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ABSTRACT

A correspondence is established between measure-preserving, ergodic dynamics of a classical harmonic oscillator and a quantum mechan-
ical gauge theory on two-dimensional Minkowski space. This correspondence is realized through an isometric embedding of the L*(u)
space on the circle associated with the oscillator’s invariant measure, y, into a Hilbert space .7 of sections of a C-line bundle over
Minkowski space. This bundle is equipped with a covariant derivative induced from an SO*(1, 1) gauge field on the corresponding
inertial frame bundle, satisfying the Yang-Mills equations. Under this embedding, the Hamiltonian operator of a Lorentz-invariant quan-
tum system, constructed as a geometrical Laplace-type operator on bundle sections, pulls back to the generator of the unitary group
of Koopman operators governing the evolution of classical observables of the harmonic oscillator, with Koopman eigenfunctions of
zero, positive, and negative eigenfrequencies corresponding to quantum eigenstates of zero (“vacuum”), positive (“matter”), and negative
(“antimatter”) energies. The embedding also induces a pair of operators acting on classical observables of the harmonic oscillator, exhibit-
ing canonical position-momentum commutation relationships. These operators have the structure of order-1/2 fractional derivatives and
therefore display a form of non-locality. In a second part of this work, we study a quantum mechanical representation of the classi-
cal harmonic oscillator using a one-parameter family of reproducing kernel Hilbert spaces, %, associated with the time-7 transition
kernel of a fractional diffusion on the circle. As shown in recent work, these spaces are unital Banach *-algebras of functions. It is found
that the evolution of classical observables in these spaces takes place via a strongly continuous, unitary Koopman evolution group, which
exhibits a stronger form of classical-quantum consistency than the L*(u) case. Specifically, for every real-valued classical observable in
,}f/n there exists a quantum mechanical observable, whose expectation value is consistent with classical function evaluation. This allows
for a description of classical state space dynamics, classical statistics, and quantum statistics of the harmonic oscillator within a unified
framework.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0009977

I. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The classical harmonic oscillator, or circle rotation, is arguably among the most widely encountered dynamical systems in science, with a
vast range of applications in mechanics, wave propagation, signal processing, and many other areas. From the point of view of ergodic theory,
it also provides one of the simplest non-trivial examples of measure-preserving, ergodic dynamics, characterized by a discrete spectrum of
frequencies at integer multiples of the oscillator’s natural frequency. In this work, we establish a correspondence between this simple classical
dynamical system and quantum dynamics of a gauge field theory on two-dimensional Minkowski space, having the proper orthochronous
Lorentz group SO*(1, 1) as the structure group. This correspondence is realized through the operator-theoretic formulation of ergodic the-
ory,"” which describes dynamical systems through the action of intrinsically linear evolution operators, called Koopman operators,”* acting
on appropriate linear spaces of observables by composition with the dynamics. In particular, for a continuous-time, measure-preserving
dynamical flow ®': § — § on a state space S, the Koopman operators U': f + f o @' act by unitary transformations on the L? () Hilbert space
associated with the invariant measure y, analogously to the unitary Heisenberg operators of quantum mechanics.
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Analogies of this type have been at the focus of a number of recent studies on the connections between quantum mechanics and operator-
theoretic approaches to ergodic theory.r"l ’ Among these is a scheme for sequential data assimilation (filtering) of partially observed classical
dynamical systems, which maps these systems into abstract quantum systems by means of the Koopman formalism and employs the density
matrix formulation of quantum dynamics and measurement to perform sequential statistical inference for the evolution of observables.”""
Building on this framework, our goal is to explore the geometrical and algebraic properties of a classical-quantum correspondence in the
specific case of the harmonic oscillator. In particular, we seek to address the question: Can a classical harmonic oscillator of fixed frequency
(energy) be naturally mapped into a quantum system with a geometrical Hamiltonian operator?

Our approach is inspired by the following basic observations:

1. The Koopman eigenfrequency spectrum of a classical harmonic oscillator of frequency « consists of all integer multiples «; = ja, j € Z.
In particular, the spacing between two successive eigenfrequencies is constant and equal to the natural frequency, aj1 — & = a.

2. The energy spectrum of a non-relativistic quantum harmonic oscillator of frequency « takes the form E; = (2j + 1)a/2, j € Ny (in units
with A = 1). That is, similar to the classical harmonic oscillator, Ej;; — E; is equal to a, but the quantum harmonic oscillator has a
zero-point energy Eo = a/2, and all energies are positive.

3. A pair of quantum harmonic oscillators, consisting of one oscillator as above and another oscillator of the same frequency a, but
sign-inverted Hamiltonian, has the energy spectrum E; = ja, with j now being an arbitrary integer. Such a pair is therefore spectrally
isomorphic to the Koopman group of a classical harmonic oscillator.

In what follows, we will see that such a pair of quantum harmonic operators with oppositely signed Hamiltonians arises naturally as a coor-
dinate representation of a connection Laplacian of an SO*(1, 1) gauge theory on two-dimensional Minkowski space, where wavefunctions
correspond to sections of a C-line bundle, and the positive and negative parts of the energy spectrum can be interpreted as corresponding
to “matter” and “antimatter” states, respectively. Furthermore, by mapping the eigenfunctions of the Koopman operator for the harmonic
oscillator (which are Fourier functions on the circle) to the Hermite eigenstates of the quantum harmonic oscillator, with positive (negative)
Koopman eigenfrequencies corresponding to positive (negative) energies, we will construct an isometric embedding of the L*(u) space of
classical observables of the harmonic oscillator to a Hilbert space of sections associated with the gauge field theory.

This embedding allows one to pull back quantum mechanical observables (self-adjoint operators) on Minkowski space to operators on
classical observables of the harmonic oscillator. In particular, it is possible to pull back the quantum mechanical position and momentum
operators, and we will see that the resulting operators take the form of fractional derivatives, exhibiting canonical commutation relationships.
These results are summarized in the following two theorems:

Theorem 1 (Classical-quantum correspondence based on L?(u)). Given a rotation on the circle with frequency a, there exists a smooth
C-line bundle E — M over two-dimensional Minkowski space M, equipped with an SO*(1, 1) Yang-Mills connection, and a gauge-covariant
Hilbert space homomorphism % : L*(u) — S where y is the Haar probability measure on S' and S is a Hilbert space of sections M — E, such
that the following hold:

(i) The skew-adjoint generator V of the unitary Koopman evolution group on L*(u) induced by the circle rotation can be expressed as the
pullback under % of a Hamiltonian operator H on J¢ i.e.,

V =i%"HU
on C* functions. In particular, H has the structure of a Lorentz-invariant, gauge-covariant Laplace-type operator, given by the sum
H=A+v

of the connection Laplacian A associated with the bundle and a quadratic potential v taking negative (positive) values along timelike
(spacelike) affine coordinates on M. Moreover, up to multiplication by i, V and H have the same spectra, consisting of integer multiples
of the frequency a.

(ii) Forevery T >0, there exists a continuous, injective map ¥r : ' — 2(L*(u)) from the circle into the space 2(L*(u)) of regular quantum
states on L* () (i.e., the set of positive, trace-class operators of unit trace), which is compatible with the dynamical flow and the unitary
evolution @' : p > U™ pU" on 2(L*(u)) induced by the Koopman group, in the sense that

Y.od' =d' 0¥, VteR.

As a result, for every T > 0, there exists an injective map 0 — U*¥.(0)% from S" into the space of quantum states () associated with
the gauge theory on Minkowski space, mapping classical states (points in the circle) to pure quantum states evolving periodically under
the unitary evolution Z': p —~ ¢~ pe™ generated by H.

(iii) For every T > 0, there exists a continuous linear map Q. : /(L*(u)) — Cr(S") from the Abelian Banach algebra </(L*(u)) of bounded,
self-adjoint operators on L* () (equipped with the operator norm and a symmetrized operator product for the multiplication operation)
and the Banach algebra Cr(S") of real-valued continuous functions on the circle. This map is compatible with the evolution U' : A
U'AU™ on AL*(y)) induced by the Koopman group on L*(u), i.e.,

Q00U =U'0Q,, VteR.
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As a result, A — Qi (%A is a continuous linear map from the space of bounded observables of the quantum system on Minkowski
space, @A), to classical observables in Cr(S'), which is compatible with the unitary Koopman evolution f + fo® on Cr(S") and the
Heisenberg evolution A — " Ae™™ on o/ ).

Theorem 2 (canonically commuting operators for the circle rotation). With the notation of Theorem 1, the following hold:

(i) The two creation operators associated with the timelike and spacelike degrees of freedom of H pull back under % to densely defined opera-
tors A* and AT on L*(u), which act as creation operators for negative- and positive-frequency Koopman eigenfunctions, respectively. These
operators and their corresponding annihilation operators, A_ and A, respectively, have the structure of order-1/2 fractional differentia-
tion operators. Moreover, they induce number operators N- = ATA_ and N, = A A,, exhibiting canonical commutation relationships,
leading to a decomposition of the generator as a difference between the positive- and negative-frequency number operators,

V = ia(~-N_ +N,).
(ii) The densely defined operators Xy and Py on L*(u) with
5 1

- I
X. m(Ai+A1), Pi:—z\/;(Ai—Al)

satisfy canonical position-momentum commutation relationships, i.e.,
[X.%.]=[P_P]=0, [K.P.]=[X0P]=1d

In particular, X_ and P_ (respectively, X, and P.) are pullbacks under % of the position and momentum operators, respectively,
associated with the timelike (respectively, spacelike) degrees of freedom of H and generate fractional diffusion semigroups on L*(u).
Moreover, the pure quantum states in 2(L*(y)) associated with the Koopman eigenfunctions of the circle rotation satisfy canonical
position-momentum uncertainty relationships with respect to these operators.

In Theorem 1, by gauge-covariance for %, we mean that under a gauge transformation, this operator transforms as % — E%, where E
is a unitary multiplication operator on % that commutes with H. Moreover, by the connection on E — M being an SO*(1, 1) Yang-Mills
connection, we mean that it is induced from a connection 1-form on an SO (1, 1) frame bundle over M, whose corresponding field strength
satisfies the Yang-Mills equations (though its Yang-Mills action is infinite due to non-compactness of M). In particular, SO*(1, 1) is an
Abelian group that may be identified with the universal covering group of U(1) so that the gauge theory employed in this work can be thought
of as a two-dimensional analog of Maxwell electromagnetism. In Theorem 1(ii) and (iii), the one-parameter families of maps ¥, and Q.
are constructed using so-called feature maps'* associated with the reproducing kernel Hilbert spaces (RKHSs) .#; of functions on the circle
induced by the canonical heat kernel at time parameter 7. We recall that the time-7 heat kernel on the circle, «; : S!x S > Ry, gives the
transition probability for the diffusion semigroup e onL? (1), where Zis the (positive-semidefinite) Laplace-Beltrami operator associated
with the standard Riemannian metric on §'."

Next, for p € (0, 1), we study the action of the dynamics on a different class of RKHSs, fi/f, 7 > 0, which are associated with order-p/2
fractional diffusions on the circle generated by —#” /2. As shown in recent work, * these spaces have the distinguished property of being unital
Banach *-algebras of functions. For this reason, it is natural to refer to them as reproducing kernel Hilbert algebras (RKHAs). As with the
canonical heat kernel «., the reproducing kernel #; : S'xS' - Rof Jifr is a smooth, translation-invariant function for any 7 > 0. In particular,
while a general RKHS of functions on S' need not be invariant under the circle rotation (so that one cannot speak of a Koopman evolution
group on an arbitrary RKHS), by virtue of the translation invariance of x; and #, the spaces .%; and .%#; are invariant under the dynamics,
and moreover, the corresponding Koopman evolution groups are unitary. In the case of %4, the fact that this space is also a Banach *-algebra
means that every element f € .%; has a corresponding bounded multiplication operator on .%; multiplying by that function (which is not the
case for .%#7). To our knowledge, the properties of Koopman groups on the spaces J#; have not been discussed elsewhere in the literature, so
this material (stated as Theorem 7 in Sec. V1 B) should be of independent interest.

For our purposes, a key property provided by the RKHS structure of . is that pointwise function evaluation can be carried out by
bounded, and thus continuous, linear functionals. This leads to a stronger form of classical-quantum correspondence than Theorem 1, which
is compatible with a natural embedding of real-valued functions in .%; to self-adjoint multiplication operators on .%;. As a result, the evolution
of every classical observable in .%; under the circle rotation can be consistently mapped into evolution of an observable of the quantum system
on Minkowski space.

