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1 Introduction

Big-bang nucleosynthesis (BBN) provides a powerful probe of the thermal history of the
Universe. In the standard BBN (SBBN) scenario, the light elements (i.e., D, 3He, 4He,
and so on) are synthesized at the cosmic time of t & 1 sec (corresponding to the cosmic
temperature of T . 1 MeV) at which the typical energy of the background photon becomes
much lower than the binding energies of nuclei. Because the predictions of the SBBN are
more or less in good agreements with the observations of the primordial abundances of light
elements [1], beyond-the-standard-model (BSM) physics which alters the thermal history
after ∼ 1 sec may be constrained or excluded in order not to spoil the success of the SBBN.

One important class of BSM models affecting the light element abundances is that with
long-lived particles. In many BSM models, there shows up a long-lived particle whose lifetime
is longer than ∼ 1 sec. If such a long-lived particle is somehow produced in the early Universe,
and also if it decays into standard-model particles, its late-time decay causes hadronic and
electromagnetic showers after the BBN epoch. Energetic particles in the showers dissociate
light elements, resulting in the change of their abundances. The effects of radiative decay of
long-lived particles on the light element abundances have been intensively studied in refs. [2–
22] and references therein (see also refs. [17–27] for hadronic decays). Many of previous
studies paid particular attention to the case where the mass of the long-lived particle is
around or above the electroweak scale, which is motivated by the relation between the BSM
physics and the electroweak scale. In particular, in the thermal relic dark matter scenario,
the pair annihilation cross section of the dark matter particle is about 1 pb, corresponding to
the cross section obtained by the exchange of particle with mass around the electroweak scale
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(assuming that the coupling constant is sizable). It motivates us to consider BSM models
for dark matter whose typical mass scale is around the electroweak scale.

Recently, however, models with sub-GeV dark matter have been attracting much atten-
tion [28–33]. In such models, the masses of particles other than the dark matter particle are
also often sub-GeV. Importantly, in certain models [34], some of the particles in the model
become long-lived and may have lifetime longer than ∼ 1 sec. If so, such long-lived particles
may affect the light element abundances. Effects of sub-GeV long-lived particles on the BBN
significantly differs from those of heavier ones.

• If the mass of the long-lived particle is around the electroweak scale (or higher), signif-
icant amount of hadrons are expected to be produced by the decay, causing hadronic
shower in the thermal plasma in the early Universe [17–27]. Then, the hadrodissociation
process often gives stringent constraints on the model [22] (even though electromag-
netic shower also occurs). For the case of sub-GeV long-lived particle, on the contrary,
productions of hadrons at the time of the decay are kinematically suppressed (or for-
bidden). In such a case, effects of photodissociation processes of light elements become
more important.

• With the injection of energetic photons (or electrons and positrons) into thermal
plasma, electromagnetic showers are induced. The photon spectrum in the showers
is (approximately) determined by the total amount of energy injection if the energy
of primary photons is large enough [11, 12]. If the energy of the primary photon is
sub-GeV, on the contrary, such a universal behavior of the spectrum is lost and the
shape of the spectrum becomes sensitive to the energy of the injected photons [35–38]
(See also [39]). Thus, for the study of the BBN constraints on the sub-GeV long-lived
particles, a careful calculation of the photon spectrum in the electromagnetic shower
is needed.

Thus, a detailed study about the effects of sub-GeV long-lived particles on the BBN predic-
tions should be necessary.

Motivated by these observations, we study the light element abundances in models with
sub-GeV long-lived particles. We concentrate on the case where the unstable particle decays
into photon or electron and positron, assuming that the decay processes into other particles
(in particular, hadrons) are kinematically suppressed or forbidden.

The organization of this paper is as follows. In section 2, we summarize the observational
abundances of light elements. In section 3, we discuss our treatment of the electromagnetic
shower induced by the injection of the electromagnetic particles into the thermal bath in the
early Universe. In section 4, we discuss the entropy production which also plays important
role in constraining the long-lived particles. The constraints on the primordial abundance of
long-lived particles are given in section 5. A possibility to solve the 7Li problem using long-
lived particles are discussed in section 6. Section 7 is devoted to conclusions and discussion.

In this paper, we adopt natural units, c = ~ = 1, and ni indicates the number density
of species “i.” In addition, yield variable is defined as

Yi ≡
ni
s
, (1.1)

with s being the entropy density.
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2 Observational abundances of light elements

In this section we summarize observational constraints on the primordial abundances of light
elements (D, 3He, 4He and 7Li). The errors are written at 68% C.L. unless otherwise noted.
The subscript p denotes the primordial value.

• D
The deuterium abundance has been precisely measured by observing absorption of QSO
lights due to damped Lyman-α systems. We adopt

(D/H)p = (2.545± 0.025)× 10−5, (2.1)

from measurements of 13 damped Lyman-α systems [42]. This abundance is consistent
with another recent value (D/H)p = (2.527±0.030)×10−5 reported by Cooke et al. [43].

• 3He
We adopt the observed 3He/D as an upper bound on the primordial value [44]. From
3He and D abundances observed in protosolar clouds [45], we adopt(

3He/D
)
p
< 0.83 + 0.27. (2.2)

• 4He
The primordial abundance of 4He is determined by measurement of recombination lines
from extra-galactic HII regions. Izotov et al. [46] obtained Yp = 0.2551±0.0022 from the
observation of 45 extragalactic HII regions. Aver, Olive and Skillman [47] reanalyzed
the data of ref. [46] and obtained Yp = 0.2449 ± 0.0040 which is inconsistent with the
value given in [46]. More recently Fernández et al. [48] reported Yp = 0.245 ± 0.007
using 27 HII regions selected SDSS. Valerdi et al. [49] obtained Yp = 0.2451 ± 0.0026
from the observation of the HII region in NGC 246. These recent measurements are
in good agreement with result of [47]. Therefore, in this paper we adopt the value
obtained by Aver, Olive and Skillman [47],

Yp = 0.2449± 0.0040. (2.3)

• 7Li
Observations of 7Li abundances in atmospheres of metal-poor halo stars show an al-
most constant value called “Spite plateau” which has been considered as primordial.
Bonifacio et al. [50] reported the 7Li abundance as

Log10

(
7Li/H

)
p

= −9.900± 0.090. (2.4)

However, the above abundance is about three times smaller than that predicted in
the standard BBN. This discrepancy between the BBN prediction and observation
is called “7Li problem.” However, recent observations of extremely metal-poor stars
show abundance much smaller than the Spite plateau value [51]. If we take such
recent observations seriously, some unknown physical processes should change the 7Li
abundances during or after the BBN. Thus, it may be still premature to regard the
abundance given in eq. (2.4) as a primordial abundance of 7Li. In the following, we will
derive upper bounds on the primordial abundance of the unstable particle X. In such
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an analysis, we try to be conservative so that we do not use 7Li abundances for the
study of the bound. In addition, we will also discuss the implication of the long-lived
particle on the 7Li problem. We will show that MeV decaying particles may give a
solution to the 7Li problem if the plateau abundance (2.4) is primordial [50] (and lower
abundances in extremely metal-poor stars is realized by another process, e.g. [52]).

