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ABSTRACT

The present work sheds light on the stresses generated in a spherical particle subjected to phase trans-
formations during ion-insertion. In order to account for the physical process that occurs during electro-
chemical cycling, the models used are those of small deformation and account for the effects of phase
transformation, chemo-mechanical coupling and concentration-dependent material properties. The
two-phase lithiation is modeled by the Cahn-Hilliard equation. It is found that the DISs arise from the
inhomogeneous volume expansions resulting from Li concentration gradients and the hydrostatic stress
facilitates the diffusion of Li-ions under elastic deformation while it hinders diffusion in the plastic case.
When the elastic modulus is reduced the magnitude of the diffusion-induced stress decreases but the
strain increases under elastic deformation whereas the opposite occurs for the plastic case.
Furthermore, if the electrode is assumed to undergo strain softening during plastic deformation, smaller
stresses and higher plastic strains are predicted than when strain hardening is assumed. The novelty of
this work is that the proposed models highlight the importance of chemo-mechanical coupling effects,
concentration-dependent material properties and plastic deformation on diffusion-induced stresses.
These findings render prospective insights for designing next-generation mechanically stable phase

transforming electrode materials.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Lithium ion batteries (LIBs) are currently widely used in porta-
ble electronics and will continue to play a significant role in next
generation electric vehicles, utility grids and electric/hybrid-
electric airplanes. To fulfill the practical requirements, LIBs should
have an optimal electrochemical and mechanical performance, i.e,
high energy density, high power density, and long cycle life. The
operation of LIBs involves the continuous diffusion of Li-ions
between the anode and cathode and therefore the performance
of LIBs depends largely on the electrode active materials (materials
that react with Li*).

The cathode is the source of lithium ions (Li*), and the anode
should have the ability to host the Li* during charge. Lithium inser-
tion and de-insertion are accompanied by changes in lattice spac-
ing. As a result, the lattice structure can be altered, and phase
transformations can occur, resulting in volume changes. Conse-
quently, diffusion-induced stresses (DISs) are generated. The

* Corresponding author.
E-mail address: kaifantis@ufl.edu (K.E. Aifantis).

https://doi.org/10.1016/j.ijsolstr.2021.03.019
0020-7683/© 2021 Elsevier Ltd. All rights reserved.

energy density, power density and cycle life of LIBs are closely
related to DISs. Excessive stresses result in pulverization of the
electrode materials and their detachment from the current collec-
tor. As a result, fracture of the electrode and capacity decay occur.

For instance, commercially used cathode materials (LiMn,04
and LiCoO;) for LIBs have achieved only half of the theoretical
capacity, due to the mechanical stresses that arise from phase
transformations and changes in the crystal structures/lattice
parameters during the charging/discharging process (Liu et al.,
2004; Venkatraman et al., 2000; Amatucci et al., 1996; Aifantis
and Hackney, 2003). Similarly, high-capacity anode materials (Si
and Sn) cannot retain their initial capacity (900-4000 mAh/g)
due to the fracture that results from the lithiation-induced volume
expansions (300%-400%) (He et al., 2012; Wang et al., 2013). There-
fore, understanding the stress evolution process is crucial for
revealing the degradation mechanisms of LIBs and thus, improving
their performance. Initial models considered the stress evolution
(Aifantis and Hackney, 2003) and fracture (Aifantis et al., 2005,
2006) in active electrode particles by using a purely mechanical
approach. Since then, multiple models have been developed to
determine the DIS in material systems. The phenomenon of DIS
was first studied by employing an analogy between thermal stress
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and DIS to analyze the transverse stresses introduced by solute lat-
tice contraction of boron and phosphorus in a thin silicon plate
during mass transport (Prussin, 1961). A number of analytical solu-
tions to DIS problems in elastic media of simple spherical and
cylindrical geometries were provided in Li (1978), while the DISs
arising from inhomogeneous concentration in materials was inves-
tigated in Larcht'e and Cahn (1982) and Larche and Cahn (1984).
The effect of DISs on diffusion in hollow cylinders (Lee et al.,
2000; Wang et al., 2002) and square sandwich composites (Ko
et al., 2005) has also been studied. Later on, numerous researchers
followed this analogy to investigate the DISs in nanowire elec-
trodes (Deshpande et al., 2010a), spherical electrode particles
(Verbrugge and Cheng, 2009; Cheng and Verbrugge, 2010, 2008),
cylindrical electrodes (Deshpande et al., 2010b; Song et al., 2012)
and layered electrode plates (Zhang et al., 2012).

For intercalation-induced stresses, one-dimensional (1D) mod-
els have been developed to investigate the stress generation due
to Li* insertion into a spherical carbon anode (Christensen and
Newman, 2006b), but instead of thermal analogy, the governing
equations were derived based on lattice deformation analysis.
Given that analytical solutions to diffusion equations under speci-
fic conditions are available (Crank, 1979; Jaeger and Carslaw,
1959), analytical expressions have been obtained to study the
stress evolution in spherical electrode particles (Cheng and
Verbrugge, 2009, 2010).

Most of these studies are centered on single-phase reactions,
assuming that the electrode particle phase does not change dur-
ing Li* insertion/de-insertion. However, it's well known that
lithium-ion insertion often leads to the formation of different
phases. Phase transformations have been experimentally
observed during Li* insertion/de-insertion and could play an
important role in the stress evolution during the discharging/
charging process (Shin and Pyun, 1999a,b; Zhang and White,
2007). Multiple models have been constructed to capture the
effect of phase transformations on DISs. The ‘shrinking core’
model (Srinivasan and Newman, 2004) considers that the core
and shell would consist by lithium-rich and lithium-poor phases,
respectively, during Li* insertion and vice versa for de-insertion.
This model leads to an abrupt change (jump) in the concentration
at the phase boundary which also results in a stress discontinuity
at the interface between the two phases. By using this model and
extending the theoretical framework for a single-phase reaction
(Christensen and Newman, 2006b), the stress generation in a
spherical LiMn,O4 particle was estimated (Christensen and
Newman, 2006a). This ‘shrinking core’ model has also been
applied to study other spherical electrode particles and other con-
figurations (Deshpande et al., 2011; Liu et al., 2014; Esmizadeh
et al., 2019). Due to the sharp interface, concentration and stress
discontinuities appear at the interface. It is noted that the moving
phase boundary needs to be tracked and specific boundary condi-
tions need to be applied during insertion and de-insertion. There-
fore, this sharp interface model poses numerical difficulties for
practical applications. A possible alternative approach would be
phase field modeling of the diffusion. By employing a diffusive
interface model, the ion distributions can be modeled with a con-
tinuous concentration field. As a result, the reaction front does
not need to be explicitly tracked. Such phase field models have
been successfully applied to study the stress generation of
LiFePO4 (Zhang and Kamlah, 2018) and LiMn,04 (Huttin and
Kamlah, 2012) particles.