Theorem 3 (Classical-quantum correspondence based on .%;). Let &, : S' x S' — R, be the time 1 > 0 transition probability kernel

associated with the fractional diffusion e for some p € (0, 1) and .#; be the corresponding RKHA. Let also & ; be the RKHA formed by the

real elements of ;. Then, with the notation of Theorem 1, there exists a unitary map ¥, : ¥, — L*(u) such that the following hold for every
T>0:

(i) The Koopman operators U' induced by the circle rotation act as a strongly continuous, unitary evolution group on 4.
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(i) Forevery T >0, there exists a continuous, injective map ¥, : S' — 2(.#;) from the circle into the space 2(.#;) of regular quantum states
on [defined analogously to 2(L*(u))], which is compatible with the dynamical flow and the unitary evolution &' : p — U™ pU" on
2(,) induced by the Koopman group; that is,

\i’TOCDt:dA)to\i—’T, VteR.

As a result, there exists an injective map 0 v W, V.(0)Ws, Wi = UV, from S into the space of quantum states 2(H#) associated
with the gauge theory on Minkowski space, mapping classical states to pure quantum states evolving periodically under the Heisenberg
evolution group associated with H.

(iii) There exists a continuous linear map Q. : A H:) — H., where SA(#,) is the Abelian Banach algebra of bounded, self-adjoint
operators on Xy |defined analogously to </(L*(u))], such that Q. is compatible with the Koopman group on ¥, and the evolution
U': A U'AU™ on o/ X#y) induced by it, viz.,

QToUt:UtOQT, VteR.

As a result, A — Q. (#2AW%) is a continuous linear map from the space /() of bounded quantum mechanical observables of the
quantum system on Minkowski space to classical observables in ;.

(iv) The map Q. is a left inverse of the map T : o — /;) mapping f € s to the bounded, self-adjoint operator Tf = (Tr+(T)") /2
where Ty: g = fg is the multiplication operator on Jt, that multiplies by f. As a result, for every classical observable f € Ky g and state
0 € S', pointwise evaluation can be expressed as a quantum mechanical expectation value,

f(@) =E,, Tf = tr(png), Po = \?1(9)'

Equivalently, f(0) can be expressed as an expectation value of the observable Ay = %Tf% of the quantum system on Minkowski space,
ie.,

f(0) =EgAs, 09 = %Pe%.
(v)  The correspondences in (iii) are compatible with dynamical evolution, i.e.,

f((l)t(e)) = E‘b'(PG)Tf = EZ’(J@)AJ') VteR.

The plan of this paper is as follows: In Sec. II, we outline aspects of the Koopman operator formalism for the circle rotation on
L*(u), as well as the properties of the heat kernel and corresponding RKHSs. In Sec. 111, we describe the construction of our SO*(1, 1)
gauge theory on two-dimensional Minkowski space, and in Sec. IV, we develop its quantum formulation and correspondence with the
dynamics of the circle rotation. Together, these sections constitute a Proof of Theorem 1. In Sec. V, we describe the construction of canoni-
cally commuting ladder operators for the classical harmonic oscillator, proving Theorem 2. In Sec. VI, we present the Koopman operator
formulation for the circle rotation on the RKHAs associated with fractional diffusions on the circle, as well as the classical-quantum
correspondence associated with these spaces, proving Theorem 3. Concluding remarks are stated in Sec. VII. This paper contains three
appendices with definitions and technical results on fiber bundles (Appendix A), RKHS theory (Appendix B), and fractional derivatives
(Appendix C).

Il. ERGODIC DYNAMICS OF THE CLASSICAL HARMONIC OSCILLATOR

In this section, we introduce the Koopman operator formalism for the harmonic oscillator, including recently proposed ladder-like
operators acting on Koopman eigenspaces.”” In addition, we define and outline the basic properties of the heat kernel and corresponding
RKHSs, which will be useful in establishing our classical-quantum correspondence. Additional details on Koopman operator theory can be
found in one of the many references in the literature, e.g., Refs. 1 and 2. Aspects of RKHS theory can also be found in many references, e.g.,
Refs. 14, 18, and 19. Appendix B 1 summarizes basic definitions and results from RKHS theory that are pertinent to this work.

A. Koopman operator formalism

We represent the dynamics of a classical harmonic oscillator of angular frequency « € R by a translation map ®': $* — §', t € R, on the
circle 8!, viz.,

() =0+at  mod 27.

As a concrete example, in Hamiltonian mechanics, S! would be a subset of the cotangent bundle T*R ~ R? representing a constant-energy
surface in position-momentum space, but, in general, we can consider S" as the state space of a classical dynamical system without reference
to an embedding. As is well known, @' has a unique Borel, ergodic, invariant probability measure u (i.e., a Haar measure) corresponding to a
normalized arclength.
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We use the notations C'(S'), r € No, and ¥ (p), p > 1, to represent the Banach spaces of complex-valued functions on § ! with r continuous
derivatives and (equivalence classes of) of complex-valued functions with y-integrable p-th power, equipped with the standard norms, respec-

tively. In the Hilbert space case, L* (i), we also use the notations (f,g), = [q f*gduand [f], =/ (f,f)ﬂ for the corresponding inner product

and norm, respectively. Furthermore, we abbreviate co(sh by C(SY). We shall refer to elements of C'(S') and Lf (u) as classical observables.
In this setting, the Koopman group of evolution operators is the strongly continuous group of isometries U’ : & — &, where & 'stands for
either C(S") or L? (1), acting on classical observables by composition with the dynamical flow map, i.e.,

Uf=fod, teR. (1)

We will mainly focus on the Koopman group on L?(1), which in addition to being isometric is unitary, U™ = Ut =u By Stone’s theorem
on strongly continuous unitary evolution groups,”’ U’: L*(u) — L*(1) is completely characterized by its generator; the latter is a skew-adjoint,
unbounded operator V: D(V) — 12 (u) with a dense domain D(V) c 12 (u), acting on elements in its domain according to the formula

Vf =lim M

t—0 t
and generating the Koopman operator at any time ¢ € R by operator exponentiation,

U =¢".
Ter Elst and Lemariczyk”' recently showed that the space D(V) n L™ () is a Koopman-invariant algebra on which V acts as a derivation. That
is, for any two elements f, g € D(V) n L* (u), the pointwise product fg also lies in this space, and the generator satisfies a Leibniz rule,

V(fg) = (Vg +f(Vg). ()

This is a manifestation of the fact that V behaves as a differential operator on classical observables, which can be viewed as an extension of the

vector field V on §' generating the flow @' and acting on continuously differentiable functions as a derivative operator, Vf =af.

Consider now the continuous dual space c’(sY) to C(SY), equipped with the operator norm. It is a standard result that C'(8") can be
canonically identified with the Banach space .#(S") of complex Radon measures on S', equipped with the total variation (TV) norm, through
a linear isometry mapping m € .#(S") to J,u € C'(S') with Juf = [ f dm. The dynamics acts on .#(S") through a group of isometries,
O (S — (S, D .m = m o @', known as Perron-Frobenius or transfer operators. Under the C'(S') ~ .#(S") isomorphism, @’
is identified with the transpose of the Koopman operator, U"’: C'(S') - C'(S"), U9 = goU"; specifically, U" ¢, = Pot - It can be readily
verified that if m € .//Z(Sl) has a density p = dm/du € &'relative to the invariant measure [where again & stands for either C(SH or 17 W],
then @, m has density U™'p. In particular, for p € L*(), we have U™‘p = U'*p, so we may identify the transfer operator with the adjoint of the
Koopman operator.

In what follows, we shall be concerned with the action of both the Koopman and transfer operators on spaces of functions and measures
on the circle, respectively, as well as their induced action on operator algebras and their duals. We will continue to overload notation and
employ the same symbol U’ to represent the Koopman operator acting on any of the C'(S") and I* (1) spaces (as well as the RKHSs introduced
below), as the particular instance will be clear from the context. In addition, we will sometimes consider spaces of real-valued continuous
functions, their duals, and real Radon measures, which we will distinguish using the symbols Cg (S'), Ck(S"), and .#g(S"), respectively.
We also let 22(S') c .4z (S") be the space of Radon probability measures on the circle, equipped with the TV norm topology. Koopman
and transfer operators are then defined on these spaces analogously to the complex case, and we again use the symbols U', U, and @',
respectively, to represent them. We will oftentimes refer to any such instance of U' and U*'/® as “the” Koopman or transfer operator,
respectively.

Before carrying on, we note a mathematical correspondence between the operator-theoretic description of a measure-preserving, classical
dynamical system, such as the harmonic oscillator studied here, and quantum mechanics. That is, —iV is a self-adjoint operator analogous to
the Hamiltonian H of a quantum system, and the Koopman operator U’ on L?(u) is a unitary operator analogous to the Heisenberg evolution
operator ¢ generated by H.

B. Koopman eigenfunctions

Next, we turn to the spectral characterization of the unitary Koopman group on L () associated with the classical harmonic oscillator. As
can be readily verified, there is a smooth orthonormal basis {¢;}=_. of L*(u) consisting of Koopman eigenfunctions, satisfying the equation

Ve = iajd)

where &; = ja is an eigenfrequency equal to an integer multiple of the oscillator’s frequency and ¢;(0) = ¢’ is equal to a Fourier function.
Moreover, each ¢; is also an eigenfunction of the Koopman operator U’ corresponding to the eigenvalue ¢'*’. The latter implies that we can

J. Math. Phys. 62, 042701 (2021); doi: 10.1063/5.0009977 62, 042701-5
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

compute the dynamical evolution of any classical observable f € L*() by first expanding it in the Koopman eigenfunction basis, f = Yoo s
and then computing

ad .
Utf = Z eljath(pj,
j=—o0

where the infinite sum over j converges in L*() norm. As with any measure-preserving, continuous-time dynamical system on a manifold,
the Koopman eigenfrequencies and eigenfunctions have an important algebraic group structure [which can be verified from the Leibniz rule
in (2)], namely, they are closed under addition and multiplication, respectively, i.e.,

o+ o = ok Gidk = P, ik eZ.

For completeness, we note that the existence of a complete basis of Koopman eigenfunctions is not generic to arbitrary measure-preserving,
ergodic dynamical systems, and in particular, systems exhibiting mixing (chaotic) behavior have anon-empty continuous Koopman spectrum
with an associated subspace of L*(i), which does not admit a Koopman eigenfunction basis.””

C. Ladder-like operators

We now draw another analogy between the operator-theoretic description of the classical harmonic oscillator and quantum mechanics
(to our knowledge, first pointed out by Mezi¢'”), pertaining to ladder operators.”’ In particular, consider the bounded operator L: L* () —
L*(u), which multiplies by the Koopman eigenfunction ¢-, i.e., Lf = ¢, f. A direct calculation yields

[V,L] = —iaL 3)

on D(V), which is analogous to the commutation relation between the Hamiltonian and the lowering operator of the quantum harmonic
oscillator (modulo the presence of the imaginary number i in the right-hand side due to skew-adjointness of V). Similarly, we have

[V,L*] =iaLl* 4)

so that L* behaves analogously to the raising operator in the context of the quantum harmonic oscillator. Stated explicitly, the last two
equations imply

L = ¢j-1. L ¢y = djn, ()

respectively, which shows that L (L*) lowers (raises) the eigenfrequency of ¢; by a unit of a.

Despite these similarities with ladder operators of quantum harmonic oscillators, it is important to note that there is no analog of the
ground state in this picture and that L¢; and L* ¢; are equal to ¢j—1 and ¢;.1, respectively, without the presence of j-dependent multiplication
factors [cf. (56) ahead]. The first of these facts suggests the correspondence put forward in Sec. IV C between the classical harmonic oscillator
and a relativistic oscillator, which naturally supports negative-energy states. The latter fact implies that L and L* are bounded operators (unlike
the ladder operators of the quantum harmonic oscillator) and that L*L is not a number operator. In fact, it follows directly from (5) that L is
a unitary operator, and therefore,

L*L=LL* =1d. (6)

In Sec. V, we will employ the correspondence established in Sec. IV C to construct operators that, besides satisfying the commutation
relations in (3) and (4), they also give rise to a number operator satistying the appropriate commutation relations. These operators will turn
out to be fractional differentiation operators of order 1/2.