Here we also mention other observational constraints used in the present paper. The
baryon to photon ratio is taken to be

η = (6.13± 0.04)× 10−10, (2.5)

which is based on the density parameter for baryon ΩBh
2 = 0.02237+0.00015

−0.00015 (68% C.L.) for
the TT,TE,EE+lowE+lensing analysis by the Planck collaboration, where h is the Hubble
constant in units of 100 km/sec/Mpc [40].

The Planck collaboration also reported constraints on the effective number of neutrino
species. We adopt the following value in the same case as that of η by the TT,TE,EE+lowE
(+lensing) analysis,

N eff
ν = 2.92+0.36

−0.37, (2.6)

at 95% C.L. [40]. That means N eff
ν can ranges 2.55–3.28 at 95% C.L. where the lower limit

N eff
ν > N eff

ν,low = 2.55 is important to constrain late-time injections of electromagnetic energy
produced by massive particles decaying at T � 1 MeV [41].

3 Electromagnetic shower

In this section, we discuss how we treat the electromagnetic shower induced by the decaying
particle (which we call X). We follow the procedure explained in refs. [10, 11].1 For the cosmic
temperature of our interest, relevant scattering processes induced by energetic photons are
as follows.

• Double photon pair creation: γ + γBG → e+ + e−.

• Photon photon scattering: γ + γBG → γ + γ.

• Pair creation in nuclei: γ +NBG → γ + e+ + e−.

• Compton Scattering: γ + e−BG → γ + e−.

In addition, energetic electron (as well as positron) loses its energy via

• Inverse Compton scattering: e± + γBG → e± + γ.

Here, the subscript “BG” is for particles in the background and NBG denotes the back-
ground nuclei.

We concentrate on the case where the scattering rates of photons and electrons are
larger than the expansion rate of the Universe. Then, neglecting the effects of the cosmic

1There exist errors in eqs. (27), (28) and (31) of ref. [11], as pointed out by ref. [37]. Those are, however,
typos in the manuscript and the correct formulas have been implemented in our numerical code. Thus, they
do not affect our numerical result.
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expansion, the Boltzmann equations for the distribution function of photons (denoted as fγ)
and that of electrons plus positrons (denoted as fe) are denoted as

∂fγ(Eγ)

∂t
=

[
∂fγ(Eγ)

∂t

]
DP

+

[
∂fγ(Eγ)

∂t

]
PP

+

[
∂fγ(Eγ)

∂t

]
PC

+

[
∂fγ(Eγ)

∂t

]
CS

+

[
∂fγ(Eγ)

∂t

]
IC

+

[
∂fγ(Eγ)

∂t

]
DE

, (3.1)

∂fe(Ee)

∂t
=

[
∂fe(Ee)

∂t

]
DP

+

[
∂fe(Ee)

∂t

]
PC

+

[
∂fe(Ee)

∂t

]
CS

+

[
∂fe(Ee)

∂t

]
IC

+

[
∂fe(Ee)

∂t

]
DE

,

(3.2)

where terms with the index DP (PP, PC, CS, IC, and DE) represents the contribution from
the double photon pair creation process (photon-photon scattering, pair creation in nuclei,
Compton scattering, Inverse Compton scattering, and decay of the exotic particle). Explicit
forms of individual terms are given in ref. [11].

Hereafter, for simplicity, we concentrate on the case that the energy of the particles
produced by the decay is monochromatic (and is denoted as ε0) except for the final-state
radiation (FSR). Then, the decay terms take a simple form:

• For the case of monochromatic photon injection from the decay, the decay terms are
given by [

∂fγ(Eγ)

∂t

]
DE

= ξγ
nX
τX

δ(Eγ − ε0), (3.3)[
∂fe(Ee)

∂t

]
DE

= 0, (3.4)

where nX is the number density of X, τX is the lifetime of X, and ξγ is the number of
photon emitted by the decay of one X particle.

• For the case where X decays primarily into monochromatic electron and positron, en-
ergetic photons are also produced via FSR, as discussed in ref. [38] (see also appendix B
for a generic case). Taking into account the effect of FSR, the decay terms are given by[

∂fγ(Eγ)

∂t

]
DE

= ξe
nX
τXε0

α

2π

1 + (1− x)2

x
ln

[
4ε20(1− x)

m2
e

]
θ

(
1− m2

e

4ε20
− x
)
, (3.5)[

∂fe(Ee)

∂t

]
DE

= ξe
nX
τX

δ(Ee − ε0), (3.6)

where α is the fine structure constant, and x ≡ Eγ/ε0. In addition, ξe is the number
of electrons and positrons produced by the decay of X. (If X decays into a e+e− pair,
for example, ξe = 2.)

We numerically solve eqs. (3.1) and (3.2) to obtain the distribution functions of photons
and electrons. Because the time scale of the shower evolution is much shorter than the time
scale of the cosmic expansion, we solve the Boltzmann equations taking ḟγ(Eγ) = ḟe(Ee) = 0
(with the “dot” indicating the derivative with respect to time) for each t, approximating
ṅX = 0.

– 5 –
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In figures 1, 2, and 3, we show the photon spectrum induced by the injections of
monochromatic photons and electrons, taking Ein = 10 MeV, 100 MeV, and 1 GeV, respec-
tively. The singular peaks at Eγ = ε0 are due to the monochromatic injection of the photons.

We can see that, for the case of the electron injection, the FSR photons significantly
affect the photon spectrum in particular when the cosmic temperature becomes low. This is
because, when X primarily decays into a e+e− pair, the electromagnetic shower is initiated
by the FSR photons as well as Inverse Compton scattering process e± + γBG → e±γ. When
the electron becomes non-relativistic in the center-of-mass frame, the energy transfer of the
final-state photon in the Inverse Compton process becomes typically ∼ T . Because we are
interested in the photons spectrum for Eγ & O(1) MeV for the study of the photodissociation
processes, the Inverse Compton process becomes unimportant in such a case. The FSR
photons are, on the contrary, more energetic and can affect the photon spectrum relevant for
the photodissociation. The FSR photons carry away only a fraction of the energy (i.e., the
mass of X). Thus, the photon spectrum mainly initiated by the FSR photons is suppressed
compared to the case of the energetic photon injection. This has significant implication for
the BBN constraints on unstable particles as we will discuss below.

For the case of the injection of monochromatic electron, we observe deviation of our
photon spectrum from those of [38]; for some choice of parameters, our photon spectrum is
smaller by a factor of ∼ 2. We expect that the deviation originates from the difference of the
treatment of the effect of Compton scattering at small ye ≡ EeT/m

2
e. The energy-loss rate

of the electron in thermal bath is given by [53]

Ėe = −4

3
σTγ

2
e

[
1− 63

10

γe〈ε2γ〉
me〈εγ〉

+ · · ·

]
ργ , (3.7)

where 〈εγ〉 and 〈ε2γ〉 are the mean energy and mean energy squared of the background photons,
respectively, σT ≡ (8π/3)α2/m2

e, and γe ≡ Ee/me. In ref. [38] the second and higher order
terms in the square bracket are neglected for ye < 0.05. However, numerically, the second
term in the square bracket is ∼ −24ye, and is sizable when ye ∼ O(10−2). With neglecting
higher order terms in ye, the energy loss rate of the electron is overestimated, which may
affect the photon spectrum induced by the decay of X.

