ¢k, yx be non-negative numbers for all integers k > 0,

J J J
a]+fzbkffzykak+fzck+3a for ] >0,

k=0 k=0 k=0

suppose that Ty, < 1 for all k and set o, = (1 — ty,)~", Then it holds:

J J
J
g+ E by < e Xk=0 k(7 E cx + B).
k=0 k=0

4. Error estimates

In this section we present the main error estimates of the method. We first carry out the error equations for the error
estimates. By convention, for a generic unknown U, its numerical approximation U, and its projection I7U, we split the
erTors as:

U—Up = (U — U+ (TTU — Up) == ey + 8. (4.1)
First we notice that the exact solution of the system (1.1) satisfies the following variational equations at time t,:
_ 1 _ _
(D.u",v) + R Y(VU", Vo) + 5[(u”‘1 v, v) — (' Vo, u")] (4.2a)

—SR;,' (Vi x B') x B"™ 1, 0) — (", V - v) = (f", v) + Ry (),

(' F)—R;'(B", V x F) = Ry(F), (4.2b)
D.B",Z)+ (V x E", Z) = R5(Z), (4.2¢)
(v.u",q) =0, (4.2d)

j = E"+u'xB", (4.2¢)

for all (v,q,F,Z) € V, x Q4 x C;, x Dy. Here Rq, Ry, R3 are the truncation error terms as follows:
R1(v) =(D,u" — ul!, v) + Re” (VA" — Vu", Vo)

1
+ 5[(11"*1 vt v) — (W Vo, ")) — (" - Vu®t, v)

— SR'((Va x B') x B™', v) — (V x B") x B", v)],
Ry(F) =" x B ' —u" x B",F)—R'(B' = B", V x F),
®3(Z) =(D,B" — B, Z).

If we subtract the numerical system (2.2) from the above system (4.2), with some algebraic simplification and the
projection properties (3.1), (3.2) we can obtain the error equations as follows:
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Lemma 4.1. The projection errors (ey, ep, g, eg) satisfy the system:

(D.el, v) + R, (Vel, Vv)—( v) = —(D; 80, v) + Ry(v) + O(v) + My (v) (4.3a)
(e, F) — (e,,, V x F) = —(8, F) + Ra(F) — My(F), (4.3b)

(D.ep. Z )+ (VxepZ)= (D 8. Z) — (V x 83, Z) + R3(Z), (4.3¢)

(V-e,.q) = (4.3d)

forall (v,q,F,Z) € Vi x Qn x C, x Dy. Here the nonlinear terms are gathered as:
1 _ _ 1 _ _
O(v) = — (™" Var', ) — (@' Vo, w0 + Sl - Vi, v) - (w7 - Vo, m)]
My(v) = SR;,'((Va x B') x B™™', ) = SR, (Vi x By) x B, v),
My(F) = (" x B*' — ) x B} "' F).
We are ready to prove our main result Theorem 2.2 with the above error equations.
Proof of Theorem 2.2. We start by taking (v, F, Z, q) = (e}, —SR,,' V;, x €g, SR, 'eg, ey) in the error equations (4.3a)-(4.3d)
and adding together, with some algebraic simplification we have:

_ —-1)2
leal = e 1% | ooz o cper B2 = eI
S R IVE P SR, R

+ SR, 2 (| Vi, x e312
—(D, 81, €8) + SR\ (8, Vi x €g) — SR, }(D. 8, €5) — SR./(V x &5, €p)

+ R1(€})) + Ro(—SR,.' Vi x €p) + R3(€p)

+ O(e}) + My (e})) + Ma(SR,,' Vi x €p).

Next we will estimate each term on the right hand side of the above identity. For the first four linear terms, we simply
use the Cauchy-Schwarz inequality and the approximation property of the projections Lemma 3.3 as follows:

1 [ 98 1 [ 3§
D,8" e :7/ /—“ ,X) - e'dxd <ff “(p, d
(D. 8. €,) =R 8t(,o )€y p= - ||a (0, lleglido

hP|e ||
< —% luc(po, -)llgdo

T th—1

Sny2 hzﬂ n 2 "
< |IELll* + —Zf ||ut(p,-)||ﬁdpf 1dp
th—1 th—1
hZ
< ||€ || + 7||ut(p7 )”Lz([n Lt HA(2))'

For the second linear term we simply apply Cauchy-Schwarz inequality to have
SR,'(8%, Vi x €) < ChP|E||g| Vi x €3Il < Ce|| Vi x e3> + Ce 'h?.

For the third linear term, since ITpB, B, € D, with the orthogonal property of IT, we have
SR.'(D. 85, €3) = 0.

For the last linear term, we have

SR, (V x 8, €p) < Ch|IV x Ellllegll < Cllegll* + Ch*’.