D. Heat kernel and the associated reproducing kernel Hilbert spaces (RKHSs)

Let Z: C™(S"Y) —» L*(p) be the canonical Laplace-Beltrami operator on the circle, defined here as the operator on L*(u) with the
dense domain C*(S") such that #f = —f". It is a standard result from analysis on manifolds"~ that .#is a positive-semidefinite, essentially
self-adjoint operator, having the Fourier functions ¢; as its eigenfunctions,

L =j'¢, jel.

The (unique) self-adjoint extension .Z: D(.Z) — L*(u) of .Z, whose domain D(.%) is an order-2 Sobolev space, generates a Markov diffusion
semigroup {e~™*} 50 on L?(u), called the heat semigroup, such that for any 7 > 0,

ef = [ 60O du(e).
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Here, «; : S' x S' — R, is the time-7 heat kernel on the circle—the smooth, strictly positive, bivariate function given by

%(6,6)= > e_jogb;(O)(pj(G') =1+ Ze_jo cos(j(6-6")) =Vanr > ¢ 7002 (7)
j=—oo0 j=1 Jm=oo

where the sums over j € Z converge in any C'(S') norm, r € Ny. A continuous kernel admitting a uniformly convergent eigenfunction
expansion as in the first line of (7) is known as a Mercer kernel.

The heat kernel on the circle has the property of being translation invariant, i.e., x-(6, 9" depends only on the arclength distance between
fand @'. As a result, since @' preserves arclength distances, - is also shift-invariant under the circle rotation, x:(@'(0), D(0')) = (6, §') for
allt e Rand 6, & € S*. In addition, «; is strictly positive-definite, meaning that for any collection 61, . . ., Oy of distinct points in §*, the N x N
kernel matrix K = [x:(6;, 6;)]; is strictly positive.

Associated with the heat kernel «; is a reproducing kernel Hilbert space (RKHS) of complex-valued functions on S': that is, a Hilbert
space % with inner product (-,-) 4 and corresponding norm |-| . such that for every 8 € S, (i) the kernel section (6, -) lies in .#;; and
(ii) the evaluation functional Vg : % — C, Vgf = f(6) is bounded (and thus, continuous) and satisfies Vof = (x:(6,-),f).».. The latter is
known as tl}e reproducing property and leads to the inner product relationships (x:(6,-), x:(6,-)).x; = x:(60,8") for the kernel sections at
any 0, 0 eS.

It can be shown, e.g., using results in Refs. 14 and 18 that the .%; are subspaces of C*°(S'), forming an increasing sequence as T decreases
to 0. Moreover, for every T > 0, %#; is a dense subspace of C(S"), and for any r € Ny, the inclusion % < C'(S") [and thus % < L*(u)] is
bounded. It is a consequence of the continuity of . and density of #; in C(S") that K, : Z2(S') — #;, with

K. (m) = fs k:(6,-) dm(8),

is an injective, continuous map from Radon probability measures to RKHS functions on the circle. Such a map is oftentimes
referred to as an RKHS embedding of probability measures. Now, as can be verified by routine calculations, the map ¢
' = (8" sending @ € S' to the Dirac measure 8y — () supported at 8 is also injective and continuous. As a result, the
so-called feature map, F, : S' — 5,

F:=K;08, F:(0)=x.(6,"), )

is an injective, continuous map, mapping points on the circle to the RKHS functions given by the corresponding kernel sections (also known
as feature vectors). It also follows from the strict positive-definiteness of x, that F;(6) and F,(6') are linearly independent whenever 6 and 6’
are distinct so that the image .#(.#;) := F:(S') c J#; contains only nonzero functions. See Lemmas 15 and 16 in Appendix B 1 for further
details.

A useful correspondence between the Hilbert spaces .#; and L*(u) is provided by the integral operators K, : L*(y) — #5,

Kef = [ w6078 du(8),

which can be shown to be well-defined, compact integral operators with a dense range for any 7 > 0. Moreover, the adjoint K; maps injectively
f e JHr c C(S") to its corresponding L*(u) equivalence class so that K} : J# < L*(u) is a compact embedding. It then follows that
¢ ™ = K/ K, and that {¢;;};ez with
2 2
Gic=e Ky =7 gy
is an orthonormal basis of .#;. As a result, we can characterize .#; as the space of smooth functions f : §' — C admitting (uniformly

convergent) Fourier expansions f(6) = ©°___ fi¢;(6), f; € C, satisfying

2
< oo, %)

L

It is worth noting that besides K, another natural way of mapping functions in % to L*(u) elements is through the unitary operator
Y; + Ay — L*(u) defined uniquely by #;¢; = ¢; for all j € Z. This operator can also be defined in a basis-free manner through the polar
decomposition of the integral operator K. Specifically, #; is the unique operator from .#; to L*(u) such that

K. = 7 ™2, (10)
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I1l. GAUGE FIELD THEORY ON TWO-DIMENSIONAL MINKOWSKI SPACE

In this section, we describe the construction of the gauge field theory into which we will embed the classical harmonic oscillator in
Sec. IV. We will follow a geometrical approach, where the two key objects are a principal bundle of the proper, orthochronous Lorentz group
over two-dimensional Minkowski space and an associated C-line bundle. The gauge field is then understood as a connection 1-form on the
principal bundle, inducing a covariant derivative acting on sections of the associated bundle. The space of sections is also endowed with a
Hilbert space structure, providing the foundation for defining quantum mechanical observables as self-adjoint operators. Among these, the
Hamiltonian operator generates the quantum dynamics of the theory and will take the form of a connection Laplacian when expressed in
terms of the covariant derivative.

In what follows, we will present the steps of this construction sequentially, starting from the basic properties of Minkowski space and
adding the necessary structure to arrive at the connection 1-form and its associated covariant derivatives and curvature. Readers familiar with
gauge theory may wish to skip to Sec. ITI F, where these objects are explicitly defined. Auxiliary results, as well as an overview of basic concepts
from fiber bundle theory, are included in Appendix A. We refer the reader to one of the many references in the literature (e.g., Refs. 24-26)
for detailed expositions on these topics.

A. Notation

We will use the notation E = M to represent a smooth fiber bundle with base space M, total space E, and projection map 7: E — M.
Moreover, T'(E) will denote the space of smooth sections of E L M.IfE 5 M is a vector bundle with real fibers, QF(M, E) will be the
space of sections of the vector bundle over M with total space A*T*M ®g E, where A*T*M is the kth exterior power of the cotangent
bundle T*M and ®g is the tensor product of real vector bundles. If F is a vector space over the real numbers, C* (M, F) and QF(M, F) will
denote the space of smooth F-valued functions and k-forms on M, respectively. Note that C* (M, F) = Q°M, F) and Q*(M, F) = Q*(M, M
x F), where we view M x F as the total space of the trivial bundle M x F 5 M, with 7 being the canonical projection map onto the first
factor. We will abbreviate QF(M,R) by Q¥(M). If E 5> M has complex fibers and F is a vector space over the complex numbers, Q(M, E)

and Q*(M, F) are defined analogously to the real case, replacing T*M by the complexified cotangent bundle, Tz M, and ®g by the tensor
product ®c of vector bundles over the complex numbers. We will use I'.(E) c I'(E) to denote the space of compactly supported sections of

E 5> M. When convenient, we will use subscript notation to represent pointwise evaluation of sections; for example, for a section s € I'(E), we
set s, = s(m).

B. Minkowski space

We are interested in constructing a gauge theory over two-dimensional Minkowski space, which has the structure of a metric affine space
— —
(M, M, n). Here, M is a two-dimensional manifold, whose points represent events, M is a two-dimensional vector space over the real numbers,
e
whose elements represent translations, acting on M freely and transitively as an Abelian group, and  : M x M — R is a symmetric, non-
— —
degenerate bilinear form with signature (-, +). In addition, M is equipped with a distinguished vector 7 € M with (7, 7) < 0, providing
a notion of future direction.
—
Given any point m € M, the tangent space T, M can be canonically identified with M (through identification of curves) and thus inherits
a pseudo-Riemannian metric tensor #, : TinM x T,yM — R from #, called the Minkowski metric. Moreover, for every point o0 € M and basis
- — — — —
{Xo, X1} of M, there exists a Cartesian coordinate chart, x : M — R?, such that x(m) = (x°, x'), where xX* Xo + x! X1 = ¥, and ¥ is the
— —
unique element of M such that m = 0 + V. Here, the notation o + ¥ represents translation of the point 0 € M by the vector v € M.
Due to the existence of global Cartesian coordinate charts, M is diffeomorphic to R?, but note that the diffeomorphism is not canonical
— = —
as it depends both on the choice of the point o, which can be thought of as an origin, and the basis { X o, X ; }. Nonzero vectors v € M
for which (7, V) is negative, zero, or positive will be said to be timelike, null, or spacelike, respectively. Two timelike vectors ¥ ; and ¥,
with 17(71, _v)z) < 0 are said to be co-oriented. Timelike, null, spacelike, and co-oriented elements of the tangent spaces T:,M are defined
analogously.

Given two points m,, m; € M, we will let m;m3 be the unique translation in M such that m, = m; + m;m;. Moreover, we will denote
the “inverse metric” to #, acting on dual vectors, by 5’ and use the same symbol to represent the canonical lift of ' to 2-forms. We also let *:
— — — — — —

M — M’ and!: M’ - M be the Riemannian isomorphisms between vectors and dual vectors, where M " is the dual space to M, V= 17(7, 9,
and wh = #'(w, -).

A map a: M — M is said to be affine if there exists A € GL(M) such that forallm e Mand v € M,a(m+ v) = a(m) + Av.
The linear map A may then be identified with the pushforward map a. on tangent vectors. The set of all affine maps a on M preserving

—
i, H(V1, V2) = n(AV1,AV,) for all V1,7V, € M, forms a group under composition of maps, called the Poincaré group. Note that
— —
the Poincaré group contains the translations M as a subgroup since for every ¥ € M, the map a: M — M with a(m) = m + ¥ is affine

with A = Id. In what follows, given a linear map A on M, A* will denote its adjoint with respect to #, i.e., the unique linear map satisfying
— * = - =
VLAYV, =n(AV 1, V2).
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Next, let v € Q*(M) be the volume form associated with 1. Together, n and v induce a Hodge star operator on forms, *: (M) > szk(M ),
defined uniquely through the requirement that u A *w = 5’ (u, w)v for all u, w € Q¥(M). The Hodge star operator induces, in turn a map,*:
I'(TM) — T'(TM) on vector fields such that

X'f = (+df)X, Vf eCT(M). (11)
Intuitively, X* can be thought of as a directional derivative in a perpendicular direction to X, obtained by a positive (“anticlockwise”) rotation
with respect to the orientation induced by v. One can readily verify that * is compatible with the Poincaré group; that is, for every affine map
a: M — M and vector field X € T(TM), (a+X)* = a«(X"), where a.: T(TM) — T(TM) is the pushforward map on vector fields associated
with a. It should be noted that the fact that M is two-dimensional is important in the definition of * and thus will also be important in our
definition of a connection 1-form in Sec. 111 F utilizing this map. In what follows, L?(v) will denote the Hilbert space of (equivalence classes
of) complex-valued functions on M, square-integrable with respect to v. This space is equipped with the inner product (f1.2)v = [, "2 dv

and the corresponding norm |f |, = \/{f,f)v.
Hereafter, we will let x be a Cartesian chart with origin o and basis {Yo, 3()1} and further require that {?o, })1} be orthonormal,
— - = - = - = - — s =
positive-oriented, and has X future-directed, i.e., n( X0, X0) = -1, #( X1, X1) = 1, n( X0, X1) = 0, (X0, X1) = L,and (7, Xo) < 0.
We will denote the dual basis vectors to 7(),- by X', where Yf XJ =4 ;. For convenience, we will abbreviate the coordinate vector fields %
and % on M by X, and X, respectively. Note that because # does not have (+, +) signature, the dual basis vectors are not all equal to

their Riemannian duals; in particular, X° = -X} and X' = X?. We also note the relationships Xj = —X; and X{ = —Xo, which indicate that
{X&m,Xtm} is a negatively oriented, past-directed, orthonormal basis of T,»M at every m € M. For brevity, we shall refer to any Cartesian
chart with the properties listed above as an inertial chart with origin 0. Moreover, when there is no risk of confusion about the choice of origin,
we will simply refer to x as an inertial chart.