Once the photon spectrum is obtained, the effects of the photodissociation processes
can be included into the Boltzmann equations governing the evolution of light elements. The
effects of the photodissociation are taken into account by adding the following terms into the
scattering terms in the Boltzmann equations:[

dnAi
dt

]
photodiss

≡ −nAi
∑
j

Γ
(photodiss)
Ai→Aj +

∑
j

nAjΓ
(photodiss)
Aj→Ai , (3.8)

where nAi is the number density of the nuclear species Ai, and

Γ
(photodiss)
Aj→Ai ≡

∫
dEγσAi→Aj (Eγ)fγ(Eγ), (3.9)

with σAi→Aj being the cross section for the process γ+Ai → Aj+ · · · . The photodissociation
processes included in our analysis are summarized in table 1. In our code, the dissociation
processes of 6Li, 7Li, and 7Be are included. Because the abundances of these elements are
much smaller than those of lighter ones, they do not affect the discussion in section 5 to derive

– 6 –
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Figure 1. Photon spectrum induced by monochromatic photon (left) and electron (right) injection,
taking ε0 = 10 MeV. The cosmic temperature is 10−5, 10−6, 10−7, 10−8, and 10−9 GeV, from below.
Here, we take nX = 1 GeV3. For the case of the monochromatic electron injection, the solid lines
show the spectrum with the effect of FSR, while the dashed lines show the spectrum with neglecting
the effect of FSR (taking [ḟγ ]DE = 0, instead of eq. (3.5)).

Figure 2. Same as figure 1, except for Ein = 100 MeV.

Figure 3. Same as figure 1, except for Ein = 1 GeV.
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Reaction Error Reference

γ + D→ n+ p 6 % [54]

γ + T→ n+ D 14% [55, 56]

γ + T→ p+ n+ n 7% [56]

γ + 3He→ p+ D 10% [57]

γ + 3He→ p+ p+ n 15% [57]

γ + 4He→ p+ T 4% [58]

γ + 4He→ n+ 3He 5% [59, 60]

γ + 4He→ p+ n+ D 14% [58]

γ + 6Li→ anything 4% [61]

γ + 7Li→ n+ 6Li 4% [62]

γ + 7Li→ anything 9% [63]

γ + 7Be→ 3He + 4He 9% [64]

γ + 7Be→ p+ 6Li 4% [16]

γ + 7Be→ p+ p+ n+ 4He 9% [16]

Table 1. Photodissociation processes included in our analysis. The errors of each cross sections
adopted in our Monte Carlo analysis are also shown.

the upper bounds on the primordial abundance of X. In discussing the implication to the
7Li problem in section 6, on the other hand, these processes (in particular, the dissociation
of 7Be) play an important role.

4 Late-time entropy production due to the decay of X

In this section, we discuss the so-called “dilution factor” of the relic particle by the late-time
entropy production due to massive particles decaying into 100 % of electromagnetic energy,
e.g., photons or electrons without producing neutrinos. In this case, we can approximately
express the dilution factor to be

∆dilution = 1 +
∆s

s
=

(
Tγa
Tγb

)3

=

(
1 +

∆ργ
ργ

)3/4

,

where Tγa and Tγb mean approximately the photon temperature just after and just before
the entropy production, respectively. Here we assume that electromagnetic particles are
immediately thermalized, which is approximately validated well before the recombination
epoch. In this expression, ∆s is the increase of the entropy density s due to the decaying
massive particles. Then the baryon to photon ratio is diluted after the entropy production
to be

η(Tγa) =
η(Tγb)

∆dilution
, (4.1)

where η(Tγa) could be observed by cosmic microwave background (CMB) experiments such
as Planck (See eq. (2.5)). Actually we set an initial value of η to be η(Tγb) well in advance

– 8 –
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before the entropy production, e.g., at T � 10 MeV with simultaneously fitting η(Tγa) to be
the required value in eq. (2.5). In appendix A, we show an analytical calculation of ∆dilution

in a general setup in the parameter spaces. The analytical formula are consistent with actual
computations of ∆dilution within a few percent accuracy in the parameter space where we are
considering in the current study, e.g., for ∆dilution . O(10).

After T � 1 MeV, if the copious entropy is produced by injection of electromagnetic
energy due to decaying massive particles, the cosmic neutrinos cannot be thermalized.2

Due to such a sizable dilution factor for t � 1 sec, the effective number of neutrino
species is also modified to be 3.046 → 3.046 − |∆Nν |, which is constrained by the CMB
observations (2.6) as

3.046− |∆Nν | = 3.046∆
−4/3
dilution > N eff

ν,low, (4.2)

where N eff
ν,low = 2.55 at 95 % C.L. as is shown in (2.6). Thus, we obtain an upper bound on

the modification of N eff
ν ,

|∆Nν | < 3.046−N eff
ν,low ' 0.50, (4.3)

which leads to an upper bound on the dilution factor

∆dilution <

(
3.046

N eff
ν,low

)3/4

' 1.14, (4.4)

at 95 % C.L. By using the constraint on ∆Nν shown in (4.3), we can constrain parameters
of the lifetime and the abundance of the decaying massive particles.

5 Results

Now we show BBN constraints on the injections of sub-GeV photons and electrons. In order
to calculate abundances of light elements with their theoretical errors, we execute the Monte
Carlo estimation by including errors in η, lifetime of neutron, and reaction rates in both the
standard processes in SBBN and the non-standard photodissociation processes.

5.1 Injections of a high-energy line photon

First, let us consider the case of sub-GeV line photon. In figure 4, we show the upper bounds
on ε0YX as functions of the lifetime of the unstable particle. For comparison, we also show
constraints for the case of ε0 = 10 GeV. Each line shows constraint from D (cyan), 3He/D
(red), or Yp (green). In the figure, for comparison, we also show the constraint from the CMB
distortion, adopting the result given in [71, 72].3

For the lifetime shorter than ∼ 106 sec, D imposes the most stringent constraint on the
primordial abundance of X. For such a short lifetime, the threshold for the photon-photon
pair creation (i.e., γ+γBG → e+e−), which is ∼ m2

e/22T with me being the electron mass [11],
is smaller than the thresholds of the dissociation processes of 4He. Thus, the constraint is
mainly due to the photodissociation of D. For longer lifetime, the photodissociation of
background 4He may result in the overproductions of D and 3He. When the energy of the
injected photon is high enough (i.e., ε0 & 1 GeV), the constraints from D and 3He/D are

2In MeV-scale reheating temperature scenarios it is known that the effective number of neutrino species
for active three-flavor neutrinos should have become much smaller than three, e.g., concretely Nν < 0.1 for
the reheating temperature TR < 0.5 MeV. [41, 66–70] (See figure 2 of ref. [41]).

3For earlier works on the constraint from the CMB distortion, see [73–77].
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Figure 4. Upper bounds on ε0YX at 95% C.L. as a function of lifetime for the energy of a high-energy
injected photon, (a) ε0 = 10−2 GeV, (b) 10−1 GeV, (c) 1 GeV and (d) 10 GeV. We executed Monte
Carlo runs. The lines denote the bounds from 3He/D (red), Yp (green), D/H (cyan), and the µ- and
y-distortion of CMB (brown), respectively.

comparable for high enough injection energy (ε0 & O(100 MeV)). For smaller injection
energy (20 MeV . ε0 . O(100) MeV), the 3He/H constraint becomes weaker so that the
D constraint dominates the BBN bound on the primordial abundance of X. Furthermore,
when the injection energy is smaller than ∼ 20 MeV (i.e.,the threshold energy for the 4He
dissociation), the D constraint becomes significantly weakened because, in this case, the
photodissociation of 4He cannot occur and the overproduction of D due to the 4He dissociation
becomes irrelevant. We also comment here that, for the injection energy below the threshold
of the 4He dissociation, the constraint from the CMB distortion gives a stronger constraint
than the BBN for τX & 109 sec.