Phase field models, aside from the work in Hu et al. (2019a)
focus on the DISs of cathode materials. Due to the generally small
volume expansions that cathodes experience during lithiation,
infinitesimal/small strain continuum mechanics formulations can
be used. For example, LiFePO, shrinks approximately 7% after full
delithiation (Yamada et al., 2005; Wang et al., 2005), and therefore
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cathodes are assumed to undergo linear elastic deformation during
the intercalation/deintercalation process (Woodford et al., 2010;
Hao and Fang, 2013a,b). However, all high capacity anodes, such
as Si, are well known for large volume expansions during lithiation,
which can reach 420% upon maximum lithiation (Siz4Li). The
deformation is so large that plastic deformation can take place.
Although linear elastic studies of the DISs (Jagannathan and
Chandran, 2014; Tsagrakis and Aifantis, 2018; Golmon et al,,
2010) in these anodes can provide some insights on the stress evo-
lution, plastic models (Hu et al., 2010) would be more reasonable
since the volume change is large enough that yielding can occur.
Both in situ measurements (Sethuraman et al., 2010) and molecu-
lar dynamic studies of the stress evolution in Si nanopillars
(Shuang and Aifantis, 2021) during lithiation/delithiation have
revealed that yielding and plastic flow occur. Elastoplastic and vis-
coplastic models have been adopted to study the DISs in Si and Sn
anodes during lithiation (Chen et al., 2017; Huang et al., 2013; Liu
etal, 2012; Chen et al., 2014). An important finding in these afore-
mentioned studies is that the tangential stress transitions from
compressive to tensile during lithiation when plasticity is taken
into account, which is believed to be the cause of the experimen-
tally observed fracture of Sn nanoparticles (Aifantis et al., 2012),
Si spherical particles (Liu et al, 2012) and Si nanowires (Ryu
et al, 2011) during lithiation. The previous developed elastic mod-
els predict a compressive hoop stress on the outer surface at all
times while plastic models can capture this transition ( initially
compreesion to tension at later stages on the outer surface) since
the hoop tension is the crack driving force of the observed surface
cracking (Huang et al., 2013; Liu et al., 2012; Chen et al., 2014;
Chang et al., 2018).

Despite the fact that there have been a lot of models for DISs in
electrode materials, a comprehensive understanding has yet to be
achieved. One aspect is the chemo-mechanical (CM) coupling
effect. Initial works, particularly those using the ‘shrinking core’
model, did not consider CM coupling. Subsequent models consid-
ered the coupling effect between chemical diffusion and mechani-
cal deformation (Christensen and Newman, 2006b; Liu et al., 2014;
Zhang and Kamlah, 2018; Hao and Fang, 2013a,b; Tsagrakis and
Aifantis, 2018; Chen et al., 2014). However, few works have taken
into consideration the change that occurs in the elastic modulus of
electrode materials during Li* insertion. A decrease or increase in
the elastic modulus during Li-insertion (lithation), as a function
of Li-concentration, has been observed experimentally
(Sethuraman et al., 2010; Hertzberg et al., 2011) and calculated
through first principle calculations (Maxisch and Ceder, 2006; Qi
et al., 2014; Qi et al., 2010). Table 1 shows the Young’s modulus
of the lithiated and delithiated phases of some electrode materials.
The effect of a concentration dependent elastic modulus on DIS
was systematically examined using linear and gradient elasticity
(Natarajan and Aifantis, 2020), showing that there was a negligible
difference in DISs when the variation of the elastic modulus due to
Li insertion was only 10% and a single-phase reaction during Li-
insertion occurred. In such cases, constant moduli may be used
for modeling DISs in a single-phase battery system. However, very
few studies examined the effect of the concentration-dependent
material properties on DISs in phase-transformation electrode
materials, and there isn’t much work comparing plastic and elastic
models. Herein we present a new formulation that can account for
chemomechanical coupling, concentration dependent elastic mod-
uli for two phase transitions and large volume expansions, for elec-
trodes that undergo either pure elasticity or also plasticity during
lithiation. By performing such a comprehensive study of the DIS,
more accurate predictions of the stress fields in the electrodes
can be provided, allowing for a better selection of the materials
and microstructure that will result in improved electrochemical
performance. It should be noted that this work can be applied to



B. Wang, J. Réthoré and K.E. Aifantis

Table 1

Young’s modulus of some active electrode materials in lithiated and delithiated phases.
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Delithiated phase Method Young’s modulus (GPa) Lithiated phase Young’s modulus (GPa)
Co0, Computation Qi et al. (2014) 59.8 LiCoO, 264

C(graphite) Computation Qi et al. (2010) 32 LiCg 109

Si(amorphous) Computation Shenoy et al. (2010) 96 Liz 75 Si 41

Si(crystaline) Experiment Hertzberg et al. (2011) 90 Liz 75Si 12

Sn(crystaline) Computation Stournara et al. (2012) 51 Liz5Sn 24.7

other electrochemical systems that operate under the diffusion of
ions, such as Na-ion batteries.

2. Phase field modeling of DISs

As mentioned earlier, a core-shell model is often used to model
the diffusion process of electrode materials that exhibit phase seg-
regation into Li-rich and Li-poor phases, respectively, during Li-ion
insertion and de-insertion. It’s often assumed that during insertion
the phase boundary moves in the radial direction and the expan-
sion is isotropic. To model the sharp phase boundary, the Cahn-
Hilliard type diffusion equation can be used. The effect of chemo-
mechanical coupling on DISs can be incorporated into the model
via a variational formulation approach. As for the electric field,
the conductivities of the electrode materials are high enough in
most cases so that the electric potential inside the electrode parti-
cles are regarded as uniform, therefore, the influence of the electric
field on the DIS can be neglected (Zuev and Tsvetkov, 2017).

Both, the concentration and temperature fields are governed by
the diffusion equation. Therefore, it’s naturally to deduce that a
change in concentration will cause DIS in a similar manner as a
change in temperature would lead to thermal stresses, as has been
done in most of the aforementioned articles, and the constitutive
relations from thermo-elasticity can be adopted without too much
adjustment. For plastic models, either viscoplastic or elastoplastic
models can be used. Viscoplastic models for thermal-induced
stress have been implemented into commercial finite element soft-
ware such as ABAQUS and COMSOL. When using such software, the
DIS due to (de-)insertion can be modeled easily just by replacing
the temperature with the concentration and the thermal expansion
coefficient with the chemical expansion coefficient. For implemen-
tation in open-source finite element codes such as deal.ll and
FEniCS, elastoplastic models are much more convenient and are
therefore implemented in FEniCS in this work.

