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Abstract

We identify counter-examples to the consensus result given in [J. Semonsen et al. Opinion
dynamics in the presence of increasing agreement pressure. IEEE Trans. Cyber., 49(4): 1270-
1278, 2018]. We resolve the counter-examples by replacing Lemma 5 in the given reference with
a novel variation of the Banach Fixed Point theorem which explains both the numerical results
in the reference and the counter-example(s) in this note, and provides a sufficient condition for
consensus in systems with increasing peer-pressure. This work is relevant for other papers that
have used the proof technique from Semonsen et al. and establishes the veracity of their claims
assuming the new sufficient condition.

1 Introduction

In this technical note we correct and clarify a consensus result given in [1]. This correction is
relevant not only to the general literature but in particular to [2], which uses the same proof
technique as [1] and [3H9], which cite [1]. We show this proof method is incomplete due to the use
of a lemma drawn from outside the consensus literature. We provide a complete result and use this
to prove a corrected version of Theorem 2 in [1].

In [1], the authors study a consensus problem (see e.g., |L0H48]) under an increasing peer-
pressure function, which seems to drive system consensus. Note that recent work on consensus is
extensive and the cited work provides only a small sample of this large body of work.

[1] assumes N agents are arranged on a weighted graph with weighted adjacency matrix A €
RV*N where self-weights are all 0. Each agent has a time-varying state z(Y € [0,1] (though any
inputs in R would suffice) and the vector x; € RY is the vector of agent states at time k. Each
agent also has a stubbornness coefficient s() (also used in [2]) and a preferred state a:Jr(i), which
defines a fixed vector xt € RN*N_ Define a diagonal matrix S containing the s) and a diagonal
matrix D of row-sums of A. The the update function studied in [1] is E| given by:

Xy = (S+ pD) ™ (SxT + prAx(e_y)) - (1)

Here py is a time-varying peer-pressure value. This time-varying term incrementally increases the
weight a vertex places on its neighbors’ strategies as compared to its own stubbornness. Additional
details are provided in [1]. Let:

fr(x)=(S+ ka)—l (SXJr + pkAx(k,l)) . (2)
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In Lemma 3 of [1] it is shown that fx(x) is a contraction with a fixed point:
x; = (S + peL) ' Sx T, (3)
where: L =D — A is the Laplacian. It is noted in Theorem 1 of [1] that:

N o+
lim Xlt Ml
N .
k=00 Y i Si

That is the fixed points of the individual contractions converge to the stubbornness weighted mean
of the agents’ preferred states. The authors state Lemma 5, taken directly from [49,50]:

(4)

Lemma 1.1 (Theorem 1 of [49] & Theorem 2 of [50]). Let {fn} be a sequence of analytic contrac-
tions in a domain D with f,(D) C E C Dy C D for alln. Then F,, = fpo0 fn_10---0 f1 converges
uniformly in Dy and locally uniformly in D to a constant function F(z) = ¢ € E. Furthermore,
the fized points of f, converge to the constant c. O

[1] then uses this to argue (in Theorem 2) that when:

Gr(x) = (fro- -0 f1)(x),

if pp — oo, then:
lim Gg(xp) = x*.
k—o00

That is the iteration of the fj with increasing py (i.e., increasing peer-pressure) leads to a consensus
point.

In the next section, we show this is not a complete statement and that the system may fail to
converge for certain choices of increasing pj. The failure in this case is due to the use of Lemma[l.1
(Lemma 5 of [1]), which appears not to be valid in this case because the containment requirement
in the lemma does not ensure that the iterated contractions shrink to a fixed point. We then prove
a variation of the Banach fixed-point theorem, which explains our example’s failure to converge
and provides a correct sufficient condition for convergence, thus completing Theorem 2 of [1].

2 Counter-Example to Consensus

Consider the simple graph Ky with the following inputs:

0 1
A sepen

Let the initial condition and preferred agent states be given by x*T = (0.1,0.5). Assume we define
the exponentially increasing peer-pressure function:

Pk = 2\/Ea
which provides some numerical stability (i.e., does not blow up too quickly) but also shows ex-
ponential growth. Simulation of Eq. shows the system does not converge to the expected

x* = (0.3,0.3) as given by Eq. , but instead oscillates about this point indefinitely. This is
shown in Fig. [Il However, if we replace the peer-pressure function with:

pk:kv



0.5
0.320
0.315
0.4
" 0.310
E 8 0.305,
‘?._; 03 % 0.300 Qe
o S 0205
0.2 0.290F
0.285F
01 50 100 150 200 0'233800 99850 99900 99950 100000
Time Time
(a) Initial Behavior (b) Long Run Oscillation

Figure 1: Initially fast convergence around the mean point x* = (3, 3) slows and becomes oscillation,
showing neutral stability, rather than asymptotic stability.
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Figure 2: Asymptotic convergence to the point x* = (3,3) is illustrated. As noted in [1] this
convergence is linear.



then we see the system converges as expected from Theorem 1 of [1]. This is shown in Fig. [2| It
is clear from this example that the issue with Theorem 1 is not the statement of the theorem, but
its lack of qualification on the growth of pj. This stems directly from Lemma 5 of [1] (or Theorem
1 of [49] & Theorem 2 of [50]), which also does not qualify the analytic contraction to be used.
However, it is clear that this pathology is an example of an even easier example.