5.2 Injections of a high-energy line electron

Next, we study the case of a high-energy electron injection. In figure 5, we show the upper
bounds on ε0YX as functions of the lifetime of the unstable particle. As we can see, when
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the injection energy is high enough (i.e, ε0 & O(100) MeV), the upper bounds on ε0YX are
almost unchanged from those for the case of the high energy photon injection; for such case,
the photon spectrum is mostly determined by the total amount of the injected energy in the
form of electromagnetic particles, and hence the bounds are insensitive to the species of the
injected particles (i.e., γ or e±). For a smaller injection energy, on the contrary, the constraint
becomes weaker compared to the case of the high-energy photon injection in particular when
the lifetime is relatively long. This is due to the suppression of the photon spectrum for the
case where the electromagnetic shower is mainly initiated by the FSR photons (see section 3).
We also note here that the CMB constraint becomes stronger than the BBN constraint for
a long lifetime. In particular, for the injection energy lower than the threshold of the 4He
dissociation, the CMB distortion gives more stringent constraint for τX & 107 sec.

For comparison, in figure 6, we show how the constraints behave if we neglect the
effects of FSR, taking ε0 = 10 and 100 MeV. (We have checked that the constraints are
almost unchanged for ε0 & 1 GeV.) We can see that the BBN constraint is weakened for
ε0 = 100 MeV when the lifetime is longer than ∼ 108 sec. For the case of ε0 = 10 MeV,
the BBN constraints become weaker for τX & 106 sec. However, for longer lifetime, the
constraints becomes almost unchanged even if we neglect the effects of FSR. This is due to
the fact that, for such a parameter region, the BBN constraint comes mainly from the change
of the baryon-to-photon ratio due to the dilution. As discussed in section 4, the emission of
the electromagnetic particle due to the decaying X induces entropy production which affects
the value of the baryon-to-photon ratio. Thus, with the present value of η being fixed as
eq. (2.5), the baryon-to-photon ratio at the time of the BBN epoch is larger than it when the
effect of the entropy production is significant. The light element abundances are sensitive
to the value of η, and also the BBN calculation based on the value of η given in eq. (2.5).
Because the theoretical values of light element abundances are more or less consistent with
observed values, the parameter regions, in which large entropy production is induced, are
excluded by the observations. The FSR does not affect such a constraint, which is the reason
why the constraints become insensitive to the inclusion of the FSR for ε0 = 10 MeV and
long-enough lifetime. (Notice that this is the case only when ε0 . 20 MeV, i.e, the threshold
energy of 4He.)

5.3 Comparison with previous works

Here we compare our results with those reported by earlier works on sub-GeV massive parti-
cles decaying into electromagnetic daughter particles [35–39]. Without adopting the universal
photon spectrum [11], we have to solve the Boltzmann equations. As shown in figure 1 and
figure 2, our spectra for both the nonthermal photons and electrons are consistent with those
in [38] approximately within a factor of two. Before we directly compare our results with
theirs for the bounds on the light element abundances, we remark the following three points.

1. We executed the Monte Carlo runs to evaluate theoretical errors of light element abun-
dances (see for refs. [13, 78–81] in details). By performing the χ2 analysis using both
the theoretical and observational errors, we obtained the upper bounds on YX as func-
tions of τX at 95% C.L. Because of the Monte Carlo estimation of the theoretical
uncertainties, our bounds tend to become milder by a factor of ∼ 2 than those without
the Monte Carlo estimation.

2. As for the observational bound on the primordial value of 3He, we adopted the upper
bound on 3He/D [45]. On the other hand, the authors in refs. [35, 36, 38, 39] adopted
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Figure 5. Upper bounds on ε0YX at 95% C.L. as a function of lifetime τX for the energy of a
high-energy injected electron, (a) ε0 = 10−2 GeV, (b) 10−1 GeV, (c) 1 GeV and (d) 10 GeV. Effects
of the FSR are included in the calculation of the photon and electron spectrum. We executed Monte
Carlo runs. The lines denote the bounds from 3He/D (red), Yp (green), D/H (cyan), and the µ- and
y-distortion of CMB (brown), respectively.

the observational bound on 3He/H. We believe an upper bound on the primordial value
of 3He obtained from 3He/D is more reasonable and conservative than that obtained
from 3He/H [13, 44]. That is because the primordial 3He can be destroyed in relatively
small stars [82, 83]; it is highly uncertain to estimate how much 3He is destroyed in such
stars (see also discussions in [81]). When we consider both destruction and production
processes of 3He in stars, it is remarkable that the ratio 3He/D simply increases as
a function of the cosmic time through chemical evolutions because D is more fragile
than 3He and is destroyed whenever 3He is destroyed. The upper bound on 3He/D
shown in (2.2) gives a milder bound on YX than that from 3He/H < (1.0 ± 0.5) ×
10−5 [38, 45], approximately at most by a factor of ∼ 4 even without executing the
Monte Carlo estimation.
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Figure 6. Upper bounds on ε0YX at 95% C.L. as a function of lifetime τX for the energy of a
high-energy injected electron, (a) ε0 = 10−2 and (b) 10−1 GeV omitting effects of the FSR associated
with electrons in the final states. We executed Monte Carlo runs. The lines denote the bounds from
3He/D (red), Yp (green), D/H (cyan), and the µ- and y-distortion of CMB (brown), respectively.

3. We took into account a dilution of baryon by the entropy production due to the decay
of X. In our analysis, as an initial condition well before X starts to decay, we took
a larger initial value of η to realize the present value given in (2.5). At around top-
right regions in figures 4–8, the light element abundances are calculated with the initial
value of η significantly larger than the value given in (2.5), which gives some difference
between ours and the analyses without such modifications on η.

By considering the above three points, our constraints are consistent with those in [35,
36, 38] approximately within a factor of two. About ref. [37], the constraint from D/H is
consistent with each other within a factor of two at around τX ∼ O(105) sec. On the other
hand, compared with the results in ref. [39], it seems that deviations are somehow much
larger for the injections of the lower energy photon (ε0 .10 MeV).

6 Implication to the 7Li problem

So far, we have neglected the 7Li abundance in deriving the upper bounds on the primordial
abundance of the unstable particle. This is because, conservatively, the primordial abundance
of 7Li is still controversial as we have mentioned in section 2. If the Spite plateau value of 7Li
really indicates its primordial abundance, it is highly inconsistent with the SBBN prediction,
i.e., the 7Li problem. It is notable, however, that a long-lived particles decaying into photons
may solve difficulty [35, 64] (see also [65]). In this section, we assume that the Spite plateau
value (2.4) corresponds to the primordial abundance of 7Li and discuss how the decaying
particle may solve the 7Li problem.