Truncation error estimates: In R{(v), there is a term as:
(D.u" —u,ey),

here is how we estimate this term by [t ll;2(, | 1..12(2)"

1 tn
(D" —ul, &) = 1 f f (o, ) — te(ta, )dp - E1dx
T Ja o,y
1 th 14
= 7/ / / utt(a, ~)EZd(7d,OdX
/ / luelor, NIEIdodp = 1] / / lte(o. lidodp
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1
=l ”/ luelors Mz, pr2canl iz, 040
1 1
= ;”e I |"tt ||1_2(tn LtnsL2 Q))(P ti—1)2dp
<Crtlu || + Cligy|1?
= N 2((t_1,t0).L2(22)) ull -

Similarly, for R3(SR;,'eg) we have the following estimates:
R3(SRy,'€p) < CTlBrell o, 2esy + ClIERI™ (4.4)

For other terms in ®;(e}}), the estimates are similar as the one shown below in R,(—SR,,'V}; x €g) and we gather the
result as follows:

R (VE" — VU", VE,) < Ce|[ Ve |2 + Ce el Vanlhy, o).

[ vu",e))— "' Ve, u")] — (u" - Vu', &)

< Ce|| VEL I + Cllenll® + Ce e(llue I VUL, o)

(tn—1.t:L2(£2))
—SR, (Vi x B") x B, 8%) — ((V x B") x B", &)]

< Ce||VEh | + Ce "(|IB:|)? + IV x B2

12(tg_1.tn: L2(82)) L2(ty 1,tn:L2(Q)))'
Combining the estimates for all the terms in ®;(ey;) we have
Ri(ey) < CGIIVE” I + ClIg 1> + Ch* ||V x B'[s + Crllunll2

+ 1B I}

_1.tn).L2(£2))

(4.5)
+ IIV x By}

+ Cem Pty tniL2(2) "

(”ut”LZ(r 1.t H(2)) [2(tg_1.ta:L2(£2))
In Ry(—SR,'V}, x €g), there is a term like this: (omit the coefficient for simplicity)

@' xB"' —u" xB",V, x eg) =" x (B"" —B")+ (" — u") x B", V;, x €)
=T+ Ts.

For Ty,

tn
= / / Bi(p, ) x 4" - Vj x egdxdp < / B, )" [loo(2) I Vi X €glldpo

IA

il vyl Va x Sl / 1Bi(p, Yldp

IA

€IV x 112 + € Nl urme(o / 1B (p. )l dp)?
t

n—1

IA

-1
€lIVh x TP + Ce ' TIBL, |\ 2y

The last step we used the Cauchy-Schwarz inequality and the fact that u" € H'*S(2) — L*(£2). For T, with a similar
technique as above, we have

T,

IA

Snp2
€llVi x S lI° + € T IB s g e, iy

A

a2 _
< €l Vi x &l* + Ce o fluell?

L2(tg— 1.t H'(2))°
the last step we used the regularity assumption 2.4 and that H%(§2) < L3(£2).
For the second term in ®Ry(—SR.,'V} x eg), we have
_ 1
SR2(B" — B", V x (V; x €)) = —ESRn’f(V x (B" — B"1), V), x e1)

1 fn
= _*SR;Z/ / V x Bi(p, X) - Vi x egdxdp
2 th—q1 ¥ 2

tn
< ClIVy XEZH/ IV x B(p, %)lldp

th
< C(elVh x S + (/ IV x B(p, ©)ldp)?)
tn 1
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tn th
< Cel|Vi x 1% + Ce”/ IV x B[(p,x)nzdpf 1dp
th—1 fh—1
= Cel| Vi x Egl* + Ce TV x Bellfy, 10
Combining above estimates, we have
Ro(—SR;,> Vi x &) < Cel|Vy x e (4.6)

+ c5—1r(||3[||f2 + [V x Bt|| + [l ]I

1.t L2)(2) 12(tn_1,tn; Lzm)))

n—1:tn:L%(£2))
Finally, we bound the nonlinear terms as follows:

("' - v, &) — (uh~" - Vi, €,)] + *[( Ve u') — (" - Ve, uy)]

(u ! - uZ’ ) Vg, ey)

N[ —

1
2
@' va@" —up),ey) — (" — w7 VIT ", &)

2
1
(' Ve, T — ) + (' —w ) - Ve, Ty,

"' v, u' —up) + (" —up ') - Ve, i)

—_ o~

The terms in the last step can be bounded using Holder's inequality, Sobolev inequalities Lemma 3.2 and the approximation
properties of the projections in Lemma 3.3 as:

1 e T o0 ot e
— VG ). 8 = VG, 8.7
— <N — —
< Clu" Mlo.0o I V(8 + Il
< Ce||Vel|? + Ce e |I* + Ce'h?,