C. Lorentz group

In what follows, we will construct principal and associated bundles over M having as their structure group the proper, orthochronous
Lorentz group, defined as the subgroup G c GL(M), whose every element A satisfies the conditions (i) 7(AV1,AV2) = n( ¥ 1, ¥ 1) for all

VL, Va€ ]T/I) , (ii) det A = 1, and n(?,A?) < 0. The group G is a one-dimensional, connected, Abelian Lie group and is isomorphic to the
matrix group SO*(1, 1), consisting of the real 2 x 2 matrices

coshf sinh6
Ag = N feR.
sinh@ cosh@

Specifically, given an inertial chart x : M — R?, each element A € G can be smoothly identified with a matrix Ay € SO*(1, 1), with elements
X Aj()j. Because G is Abelian, this identification does not depend on the choice of inertial chart x, leading to a canonical global coordinate
chart 9: G — R such that 9(A) = 0 if A is identified with Ag. We denote the corresponding coordinate basis vector fields on Gby © = %. The
linear transformations X ~ Ag X on R? carried out by SO*(1, 1) are known as squeeze mappings, or hyperbolic rotations. We shall denote

the identity element of G by I. The action of G on the translation M canonically extends to a linear action on the tangent space T,,M at every
m € M, which we will also denote by A.
The Lie algebra of G, denoted by g, is isomorphic to the Lie algebra sot (1,1) of SO*(1, 1); the latter consists of the set of symmetric, real

2 x 2 matrices
0 6
Ay = , OeR,
6 0

where exp(1g) = Ap. In particular, if A € g is such that A = exp(1) and 9(A) = 6, then A is identified with Ag. Equivalently, A is equal to 6u, where
u is the basis vector of g equal to ®;, and we can also write 0 = u' (1), where v’ = d9;. By virtue of these facts, the 9 chart has the property

9(AA") = 9(A) +9(A"), VA A €G. (12)

We equip g with a metric b : g x g — R inherited from the coordinate chart 9; specifically, b(u, u) = 1. Note that this metric is canonical, in
the sense of being independent of the choice of inertial chart in the construction of 9.

As can be seen directly from (12), G and g are isomorphic as a Lie group and a Lie algebra to (R, +) and (R, -, +), respectively, i.e.,
the Abelian group and Lie algebra of real numbers equipped with the standard addition and multiplication operations. As a result, we may
identify G with the universal covering group of unitary maps U(1) on the complex plane.

We denote the left and right multiplication map by A € Gby L*: G - G and R*: G — G, respectively, that is, L*A” = AA" and R*A" = A’A
for all A" € G. Of course, since G is Abelian, the left and right multiplication maps coincide, L*A’ = RMA’, but we prefer to keep these notions
distinct so as to better delineate the correspondence between the analysis that follows with analogous constructions in the non-Abelian setting.
It should be noted that a fundamental difference between Abelian and non-Abelian groups is that in the former case, the adjoint map ADj: G
— G trivially reduces to the identity for all A € G, i.e., AD A : = ANA T = A
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Besides the left action on itself by multiplication, G has a left, affine action L} : M — M on Minkowski space, defined for a fixed origin o
€ M as LY (m) = o + Aom. The map L) is known as a (proper, orthochronous) Lorentz transformation. It can be readily verified that for each
0€M, A — LY defines a homomorphism of G into the Poincaré group of M. Moreover, for every A € G, the map x : M — R* with x” = x o L}
is an inertial chart, with coordinate basis vectors X]' = Z}:o X,'A_l’ij, where A_l‘ij =X 7(:' =dx'. A_IX]- are the matrix elements of the inverse
transformation A~ in the x chart. See Lemma 10 in Appendix A 2 for further details.

D. Inertial frame bundle

Given any m € M, we let P, be the set of future-directed, positively oriented, orthonormal frames (ordered bases) of T»M. That is,
every element p € P,, consists of an ordered pair (po, p1) of tangent vectors in T, M, satistying 7(z, po) < 0 (future direction), v(po, p1) > 0
(positive orientation), and [#(pi,p;)]ij = diag(—1,1) (orthonormality). We will refer to every such p as an inertial frame. On Py, G has a
free, transitive right action, denoted p - A, where A € G and

p-A=(A"po, A py).

With some abuse of notation, when convenient, we will use R*: P — P to denote the diffeomorphism induced by right action by the group
element A € G, i.e., R*(p) =p - A.

The disjoint union P = | |uemPm, endowed with an appropriate smooth manifold structure, becomes the total space of a principal
G-bundle P 5 M, where the projection map 7 maps p € P to the underlying base point m € M. In differential geometry, such a bundle is
known as an oriented orthonormal frame bundle; here, we will refer to P 2 M as the principal bundle, or inertial frame bundle, for brevity.

The kernel of the pushforward map 7+ ,: TpP — T#r(p)M on tangent vectors is called the vertical subspace at p € P, denoted V,P c T,P. A
vector field W e I'(TP) is said to be vertical if W, € V,P for all p € P. Given any Lie algebra element A € g, we can construct a vertical vector
field W* € T(TP) such that

Rexp(s)») _ -
W= tim RS e e py.
e—0 &
Such a vector field is called fundamental. In fact, the set of fundamental vector fields is in one-to-one correspondence with g; that is, the map
A~ W has a smooth inverse. Moreover, at any point p € P, the vertical subspace VP is naturally isomorphic to g under the map A W; .
We also note the relationship

W = oW", VOeR, (13)

where u is the canonical unit basis vector of g from Sec. 111 B.

Due to the existence of a global inertial coordinate chart x for M, P = M admits a global section o,: M — P induced by the coordinate
basis vectors, i.e., ox(m) = (Xo, X1 )m, w00y = Idy. This section induces, in turn, a global trivialization, i.e., a diffeomorphism i, : M x G — P,
defined as 1, (m, A) = 0x(m) - A. Note that the inverse map 1, satisfies 1, (p) = (m, A), where m = 71(p) and A is the unique element of G
such that g,(m) - A = p. The uniqueness of A is a consequence of the fact that the action of G on P is free. The map 1, induces, in turn, a map
Yo, : P — G from the principal bundle into the structure group such that A = y,, (p) is the unique element of G satisfying 1, (p) = (m, A). It
is then straightforward to verify that y,, is G-equivariant, i.e.,

Yo oR =1"0y,, VAEG. (14)
Together, these results lead to the following commutative diagram for any A € G:

G<—Yo' P<—l(r MxG
LAT

RAT Idy XRAT

G(TPTMXG’
lﬂ,’/
al
M

where 7; denotes projection onto the first factor. It is a direct consequence of Lemma 10 that for any A € G, the trivializing section ox: M
— P associated with the Lorentz-transformed chart x’ = x o Lé\ satisfies o, = R o0,

More generally, any local section o: U — P (not necessarily associated with an inertial chart) defined on a smooth submanifold U ¢ M
induces a local trivialization : U x G — P and a map y,: 7~ '(U) — G, with analogous properties to those of 15, and y,,, respectively. By
definition, every global section ¢ corresponds to an assignment of an inertial frame of TM, that is, a positively oriented pair (e, e1) of smooth,
orthonormal vector fields in I'(TM), of which ey is timelike and future-directed, such that (eg,m, e1,m) = 0(m) at every m € M. Note, however,
that ey and e; may not be coordinate vector fields; in particular, they may fail to commute.
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A coordinate-induced section gy also induces a global coordinate chart y : P — R* on the principal bundle, given by y(p) = (°, ', %)
= (x°(m), x' (m), 9(A)), where m = n(p) and A = y,,(p). The corresponding coordinate basis vector fields, Y; := %’j € {0, 1, 2}, are then lifts
of Xo, X1, and @, respectively, i.e., 7« Yo = Xo, 7« Y1 = X1, and y,x Y2 = @©. These vector fields are all invariant under the G action on P, i.e.,
R’,}YJ = Yj, and Y3, in particular, is a fundamental field generated by the Lie algebra element u. See Lemma 11 in Appendix A 2 for further
details. The section oy also induces a metric tensor 7, : TyP x T,P ~ R, given as a pullback of the direct sum metric # @ b on M x G under
1;:*. This metric has the matrix representation [#(Y;, Y;)]; = diag(-1,1,1).

In gauge theory, a local section of the principal bundle is known as a gauge, and oftentimes, the task is to reconstruct global objects
(e.g., connection 1-forms) from their behavior on local sections, as well as to study the behavior of these objects under gauge transforma-
tions (to be discussed in Sec. III I). As noted above, in the context of the present work, a gauge corresponds to a smooth assignment of
an orthonormal basis to tangent spaces of Minkowski space, which can intuitively be thought of as a local choice of inertial frame. Our
task is then to construct a gauge-covariant quantum mechanical system, i.e., a system transforming naturally under changes of local inertial
frame.

E. Associated C-line bundle

Let GL(1,C) be the Lie group of invertible linear maps on the complex plane and gl(1,C) be its associated Lie algebra. The group
GL(1,C) is canonically isomorphic to the multiplicative group of nonzero complex numbers, i.e., w € GL(1,C) acts linearly on z € C by
multiplication, z — wz. Meanwhile, the Lie algebra gl(1,C) is canonically isomorphic to the vector space of complex numbers, and we have
the exponential map exp : gl(1,C) — GL(1,C), where exp(6) = ¢’ for any 8 € gl(1,C). We equip C with the standard inner product,
(z1,22)¢c = 7] z2.

To construct the C-line bundle associated with the principal bundle from Sec. I1I D, we start from the Lie algebra representation p : g —
gl(1,C), defined as

p(A) = iad(1)/V2.

Here, « is a real parameter (which will be set in Sec. IV C below equal to the frequency of the classical oscillator from Sec. II) so that the
representation p is skew-adjoint,
p(V)"=-p(d) =p(-1), Vieg.

Expressed in terms of matrices, p acts by extracting from the hollow, symmetric matrix Ag representing A the value 6 = d9;A in its off-diagonal
elements and multiplying that value by the imaginary number ia/\/2. The factor of 1/v/2 is introduced here for later convenience.

Using p, we then construct a group representation p : G - GL(1,C), making use of the fact that the exponential map exp : g — G for
G is a actually a diffeomorphism, whose inverse, log : G — g, allows one to recover the unique Lie algebra element underlying a given group
element. Based on these facts, we define the unitary representation

p=expopolog, ranp=U(1),
where p(A) = ¢**M/V2 and the differential at the identity recovers p,

PxI = p.

Note that unlike exp : g — G, the exponential map on gl(1,C) is not injective, and therefore, p is not a faithful (injective) representation. In
fact, viewed as a map from G ~SO*(1, 1) to U(1), p becomes the universal covering map for U(1).
The representation p induces a left action on C, denoted

I"2=A-z= p(A)z = NIV, (15)

for any A € G and z € C. Together with the G action on the total space P of the principal bundle, this action induces an equivalence relation
~on P x C, whereby (p, z) ~ (p', Z’) if there exists A € G such that (p’, z) = (p - A, A™'. 2). We define E as the set of equivalence classes in
P x C under this equivalence relation. It can be readily verified that the projection map ng: E — M, sending equivalence class [p, z] € E to n(p),
is well defined. Moreover, letting E,, = 75" ({m}) denote the fiber in E over m ¢ M and p denote an arbitrary point in Ej, it can be shown

that the map ¢, : C — E,, with ,(2) = [p, 2] is a bijection, and the property sEAl ») = o s‘;l holds (see Lemma 8 in Appendix A). The tuple
E 25 M is therefore an associated vector bundle to P = M over the complex numbers, with typical fiber C. In particular, for any p € P and

z, ¢ € C, the scalar multiplication ¢[p, z] = [p, cz] and complex conjugation [p,z]* = [p, z*] are well-defined operations.
Next, consider the space of smooth sections of E, I'(E). Using any global section g: M — P from Sec. 111 D, we can construct a trivialization

of EZ5 M analogously to that of the principal bundle, viz.,
E+— MxC
lo,E

T
ot

M
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Here, i,z : M x C — E is the diffeomorphism with t4,£(m, 2) = [0(m), €5(m)(2)] and inverse i p([p,z]) = (n(p),eo(ln(l)))([p, z])). Moreover,
o induces a Hermitian metric on E, that is, a smooth assignment m — g,,, where m € M and g, is a positive-definite sesquilinear form on E,.
Explicitly, given any m € M and ey, e; € E,,, we have

gm(ee2) = (ex(m) (e1), &o(my (€2))c- (16)

The complex structure of E induces a complex structure J: T(E) — T'(E) on sections such that (Js)(m) = (s(m))*.