Consider the family of functions f: R — R.

o) = (1= 355 ) = )

Each fi(z) has a fixed point z} = 0, thus the fixed points z} converge to 2* = 0 (tautologically).
Moreover, each function contracts any interval containing = 0 into itself. However, computing:

k
1
Gr(@) = (fro fimr0- -0 fi)(z) = (]._[1 <1 - 10”)) "
1=
we see that: i
. . 1 1
Jim Grla) = ot ][ (1-557) =0 ).
Here ¢(-) is Euler’s function derived from the gq-Pochhammer symbol. We note that:

¢ (5) = 0.89001.

Therefore, for z # 0, Goo(x) ~ 0.89001z, rather than 0 as would be expected from the statement
of Lemma 5 of [1]. By contrast, if we consider the family of functions:

fule) = e, (6)
then: .
Gi(z) = (}:{l n; 1) z,
and

k
n—1
li =2 li —
Jim Gi(a) == k;H;o<Hl ; ) 0,

as expected. We note this counter-example can be extended to the complex plane (the domain
used in Lemma . These examples suggest that any future use of Lemma should be done
with care since these examples can be extended to analytic contractions in the complex plane that
appear to satisfy the inclusion requirement given in the Lemma as taken from [49,50].

This behavior is not limited to trivial examples. In [1] the authors present convergence on a
Barabdsi-Albert graph [51]. We illustrate the non-convergence for pj that grow too quickly using
a Barabasi-Albert graph with 100 vertices (see Fig. . When pj, = 1.01%, the system converges to
consensus as predicted in [1]. However, when p; = 10‘/E, the peer-pressure increases too quickly
and the resulting dynamics do not converge but oscillate just as in the case of Fig. [} but in a more
complex setting.

In the next section, we construct a variation of the Banach fixed point theorem that handles
the conditions set forth in [1] and predicts the non-convergence of the counter-example(s) using the
intuition provided by the simpler cases.
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Figure 3: (a) A Barabasi-Albert graph with 100 vertices used to illustrate both convergence and
non-convergence. (b) An illustration of agent state convergence when p, = 1.01%. (c¢) An illustration
of agent state non-convergence when pp = 10‘/E; i.e., the peer-pressure increases too quickly.



3 A Convergence Theorem

Theorem 3.1. Let {f;}32, be a family of mappings on a Banach space X with norm ||-|| so that
each mapping f; has a unique fized point X; satisfying the property:

[fi(x) =xil S aillx—x[|  VxeX,
where 0 < «; < 1 for all i. Furthermore, suppose that:
lim xj =x" € X.
1—00

Then, if xg € X and

then:
(fxo fe—10---0 f1)(x0) = x"

lim
k—o0

Proof. Define:
Gip = fko fek—10---0 fi1.

By assumption:
| (fr41 0 Gr)(x0) — Xhp1 || < s [|Gr(x0) = Xia || = arp || (fr © Gro1)(x0) — X541 |-
Applying the triangle inequality to the last term we have:
| (frt1 0 Gi)(x0) = Xfpq || < argr (1(fe © Gr—1)(x0) — x4 + [|x51 — x5]]) -

This is illustrated in Fig.

Figure 4: An illustration of some triangle inequalities used in the proof.
Applying similar logic, we see that:
| (fer1 © Gi)(x0) = X1 || < anpron [[Gro1(x0) = x5 || + k|| ¥hpr — x| -

Repeating this argument, we see:

| (frt1 © Gi)(%0) = Xfp1 || < Qhgromar—1 ||Gr-2(x0) — x_1 || +
S N T -y



We can continue in this way until we see that:

k1 ko[ k41
| (fes1 0 Gi)(x0) — X || < (H ai) fi(x0) = xill+ D | T i | I =51
=1 J

j=1 \i=j+1

(7)

We assume that the fixed points x; converge and therefore for any € > 0 there is an N > 0 so that:

v — x| < e

Before proceeding, recall:
N

lim [Ja: =0,
N—o00 -
=1
and

N e

Suppose we are given an € > 0, choose N so that:

1.
k+1 p
(g 042‘) [f1(x0) — %1l < AN
which is possible because of Eq. @
2. For each j:

N+1
€

i=j+1

This is possible because of the combination of Egs. @D and .

3. Finally assume:

€
5.
This is possible from the convergence of the fixed points.

[Peess = x| <

Then from Eq. we have:
. €
HGn+1(XQ) — Xn—l—lH < 5

By one more application of the triangle inequality, we have:

1G1(x0) = X" < [|xisy = x*[| + (|G (x0) = x5 || < e

This completes the proof.