2.1. DISs for elastic solids

2.1.1. Phase field model for elastic solids

Based on a variational formulation, a theoretical framework for
DIS can be established. The basic idea is energy minimization of the
total potential energy. For the cathode with small volume varia-
tions, the deformation is assumed to remain in the elastic stage.
The system (total) free energy of the domain Q under consideration
is

lp:/nl/,dg (1)

where W is the free energy density, i.e., free energy per unit refer-
ence volume and is comprised of two parts:

¥ =y(&c Vo) =y +y° (2)

where ° is the bulk elastic energy density solution, c is the actual
species concentration, given in terms of moles per unit reference
volume (the molar concentration per unit volume in the reference
configuration), and y° is the energy contribution due to changes

in the concentration solution. The strain and displacement are
related as:

&= [Vut (Va] 3)

where u is the displacement field. The elastic strain energy density
is

1
V(%) :ise:C:ae (4)

where the elastic strain tensor is & = & — &°. & is the chemically
induced strain tensor and is given by:

&€ =u(c—cy)l (5)

where I is a 2™-order identity tensor, C is a 4"-order elasticity ten-
sor, given by C = 2830k + A(Sxdj + 0ud),d; describes the Kro-
necker delta, 2 and A are the Lamé constants, and c* is the
relative concentration. The normalized concentration c* is used to
characterize the relative saturation level of Li in an electrode. It’s
normalized by the maximum concentration ¢,y in the Li/electrode
system, ranging from O (no ions) to 1 (full ion insertion), given
by:c* = ¢/cmax. Cj is a reference concentration, usually set as 0. o
is a dilatation coefficient (analogous to the thermal expansion coef-
ficient), given by:

= 1
d:m—ligﬁcmax 6)

where = is the partial molar volume of Li-ions. Due to the presence
of a sharp interface, the energy contribution due to a concentration
gradient on diffuse interfaces cannot be neglected. It should be
noted that for phase transformation materials, there is a sharp
interface, however, phase field modeling uses diffusive interfaces
with a finite thickness (nonzero but very thin) to approximate it,
resulting in a continuous concentration. In traditional sharp inter-
face models, the thickness is assumed to be zero, and as a result,
the concentration is discontinuous across the interface. The chemi-
cal energy density can be split into two parts:

Y=y (c, Vo) = Y 4y (7)

where y" is the homogeneous chemical free energy density (free
energy density of a homogeneous system of uniform concentration)
and ¢ is the chemical gradient energy density due to the concen-
tration gradient Vc. The chemical stored free energy (chemical con-
tribution to the stored energy) is assumed to have the form:

p =y (o)
= RTcmax[c" Inc* + (1 —¢*)In(1 —¢*) + yc*(1 = )]
+ UoCmaxC". (8)

Here R is the gas constant, T is the absolute temperature, and RT
denotes the specific molar energy. p, is a reference value of the
chemical potential of the diffusing species, set as 0 since it will
not affect the diffusion behavior. y is the constant partial molar vol-
ume (the volume of a mole of the species, parameter y indicates the
convexity of the energy) which is dimensionless and controls the
shape of the double-well energy function characterizing the Li-
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rich and Li-poor phases. This form of the homogenous energy den-
sity favors a separation of the system towards ¢* =0 and c* = 1, i.e,,
minimization of the Gibbs free energy. To ensure phase separation,
x> 2. The chemical gradient energy density is given by:

C K k *
Y =5 Ve =5 | Ve )

depending on the concentration gradient and representing an inter-
facial energy. k = kc2,, and k is the gradient energy coefficient,
with units of energy per unit volume times a length squared. The
parameter k modulates the contribution of the large concentration
gradient at the two-phase interface to the free energy. When the
elastic property of the material is strongly influenced by concentra-
tion, based on the rule of mixtures from composites, it can be
approximated by a simple linear relation:

E(c*) = Eo + k¢’ (10)

where E is the concentration-dependent Young’s modulus, E, is the
Young’s modulus of the delithiated phase (i.e. initial elastic modu-
lus), and k is a positive or negative parameter allowing for a reduc-
tion or increase in the modulus during lithiation. The chemical
potential u is defined as the variational derivative of the system free
energy:

po=g=2-V @)

oc — dc
= Uo +RTIn (:55) + RTy(1 - 2¢*) — Eay, (11)
—Cmax V- (ch*) — 2C|]mx d;gld 0ij0k

where ¢, =1tr(e) is the hydrostatic stress and Sy, is the
concentration-dependent compliance tensor. Therefore, the diffu-
sional potential is related to the Li concentration and the local stress
state, as well as the concentration gradient and the changing mate-
rial properties due to intercalation. For linear elastic and isotropic
materials, the compliance tensor is given by:

1-2v 1
3E 5,‘1*514 +

+0 R R 2
Sijkt = 5E <5ikf)jl + 0idjk — 3 5ij5/<l> (12)

where v is Poisson’s ratio. As a result,
dS,‘jkl 1 dE
— O:i0 = — —
dC ijOkl EZ dC

The Li transport in the host materials can be described by the diffu-
sion equation, as

oct
ot

where j is the flux, and Q is the volume of the electrode. The gradi-
ent of the chemical potential is the chemical driving force for diffu-
sion, i.e. the gradient of the diffusional potential of Li i serves as the
driving force for Li diffusion:

j=-Mvy (15)

(UGiiO'kk — (] + U)GﬂO’ﬂ) (]3)

+V.j=0inQ (14)

where M is the mobility tensor, which is generally a function of Li
concentration c. For isotropic materials, it’s assumed to have the
form:

M=c(1-c)MI (16)

where M is the solute mobility and is independent on time. The dif-

fusion coefficient D is given by:

D = MRT (17)
To solve for the diffusion, suppose the electrode is under gal-

vanostatic operation and the particle is charged galvanostatically,
with a uniform lithium flux through its free surface according to
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Me(1-e) k) =i (18)

Here i is the applied current density (per unit area), and p is the
radius of the electrode particle. The variational boundary condition
is given by:

KVc-n. =0 on 0Q° (19)

with n. being the outward unit normal to the concentration bound-
ary 9Q° . The weak form of the diffusion equation can be given by:

% iy — / ivds — / Mc'(1 — ¢\ VUV vdV 20)
Q ot 0Q Q
/,ude:/RT[ln( ¢ >+2)((1 fc*)}wdv
Ja Q 1-c
—/KC Vc*deV—/=o‘ de—/ 1 Sia o wdv
Q max QH " Q 2Cmax dC* yeH