It can be verified that due to the unitarity of p, g, is independent of the choice of trivializing section ¢ (see Lemma 9 in Appendix A),
i.e, it is gauge-invariant. We can therefore define a Hilbert space .77 of sections of E (modulo sets of zero Riemannian measure), equipped
with the inner product (s1,52)= [, gmu(s1(m),s2(m)) dv(m) and norm |s| s = \/(s,s).% in a manner that does not depend on the choice
of gauge. We will employ this Hilbert space in Sec. IV A to define quantum mechanical observables as self-adjoint operators acting on it.

The trivializing section o also induces an isomorphism {: C* (M) — I'(E) between smooth, complex-valued functions on M and sections
of T'(E) such that

Gaf (m) = oy (F(m)), 5 s(m) = ey (s(m)).

This extends, in turn, to a Hilbert space isomorphism between equivalence classes of functions in L?(v) and sections in 3% which is very
convenient for calculational purposes, and will also facilitate establishing the correspondence with Koopman operator theory for the classical
harmonic oscillator. In gauge theory, pullbacks of sections of associated bundles, such as {;'s, are known as matter fields. As will be discussed
in more detail in Sec. I11 I, matter fields have the distinguished property of being gauge-covariant, i.e., they transform naturally under changes
of section ¢ and thus under changes of inertial frame in the present context. In particular, this is contrast to arbitrary C* (M) functions that
have no natural transformation properties with respect to o.

Before closing this section, we note another key property of sections in I'(E), namely, that they are in one-to-one correspondence with
G-equivariant, C-valued functions on the principal bundle. In particular, a function f € C*(P) is said to be G-equivariant if foR" = L"of
for any A € G. We denote the vector space of all such functions by CZ" (P). It can be verified that the map 8 : C& (P) — I'(E) with 3f(m)
= [p. f(p)], where p is an arbitrary element of 7' (m), is well-defined and possesses a smooth inverse given by B~'s(p) = &," (s(n(p))).

F. Connection 1-form and covariant derivative

We now have the necessary ingredients to construct the connection 1-form on the principal bundle for our gauge theory, as well as the
induced gauge field on the base space and covariant derivative on sections of the associated bundle.

In the Abelian setting under study, a connection I-form on the principal bundle P 2> M is a Lie-algebra-valued 1-form w € Q! (P, g) such
that for every point p € P, group element A € G, and fundamental vector field W € I(TP), the conditions

(a)WA)p =1 RMw=w (17)

hold. That is, @ recovers the Lie algebra elements generating the fundamental vector fields and is also G-invariant. Note that the invariance
condition [the second equation in (17)] is specific to Abelian groups and is replaced by a more general equivariance condition in the non-
Abelian setting [see (A2) in Appendix A]. Given a section a: M — P, the pullback w’ := 6" w of the connection 1-form onto the base space
M is known as a gauge field. A connection 1-form endows the principal bundle, as well as its associated bundles, with important geometrical
structure, including the assignment of a horizontal distribution and a corresponding notion of parallel transport of curves from the base space
to the total space. See Appendix A 1 and Refs. 24-26 for further details on these topics.

For our purposes, a key implication of the connection 1-form is that it induces covariant derivative operators on the principal bundle, as
well as the Minkowski base space. Specifically, associated with a given connection 1-form w, a vector field X € I'(TM), a vector field Y € I'(TP),
and a section 0: M — P are

1. An exterior covariant derivative Py : C” (P) — C* (P), acting on C-valued functions on the principal bundle and preserving the space
of G-equivariant functions Cg (P);

2. A covariant derivative Vx: I'(E) — T'(E), acting on sections of the associated bundle;

3. A covariant derivative V% : C™ (M) — C* (M), acting on C-valued functions on the base space.

Among these, the exterior covariant derivative of f € C* (P) with respect to Y is given by
Dxf = df -horY, (18)

where d: C*°(P) - Q!(P) is the canonical exterior derivative and hor: [(TP) — I(TP) denotes the horizontal projection map associated with w,

hor, = ¥, - w*"". (19)
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Setting Y to the horizontal lift of X on P (see Appendix A 1), the covariant derivative operators Vx and V5 on base space are then obtained
by means of the following commutative diagram:

cs(P) —2 Cc(P)

B Hﬁ B Hﬁ

)—>I‘

caT - coT &'

That is, we have

=BoPyof . Vi=( oVxols. (20)
It can be shown that the covariant derivative V% takes the form
Vxf = df - X + p(0”X)f = Xf + p(0°X)f, (21)

where p(w’X) is a shorthand notation for the gl(1,C)-valued function m — p((w’X)m) on M. This expression is particularly useful for
calculational purposes as it involves ordinary complex-valued functions on the base space.

It is evident from (18) and (21) that a covariant derivative deviates from the standard exterior derivative through a “correction” that
depends on the connection 1-form, and in the case of V%, that correction presents itself through the gauge field w” and Lie algebra representa-
tion p. It should be kept in mind that it is the triviality of P = M that allows us to work with the globally defined gauge fields. More generally,
w’ would only be defined locally on the domain of definition of ¢, and (21) would be valid locally on the same domain with appropriate
compatibility conditions fulfilled in the overlap regions between domains of different local sections.

To construct our connection 1-form w, we begin by fixing an inertial chart x : M — R* with origin 0 € M and introducing a linear map
©: TyP — T,P, p € P, on the tangent spaces of the principal bundle, characterized uniquely through the relationships

Yop=-Yip, Yip=-Yop Y5,=Y, (22)

where Y are the basis vector fields of the associated chart y : P — R3 to x. That is, for any Y € TP, we have

2

Z(dyp Y)Y} i

j=0

and it can be verified that this definition is independent of the choice of inertial chart x (see Lemma 12). Note that 7,,(Y®) = (74, Y)* so
that © can be interpreted as a lift of the * operator from Sec. 111 B to the principal bundle. In particular, the notation © is suggestive of the
fact that Y® has perpendicular components to Y in the Y, and Y; directions, but the same component in the Y5 direction so that Y, can be
thought of as an axis of symmetry remaining unchanged under ©

Next, given the origin 0 € M of the inertial chart x, we consider the quadratic form 4 : M — R, defined as

h(m) = n(om,om) /2. (23)

Explicitly, in terms of the coordinates x(m) = (x°(m), x* (m)), we have
h(m) = [=(x"(m))* + (x' (m))*]/2,
from which it follows that k() vanishes for points m with null translations from o and is negative (positive) for points with timelike (spacelike)
translations. With the help of the map y,, : P — G associated with the chart, we also introduce the function , : P — R on the principal bundle
given by
h(p) = h(7(p)) +9(ys, (p))-

We then define the Lie-algebra-valued 1-form w € Q' (P, g) with

(0Y)p = (Y®h)pu, VY eI(TP), VpeP. (24)

One can verify that w satisfies (17) and is thus a connection 1-form on the principal bundle (see Proposition 13 in Appendix A 2).
Moreover, w does not depend on the choice of inertial chart x with origin 0. As will be discussed in more detail in Sec. I1I I, by virtue of these
facts, the corresponding operators Vx and V% in (21) are G-covariant, Lorentz-invariant derivatives.
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It is also straightforward to check that the action of w on the coordinate vector fields Y; of the chart y : P - R? induced by x on the principal
bundle takes the form

(@Yo)p = =y (P, (0V1)p =)' (P)u,  (wY2)p =, (25)
leading to the expression
horY = (dy’ - Y) Yo+ (dy' - Y)Y1 + ((d" - Y)y' = (dy' - Y)y*) Y2 (26)
for the associated horizontal projection map on vector fields. Note that, in general, hor Y has a nonzero component along the y* coordinate,
despite the fact that Y, is a vertical vector field.
Next, pulling back w to the base space along the section oy yields the gauge field w*™, where
(0" Xo)m = —x" (m)u, (0™ X1)m = x°(m)u.

Correspondingly, the covariant derivative V* on complex-valued functions on Minkowski space is found to satisfy
VS = Xof —i—=x'f,  VEf=Xif +i—=xf.
V2 V2
These relationships can be expressed in a coordinate-free manner as

o
"X =X"hu, V™ =d+i—=X"h,
V2
where it is evident that ©* (and thus V%) is independent of o,. Henceforth, we will use the notations w™ = @™ and Vv = V* to highlight
that independence. It can also be readily verified that for all X € I'(TM) and s, s, € I'(E), the property

Xg(s1,52) = g(Vxs1,82) +g(s1, Vxs2)

holds, which implies that Vx is a metric covariant derivative. Moreover, Vx is a formally skew-symmetric operator with respect to the Hilbert
space inner product of 7 that is, (Vxs1,$2) % = —(s1, Vxs2) s for all X € T(TM) and compactly supported sections s1, s, € [.(E). Using the
notation Vy to represent the formal adjoint of Vx with respect to the (-,-) »» inner product, we have Vx = —Vx.
Before closing this section, we note that by C* (M)-linearity of the dependence X — Vxs, we can lift Vx to an operator V : I'(E)
- Q'(M,E) = T(T¢M ®c E) such that
Vs-X = Vxs. (27)

Note, in particular, that To M ®c E — M is isomorphic as a bundle to the vector bundle Hom(TcM, E) - M of bundle homomorphisms from
TcM to E. Thus, Vs can act on a vector field X € I'(TcM), giving (27). Similarly, the exterior covariant derivative 2y on the principal bundle
lifts to an operator Z: C* (P) — Q'(P), and for any vector space F, we can define an exterior covariant derivative 7 : C* (P, F) — Q' (P, F)
analogously to (18). In what follows, for simplicity of notation, we will suppress C subscripts from TcM, T¢M, and ®c.

G. Laplacians on the associated bundle

We now describe the construction of the Laplace-type operator, which will play the role of a quantum mechanical Hamiltonian operator
acting on sections in I'(E), and discuss its relationship to the connection Laplacian induced by the connection in Sec. I1I F.
First, given a vector field X € T(TM), we introduce the complex-conjugate adjoint covariant derivative Vx : [(E) — ['(E),

Vx=JoVxoJ=-JoVxo],

where J: T'(E) — I'(E) is the complex structure on sections. Given a trivializing section o € I'(P) of the principal bundle, this operator has a
representation Vv : C* (M) — C*° (M) as a differential operator on complex-valued functions on M, where V¥ = {;' o Vx o {; and

Vif = df - X + p(oX)*f = df - X - p(o™X)f.

If, in particular, Xo and X, are the coordinate vector fields of an inertial chart x centered at o, we have

- M ! - M . X 9
VxJ =Xof +i—=xf, Vxf=Xif —i—=xf.
Xuf f \/E f le f \/E f
As with Vx, Vx can be extended to an operator V : T(E) — Q' (M, E) mapping sections to 1-forms.
Next, let V2: T(TM) — Q! (M) be the Levi-Civita connection associated with the Minkowski metric 1. Together, V and v'C induce a
tensor covariant derivative on the tensor product bundle T*M ® E, that is, a covariant derivative operator V : T(T*M ® E) - Q' (M, T*M ®
E) =T(T*M ® T*M ® E), such that for any two vector fields X, Y € I(TM) and any section T € T(T*M ® E),

(VxT)Y = Vx(T-Y) - T(VXY). (28)
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Note that this definition is consistent with the Leibniz rule, Vx(T-Y) = (VxT)Y + T(VXY). The composition of ¥ and V then leads to the
second covariant derivative H : T(E) - T(T*"M ® T*"M ® E), where H = ¥ o V. It follows from (28) that for any X, Y € I(TM) and s € T'(E),
we have

Hx,ys = (HS)(X, Y) = (ﬁxvs) .Y =VxVys - VV)L(CYS.