Because the SBBN abundance of 7Li given in eq. (2.4) is about three times larger than
the observed value, the 7Li problem may be solved if the dissociation processes induced by
the radiatively decaying particles reduce right amount of 7Li. For the value of baryon-to-
photon ratio suggested by the Planck collaboration (see eq. (2.5)), the 7Li in the present
Universe mostly originate from 7Be which decays into 7Li via the electron capture in the
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SBBN. Thus, if a significant amount of 7Be is dissociated by energetic photons emitted by
the decay of X, the predicted value of the 7Li in the present Universe may become consistent
with the observed value. In order for such a solution to work, it should be also guaranteed
that the emitted photons to dissociate 7Be (and 7Li) should not cause any harmful effects,
i.e., dissociations of other light elements or distortion of the CMB background.

Importantly, the threshold energy of the photon for the process 7Be(γ, 3He)4He is

E
(th)
7Be
' 1.59 MeV, which is lower than that of the photodissociation of D (E

(th)
D ' 2.22 MeV)

and 4He (∼ 20 MeV). Thus, if the energy of the injected photons is in the range of

E
(th)
7Be

< ε0 < E
(th)
D , the photodissociation of 7Be may occur to solve the 7Li problem without

significantly affecting the abundances of other light elements, as mentioned in [35, 64].
To see if this scenario really works, we calculate the light element abundances for the

case of monochromatic photon injection with ε0 = 1.5, 2.0, and 2.5 MeV. The results are
shown in figure 7. For ε0 = 1.5 MeV, the energy of the injected photon is lower than the
thresholds of all the photodissociation processes. Then, the constraints are from the entropy
production due to the X decay which causes the change of the baryon-to-photon ratio as
well as the CMB distortion. Taking ε0 = 2 MeV, on the contrary, the photodissociation of
7Be can occur. In this case, we can see that there shows up a parameter region which gives
the 7Li abundance consistent with eq. (2.4) without too much affecting the abundances of
other light elements. For τX & 2× 106 sec, the constraint from the CMB distortion excludes
the parameter region of our interest. The CMB constraint is, however irrelevant for shorter
lifetime. Consequent, for 8 × 103 . τX . 2× 106 sec, we can find a parameter region giving
the 7Li abundance consistent with eq. (2.4) without conflicting the other constraints. Here,
we remark that the photodissociation process in this case is mainly induced by the photons
just after the injection, i.e., photons with the energy of ε0. Photons after experiencing the
electromagnetic shower processes, i.e., cannot effectively induce the photodissociation process

when ε0 is close to the threshold energy. With the photon energy larger than E
(th)
D , the

photodissociation of D occurs as well as the that of 7Be. A few % change of the D abundance
due to the photodissociation results in a disagreement with the observed value because the
observational value of the D abundance is so precise, while about 60− 70 % of 7Be should be
photodissociated to solve the 7Li problem. Because the photodissociation cross sections for
these processes are of the same order of magnitude, the D constraint excludes the parameter
region which gives right 7Be abundance, as indicated in the figure.

For comparison, we also calculate the light element abundances for the case of a
monochromatic e± injection. For the case of the electron injection with ε0 ∼ O(1) MeV,
the photodissociations are mostly induced by photons emitted by the FSR. Such photon flux
is not monochromatic, and is suppressed compared to that in the case of monochromatic
photon injection. Consequently, in the case of monochromatic e± injection, the 7Li problem
is hardly solved without conflicting the other constraints.

7 Conclusions and discussion

In this paper, we have studied the effects of the injections of energetic electromagnetic par-
ticles (i.e., γ and e±), paying particular attention to the case that the injection energy is
sub-GeV. Once the energetic electromagnetic particles are injected into the thermal bath
in the early Universe, they induce electromagnetic showers in which energetic photons are
copiously produced. If it happens at a cosmic time later than ∼ 1 sec, such energetic photons
in the shower may dissociate the light elements (i.e., D, 3He, 4He, and so on), resulting in the
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Figure 7. Allowed regions on ε0YX as a function of lifetime (τX) to fit 7Li/H (magenta) for the
energy of a high-energy injected photon, (a) ε0 = 1.5 MeV, (b) 2.0 MeV, and (c) 2.5 MeV. We
executed Monte Carlo runs.The lines denote the bounds from 3He/D (red), Yp (green), D/H (cyan),
and the µ- and y-distortion of CMB (brown), respectively.

change of the predictions of the SBBN. Because the predictions of the SBBN more or less
agree with the observations of the primordial abundances of light elements, the injections of
the energetic particles in such an epoch is dangerous, and we can obtain an upper bound on
the total amount of the injection in order not to spoil the success of the SBBN.

We have concentrated on a long-lived particle X which decays into a pair of photon or
e±, and derived an upper bound on its primordial abundance (Thus, the injection energy is
monochromatic if we neglect the FSR). When the injection energy is higher than ∼ 1 GeV, it
has been known that the resultant photon and e± spectra in the electromagnetic shower are
mostly determined by the total amount of energy injection. For a lower injection energy, on
the contrary, the spectra depends on the primary particle injected and the injection energy,
as was pointed out by [35, 36, 38].

In our analyses, we have first solved the Boltzmann equations to derive the distributions
of photon and e± in the electromagnetic shower. The photon spectrum is convoluted with the
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Figure 8. Allowed regions on ε0YX as a function of lifetime (τX) to fit 7Li/H (magenta) for the
energy of a high-energy injected electron, (a) ε0 = 2.1 MeV, and (b) 3.0 MeV including effects of the
FSR associated with electrons in the final states. We executed Monte Carlo runs to obtain theoretical
errors of light element abundances. The lines denote the bounds at 95% C.L. from 3He/D (red), Yp

(green), D/H (cyan), and the µ- and y-distortion of CMB (brown), respectively.

photodissociation cross sections of light elements to calculate the dissociation rates. Effects of
the photodissociations, based on the rates mentioned above, are implemented into a numerical
code to follow the evolutions of the light elements with taking into account the effects of
photodissociations induced by the injection of energetic γ or e±. The theoretical predictions
about the light element abundances are compared with the latest observational constraints
to derive upper bound on the primordial abundance of the long-lived particle.

When the injection energy ε0 is high enough (ε0 & 1 GeV), the upper bound on the
combination of ε0YX is insensitive to the primary particle injected and the injection energy.
For smaller injection energy (i.e., ε0 . 100 MeV), on the contrary, the upper bounds be-
come dependent on those injection energies. For smaller ε0, the upper bounds on ε0YX is
weaker than those for ε0 & 1 GeV; this is because, for small ε0, energy transfer from the
energetic particle to the scattered particle (which originally belongs to the thermal bath)
becomes inefficient.

We have also discussed the effects of the injection of the electromagnetic particles on the
7Li abundance and discussed the implication to the so-called 7Li problem. If we regard the
Spike-plateau value of the 7Li abundance as the primordial value, the SBBN overproduces
the 7Li abundance by the factor of ∼ 3. If the energetic particle injected into the thermal
bath can selectively dissociate 7Be, which is the dominant source of 7Li for the value of the
baryon-to-photon ratio observed by CMB, the resultant abundance of 7Li can be reduced
to be consistent with the Spike-plateau value. In figure 7 (c), we have shown that there
really exists a parameter region in which the theoretical prediction of the 7Li abundance
becomes consistent with the Spike-plateau value without conflicting other constraints; this is
particularly due to the smallness of the threshold energy of the 7Be.