(21)

where v and w are arbitrary test functions. Considering a spherical
particle during the lithiation process, the mechanical equilibrium
equation under spherically symmetrical deformation is given by:

do, 2(0,—0y)
- + - 7
dr r

where ¢, is the radial stress, g, is the hoop stress and r is the radial

distance. The constitutive law (stress—strain relation) for an isotro-
pic spherical electrode during lithiation is given by:

Or = iy (1= V) (§ — oc”) + 20 (4 — o) }

00 = iy [ — 0c") + 0(§ — o)

Here &, = 9 s the radial strain, &y = ¥is the tangential strain and u is
the radial displacement. The boundary conditions for this problem
are: zero radial displacement at the center and zero radial stress
on the outer surface, i.e, u|,_, = 0 and o,|,_, = 0. As a result, when
E is not dependent upon c, then the stress field can be given analyt-
ically by Hu et al., 2019b:

=0 (22)

(23)

_20E (1 (P p2dr — 1 [T o2
(i,fm(p—gfocrdr rgfocrdr>

_20E (1 [P rxp2 1T 2 c
09_ﬂ<ﬁ Jocridr+ 5 [y dr—7>

(24)

For a general case, the Young’s modulus may not be a constant. In
such cases, the analytical solution cannot be obtained, and finite
element or other numerical methods need to be employed. The
weak form of the mechanical equilibrium equations can be given
by:

/Op q(g +72(“rr_ 6‘))>r2dr -0 (25)

where q is a test function. By integrating i by parts and applying
boundary conditions, one can finally obtain:

’ dq q\ o2,
/0<ara+2m7>r dr=0 (26)

By substituting Eq. 23 into Eq. 26, we have the weak form in terms
of the displacement as follows:
P du
Lo @
0

d_c*
dr r

d*u
) 2

- u) —(32+2A)ar?

}dro

(27)
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2.1.2. Numerical implementation of the phase field model

In order to obtain the solutions, the finite element method is
used. Due to spherical symmetry, the problem can be reduced to
a one-dimensional problem. The weak form cannot be solved
directly. Instead, we have to discretize in both the temporal and
spacial space. Therefore, Eq. 20 and Eq. 21 can be rewritten as:

/wydr: 7/ ivdsf/MC;(l - )V, Vodr  (28)
o ty aQ Q

/HnHWdV:/RT{ln( o >+2x(1 762)}de
Q Q 1-¢c
—/Kcmach;deV—/E(oh)nde
Q Q

1 ds;
_/qum dcj*kl (03),,(Ou),wdV (29)

where the subscripts n+ 1 and n are the corresponding values at
the time step t,.; and t, respectively, with At, = t, .1 —t, being
the n' time step. The hydrostatic stress at t, is given by:

(@) = 5 [(07), + 2(0),] (30

And Eq. 13 at t, can be given by:

T @000 = s g [0+ 2060, = [(07 + 200

31)

By using this kind of mixed formulation, the problem becomes to
find c;,, and p,,,, given that c;, and u, are known. The built-in DOL-
FIN Newton solver in FEniCS (Dol, xxxx) is used to solve the nonlin-
ear equations. As for the mechanical equilibrium equation, the
built-in NonlinearVariationalSolver in FEniCS is employed. The
basic idea is to calculate the Gateaux derivative of the nonlinear
form F(u;q) =0 (corresponding to Eq. (26)). Thus, the Jacobian
and the trial function will be automatically computed and solved.
By solving the diffusion equation (Eqs. (28) and (29)), the concen-
tration and the chemical potential can be obtained. Then the radial
displacement can be obtained by solving the weak form of the
mechanical equilibrium equation (Eq. (27)). The unknown field
variables (c*, i, u) can be solved by using this staggered scheme at
every time step.

2.1.3. Numerical results

Some typical phase-transformation cathode materials are
LiFePQy,, LiCoO; and LiMn,04. Although all these materials undergo
phase transformations, it should be noted that LiFePO4 has a clear
concentration jump during lithiation between the different phases
and parameter y in Eq. (8) must be greater than 2 to ensure phase
separation. However, LiCoO, and LiMn,04 undergo a structural
transformation and there is no clear concentration jump. In such
cases, y must be less than 2 and, in particular, it can be set as 0.

In the present simulations, the following dimensionless/nor-
malized variables are used as shown in Table 3, where ty = % is
the characteristic time, F is Faraday’s constant, and z is the valence
number of a Li-ion (z = 1). As an example, the stress evolution of a
spherical LiFePO, electrode is studied. The material properties of
LiFePO, are given in Table 2 (Zhang and Kamlah, 2018). The initial
radius of the electrode is p = 100 nm. Normalized radius is 1 and
total number of the mesh elements of the unit interval is 100. (It
follows that the model results can be applied to any electrode
material since the variables are normalized. The general trend is
of interest here and not the specific values.) The parameters are
as follows: Ey; = 1245 GPa, v=024, M =1,
i"=1, k* =0.0004, k=0, E=3.49 x 10°° m*/mol, ¥ =2.6,
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Table 2

Material properties of LiFePO,4.
Name Symbol and unit Value
Diffusion coefficient D [m?/s] 107
Young's modulus E [GPa] 124.5
Poisson’s ratio v 0.25
Partial molar volume = [m?/mol] 29 x 10°°
Gradient coefficient i [J/m] 502 x 10710
Expansion coefficient o 221 x 1072

Maximum concentration Cmax [mol/m?] 2.29 x 10*

Cmax = 2.29 x 10* mol/m3, T =300 K, At = 0.0005, & = 0.0221. These
parameters are used to study the evolution of the concentration,
radial stress, hoop stress, hydrostatic stress, von Mises stress, as
well as the evolution of the hoop stress on the outer surface, as
shown in Fig. 1. Only the DISs during the lithium insertion process
are considered and a constant Young’s modulus is assumed for the
two phases during lithiation.

It takes approximately 6000 At to complete the lithium inser-
tion process, i.e. reach 100% lithiation of the active particle. Fig. 1
(a) shows the radial distributions of the normalized Li concentra-
tion at lithiation times 500At, 2000At and 4000At, respectively. A
sharp interface is present between the Li-rich and Li-poor phases.
At the initial stage (500At), the differences in the concentration
profiles are not distinct, and the stresses and strains (Fig. 1(b)-
(h)) have similar radial distributions. As lithiation continues
(2000At and 4000At), the Li-poor phase tends to have a higher con-
centration when compared with the case without CM coupling,
and the phase interface tends to move faster in the coupling case.