Using Riemannian isomorphisms, we also define a second covariant derivative H " I(E) > I(TM ® TM* ® E) such that for any vector field
X e T(TM), 1-form w € I'(T* M), and section s € T'(E),

I:I);ws = Hx)wué‘.
Observe now that TM ® TM™* — M is isomorphic as a bundle to the vector bundle End(TM) - M of endomorphisms of the tangent
bundle. In particular, given s € I'(E) and m € M, (|:| /s)m can be viewed as a linear map L: TuM — T:»M such that for any vector field X e

[(TM) and 1-form w € T(T*M), wu (LX) = (I:b;ws)m We can therefore reduce A’ to an operator A : T(E) — T'(E) on sections by taking
the trace of (H /~)m at every point m € M, i.e.,

(As)m = tr(As)m.
That is, in any orthonormal frame {Xo, X;} of TM with 1(Xo, Xo) = -1 and 5(X,, X1) = 1, we have
A= —(VXOVXO - VVI;(SXD) + (VX, Vx, — Vv}(fxl ),
and if the X; are coordinate vector fields associated with an affine coordinate chart (as is nominally the case), the covariant derivatives v€x;
vanish, leading to the simpler expression
A =vVx,Vx, — Vx, Vx,. (29)

To characterize this operator more explicitly, it is useful to consider its representation AM ;. C=(M) - C=(M) on complex-valued
functions on M induced by the trivializing section oy, i.e., AM = (gx '5Ao (s, A direct calculation then yields

2 2
AM - —(—Xg + %(xo)z) + (—Xf + %(xl)z). (30)

Noting that the coordinate vector fields Xy and X; are formally skew-symmetric as operators on functions, i.e., {fi, Xjf2)» = —(Xjf1, /2 ) for all
firfo € C° (M), it follows from (30) that AM (and thus A) is formally symmetric, (fi, AMfz)v = (AMfl ,f2)v. Moreover, it is evident that up to
a proportionality factor of 1/2, A has the structure of the difference between the Hamiltonians of two one-dimensional quantum harmonic
oscillators of frequency a, operating along the x” and x* coordinates, respectively. We will pursue this correspondence further in Sec. IV C,
where we will use a (self-adjoint extension of) A/2 as the Hamiltonian of a quantum mechanical theory with J# as its Hilbert space.

For now, we express A in an alternative form, which also exemplifies its relationship with a harmonic oscillator potential. For that, we
introduce the connection Laplacian A: T(E) — T(E) on sections of the associated bundle. This operator is defined analogously to A as

(As)m =tr(H's)m, VmeM,

where H': T(E) - T(TM ® TM* ® E) is obtained via Riemannian isomorphisms from the operator H: T'(E) - I[(TM* ® TM* ® E), H = Vo V.
Here, V:T(T*M ® E) -» T(T*M ® T*M ® E) is a tensor covariant derivative, defined analogously to (28) as

(VxT)Y = Vx(T-Y) - T(V¥Y), VX,YeT(TM).

In other words, the difference between A and A is that the former is constructed without using complex conjugation and adjoints.
A calculation analogous to that used to obtain (30) then shows that the function Laplacian A™ := {;' o A o {;, induced by oy is given by

2 2
AV - —(—XS - %(xO)Z) + (—X% - %(xl)z). 31)
Comparing (30) and (31), it then follows that
A =AM+ (- (") + (1)),
or, equivalently,

A=A+2v, v=d’h, (32)

where  is the quadratic form from (23). Thus, if A/2 is interpreted as a “free-particle” Hamiltonian, then A/2 corresponds to the Hamiltonian
for a particle in a quadratic potential v, with the frequency parameter . Note the distinguished role that the origin o of the coordinate chart x
plays in this definition, as it is the unique saddle point of v.
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H. Curvature and Yang-Mills equations

Thus far, we have identified a connection 1-form @ on the inertial frame bundle P 2> M, which naturally leads to geometrical Laplace-
type operators having the structure of quantum mechanical Hamiltonians with quadratic potentials. Yet, the specific choice of w in (24) may
appear somewhat ad hoc, especially given the fact that the space of connections on a principal bundle is an infinite-dimensional (i.e., “large”)

space. More specifically, it can be shown that the space of connections, %, of a general principal bundle P = M is an infinite-dimensional

affine space whose translation group is isomorphic to a vector bundle AdP 2%, M over M, with typical fiber isomorphic to the Lie algebra g,

known as the adjoint bundle (see Appendix A 1). That is, the difference w — w’ € Q' (P, g) between any two connections in % can be identified
with a unique AdP-valued 1-form (equivalently, a section of TM™ ® AdP), and conversely, given any connection w € %, any other connection
can be reached by translating from w by sections in Q' (M, AdP).

TTAdP

For an Abelian structure group such as G ~SO*(1, 1) studied here, AdP —= M is canonically isomorphic to the trivial bundle M xg M
so that every section in I'(AdP) can be identified with a unique g-valued 1-form on M. Correspondingly, we can express every element of ¢ as
wo + 7 @, where w, € ¥is fixed connection 1-form acting as the “origin” and @ € Q' (M, g) is a Lie-algebra-valued 1-form on the base space.
For instance, choosing w, as the trivial connection with coordinate basis values [cf. (25)],

Wo Yo =woY1 =0, woY2=u,

and the horizontal projection map [cf. (26)],
hor,Y = (dy”- Y)Y, + (dy' - Y)Yy,
we can express the connection 1-from from (24) as

w=w,+1'®, ®X=X"hu.

In gauge theories for fundamental physics, the problem of identifying gauge field configurations realized in nature is approached through
the Yang-Mills equations’’ involving a field strength associated with the connection 1-form. Given a connection 1-form w € %, the field
strength employed in Yang-Mills theory is a 2-form F* € Q*(M, AdP), taking values in the adjoint bundle, which can be constructed by pulling
back the curvature 2-form associated with w along trivializing sections of the principal bundle. The latter is defined as the Lie-algebra-valued
2-form Q € QZ(P, g), given by the exterior covariant derivative of the connection 1-form, i.e., @ = Yw, where

Q(Y,Z) = dw(horY,horZ), Y,ZeT(TP).

Using V: QF(M, AdP) - Q" (M, AdP) to denote the covariant derivative induced on the adjoint bundle by w (constructed analogously to the
covariant derivative on E > M from Secs. 111 I and 111 G), the field strength can be shown to satisfy the Bianchi identity,

VF’ =0. (33)
In Yang-Mills theory, F* is further required to satisfy
V*F' =0, (34)

where »: QX(M, AdP) — Q4™ M=k(p1, AdP) is the Hodge star operator. Equation (34) is derived by extremizing a quadratic functional of F*
known as the Yang-Mills action. See Appendix A 1 e for further details, and one of the many references in the literature, e.g., Ref. 26, for a
complete exposition of Yang-Mills theory.

In the general, non-Abelian, setting, (34) represents a set of nonlinear partial differential equations, known as Yang-Mills equations,
whose rigorous characterization, including existence of solutions, is a challenging open problem (a Millennium Prize problem”*). However,
in the present setting involving an Abelian gauge theory on two-dimensional Minkowski space, (33) and (34) greatly simplify to a linear,
first-order differential equation for a single Lie-algebra-valued function,

ar“ =0, f“eC”(M,g) (35)

such that F¥ = xf“. The reduction to (35) is a consequence of the following three simplifications:

1. For an Abelian structure group such as G ~ SO*(1, 1), the adjoint bundle AdP 2%, M is trivial and canonically isomorphic to

Mxg 2 M (as already stated). As a result, we can canonically identify F* € Q*(M, AdP) with a unique Lie-algebra-valued 2-form

E“ € Q*(M, g). Moreover, because the principal bundle P > M over Minkowski space is trivial, £ is given by the pullback F* = ¢*Q
of the curvature 2-form along any global section o € T'(P).

2. For an Abelian structure group, the covariant derivative on AdP reduces to a standard exterior derivative (due to the triviality of the
adjoint representation of g; see Appendix A 1 d). Thus, (34) reduces to the linear equation, d  F* = 0.

3. For a two-dimensional manifold M such as two-dimensional Minkowski space, F* is a top form, and thus, the Bianchi identity is
trivially satisfied by any element of Q?(M, g) (even if it is not the field strength induced by a connection). Moreover, *E is equal to a
Lie-algebra-valued function, f* € C®° (M, g), giving F* = xf“, since »* = Id for 2-forms in two dimensions. Equation (35) then follows.
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The simplified Yang-Mills equation in (35) can be thought of as a two-dimensional analog of Maxwell’s equations for electromagnetism.
Since Minkowski space is a connected manifold, the only solutions of this equation are constant functions, f*(m) = A, for some ¢ € g. To
verify that the connection 1-form from (24) indeed induces a constant f*, let y : P - R> be a coordinate chart on the principal bundle induced
by an inertial chart x : M — R?, and consider the matrix representation of the curvature 2-form with respect to the corresponding coordinate
vector fields Y, i.e., Q = [Q(Y}, Y;)]. A direct calculation yields

0 f 0
-f 0 of,
0 0 0

where f € C*°(M, g) is a constant Lie-algebra-valued function, equal to Ag = 2u. As a result, F = g} Q is represented by the matrix

= [F(X:, X))] = (_ij(;)

from which we deduce that f* = xF“ = f is a constant function. We therefore conclude that the connection 1-form employed in this work
satisfies the Yang-Mills equations.

I. Gauge and Lorentz transformations

In this section, we examine the transformation properties of the gauge theory constructed above under two types of geometrical
transformations, namely, gauge and Lorentz transformations.

Starting from the former, a gauge transformation is a principal-bundle isomorphism of P = M, that is, a diffeomorphism ¢: P — P
satisfying mop = mand W(p - A) = ¥(p) - A for every p € P and A € G. These properties are represented by the following commutative diagram:

p—25p

R T

p—25p
n/

The gauge group & of P 5> M is the group formed by all such maps ¢ with composition of maps as the group multiplication. In the present
context, where P represents the collection of all inertial frames over M (see Sec. I1I D), a gauge transformation can be thought of as a change
of the inertial reference frame.

Every gauge transformation ¢ € % induces a bundle isomorphism of the associated bundle E —%> M. Specifically, there is a
diffeomorphism ¢.: E — E, defined as ¢. ([p, z]) = [¢(p), z], making the following diagram commute:

(36)

E-*,E
lnEA
M

Note that the well-definition of ¢ as a map on G-equivalence-classes in E depends on the G-equivariance of ¢.
Next, the map ¢, induces a map @ : ['(E) — I'(E), acting on sections from the left,

QxS =@y 0. (37)
Given a section 0: M — P of the principal bundle, ¢« induces, in turn, a map ¢5 : C*°(M) — C* (M) on C-valued functions on M such that
= (;1 o (~P>e o (0- (38)

Henceforth, we will abbreviate ¢. and ¢3 by ¢« and ¢ for simplicity of notation. It can then be shown that for any X € T(TM), the covariant
derivative Vx is gauge-covariant, i.e., Vxo@s = ¢«oVx. The latter implies that the Laplace-type operators A and A are also gauge-covariant,

Ao gy =@y 0A, Ao(p*:(p*oA.

Similarly, the correspondlng operators induced by the section ¢ on C-valued functions on M satisfy Vi o ¢ = ¢5 o Vi, AY 0 97 = 93 o AM,
and AM o 97 = ¢ o AM, respectively.

The above highlight an important difference between arbitrary complex-valued functions on M on the one hand and sections
s € T'(E) and their associated functions s” = {;'s on the other hand, namely, that the former have no canonical behavior under gauge
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transformations [as indicated by the commutative diagram in (36), where there is no action on M], whereas the latter transform non-trivially
according to (37) and (38). In fact, as we now discuss, gauge transformations characterize the behavior of gauge fields, matter fields, and
other geometrical objects defined on the base space M under changes of section 0: M — P of the principal bundle, which in the present
context corresponds to a choice of inertial frame. Intuitively, all matter fields s° corresponding to the same underlying section s represent
the same intrinsic physical configuration, and it is precisely the transformation properties in (38) that ensure the mutual consistency of these

representations.

To examine this in more detail, we introduce the nonlinear adjoint bundle ADP Zaop, M, which is a fiber bundle over M associated

with the principal bundle, with typical fiber G (see Appendix A 1). The gauge group ¢ can then be identified with sections in I'(ADP). In
the present setting involving the Abelian group G ~SO*(1, 1), ADP is a trivial bundle canonically isomorphic to M x G, and every gauge
transformation ¢ € & ~ I'(ADP) can be identified with a unique G-valued function £ on M, sometimes referred to as a gauge map, such that
o(p) =p - E(n(p)). Conversely, every smooth function &: M — G induces a gauge transformation ¢ defined by the same formula. It then follows

from the definition of the left action in (15) that the induced transformation ¢. on the associated bundle E X M acts by multiplication by a
spatially dependent phase factor, viz.,

Qse = eias(i(m))/ﬂe, meM, eckEpy,. (39)
See Lemma 14 in Appendix A 2 for additional details.