In this paper, we have performed a general analysis to study the effects of the injections
of sub-GeV electromagnetic on the BBN. In particular, we have considered the simplest
case that the injection energy is assumed to be monochromatic, treating the lifetime and
injection energy (or the mass of the X) to be free parameters. Our analysis can be easily
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applied to models containing a long-lived unstable particle with its mass of sub-GeV. In
particular, in some class of models of sub-GeV dark matter, this is the case. One example
is the so-called Twin-SIMPs model, in which strongly interacting massive particles (SIMPs)
provide a dark matter candidate [34]. In this model, there show up various bound states,
whose masses are sub-GeV, due to the newly introduced QCD-like strong interaction. The
lightest “meson” becomes the dark matter candidate, while other “mesons” may decay into
standard model particles with lifetime longer than 1 sec. Because the “mesons” are expected
to be produced in the thermal bath in the early Universe, some of them may play the role
of X in our discussion and affect the light element abundances. In the Twin-SIMPs model,
the unstable “mesons” may decay into three or more final states so that the decay products
are not monochromatic in general. Thus a dedicated analysis for the Twin-SIMPs model is
required to understand possible BBN constraints on the model. Such a study is beyond the
scope of this paper, and will be given elsewhere [84].
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A Analytical formula of the dilution factor

Here we discuss the analytical formula of the dilution factor induced by the late-time entropy
production due to radiatively decaying particles. For simplicity, we assume that the parent
particle (called X) decays into photons instantaneously with the increase of the photon energy
density ∆ργ at a cosmic time t = τX where τX is the lifetime of X. In addition, we assume
that the emitted photons are immediately thermalized to be a black body distribution.4

Then, we can approximately estimate the dilution factor as

∆dilution = 1 +
∆s

s
=

(
Ta
Tb

)3

, (A.1)

where Ta and Tb are the photon temperature just after and just before the entropy production,
respectively. Here ∆s is the increase of the entropy density. On the other hand, ∆ργ is related
with Ta/Tb by

ργ + ∆ργ
ργ

=

(
Ta
Tb

)4

. (A.2)

4When we seriously consider the µ-distortion and y-distortion from the perfect black body distribution, the
current simple picture is incorrect. However, outside the parameter regions which are excluded by the severe
observational constraint from the µ-distortion and y-distortion, it is reasonable to assume that the black body
distribution is approximately established.
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From eqs. (A.1) and (A.2), we have

∆dilution =

(
1 +

∆ργ
ργ

)3/4

. (A.3)

Hereafter we consider only the entropy production after the e+e−-annihilation epoch,
i.e., T . 1MeV. Although this assumption is not correct for shorter lifetime in general, you
will find later that it is reasonable in the parameter regions for the current interests. Using
the relation s = 7.04nγ between the entropy density s and the number density of photon nγ ,
we obtain

∆ργ
ργ

=
7.04

2.701

1

T

∆ργ
s
, (A.4)

where we used ργ = 2.701Tnγ .

From the Friedmann equation, the temperature at t = τX is approximately expressed by

T = 1.556× 10−3GeVg
−1/4
∗

( τX
sec

)−1/2
, (A.5)

with the statistical degree of freedom,

g∗ = 3.363 + 2
∆ργ
ργ

. (A.6)

By substituting eq. (A.5) into eq. (A.4), we have a quartic equation for x = ∆ργ/ργ ,

A4x4 − 2C4x− C4B = 0, (A.7)

with

A = 0.5970× 10−3
( τX

sec

)−1/2
, B = 3.363, C =

(
∆ργ/s

GeV

)
. (A.8)

The exact solution for a positive real number of x is analytically represented by

x = ∆ργ/ργ =
C

2

(
√
D +

√
−D +

4C

A4

1√
D

)
(A.9)

where

D = 21/33−2/3A−8/3F − 25/33−1/3A−4/3B/F, (A.10)

with

F =
(

9C2 +
√

3
√

16A4B3 + 27C4
)1/3

. (A.11)

By using this solution, we can calculate ∆dilution through eq. (A.3).

In figure 9 we plot the contours of the dilution factor ∆dilution in the τX – ∆ργ/s
plane. The solid lines are the results of the numerical computation.5 The dotted lines
are the analytical formula given in eqs. (A.3) and (A.9). From this figure, we see that the
analytical formula fits the numerical results very well. In this parameter space, the meaningful
entropy production occurs for τX & 1sec, which corresponds to the decay epoch T . 1MeV.

5Here the numerical results are obtained by numerically computing the entropy production due to the
radiatively decaying X, which obeys the differential equation dnX/dt = −nX/τX , in the expanding Universe.
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Figure 9. Contours of the dilution factor ∆dilution in the τX – ∆ργ/s plane. The solid lines represent
the results of the numerical computation. The dotted lines are the analytical solutions which are
given in eqs. (A.3) and (A.9).

Therefore the assumption to derive eq. (A.9) that we considered only the relationship among
the physical variables after the e+e−-annihilation is reasonable.

Because the exact solution in eq. (A.9) is little bit complicated, it might be useful to
give a simpler approximate solution. When we join the solutions for both the limit cases of
C = ∆ργ/s/GeV→∞ and C → 0, we obtain

∆ργ/ργ =


B1/4

A
C : C ≤ 1

2
AB3/4

21/3

(
C

A

)4/3

: C >
1

2
AB3/4

. (A.12)

This simple formula also agrees with the exact solution within the precision of O(1) % for
∆dilution � O(10).

B Final state radiation

In this appendix, we derive the formulae for the rate of a decay process with a FSR photon
under some assumptions.

First, we consider the process in which two ultra-relativistic electron-positron pairs are
emitted and compare the decay rate of the process with a FSR photon and that with-
out FSR photons. The diagrams to be considered are shown in figure 10, 11. In fig-
ure 10, 11, Γ

µ1···µn1
1 Γ

ν1···νn2
2 Mµ1···µn1ν1···νn2 represents the contribution from the shaded circle,

and Γ
µ1···µn1
1 and Γ

ν1···νn2
2 represent products of gamma matrices which couple to one electron-

positron pair and the other pair, respectively. Here, we assume the momentum dependence
ofM isMµ1···µn1ν1···νn2 (q1+p1, q2+p2) for the diagram shown in figure 10(a). We assume the
similar momentum dependences for the other diagrams in figure 10. Under this assumption,
the upper half diagrams in figure 11(a) have Mµ1···µn1ν1···νn2 (Q1 + p1 + k, q2 + p2) and the
lower half diagrams have Mµ1···µn1ν1···νn2 (Q1 + p1, q2 + p2 + k). In addition, we assume each
final state particle is ultra-relativistic.
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( Q 1 + k ) 2 − m 2
e

=
i( ✓✓Q 1 + ✓k + m e )

2 k · Q 1
. ( B. 1)