The radial stress (Fig. 1(b)), is almost constant in the core (Li-
poor) region and gradually decreases to zero on the outer surface.
The hoop stress (Fig. 1(c)) is also constant in the core-region and
transitions from tensile in the core to compressive in the shell.
The hydrostatic stress (Fig. 1(d)) shows a similar trend. The Li-
poor region is under constant tension while the Li-rich shell is in
compression. From Eq. (21), it can be seen that the compressive
stress leads to a higher chemical potential and the tensile stress
leads to a lower chemical potential. Since the chemical potential
is the driving force for diffusion, this hydrostatic stress state facil-
itates the diffusion process. It’s reflected on the concentration pro-
files, showing that the phase-boundary interface moves faster in
the CM coupling case. For the von Mises stress (Fig. 1(e)), it’s
almost zero in the core region, and there’s an abrupt change across
the interface. The maximum von Mises stress occurs close to the
interface due to the volume mismatch between the two phases.
Away from the interface towards the outer surface, the von Mises
stress gradually decreases. It should be noted that higher radial,
hoop, hydrostatic, and von Mises stresses are predicted for the cou-
pling cases when compared with the ones without CM coupling at
the same time step. This is due to the fact that equilibrium concen-
trations are almost the same for the Li-rich phase while a higher
equilibrium concentration is predicted for the coupling case. The
coupling model predicts a smaller miscibility gap (concentration
differences between the Li-rich phase and Li-poor phase), thus, less
volume change and DISs are induced.

In order to study the influence of material property changes due
to lithiation, the parameter k is set to be —0.1E, and +0.1E, (corre-
sponding to a 10% reduction or increase in modulus with increas-
ing ion concentration respectively). All the other parameters are
the same and CM coupling is considered. Since the stress and strain
profiles have the similar trends, only the profiles at time step 2000
At are plotted and analyzed as shown in Fig. 2. It should be noted
that when a concentration dependent modulus is considered, the
concentration profile (Fig. 2(a)) is almost the same. Similarly, the
distributions of the stresses (Fig. 2(b)-(e)) are the same but the
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Table 3
Normalized/dimensionless variables.

Name Symbol Normalized variable
Normalized gradient coefficient K* Kcmax/(Rsz)
Normalized mobility M* MRTto/ p?
Normalized time t t/to

Normalized radial distance r* r/p

Normalized stress components (41 gij/Eo

Normalized chemical potential w 1/(RT)

Normalized ion flux i ip/(zFDCmax)
Normalized partial molar volume = ZE/(RT)

magnitudes are different. This is due to the fact that a higher stress
is induced for materials with an increasing modulus as a function
of Li-concentration when compared to the cases where the modu-
lus is either not dependent on concentration or it decreases as a
function of it. Also, the stresses predicted from the coupling case
are smaller than those from the non-coupling case when the same
material parameters are used. This is because the coupling model
predicts a smaller miscibility gap (concentration differences
between the Li-rich phase and Li-poor phase).

To gain a better understanding of the physics behind the stress
evolution, let’s consider the lithiation process. During Li- insertion,
the outer shell contains more Li-ions than the inner core and, as a
result, the core expands to a lesser degree. The expansion is con-
strained by the exterior region, leading to a compressive hoop

stress in this region. The traction-free boundary condition requires
that the radial stress vanishes at the outer surface at all times. The
volume mismatch between the core and shell leads to tensile stres-
ses in both the radial and hoop directions. Due to a constant Li con-
centration and spherical symmetry, the radial stress equals the
hoop stress in the core regions. As lithiation proceeds, the radial
and hoop stresses in the core continue to grow in the elastic case
due to the growing Li concentration in Li-poor regions. However,
the hoop stress near the outer shell decreases as insertion pro-
gresses, due to the movement of the phase interface towards the
center. Consequently, the Li-poor phase restricts the swelling of
the Li-rich phase near the exterior to a lesser degree.

The strain distributions are also investigated. The radial strain
(Fig. 2(f)) is almost constant in the core region and gradually
increases towards the outer surface, while the hoop strain
(Fig. 2)) and equivalent strain (Fig. 2(h)) show similar trends as
those of the von Mises stress distribution. An interesting finding
is that the magnitudes of the strains are higher when the modulus
decreases during ion insertion, as opposed to when it increases
with concentration.

Temporal distributions of the stresses in the center (Fig. 3(a))
and on the outer surface (Figs. 1(f) and 3(b)) are recorded. The
radial stress in the particle center is equal to the hoop stress in
the particle center due to spherical symmetry. It can be seen that
the radial/hoop stress in the center increase faster in the early lithi-
ation stages than in the later stages. While for the hoop stress on
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elastic modulus is assumed.

the outer surface, the magnitude increases quickly during early
lithiation stages and then gradually decreases. The radial and hoop
stresses in the center are tensile while the hoop stress on the outer
surface is always compressive. Due to the traction-free boundary
conditions on the outer surface, the radial stress on the outer sur-
face vanishes (i.e., is always zero). As a result, cracks are not likely
to occur and propagate during lithiation when pure elasticity is
only considered.

2.2. DISs for elasto-plastic materials

2.2.1. Phase field model for elasto-plastic materials

In alloy-based electrode systems, such as Li/Si, a large volumet-
ric change may be induced (over 400% for Li/Si), which can give rise
to plastic deformation. If infinitesimal changes occur in the stress

and chemical composition, a unique infinitesimal change of strain
is produced, and the change is independent of the speed applied. In
this case, we can say that the chemo-plasticity model is rate-
independent. The model can be formulated from an energy per-
spective. Generally speaking, the formulation can be either in
terms of stress space or strain space. The constitutive relation (flow
rule) for the plastic strain rate is usually given in terms of the stress
space. As a result, the stress-based formulation is employed here.

The Gibbs free energy v = (@, c*, ¢) is a function of the stress
tensor (o), chemical composition (c*) and internal (intrinsic) vari-
able (¢). In this notation, the chemoelastic part of the strain tensor
is given by:

& _%

e (32)
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The yield condition in stress space can be expressed as:

fle,c,&) =0 (33)
And the chemoplastic strain rate is given by:
. . 08
P _ 5 S
& =95 (34)

where g = g(a, ", ¢) is the plastic flow potential and 7is the rate of
the plastic multiplier. Since plastic deformation is an irreversible
process, the multiplier must be non-negative. For the associative
flow rule, g = f.