H @i | x5 — x5 < ANF1)

(8)

O

This theorem explains, as special cases, the families of functions defined in Eq. and Eq. @

In the next section, we use it to resolve the counter-examples discussed in Section



4 Resolution of the Counter Examples

Returning to the example in Section [2, let x* = (a, b), thus generalizing the initial condition. In
this case, Eq. can be written as:

(p+1)(a+px2)
] . (11)

_ p2+2p+1
fre(x) = [ (p4+1)(b+pa1)
p2+2p+1

For each fi(x) the explicit fixed point is given by:

e a+p(a+b)

* 2p+1

X = L’:}k] = [b-i—pp(—cib_—f—b)] . (12)
2 2p+1

Since (s1,s2) = (1, 1), we see that:

S

a

atb

. k0 * 2
Jim X =x = |

2

S

as expected.
Because this example is particularly simple, we can compute (see Appendix [A)):

2
* Pk *
1F(x) — x1? = ( k) B (13)

for any x. In Theorem we now have:

Pk
L+ pp

af =

When p;, = 2\/E, then:
o0
H ag ~ 0.0310128 > 0,
k=1

which implies (as expected) that the system may not converge to the fixed point (see Fig. . On
the other hand, when py = k,

o0

H A = 0,

k=1

ensuring that the system will converge to the weighted average of x*.

We can likewise resolve the counter-example using the Barabdsi-Albert graph. It is difficult
to compute an exact contraction factor in this case. However, given an initial value x* and a
peer-pressure function pg, it is possible to approximate an upper-bound on the contraction at each
step by solving the optimization problem:

k00 = Xl
- xill

st. 0<x<1,

where fi(x) is defined in Eq. and x; is defined in Eq. (3). Here we use the co-norm because
the matrix norm used to show fj is a contraction in Lemma 3 of [1] is the infinity norm. For the
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Figure 5: (a) Illustration of the computed contraction factor and its non-linear fit in the case of
convergence in the Barabdsi-Albert graph. (b) Illustration of the computed contraction factor and
its non-linear fit in the case of non-convergence in the Barabdsi-Albert graph. Notice it increases
toward 1 much faster than the converging case.

counter-example using the 100 vertex Barabési-Albert graph, we plot the bounds on the contraction
factor in Fig. In the case when p;, = 1.01%, the contraction factor grows according to:

k

O™ 0493345 + k-

Using this analysis we can see the product of the fit for aj approaches zero explaining why this
case seems to converges to effective consensus (i.e., consensus to a numerical tolerance). On the

other hand, when p; = 10‘/E, we see that:

 ~ 1 — 1070:3551782—0.969752
In this case, the product of the fit for ay converges to ~ 0.917, explaining why the process does not
converge to consensus. This numerical approximation can be used as a rule of thumb to determine
whether a system is likely to converge (numerically).

Before concluding, it is worth noting that if we used py = 1.01% with the graph K5 (the graph
from the first counter-example), we would see that:

o 101k 16
Ua 1:[1+101k~1.79><10 ,

implying that the dynamics may not truly converge to perfect consensus. However numerically we
may not be able to distinguish this as illustrated with the Barabasi-Albert graph. Thus it may
be sufficient to ensure the product of the contraction factors is small enough to achieve effective
numerical consensus in a real-world system.

4.1 Correction to Theorem 2 of [1]

Using this information, we can correct Theorem 2 of [1] to read:

Theorem 4.1 (Clarification of Theorem 2 of [1]). Let

fr(x) = (S + ,O(k)D>71 (SxJr + p(k)Ax) )



Define:
X = fr(Xk-1),

with xo given (and assumed to be xT ). If pr. — oo and
[fi(x) =%l S cillx =xi||  ¥xeX,

so that the resulting contraction constants oy, of fr satisfy:

o0
H ar =0,
k=1

then
lim x 2. 5%k
EF= —— -
k—o0 Zz S
O

As a final remark, we note that this result could be anticipated from the convergence rate
analysis in |1], which shows that Eq. is an instance of gradient descent. Convergence guarantees
for such an algorithm require satisfaction of the Wolfe Conditions and several pathological examples
exist in which the step length (governed by pi) is improperly defined leading to oscillation in
gradient descent (see [52]). Thus, one might view Theorem [4.1| as a specialized sufficient condition
on step length in this gradient descent.

5 Conclusions

In this technical note, we corrected and clarified Theorem 2 of [1]. This correction is important
because the proof method has been used by other authors [2]. The correction is based on replacing
a lemma (Lemma 5) used in [1] with a new variation on the Banach Fixed Point theorem. The
modified theorem(s) now ensure results in [1] and 2] can be used for development of consensus
systems or for their further study.
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A Computation of the Norms

Computing directly we have:

a+ pxo a+p(a+b)>2+<b+px1 b+p(a+b)>2
p+1 2p+1 ’

* (12
x) —xi||” = —
R .

We also have: ) )
Ix—xi|? = (« _platb)+a T _platb)+b
b ! 2p + 1 2 2 + 1 '

Dividing these expressions into each other and simplifyinf] yields Eq. .

2Using Mathematica™.
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