Si n c e  w e a s s u m e d t h at e a c h el e ct r o n a n d p o sit r o n i s ult r a-r el ati vi sti c, t h e d e n o mi n at or i s
s m all  w h e n k a n d Q 1 a r e c olli n e a r.  T hi s i s al s o t h e c a s e  wit h a  F S R p h ot o n e mitt e d f r o m a
p o sit r o n.  T h er ef or e,  w e c a n c o n si d er t h e cr o s s s e cti o n i s d o mi n at e d b y t h e pr o c e s s i n  w hi c h
t h e  F S R p h ot o n i s c olli n e ar  wit h o n e of el e ct r o n s or p o sit r o n s.  B a s e d o n t hi s o b s er v ati o n,
w e p r o c e e d  wit h t h e c al c ul ati o n f or t h e  F S R p h ot o n c olli n e ar  wit h Q 1 .
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In general, the decay rate of a massive particle with mass M is written as

dΓ =
1

2M

(∏
f

d3pf

(2π)32p0
f

) ∑
spin,polarization

∣∣∣M (M → {pf})
∣∣∣2(2π)4δ4

(∑
f

pf −M

)
, (B.2)

where pf is the momentum of final state particles and we abbreviated (M,~0) as M . In the
case of figure 10, the decay rate Γ1→4 is

dΓ1→4 =
1

2M

d3q1

(2π)32q0
1

d3q2d3p1d3p2

8(2π)9q0
2p

0
1p

0
2

×
∑
spin

∣∣∣M1→4 (q1, q2; p1, p2)
∣∣∣2(2π)4δ4

(∑
f

pf −M

)
, (B.3)

where the matrix element is M1→4. In the case of figure 11, the decay rate Γ1→5 is

dΓ1→5 =
1

2M

d3kd3Q1

(2π)62k02Q0
1

d3q2d3p1d3p2

8(2π)9q0
2p

0
1p

0
2

×
∑

spin,polar

∣∣∣M1→5 (k;Q1, q2; p1, p2)
∣∣∣2(2π)4δ4

(∑
f

pf −M

)
, (B.4)

where the matrix element is M1→5. Considering the electron is ultra-relativistic,

d3kd3Q1 ' dk0dQ0
1dΩkdΩQ1(k0)2(Q0

1)2. (B.5)

From the above observation, we integrate in the interval,

0 ≤ θ ≤ θ0 ,
m

q0
1

� θ0 � 1, (B.6)

where θ is the angle between ~k and ~Q1. This interval is sufficiently collinear and contains
the region in which the integrand is not negligible. In the collinear region, we can perform a
change of variables such as

k0 = xq0
1,

Q0
1 = (1− x)q0

1.
(B.7)

Therefore, we obtain

kµ = xq0
1(1, k̂),

Qµ1 = (1− x)q0
1(1, vQ̂1),

(B.8)

where, from the on-shell condition of the electron,

(Q1)2 = m2
e = (1− x)2

(
q0

1

)2
(1− v2)

∼ 2(1− x)2
(
q0

1

)2
(1− v) (except for x ∼ 1). (B.9)

That is

1− v ∼ m2
e

2(1− x)2
(
q0

1

)2 (except for x ∼ 1). (B.10)
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For the change of variables (B.7),∣∣∣∣∣ ∂k
0

∂x
∂Q0

1
∂x

∂k0

∂q01

∂Q0
1

∂q01

∣∣∣∣∣ =

∣∣∣∣ q0
1 −q0

1

x 1− x

∣∣∣∣ = q0
1,

which leads to
dk0dQ0

1 = q0
1dxdq0

1. (B.11)

From eq. (B.11)

d3kd3Q1

(2π)62k02Q0
1

=
d3q1

(2π)32q0
1

dxd(cos θ)
x(1− x)

8π2

(
q0

1

)2
, (B.12)

where, in the second equality, we changed the variables from ~k and ~Q1 to ~q1 and the angle
between ~k and ~Q1. Here, we assumed the integrand does not depend on the azimuthal angle
between ~k and ~Q1. As seen below, this assumption is justified in the case concerned. Using
eq. (B.12) we obtain

dΓ1→5 =
1

2M

d3q1

(2π)32q0
1

d3q2d3p1d3p2

8(2π)9q0
2p

0
1p

0
2

dxd(cos θ)
x(1− x)

8π2

(
q0

1

)2
×

∑
spin,polar

∣∣∣M1→5 (k;Q1, q2; p1, p2)
∣∣∣2(2π)4δ4

(∑
f

pf −M

)
. (B.13)

Corresponding to the four diagrams (a)-(d) in figure 10 M1→4 is written as

M1→4 =M(a)
1→4 +M(b)

1→4 +M(c)
1→4 +M(d)

1→4. (B.14)

M1→5 is written in the same way. M(i)
1→4(i = a, . . . , d) are given by

iM(a)
1→4 = iMµν ū

s1(q1)Γµ1v
s′1(p1)ūs2(q2)Γν2v

s′2(p2), (B.15)

iM(b)
1→4 = iMµν ū

s1(q1)Γµ1v
s′2(p2)ūs2(q2)Γν2v

s′1(p1), (B.16)

iM(c)
1→4 = iMµν ū

s2(q2)Γµ1v
s′1(p1)ūs1(q1)Γν2v

s′2(p2), (B.17)

iM(d)
1→4 = iMµν ū

s2(q2)Γµ1v
s′2(p2)ūs1(q1)Γν2v

s′1(p1), (B.18)

where we abbreviated µ1, · · · , µn1 , ν1, · · · , νn2 as µ, ν. Each of M(i)
1→5 has four terms due to

the four possible insertion of a FSR photon to the external lines of the corresponding diagram
in figure 10. For example,

iM(a)
1→5 = iMµνeε

∗
α(k)

[
ūs1(Q1)γα�

�Q1 +�k

2k ·Q1
Γµ1v

s′1(p1)ūs2(q2)Γν2v
s′2(p2)

+ūs1(Q1)Γµ1
−�p1 −�k

2k · p1
γαvs

′
1(p1)ūs2(q2)Γν2v

s′2(p2)

+ūs1(Q1)Γµ1v
s′1(p1)ūs2(q2)γα �

q2 +�k

2k · q1
Γν2v

s′2(p2)

+ūs1(Q1)Γµ1v
s′1(p1)ūs2(q2)Γν2

−�p2 −�k

2k · p2
γαvs

′
2(p2)

]
.

(B.19)
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In the following, first we show∑
spin,polar

M(i)
1→5M

(j)∗
1→5 = F (x, q0

1, θ, v)
∑
spin

M(i)
1→4M

(j)∗
1→4 (B.20)

for all i, j = a, b, c, d using a function F (x, q0
1, θ, v). We then can show∑

spin,polar

|M1→5|2 = F (x, q0
1, θ, v)

∑
spin

|M1→4|2. (B.21)

SinceM(i)
1→5 andM(j)∗

1→5 have four terms,M(i)
1→5M

(j)∗
1→5 has 16 terms. But, as mentioned

above, the dominant contribution comes from the term which has k ·Q1 in the denominator.
Therefore, we focus on the 1 term with the product of the propagators proportional to
∝ (k ·Q1)−2 and the 6 terms with the product of the propagators proportional to ∝ (k ·Q1)−1.∑

spinM
(i)
1→4M

(j)∗
1→4 can be written as∑

spin

M(i)
1→4M

(j)∗
1→4 =Mµ1ν1M∗µ2ν2tr [· · · �q1 · · · ] . (B.22)

Strictly, the r.h.s. is the product of two traces for some (i, j)s, but here we ignored the
difference because it does not affect the result.

Corresponding to this expression, the term proportional to ∝ (k ·Q1)−2 in∑
M(i)

1→5M
(j)∗
1→5 is

∑
spin,polar

M(i)
1→5M

(j)∗
1→5 ⊃ −e

2Mµ1µ2M∗µ3µ4tr

[
· · · ��Q1 +�k

2k ·Q1
γα��Q1γα

��Q1 +�k

2k ·Q1
· · ·
]
, (B.23)

where we used
∑

polar εµ(k)ε∗ν(k) = −gµν and ignored me in the propagators because of the
ultra-relativisticity of electrons and positrons. In addition, the part denoted by · · · in the
trace is the same in eqs. (B.22) and (B.23). For the trace part of eq. (B.23) notice that

��Q1 +�k

2k ·Q1
γα��Q1γα

��Q1 +�k

2k ·Q1
= − x�q1

k ·Q1
, (B.24)

where we have ignored m2
e.