Kuhn-Tucker conditions must be satisfied during the deforma-
tion process, which are stated as:

f<0 0,9f=0 (35)
This consistency condition is also equivalent to:
f<09>0f=0 (36)

The hardening behavior of the material is determined by h and it’s a
function of c¢* , and the history variable (). The hardening rule can
be expressed as:

¢ = jh(c,v) 37)
and the hardening parameter H, is defined as:
of

H, = ~ ¢ —h(c*,9) (38)
The chemoelastic strain rate is given by:

. >*y . Y,

ec __ . *
= 96000 ° " acac© (39)
The general form of y is as follows:
¥ =y @)+ (a,c) +yP(c, ) (40)

The three terms represent the energy contribution from the
mechanical elastic part, the chemical elastic part, and the plastic
part respectively. The mechanical elastic part and plastic part are
given as:

Ye(o) = % (tr(az) (41)

A
"3 2A" (")>

1
WP (ct,9) = ngz +05¢
Linear isotropic hardening is assumed with H being the hardening
modulus, and { is a strain-like internal variable (normally it’s equiv-
alent to the plastic strain). As a result, the chemoelastic part of the
strain rate could be given as:

(42)

8w£‘h (43)

———IxI
on) a2

1 ’\
aec _ L
¢ _2/\(“ 3,1 2A

For a homogenous and isotropic material, a linear expansion is
assumed,

¥ (o, c7) = n(c)tr(o) (44)
n is given by:
n=oAc = a(c —cp) (45)

where c; is a reference concentration, usually set as 0. The consis-
tency condition is f = 0, i.e,,

- of . of of
f= %" +§.g+ac*670 (46)
The consistency parameter is given by:
<”f C:e-4. (3A+2A)occl+(;’fc> of

- H, % C: %0 (47)
With (x) =1 (x + |x|) denoting the positive part of x. For ] plasticity
and associative flow rule, g‘f, I'=5 1= =0, therefore,
;7<g{r C: s+(;’£c*> <g—{;:t13 s+l;’cf,c> us)
P T TTHo+2h  ZH12A

When plasticity is taken into consideration, the constitutive rela-

tions for a spherical particle can be given by:
— E d P * P *
Or = (T+v)(1-2v) [(1 - D) (d_l; —& —ac ) + 2”(% —& —oc )] } (49)
— E « d *
0y = (1+v)(1-2v) [(% - 85 —ac ) + D(d_Lrl —& —oc )]

And the deviatoric parts are:

2 1
o;:§(6 —0y), a;:o*;,:—g(ar—ae) (50)
As a result, the effective stress/von Mises stress is:
3
O = ESZSZ‘O',——O'O‘ (51)

When linear hardening is assumed, the yield function f and yield
stress ¢ are given by:

Ve 200

0(¢) = G (&) = 09 + Hogp

fle,&) = (52)

(53)

where g, is the equivalent plastic strain, defined as below:
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& = %PJ’ g (54)

The plastic strain components are given by:

— v P _ o 55
=g =] (39)
For the associative flow rule,
og _of
% ~ 5o = sign(o,’ )\/—_dlag( -1,-1) (56)
P P P O ¢
aOTf* = % : gg + a(gﬂ a{cry + agn ?JIZU
(57)

_90oA N e 9N . ep_  [2(09) | oHyg
25 3¢ 25 55 & 3 ac T ac &

When the yield function does not depend on the concentration field
the consistency parameter can be determined by:

. VBA . NG\
y—HHAsngn(ar)(ﬁ—F)@(?1> (58)

With © being the Heaviside unit step function, whose value is 1 for
any positive variable and 0 otherwise.

2.2.2. Numerical implementation of the phase field model

The problem becomes to seek solutions of ¢}y, f,,;, Uns1, and
Yns1 at the time step t,,; given that ¢, u,, u,, and y, at the time
step t, are known. Since the weak form of the diffusion equation
and the mechanical equilibrium equation are the same as in the
elastic case, the same approach can be applied to the elasto-
plastic case. The only difference comes from the plastic deforma-
tion. The current model does not take kinematic hardening and vis-
cous effects into account, i.e. only the quasi-static problem is
solved. When the time step is small enough, the increment of the
consistency parameter can be given by:

= ia i) (25 Ao %l 1) 9

where

Ay = Uy — Uy,
(ar);‘l = % [(O-l’)n - (Ge)n}‘r (69);1 % [(Gr) - (O'g)n],

(O-E)n = |(O-T)n - (O-O)n|7
6= )+ Hisp),,

(ép)n = %(8;,)11 : (sp)m
sl = J%(cmw
(AgP), = AVn HSH , (AgP), = Ay, |TZ\,\ :

As a result,

VY1 = Ayn +
(Srp)n+l = (Agrp)n + (Srp)m
(80P )nst = (A&P), + (80P)y,

and the other quantities at time step t, ; can also be computed. The
mechanical equilibrium equation is essentially the same as for the
elastic case, and the same solver is used. Once the internal iterations
for solving the weak form of the mechanical equilibrium equation
(Eq. (26)) converge, one increment of the mechanical field can be
obtained by forward Euler integration method. Thus, the mechani-
cal equilibrium equation can be solved, and the stress field can be
obtained incrementally.
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2.2.3. Numerical results

Here the stress evolution in a spherical Si electrode with radius
100 nm is studied. It has been shown that both the elastic modulus
and the yield stress of Si are reduced with continuous Li-insertion
(Sethuraman et al, 2010), however, this concentration-
dependence has not been accounted for theoretically. Furthermore,
previous studies used either linear hardening or viscoplasticity to
study the stress evolution. However, few looked at strain softening
effects, which most likely take place based on the experimental
observations (Sethuraman et al., 2010; Soni et al., 2012). In the pre-
sent study, both strain hardening and strain softening are consid-
ered. For the sake of simplicity, concentration-dependence of the
modulus is not considered in this section (but in the next one),
and therefore here the elastic modulus is kept the same for all
cases. Normalized variables as in the elastic case are employed.
The normalized radius is 1 and total number of the element mesh
of the unit interval is 100. The other parameters are given by:
Eo=90GPa,v=024,M"=1,i" =1, k* =0.0004, y=2.6, k=0
(same Young’s modulus for both the core and the shell),

= 0.05E, (Chen et al., 20140, H = 4+0.01E, (corresponds to strain
hardening and softening respectively) (Chen et al, 2014),
E=3.1x10" m’/mol, Cpax =3.67 x 10° mol/m3, T = 300 K,
At = 0.0005, o = v/4.2 — 1 = 0.613 (corresponding to 420% volume
expansion after full insertion).