1 _ _ —n — —<n—1 _ — —
—5((11” T—uph) - VIL", e) < CI(8, 4 ey IIVITva"losl€yllos

< Ce|Veyl® + Ce ey "> + CeTh?,
%(u”‘1 Ve " — ) < U o018, + ELll [ Ve
< Ce||Ve|® + Ce'[iehl|* + Ce'h?,
%((u”” —up ). Ve, ITyu") < | ITyu"|loo 18" + e [ Vey |
< Ce||Vepl* + Ce el 1> + Ce'h?P.
This concludes that
O(€y) < CellVey|I* + Ce"(llef " I* + llef 1) + Ce~'h?. (4.7)
Similarly, for M(e) + MZ(SR,#V,L, x eg) we start with some algebraic rearrangement as follows:
M1 (Ep)+Ma(SR,, Vi x €) =
SR-'(Vh x (B' —By) x B"', &)+ SR, (V4 x By) x (B" ' — B\ "), &)
+SR, (@' —up) x B!, Vy x g) + SR, (i) x (B*"' — B} "), V), x €)
=M; + M, + M3 + M,.
Next we will estimate M; + M3 and M, + My separately. Namely, we have
My + Ms = SR (Vi x (85) + €3) x B, @") + SR-((3, + &) x B"™', V}, x &})
= SR'((Vh x 8) x B, @") + SR-'(8, x B"™', V), x &}
+ SR.N(Vi x ) x B" 1, €l) + SR (€l x B!, V}y x €p)

The last two terms cancelled out due to the fact a x b+ b x a = 0, the first term vanishes due to the fact Vj, x 8}1, =0,
hence

—1,<N _ — =n _ —
M1 + Ms = SR)'(8, x B"™", Vi x &) < ClI8,llo.61B" 'llo,31| Vi x &gl
< Ce|| Vi x eg|l* + Ce 'h?’.
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For M; 4+ My, we insert this identity:
SRL'(Vh x €g) x (B™' — Bl 1), €l) + SR, (el x (B™ ' — B} 1), Vy x €g) =0
into M, + M, with simple algebraic cancelation, we arrive at:
M; + My
— SR [((vh x IpB") x (B! — B'™"), ") + (I il" x (B"' — B""), V} x é;;)]
< Cl|Vh x IIpB [lo3185 " + €3 lehllo.s + T va" [lo,0oll8 " + € 111V x 23l
< Ce(IIVEyl® + |Vh x 5l1%) + Ce'lley |2 + Ce~'h?.

Now if we combine all the above estimates we arrive at:

ez — e 1|2 _ llepll> — lleg 12 _
” u” 2{” u ” _'_Re—]”VeZ”Z +SR;1 B B +SR;2”V]1 X eZ“Z (48)
< Ce(IVESII* + I Vh x EglI%) + Ce ' (h* + llell|® + lleh " I1” + llegl? + lley 1)
2 2
+ Ctllluellny | o2y T 1Belizg a2

-1 2 2 2
+Ce Py, iy + BB ey IV X By

28 —1 2
+ Ch*Pr el ooms)y

rnq.rn,tztm))

If we take € = min{%Re‘l, %SR;Z}, multiplying 27 on the above estimate and sum over j = 1, ..., n we have

n
legI> + llegl” + Ct Y _(IVe,ll* + IIVa x glI)
j=1

n
< 1R + legl® + Ct > (h* + llepl® + llegll)

j=0
2 2 2
+ Cluellzg , g200y T 1Balizg 20y
2 2 2 2
+ Ct (”ut”Lz(O,[n;H](Q)) + ”Bt”Lz(O,[n;LZ(Q)) + ”V X Bt”LZ(O,tn;LZ(Q)))

+ ChZﬂ ”ut ”fZ(O,tn;Hﬂ(Q))'

By the fact 2 = 0, eg = 0 and the regularity assumption (2.4), we have

n
legli + llegl® + Cz > _(IVeyl® + [IVa x glI?)
j=1
n
< Cr )y (el + legll®) + C(h™ + 2).
j=0

By the discrete Gronwall’s inequality Lemma 3.4 with Ct < % we have
n
el + llegl® + Cz > _(IVeyl* + [IVa x glI?)
j=1
< eZCT(hZﬂ + TZ).

We complete the proof of (2.5) by applying the triangle inequality, approximation properties of the projections Lemma 3.3
together with above estimates. Combining the above estimate with (4.8) we can deduce the estimates (2.6) with the initial
error estimates (3.4).