Let now 0, 6’: M — P be sections of the principal bundle and é&: M — G be the unique gauge map such that o’(m) = a(m) - £(m) for all m
€ M (note that the uniqueness of & is a consequence of the fact that the action of G on P is free). Associated with £ is a gauge transformation
@: P — P, constructed as described above, such that ¢’ = goo. This transformation represents a change of inertial frame from ¢ to ¢’. Given
a section s €I'(E), it is a direct consequence of (39) (see also Lemma 14) that the corresponding matter fields s°, s”’ € C*°(M) transform
according to

Sar(m) _ (p;lsa(m) _ e—iaS(E(m))/\/ESU(m). (40)

Equation (40) shows that matter fields transform in a contravariant (“inverse”) manner under the gauge transformation describing the change
of section from ¢ to ¢’. This behavior is analogous to the transformation rule for the components of vectors in Euclidean space under a change
of basis, which acts by the inverse of the transformation of the basis vectors (the analogs of the inertial frames studied here). As stated above,
we view s” and s°’ as representations of the same intrinsic physical configuration, i.e., the section s, which should transform according to (40)
for consistency.

It should be noted that the transformation in (40) is analogous to the transformation of the quantum mechanical wavefunction of a
nonrelativistic charged particle moving in an electromagnetic field under gauge transformations of the scalar and vector potential, e.g., Ref. 23
(Sec. 2.6). This should be of no surprise, since electromagnetism is a U(1) gauge theory, and the representation p: G — U(1) used to construct

E =5 M acts as the universal cover of U(1).

Next, we turn to Lorentz transformations of the base space, represented by the affine maps L) : M — M from Sec. 111 B. Here, it is
important that the origin o € M is the same as in the definition of the connection 1-form w in Sec. III F. This type of transformation is
distinct from gauge transformations, in the sense that the latter describe how matter or gauge fields (e.g., sections in .7%) present themselves
under different choices of inertial frame, whereas the former describe how the structure of the theory itself (“physical laws”) depends on
the choice of inertial coordinate chart. Here, the key structural object that could be potentially affected by the choice of inertial chart is the
connection 1-form. However, as shown in Proposition 13 and already stated in Sec. III F, w is, in fact, independent of the choice of inertial
chart, so long as that chart is centered at 0. Thus, the gauge theory employed in this work is invariant under Lorentz transformations with
that point as the origin. Clearly, due to the distinguished role that o plays, the theory is not invariant under translations in the Poincaré

group.

IV. QUANTUM DYNAMICS

In this section, we construct a quantum mechanical system associated with the gauge theory on Minkowski space from Sec. ITI.
Then, we describe an embedding of the Koopman operator formulation of the classical harmonic oscillator from Sec. II into the
quantum system, thereby proving Theorem 1(i). Our construction of the quantum system on Minkowski space will be based on the
standard density operator formulation of quantum mechanics, e.g., Ref. 23. This choice is, in part, motivated from the fact that the
density operator formalism provides a useful model for statistical inference in measure-preserving deterministic systems.” In partic-
ular, here we will not employ the canonical quantization approach employed in the context of quantum field theory, whereby one
would treat solutions As = 0 associated with the Laplacian in (29) as being “classical” and then promoting each of the normal
mode expansion coefficients of these solutions to ladder operators for a quantum field. Instead, we will treat a (self-adjoint exten-
sion of) A directly as a quantum Hamiltonian without reference to an underlying classical system. When there is no risk of confu-
sion with the usage of that term in other contexts, we will refer to the quantum system on Minkowski space as a quantum harmonic
oscillator.
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A. Quantum dynamics on Minkowski space

Let .#(M, E) be the Schwartz space of rapidly decreasing sections in T(E), defined using any inertial chart x : M — R* and corresponding
trivializing section o, € T'(P) as

AM,E) = {s eI(E): sup|x(m)“85(m)(s oo x)‘ <oo,Va,feN" ne NO}.
meM

The operator H : AM) — H#

1. 1
H=-A=-A+v,
2 2

is then a symmetric operator with a dense domain .%(M) c # Similarly, we let /(M) c L*(v) be the Schwartz space of complex-valued
functions on M and A : A M) — L*(v) be the densely defined, symmetric operator equal to AM /2. As in Sec. 111, we always consider that x
is centered at 0 € M so that the various coordinate-based formulas for covariant derivatives and Laplace operators from Sec. 111 I apply.

It can then be readily verified from (29) and (30) that H is diagonalizable in an orthonormal basis of eigensections associated with tensor
products of Hermite functions in the x” and x' coordinates. Specifically, let p; € C*(R) be the Hermite polynomial of degree j ¢ Ny and
xi € C(R) be the Hermite function with

/4 5,
1 (g) P /2pj(0(1/22).

xi(2) = ﬁ 7

As is well known, the set {;} is an orthonormal basis of the Hilbert space L*(R) associated with the Lebesgue measure on R, consisting of
eigenfunctions of the quantum harmonic oscillator Hamiltonian.”*’ That is,

Ho)(/ = E]‘Xj, E]‘ = (2] + 1)06/2, ] € No,

where Hy : AR) — L*(R) is defined on the Schwartz space .#(R) as

Hof(2) = 5" (2) + S22,

It then follows from (29) and the fact that L*(v) = L*(R) ® L*(R) that the functions yj = xj ® x form an orthonormal basis { } k=0 of L*(v)

consisting of eigenfunctions of A, corresponding to the eigenvalues
Ej = (k- j)a

Correspondingly, {yjx};%_o» With ¥jx = {oxj. is an orthonormal basis of .7’ consisting of eigensections of H at the same corresponding
eigenvalues Ej.

Based on the above, we can conclude that H is a densely defined, symmetric, diagonalizable operator and therefore has a unique self-
adjoint extension H : D(H) — .5 defined on the domain D(H) > .M, E) with

D(H) = { Z CikYjk € A Z Ejzk|Cjk|2 < OO}
k=0 k=0

This operator acts as the Hamiltonian of a quantum system, generating a strongly continuous, unitary group of Heisenberg evolution operators
W' : 5~ J# given by

w' =", (41)

Following the standard formulation of quantum mechanics, we will consider the states of this quantum system to be non-negative, trace-class
operators on ¢ with unit trace. Specifically, the set of regular quantum states on S is the closed, convex subset of the Banach space B (%)
of trace-class operators on . equipped with the trace norm, |A|; = tr|A|, given by

() ={peBi(H):p20, trp=1}.

We recall that a state p € 2() is said to be pure if there exists s € .7 such that p = (-, s) ss. That is, every pure state is a rank-1, orthogonal
projection on 7% p* = p, and we have ||p||1 = ||p|| = 1, where ||| denotes the .#Zoperator norm. The states in .2(7#) that are not pure are said
to be mixed.

The unitary evolution group W acts on states in .2(.7#) through the conjugation map Z' : 2(#) — 2(H#), defined as

Z'(p) = W pW'. (42)
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As usual, the observables of the quantum system will be the (bounded and unbounded) self-adjoint operators on .7 In what follows, we will
typically restrict attention to bounded observables in the set

A ) = {AeB(A): A" = A),

where B(J) is the Banach space of bounded operators on .7 equipped with the operator norm, ||-||. It can be readily verified that o/ .7%) is
closed under addition of operators, scalar multiplication by real numbers, and the multiplication operation,

A-B=B-A=(AB+BA)/2.

Furthermore, we have ||A - B|| < ||A]|||B]| so that 2#(.7#) has the structure of an Abelian Banach algebra of quantum observables over the real
numbers. On @/ ), the quantum system has an induced linear action W' : oA #) — oA H),

W'A=WaAw", (43)

which preserves the operator norm. We also let &' (.5#) be the Banach space of continuous linear functionals on &/ .%), equipped with the
standard (operator) norm.

The space of quantum states 2(.#) embeds naturally into o7’ (%) through the continuous map 1 : 2(#) — o' (#) such that
1(p) = E, is equal to the quantum mechanical expectation functional given by

E,A =tr(pA). (44)
Note that the continuity of E, follows from the fact that
[EpAl < ol ]Al = (Al

In fact, it can be readily verified that  is a contraction, i.e., ||«(p)|| < ||p||1 = 1, where the equality is saturated by pure states. We shall refer to
the elements of o7’ (%) as generalized quantum states.

Intuitively, A — E,A can be thought of as “evaluation” of the quantum mechanical observable A at the state p. It follows directly from
(42) and (43) that the property Ez:(,) = E, o W' holds for all t € R. In other words, the following diagram commutes:

2() L 2()
I I
/ w '
ANH) —— A(H),
where W : o' () — o' () is the composition map by W, acting isometrically on =/ () according to the formula
W' =Jo W' (45)

This completes the construction of our quantum mechanical system on Minkowski space. It should be noted that the dynamics of this
system, generated by H, differ from a spherical quantum harmonic oscillator of frequency « in two-dimensional Euclidean space in two key
ways as follows:

1. The energy levels Ej range from —oo to oo, as opposed to the Euclidean case, where the energy levels are strictly positive, and have the
ground-state eigenvalue a.

2. The eigenspaces corresponding to any energy level Ej are infinite-dimensional, whereas eigenspaces of the harmonic oscillator in
Euclidean space are all finite-dimensional.

The evolution group generated by H also has a fundamental difference from the Koopman operator group U" for the classical harmonic
oscillator generated by V. That is, unlike U’, which is realized through the deterministic flow ®' on the circle via (1), the Heisenberg operators
W' in (41) are not the realization of a flow on Minkowski space, i.e., there exists no measurable flow ®' : M — M such that W'f = f o &".
Indeed, a necessary condition for that to happen is that H acts as a derivation on an algebra of bounded sections contained in D(H) (Ref. 21)
(Theorem 1.1), and this is clearly not the case since H is a second-order operator that does not obey a Leibniz rule [cf. (2)].

Yet, as alluded to in Sec. I, the Koopman and Heisenberg evolution groups studied here do have an important structural similarity,
namely, that, up to multiplication by i, the spectra {iaj = fjar};=_ o and {Ejx = (k - j)a};}_, of their generators, respectively, are identical. In
Sec. IV C ahead, we will take advantage of this spectral equivalence to construct an isometric embedding of the Hilbert space L*(u) associated
with the classical harmonic oscillator into the Hilbert space of sections .77’ that maps the generator V' to the Hamiltonian H. This construction
will be based on a quantum mechanical representation of the periodic dynamics of the circle rotation, which we describe next.

B. Quantum dynamics of the circle rotation

Following Ref. 9, we assign quantum states to the classical harmonic oscillator as positive, unit-trace operators on L? (), that is, operators
lying in the set
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2L (u) = {pe Bi(L* (1) :p 20, p =1},
on which the Koopman group acts by the conjugation map ®' : 2(L*(u)) - 2(L*(u)),

d)t(P) _ Ut*pUt.

Note that we use the symbol ®’ to indicate that the dynamics on the quantum states 2(L*(u)) is induced by the classical flow ®' on the circle
[cf. Z' from (42), where no such correspondence exists].
Next, we assign quantum observables as self-adjoint operators on L*(x). Proceeding as in Sec. IV A, we will focus on the space

AL () = {AeB(L* () : A" = A}

of bounded self-adjoint operators, which becomes an Abelian Banach algebra over the real numbers analogously to &/(.7¢). We define the
continuous dual .7’ (L*(u) ) of /(L*(u)), as well as the expectation functionals E, € o7’ (L*(u)), evolution maps U : &/(L*(u)) — AL*(u)),
U": o' (L*(u)) — o (L*(1)), and the inclusion map ¢ : 2(L*(u)) — <’ (L* (1)) analogously to their counterparts for .o/( /) and .o/’ ()
in Sec. I'V.

We now describe an embedding of the classical rotation on the circle to the quantum system introduced above, at the level of both states
and observables. For that, consider first the Abelian Banach algebra Cg(S") consisting of continuous, real-valued functions on the circle,
equipped with the maximum norm. This algebra embeds homomorphically into </(L*(u)) through the mapping T : Cr(S') - @A(L*(1))
that sends the continuous, real-valued function f € Cg(S") to the self-adjoint multiplication operator Tp:=Tf € /(L (u)) that multiplies by

that function, i.e., Trg = fg forall g € L*(u). It is then straightforward to verify that
U'oT=ToU", VteR (46)

The above equation shows that continuous, real-valued classical observables evolve consistently under the action of the Koopman operator

with their corresponding quantum observables (multiplication operators in </(L*(x))). Similarly, the transpose map T’ : «'(L*(4)) —
Ch(S8Y), given by T'J = JoT, satisfies

T oU"=U"oT, VteR. (47)

Clearly, one could carry out a similar construction for the quantum system on Minkowski space M, replacing Cg(S") with the Banach

space of real-valued, continuous functions on M vanishing at infinity. In the case of the circle rotation, however, additional correspondences
can be derived with the help of the heat kernel (see Sec. I1 D).