At the early stage of lithiation (Fig. 4), the differences in concen-
tration, stresses and strain distributions are small. The concentra-
tion profiles (Fig. 4(a)) almost coincide with each other. The
radial stresses (Fig. 4(b)) are almost constant in the core region
and gradually decrease to zero as they approach the shell; the hoop
stresses (Fig. 4(c)) transitions from tension in the core to compres-
sion in the shell; and the hydrostatic stresses (Fig. 4(d)) show sim-
ilar trends as the hoop stresses. The resulting von Mises stresses
(Fig. 4(e)) gradually increase from the core towards the shell, and
as soon as they exceed the yield stress, plastic deformation begins
to take place. If there’s no plastic deformation, the stress evolution
will be the same as in the elastic deformation case, i.e., the maxi-
mum von Mises stress will occur near the core-shell interface.
However, once it exceeds the yield stress, there will be plastic
deformation. As a result, the von Mises stress (Fig. 4(e)) is very
small in the core and reaches a local maximum near the core-shell
interface, and then there’s a stress drop to a local minimum near
the local maximum position but the von Mises stress increases
rapidly towards the outer surface afterwards. The local stress
changes are also reflected in the hoop stresses (Fig. 4)) and the
hydrostatic stresses (Fig. 4(d)). As lithiation progresses, the phase
interface (Figs. 4(a), 5(a) and 6(a)) moves from the shell exterior
towards the center. The coupling also predicts a smaller miscibility
gap. But contrary to what happens in elastic electrodes, the phase
boundary moves slower than the non-coupling case. This is in
agreement with the in situ experiments for crystalline Si nanopar-
ticles, where it is shown that a slower migration velocity occurs as
lithiation progresses (McDowell et al., 2012). In later lithiation
stages, the radial stress (Figs. 4(b), 5(b) and 6(b)), hoop stress
(Figs. 4(c), 5(c) and 6(c)) and hydrostatic stress (Figs. 4(d), 5(d)
and 6(d)) show similar trends for the three cases considered: strain
hardening without CM coupling (‘w/o cp’), strain hardening with
CM coupling (‘w cp’) and strain softening without CM coupling.
All the stress/strain profiles remain constant in the core regions
with strain hardening without CM coupling being the largest and
strain softening without coupling being the lowest in magnitude.
The radial stress is compressive in both the core and shell, while
the hoop and hydrostatic stresses are compressive in the core
and transition from compression near the interface to tension in
the shell exterior. This hydrostatic stress state hinders the diffusion
of Li-ions, which is the reason for the slower migration of the reac-
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Fig. 4. Radial distribution of (a) Concentration profiles, (b) Normalized radial stress, (c) Normalized hoop stress, (d) Normalized hydrostatic stress, (e) Normalized von Mises
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under elasto-plastic deformation. Both strain hardening and strain softening cases are considered. All the stress components are normalized by the Young’s modulus of the

delithiated electrode material.

tion front. There are stress drops in the radial stress, hoop stress
and hydrostatic stress profiles near the core-shell interface due
to the occurrence of plastic deformation. The von Mises stress pro-
files (Figs. 5(e) and 6(e)) also show stress drops but the situation is
a little bit different. The von Mises stresses (Figs. 4(e), 5(e) and
6(e)) are almost zero in the core regions. As a result, the core
remains elastic and no plastic deformation (Figs. 4(f)-(h), 5(f)-(h)
and 6(f)-(h)) occurs there. The von Mises stresses show abrupt
changes near the core/shell interfaces as they increase first, then
decrease and increase again quickly. The von Mises stress towards
the shell continues to increase for the strain hardening case while
it decreases for the strain softening case.

As for the plastic deformation, the plastic strain components are
zero in the core regions. The radial component of the plastic strain

10

for the shell is always positive while the hoop component is always
negative. The equivalent plastic strain continues to increase as
lithiation continues, and is higher in the strain softening case. It’s
interesting to notice that there’s a relative plateau in the equiva-
lent plastic strain profiles (Figs. 5(h) and 6(h)). This is due to the
stress drops near the core-shell interface. The von Mises stress
near the phase boundary decreases quickly and then increases
rapidly again. However, according to the von Mises yield criteria,
plastic deformation can continue to occur only if the von Mises
stress exceeds the effective yield stress. Thus, there won’t be a
plastic strain increment over the stress drop regions. The radial
and hoop stresses in the center (Fig. 7(a)) are equal due to spherical
symmetry. For the initial stages (up to 1000 At), the stress profiles
(Fig. 7(a)) are almost the same and all in tension. However, they all
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delithiated electrode material.

undergo a transition from tension to compression and the magni-
tude is the highest for strain hardening without CM coupling and
the magnitude is the smallest for strain softening with CM cou-
pling. The hoop stress is the driving force for crack propagation
and on the outer surface (Fig. 7(b)) it is compressive during the
early lithiation stages and transits from compression to tension
at later stages, allowing for fracture to occur. The hoop stresses
on the outer surface are almost the same for the initial stages when
strain hardening/softening is considered either with or without CM
coupling. However, as soon as the electrode begins to yield, the
hoop stress on the outer surface keeps increasing for the strain
hardening case while it decreases for the strain softening case.

To have a better understanding of the stress evolution, the con-
stitutive relation (Eq. (49)) may be revisited. The stress state
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depends on both lithiation-induced strain components and plastic
strain components. In the elastic case, the hoop stress in the shell is
always compressive. When plastic deformation is considered, the
stress state depends on the competition between the strain com-
ponents. The lithiation-induced strain is isotropic and positive dur-
ing insertion for the elastic case. While for plasticity, the core
remains elastic and yielding occurs in the shell region, with the
radial plastic strain compent remains always positive, (as can be
seen from Figs. 6(f), 4(f) and 5(f)) the hoop plastic strain is always
negative (as can be seen from Figs. 6(g), 4(g) and 5(g)), and
&) = —1¢l . This means that the plastic deformation leads to radial
expansion and tangential shrinkage. As a result, the hoop stress can
be given by:
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The first part on the right-hand side of Eq. (60) is the solution
for the hoop stress under elastic deformation only, arising from
mismatch strains due to the concentration gradient. The region
close to the outer surface (Li-rich region/shell) contains signifi-
cantly more Li-ions than the inner region (Li-poor region/core).
As a result, the Li-rich regions expand to a larger degree. However,
this expansion is constrained by the surrounding materials and the
hoop stress in the shell is compressive initially. Due to the phase
transformation, large stresses develop near the phase interface.
When the effective stress (von Mises stress) is large enough, plastic
deformation emerges near the phase interface. The second part of
Eq. (60) represents the contribution due to plastic deformation and
it’s always positive in the shell. As lithiation proceeds, the plastic
region propagates and plastic deformation accumulates. When
the stress component due to plastic deformation surpasses the
component due to the concentration gradient, the hoop stress in
the shell undergoes a transition from compression to tension. This
is believed to be the cause of experimentally observed cracks dur-
ing the lithiation process of spherical Si/Sn electrode particles. For
example in (Aifantis et al., 2012) it was shown that Sn nanoparti-
cles severely fractured upon the first lithiation. Significant fracture
was also observed in Si nanoparticles (Liu et al., 2012; McDowell
et al.,, 2012) during the first cycle upon Li-insertion. Particularly,
in Liu et al. (2012) and McDowell et al. (2012) the cracks were
observed to propagate inward along the radial direction during
the lithiation process. The transition of tangential (hoop stress)
compression to tangential (hoope stress) tension explains the sur-
face cracking of electrodes that occurs experimentally upon maxi-
mum lithiation.