With the above estimates for u, B, we can simply take F = e, in (4.3b), with some algebraic rearrangement, we arrive
at:

legll> = R, (Vh x . ef) — (85. €f) + Ra(ef) — Ma(ef)
< C(I'Vh x egll + I8 D llegll + Ra(eg) — Ma(eg).
For the last two terms, with a similar treatment as in the previous proofs, we can bound these two terms as follows:
Ry(el) = (@ — u") x B, e}) + (u" x (B""' — B"), e}) — R, (V x (B' —B"), el})
< o fleplluellzg, , umicaylB™ los + I locolIBellizg, , ir2cey)
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+ C2 (| lIY X Bellzg, o2y
Myep) = (" —up) x B ', ep)+@" x (B"' — B} "), e})
< Clle (" — T lo.s By M los + 1 oo I (B*" — B
< Clle IV " — T Va x B + 0" [14I(B™" — B )])
< chPlepl.

The above estimates is due to Sobolev inequality Lemma 3.2 and Theorem 1 in [29], stability of the solution Theorem 2.1
and the estimates for u, B. This completes the proof for (2.7) with a simple triangle inequality and projection error
estimates for E in Lemma 3.3.

With a slightly stronger regularity assumption with u; € L*°(0, T; H'(£2)), B;, V x B; € L>°(0, T; L*(£2)) we can regain
the full order of 7 as:

— _ _ . —n
Ry(ep) = (@' —u") x B" ', ep) + (u" x (B""' —B"),e}) — R, (V x (B — B"), e})
=< CT”eg”(||ut||1_00([n_1,[n;y1(9))||Bn71 llo,3 + ||un||0,oo(9)||Bt||L00(tn_1,t";,_2(g)))
+ CrllegllIIV x Byl oore, 1 60:12(2))

this completes the proof for (2.9).
Finally we use a classical inf-sup argument to bound e, as in (2.8). By the inf-sup condition (2.1) we know that there
exists wy, € Vj, such that

1(ep, V- wp)

< -2 —— 49
el = llwn 1 49

On the other hand, by error Eq. (4.3a) we have
(e, V- wy) = (D-ey, wy) + (D &y, wp) + R (Vey, Vwy) — Ri(wy) — O(wp) — My(wp). (4.10)

Each of the terms on the right hand side can be estimated as follows:

) " 98,
(D,Su, wp) = wpdtdx = - wrdxdt,
th—1

< f/ 122 o < 2 / W ug(p. )l pdp
T th—1 a th—1
_1
< Co2hP el 2, pemp iy llwnll-
R;(Vey, Vwn) < ClIVeylllwnlls < C(x + hP)[wall1,

For ®;(wy), with a similar estimates for the terms in ®(e,), we have:
1
Ri(wy) < Cr2flwp|;-

Notice the above result is slightly different from the estimates for ®;(e};) due to the fact that we do not apply the weighted
Young’s inequality here for each term. For instance,

R, N(VE" — V', V) < Co2 (| Vatell g, onzgay 1 walls.
Similarly, for O(wy) we have:
O(wn) < C(z + hP)llwhlls,
For M;(wy,), we have
My(wn) = SR, (Vi x B') x B'™', wy) — SR, (Vi x By) x BX™", wy)
=SR;,'(Vh x B') x (B*"' = B'™ 1), wy) + SR, (Vs x (B" —B;)) x B'™", wy)
< ClIVh x B'llos11B"" — By " [lllwallo,s + ClI Vi x (B" — By)II 1B} llo.sllwhllo.e
< ClIV x B[lo31B™" — By Ml llwnll1 + ClIVi x (B" — B)III V4 x By " [[llwally
< ChP flwy 1.
For the last term we start with Cauchy-Schwarz inequality to have:
(D-ey, wp) < |[D-eyl[|wpll.

If now we directly bound ||D.ell|| < v~(|lef + en~!|| we will lose a full power of T which means there is no convergence
order in time for e,. Instead, we take v = D.ej, in (4.3a) to have,

D€yl = —(D: 8y, wy) — R, (Vey, VD.e,) + Ri(Dey) + 0(Drey) + Mi(Dre},).
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Here we used the fact that (V - e}, q) = 0 for all n due to the error Eq. (4.3d). The second term on the right hand side can
be bounded as:

—R;(Vel, VD.el) = —R; '(2r) " (| Vel|® — Vel %) < C(x + T 'h?P).

For the rest terms on the right hand side, we bound them in the same way as above, after simplification, we arrive at:

1
ID-eyl> < Cx=2hP|ID.ey ]l + C(z + hP)|D eyl + C(z + v~ 'h?).

This implies that

ID.el|| < C(r2 + 1~ 2hF).

Finally if we combine all the above estimates into (4.9), (4.10), we finally have:

lepli? < (% + 7P,

This completes all the estimates in Theorem 2.2. O
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