Therefore, the contribution from the term proportional to ∝ (k ·Q1)−2 is

∑
spin,polar

M(i)
1→5M

(j)∗
1→5 ⊃

e2x

k ·Q1

∑
spin

M(i)
1→4M

(j)∗
1→4. (B.25)

Next, we consider the 6 terms proportional to ∝ (k ·Q1)−1. For example, we focus on
the terms whose propagators are proportional to ∝ (k · p1k ·Q1)−1.

First, notice that
∑

spinM
(i)
1→4M

(j)∗
1→4 is written in the following form:∑

spin

M(i)
1→4M

(j)∗
1→4 =Mµ1µ2M∗µ3µ4tr [· · · �q1 · · · �p1 · · · ] . (B.26)
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Corresponding to this expression, the term proportional to ∝ (k · p1k ·Q1)−1 in∑
M(i)

1→5M
(j)∗
1→5 is written as∑

spin,polar

M(i)
1→5M

(j)∗
1→5 ⊃ −e

2Mµ1µ2M∗µ3µ4tr

[
· · ·��Q1γ

α��Q1 +�k

2k ·Q1
· · · �p1γα

−�p1 −�k

2k · p1
· · ·

+ · · · ��Q1 +�k

2k ·Q1
γα��Q1 · · ·

−�p1 −�k

2k · p1
γα�p1 · · ·

]
.

(B.27)

In order to keep the leading order, we can ignore k ·Q1 in the numerator. In other words, we
can assume k ‖ Q1. Therefore, the first term in the trace of (B.27) is written as

· · ·��Q1γ
α��Q1 +�k

2k ·Q1
· · · �p1γα

−�p1 −�k

2k · p1
· · · =−(1− x)

xk ·Q1
· · · �q1 · · · �p1 · · · . (B.28)

The second term in the trace of (B.27) can be transformed in the same way. As a result, the
sum of the terms whose propagators are proportional to (k · p1k ·Q1)−1 is∑

spin,polar

M(i)
1→5M

(j)∗
1→5 ⊃

2e2(1− x)

xk ·Q1

∑
spin

M(i)
1→4M

(j)∗
1→4. (B.29)

The 2 terms proportional to ∝ (k · p2k ·Q1)−1 and the 2 terms proportional to ∝
(k · q2k ·Q1)−1 are opposite in sign because of the sign of the propagators. So, they completely
cancel. Thus, the contribution from the 6 terms proportional to ∝ (k ·Q1)−1 is given by∑

spin,polar

M(i)
1→5M

(j)∗
1→5 ⊃ (1 + 1− 1)

2e2(1− x)

xk ·Q1

∑
spin

M(i)
1→4M

(j)∗
1→4

=
2e2(1− x)

xk ·Q1

∑
spin

M(i)
1→4M

(j)∗
1→4. (B.30)

Summing all the contributions, we obtain∑
spin,polar

M(i)
1→5M

(j)∗
1→5 = e2

(
x+

2(1− x)

x

)
1

k ·Q1

∑
spin

M(i)
1→4M

(j)∗
1→4 +O

(
(k ·Q1)0

)
' e2 1 + (1− x)2

x2(1− x)

1(
q0

1

)2
(1− v cos θ)

∑
spin

M(i)
1→4M

(j)∗
1→4. (B.31)

This is exactly the form of (B.20) and we can read F (x, q0
1, θ, v) from this expression as∑

spin,polar

|M1→5|2 ' e2 1 + (1− x)2

x2(1− x)

1(
q0

1

)2
(1− v cos θ)

∑
spin

|M1→4|2 . (B.32)

Using (B.13) and (B.32), let us compare the decay rate with the FSR and that without
FSRs. Note that, because F (x, q0

1, θ, v) is independent of the angle between ~k and ~Q1, we
can use (B.13). When the FSR photon is radiated collinear with the electron Q1,

dΓ1→5 '
1

2M

d3q1

(2π)32q0
1

d3q2d3p1d3p2

8(2π)9q0
2p

0
1p

0
2

dxd(cos θ)
x(1− x)

8π2

(
q0

1

)2
× e2 1 + (1− x)2

x2(1− x)

1(
q0

1

)2
(1− v cos θ)

∑
spin

|M1→4|2 (2π)4δ4
(∑

p
)

= dx
α

2π

1 + (1− x)2

x
log

[
1− cos θ0

1− v

]
dΓ1→4. (B.33)
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From (B.10),

dΓ1→5

dx
(xq1; (1− x)q1, q2; p1, p2)

' α

2π

1 + (1− x)2

x
log

[
2(1− x)2(q0

1)2(1− cos θ0)

m2
e

]
dΓ1→4(q1, q2; p1, p2) (B.34)

except for x ∼ 1. Here, the arguments of dΓ1→5
dx are the momenta of photon, electrons and

positrons from left to right.

In the following part, we will extend this result to the more general case. First, we
consider the case where the FSR photon is collinear with a positron. In this case, we only
have to change the sign of the propagators, and because we have calculated the product of
two propagators in

∑
|M1→5|2, this does not change the result:

dΓ1→5

dx
(xp1; q1, q2; (1− x)p1, p2)

' α

2π

1 + (1− x)2

x
log

[
2(1− x)2(p0

1)2(1− cos θ0)

m2
e

]
dΓ1→4(q1, q2; p1, p2). (B.35)

Second, we consider the case where the final state includes different species of fermion-
anti-fermion pairs. In this case, we have to change the classification of the diagrams in
figure 10 and figure 11. However, we have calculated each M(i) and the same derivation
is also applicable in this case. Therefore, the resultant expression is given by (B.10) with
the electron mass replaced by that of an appropriate fermion. Third, we consider the case
where the final state has n pairs of fermions. In this case, we have to change the calculation
from (B.26) to (B.30). Now, we have to calculate 2(2n − 1) terms instead of 6 terms. But
each 4 terms cancel in the same way as the above calculation and we have only the same
contribution from 2 terms left. After all, we get the result:

dΓ1→2n+1

dx
(xq1; (1− x)q1, q2, · · · , qn; p1, · · · , pn)

' α

2π

1 + (1− x)2

x
log

[
2(1− x)2(q0

1)2(1− cos θ0)

m2

]
dΓ1→2n(q1, · · · , qn; p1, · · · , pn), (B.36)

dΓ1→2n+1

dx
(xp1; q1, · · · , qn; (1− x)p1, p2, · · · , pn)

' α

2π

1 + (1− x)2

x
log

[
2(1− x)2(p0

1)2(1− cos θ0)

m2

]
dΓ1→2n(q1, · · · , qn; p1, · · · , pn). (B.37)

Finally, we comment on the case where a final state fermion is collinear with another final
state fermion. Above, we performed the integration about the direction of the FSR photon
by dividing the domain of integration into the domains where the FSR photon is collinear
with one of fermions. Therefore, this division can overlap in this case. But, when the process
is sufficiently ultra-relativistic, as we can see from (B.6), θ0 about each fermion becomes so
small that the overlap does not occur.
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