It should be pointed out that this model is based on the small
deformation framework, so the numerical results cannot be com-
pared quantitatively with experimental measurements. For quanti-
tative comparison purposes, models with finite strain deformation
are more appropriate. Our conclusions are in fact consistent with
those obtained using finite strain (Chen et al., 2014). Even though
the predictions of our model are not quantitative, the main effects
are captured and the model results can provide a complete over-
view of the different scenaria that can occur depending on the
model parameters, and provide a comparison between the differ-
ent cases, something which is more difficult to do in finite strain
and has not been done before.

+ (60)

2.3. Comparison between elastic and plastic deformation

To consider the effects of plasticity on DISs, the stress evolution
under elastic deformation and elasto-plastic deformation in a
spherical Si electrode during lithiation is calculated. To make the
comparison less complicated, CM coupling is not considered here.
As a result, the same concentration distribution (Fig. 8(a)) is
obtained when the same set of parameters are employed. At early
stages (100 At), phase equilibrium has not been reached. As a
result, the Li concentration is higher near the outer surface and
there are almost no Li-ions in the interior region. As lithiation con-
tinuous (900 At, and 2000 At), a core-shell-like structure forms
with the Li concentration being close to 1 and 0, respectively.
The core and shell are separated by a sharp interface. As lithiation
progresses, the interface also moves towards the center of the par-
ticle,and the Li concentration in the shell increases slightly. A
reduction in the elastic modulus during Li-insertion is also taken
into account (based on Eq. (57)). The parameters are the same as
in the previous section except that k = —3E, and H = 0.01E,. For
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plastic deformation, only strain hardening is considered. When
the material properties of the core and shell are taken as being
the same, the stress evolutions are as shown in Fig. 8(b), (d) and
(f). At the initial stage, the deformation of the electrode remains
elastic. The radial and hoop stresses are the same in the core
region. The radial stress gradually decreases to zero towards the
outer surface, and there is an abrupt transition in the hoop stress
from tension in the core to compression in the shell. The maximum
von Mises stress occurs near the interface.

Under elasto-plastic deformation, yielding begins to occur near
the outer surface during the initial lithiation stages, and the stress
evolutions are almost the same as in the previous section. The hoop
and radial stresses in the core transition from tension to compres-
sion at later stages, while the opposite trend is seen for the shell.
The von Mises stress is almost zero in the core and increases to a
local maximum first, then decreases to a local minimum and finally
keeps increasing towards the shell.

When a reduction in the elastic modulus with increasing con-
centration is considered, similar distributions (Fig. 8(c), 8(e) and
8(g)) are found for the stresses. Comparison between the DISs with
and without concentration-dependent elastic moduli is also done
under elastic (Fig. 9)) and plastic (Fig. 9(d)-(f)) deformation,
respectively. It is found that when a reduction in the modulus with
increasing concentration is considered, much smaller stresses are
predicted in the elastic case, while for the plastic case, higher stres-
ses are predicted. The stress evolution over time is also investi-
gated, and it should be noted that there is a visible difference.
The radial and hoop stresses (Fig. 9(g)-(h)) in the center are always
positive for elastic deformation while they are only positive for the
initial lithiation stages and then become negative at later stages
under elasto-plastic deformation. The hoop stress on the outer sur-
face is always compressive in the elastic case while for the plastic
case it’s compressive only for the initial lithiation stages and tran-
sits from compression to tension at later stages. The stresses pre-
dicted from the elastic model are much higher than those from
the plastic model, and the elastic model cannot explain the exper-
imentally observed radial cracks during lithiation. This is due to
the fact that the hoop stress near the outer surface is the crack
driving force and compression cannot cause cracks to grow. As
can be seen in Fig. 8(h), the elastic model predicts a compressive
hoop stress all the time during lithiation while the plastic model
predicts compression only at early stages and it predicts tension
at late stages, which allows for crack initiation and is consistent
with experimental evidence showing crack formation right before
Li de-insertion. As a result, the plastic model is more appropriate
for high capacity electrodes coupled with large volume changes
and phase transformations.

3. Conclusions

In this work, phase field models accounting for DISs in spherical
active materials that undergo phase-transformations are devel-
oped. For electrodes with relatively small volume variations, elastic
models can be employed while for electrodes with large volume
changes, plastic models are preferred. The novelty of this work is
that a comprehensive understanding of the DISs due to lithiation
can be obtained by incorporating the chemo-mechanical coupling
effects, concentration-dependent material properties and strain
softening effects into the phase field model. The sharp phase
boundary is naturally captured by the phase field model, and the
concentration field is obtained by a mixed formulation of the
fourth-order Cahn-Hilliard equation. DISs are obtained by solving
the variational form of the mechanical equilibrium equations. It
is found that the DISs arise from the inhomogeneous volume
expansions resulting from Li concentration gradients and the
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hydrostatic stress facilitates the diffusion of Li-ions under elastic
deformation while it hinders diffusion in the plastic case. For elas-
tic electrodes, higher radial, hoop, hydrostatic, and von Mises stres-
ses are predicted for the coupling cases when compared with the
ones without CM coupling at the same time step. This is due to
the fact that the coupling model predicts a smaller miscibility
gap (concentration differences between the Li-rich phase and Li-
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poor phase), thus, lower volume changes and DISs are induced.
For elasto-plastic solids, it's the opposite. The coupling model pre-
dicts a higher miscibility gap and the electrodes experience a
slightly higher von Mises stress and equivalent plastic strain when
it's compared with the ones without CM coupling at the same time
step. When lithiation results in a lower elastic modulus of the elec-
trode, as opposed to having the elastic properties independent of
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concentration, a decrease in DISs but an increase in strain occurs
under elastic deformation. The opposite occurs for the plastic case.

Under elastic deformation, the radial stress is always tensile
while the hoop stress is tensile in the core region and compressive
in the shell. For the plastic case, the radial stress shows a transition
from tension in initial stages to compression at later stages. The
hoop stress in the core region also shows a similar trend while
the hoop stress in the shell shows a transition from compression
to tension, which can explain the experimentally observed surface
cracking during the Li insertion process. Furthermore, if strain soft-
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ening due to plastic deformation is assumed, smaller stresses and
higher plastic strains are predicted from the strain hardening case.
To sum up, concentration-dependent material properties due to Li
insertion and hardening behavior of the material due to plastic
deformation plays a significant role on DISs in spherical phase
transformation electrodes. By taking these factors into considera-
tion, more accurate predictions of the DISs can be achieved, thus
providing an improved theoretical basis and insight for designing
next-generation mechanically stable phase transforming electrode
materials.
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