Proposition 4. Let Fr : S' — F(H:) c - be the feature map associated with the heat kernel on the circle at time parameter > 0. Let also
IT: C(S") \ {0} - 2(L*(u)) map the nonzero classical observable f to the pure quantum state I1(f) = ps given by ps = (f,)uf/|f |- Then, the
following hold for every T > 0 and t € R:
@) Yr:S' > 2(L%(u)), ¥, =TIoF,, is an injective, continuous map with respect to the trace-norm topology of 2(L*(u)), and the following
dynamical compatibility relationships hold:

Fro® =U"'0F, ToU ' '=d.0ll, ¥Y;00 =& 0V,

(i) The induced linear map Q. : /(L*(u)) — Cr(S"), mapping quantum observable A to the classical observable f4 = Q. A, with f4(0) =
Ey, (6)A, is well-defined (i.e., f 4 is a continuous, real-valued function), satisfying

Q. oU' =U0Q,.
(i)  The transpose map Q; : C(S') — o' (L* (1)), defined as Q.] = JoQ, satisfies
Ut,OQ/ :Q,O U[/

A Proof of Proposition 4 is included in Appendix B 2. Figure 1 depicts the quantum-classical relationships from the proposition and
(46) and (47) in the form of commutative diagrams. These diagrams indicate that the time-7 heat kernel on the circle induces, through its
corresponding RKHS feature map (which underpins the maps ¥, Q., and Q;) two types of classical-quantum correspondence associated
with the circle rotation, namely:

1. A continuous, one-to-one mapping of classical states (points) in the circle and regular quantum states on L*(u), carried out by ¥, as well as
a continuous one-to-one mapping with the larger space of functionals in 27’ (L*(u)), carried out by €.

2. A continuous mapping of bounded quantum mechanical observables on L*(u) to classical observables (continuous, real-valued functions)
on the circle, carried out by Q.
Moreover, both of these mappings are consistent (equivariant) with the classical and quantum dynamics, in the sense of the commutative
diagrams in Fig. 1. Together, these facts prove the claims about ¥; and . in Theorem 1(ii) and (iii), respectively, and will be sufficient to
complete the proof of the theorem in Sec. I'V C.
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FIG. 1. Commutative diagrams illustrating the correspondence between classical states/observables of the harmonic oscillator and quantum states/observables on the L2(x)
space associated with the invariant measure. The diagram on the left shows how classical states (points in the circle S') embed injectively into Radon probability measures
2(S") via the map & mapping into Dirac measures, which, in turn, map injectively into nonzero RKHS functions under the embedding K, and then into quantum states and
generalized quantum states on L2(u) via the maps IT and 1, respectively. The composition KK, o & corresponds to the RKHS feature map F. (not shown). These embeddings
are all equivariant with the dynamical evolution maps at each level, as depicted in the diagram. The top diagram in the right shows the dynamical equivariance properties of the
Banach algebra homomorphism T, mapping real-valued continuous functions on S' to bounded, self-adjoint multiplication operators in .2#(L? (1) ). The middle diagram shows
the equivariance properties of Q. : o/(L*(4)) — Cr(S"), which is not an algebra homomorphism. The bottom diagram shows the dynamical equivariance properties of
the transpose map T” : &7’ (L* (1)) — C5(S").

We close this section by noting that despite their equivariance properties, the classical-quantum correspondences identified thus far
fail to preserve an important structure of both the classical and quantum representations of the circle rotation, namely, the Abelian alge-
braic structure of classical observables in Cg(S") and continuous multiplication operators in 2/ L*(x)). That is, apart from special cases,
starting from a classical observable, mapping it to a multiplication operator in .2/(L*(y)) via T and mapping the result back to Cg(S")
through Q. does not recover the original observable. In other words, Q is not a left inverse of T, and similarly, Q! is not a right inverse
of T'. Had these properties been true, Q; o U’ o T would be equal to U’ and T' o U" o Q; would be equal to U"’, which would then
imply that the evolution of any classical observable in Cg(S') and Radon measure in C%(S') can be, respectively, understood as the evo-
lution of a quantum observable in @/(L*(¢)) and a generalized quantum state in .27’ (L*(u)). We will improve upon this inconsistency
in Sec. VI by considering quantum states and algebras of quantum observables associated with the RKHAs .%;, as opposed to the L*(x)
space.

C. Isometric embedding

We now have the necessary ingredients to construct an isometric embedding (Hilbert space homomorphism) of L*(x) into the Hilbert
space of sections 7{, thereby inducing embeddings of the classical and quantum states of the circle rotation into the states of the quantum
harmonic oscillator on Minkowski space, as well as corresponding pullbacks from quantum observables of the latter system into quantum
and classical observables of the circle rotation.

We begin by introducing the following three Hilbert subspaces of .7

5 = span{yoo},
€. = span{yjp : j > 0}, (48)
= spanly > 0},

where overlines denote closure with respect to the J# norm. Because they are spanned by eigenfunctions of H corresponding to distinct
eigenvalues, these subspaces are mutually orthogonal, and each of them is invariant under the Heisenberg operator W* for all t € R. Moreover,
if a section s lies in 3%, 52 N D(H), or 5% n D(H), then (s, Hs) ,~is zero, strictly negative, or strictly positive, respectively. Due to that, we
intuitively interpret pure states p = (s,-) s with s in J%, S22, or J;, as “vacuum,” “antimatter,” or “matter” states, respectively. Defining
H= M ® H. @ H., we note that for pure states with s in the orthogonal complement of /7 in .7 (s, Hs) xis not sign-definite.
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With these considerations in mind and in analogy with (48), we define the Hilbert subspaces of 12 (@) given by

Lg(u) = span{go},
L’ (u) = span{¢; : j < 0}, (49)
L3 (p) = span{g; :j > 0},

where ¢; are the Koopman eigenfunctions from Sec. 11 B. These subspaces are all invariant under the Koopman operator U’ for any t € R.
Moreover, (f,Vf), is zero, strictly negative, or strictly positive whenever f lies in L§(u), L> (#) n D(V), or L} () n D(V'), so we interpret the
corresponding pure states p = (f, -),.f as being zero-, negative-, or positive-frequency states, respectively.

Motivated by the similarity between (48) and (49), we define the linear operator % : L*(u) — . characterized completely through the

relationships
Yoo, j=0,
Ubj =\ y-jo» j<0 (50)
Vo, j>0.

It then follows directly from its definition that %is an isometric embedding of L* (1) into % i.e., it is an injective operator satisfying

(U, Up) o= (fufo)wn Vo € (),

and %* % is equal to the identity on L*(u). Moreover, % clearly maps Lg(u) to 24, L2 () to 2., and L3 () to . In other words, % maps
the zero-, negative-, and positive-frequency states of the classical harmonic oscillator map to the vacuum, matter, and antimatter states of the
quantum harmonic oscillator on Minkowski space. The range of % is equal to .7 and as a result, %" is equal to the identity operator on
that space.

The operator % provides the isometric embedding of the Koopman operator formulation of the classical harmonic oscillator into the
quantum harmonic oscillator on Minkowski space stated in Theorem 1. One of its key properties is that for every j € Z, %; is an eigensection
of H at the same eigenvalue ja as the eigenfrequency corresponding to ¢;. As a result, % pulls back the Hamiltonian H to the generator V,

U HU = V/i,
and we have the dynamical correspondence
weu=e", VteR. (51)
It should also be noted that the dual operation, i.e., V + ZV%*, maps the generator (up to multiplication by i) to a projected Hamiltonian,
UVU* = ill;,HI1;,

where I1;,: #— #is the orthogonal projection operator mapping into .7

Turning now to the spaces of quantum mechanical observables and states, % induces a surjective linear map % : /) — A L*(w)),
an isometry % : 2(L*(u)) - 2(), and a linear isometry ' o' (L*(4)) — o' (), where

WA = U AU, UX (p) = pU*, U']=To%
It is then straightforward to verify using Proposition 4 and (51) that the equivariance properties
UoW' =T o, UWoZ =0'0d, %ol =W o¥

hold for every t € R.

The above allow us to augment the commutative diagrams in Fig. | to obtain the diagrams in Fig. 2, illustrating the combined relation-
ships between states and observables of the circle rotation (both classical and quantum) and those of the quantum harmonic oscillator on
Minkowski space. The following proposition, which can be deduced directly from these diagrams, shows that there exist quantum states of
the system on Minkowski space for which the expectation value of any observable evolves consistently as evaluation of a classical observable
of the circle rotation.

Proposition 5. For any 0 € S' and © > 0, let pg, € 2(H) be the quantum state given by o5, = % (¥+(0)). Then, for any quantum
mechanical observable A € o/( ) and t € R, the relationship

]EZ’(U(;J)A = fA,T(‘Dt(G))

holds, where fa . € Cr(S") is the classical observable of the circle rotation given by far = Q:(%(A)). In particular, t ~ Ky (p9) is periodic with
period 27/a.
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FIG. 2. As in Fig. 1, but for commutative diagrams showing the relationships between the quantum formulations of the circle rotation and the quantum harmonic oscillator
on Minkowski space. Note that in the left-hand side diagram, we abuse notation using « to denote the inclusion maps of both 2(L2(u)) into =7’ (L*u)) and 2(5¢) into
A (H).

It can be readily verified that pg,. takes the form pg; = (Yo, -) o/ |- (6,-) | > where g, € F#is the section (wavefunction) given by
Vor = D¢ "(9i(0)yjo + ¢} ()yny). (52)
=0

Figure 3 shows plots of the corresponding C-valued function y§, = (. g, associated with an inertial coordinate chart x = (x’, x') centered at
0. There, as 6 increases from 0 to 7, y ; is seen to undergo an evolution from a real-valued, diffuse configuration supported mainly in the %,
x' > 0 coordinate quadrant, to a focused configuration near the origin at 6 = 7/2, and finally to a real-valued, diffuse configuration supported
inthe x°, x' <0 quadrant.

x° (Real)

x° (Imaginary)

FIG. 3. Wavefunction V/Zf, associated with the embedding of the classical states (points) on the circle to states of the quantum harmonic oscillator on two-dimensional

Minkowski space. Here, the wavefunction is shown as a function of the inertial coordinates (x°, x') of Minkowski space for 7 = 102 and representative values of 6 € S" in
the range [0, 7], using an arbitrary normalization with respect to the L2(v) norm.
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D. Gauge covariance

At this point, we have completed the Proof of Theorem 1 aside from the claimed gauge covariance of the isometry % : L*(u) —
Specifically, the construction of % in Sec. IV C employed a particular basis of 7 consisting of the eigensections yj, whose construction (in
Sec. IV A) depended on a choice of section o: M — P of the principal bundle to map Hermite functions into sections. Since every such choice ¢
corresponds to a choice of inertial frame and Minkowski space does not have a preferred inertial frame, it is important that the transformation
imparted to % by passing from o to a different section, ’: M — P, be structure-preserving. In particular, the operator %, : L* () — # defined
as in (50), but using the H eigensections yo/,jx = (o xj instead of ., should be relatable to % by a unitary map E : ¢ — J# such that
Uy = EU (otherwise, the Hilbert space structure would not be preserved), and moreover, the dynamical correspondence in (51) should still
hold for %;:.

To verify that this is indeed the case, let ¢: P — P be the unique gauge transformation such that o’ = ¢ o ¢. Then, by Lemma 8(i),
Vorjk(m) = V)] ﬂ%k(m) for a G-valued function & on M. Therefore, we have %, = E o %, where E is the unitary multiplication
operator on .7 by the function ¢***). Moreover, again by Lemma 8(i), we have Yo' jk = @+ °@jk, and because the operator ¢.o commutes
with the Laplacian A (see Sec. 111 1), it follows that % H%y = %*H% so that %;e"™ U, = U} e"™ %,. We therefore conclude that the
dynamical correspondence in (51) holds for %, completing the Proof of Theorem 1.

V. CANONICALLY COMMUTING OPERATORS FOR THE CLASSICAL HARMONIC OSCILLATOR

In this section, we employ the correspondence between the circle rotation and the quantum harmonic oscillator on Minkowski space
established in Sec. IV to construct operators acting on classical observables (functions) on the circle exhibiting canonical position-momentum
commutation relationships, together with their corresponding ladder operators. This construction will be carried out using the isometry % :
L*(4) — S from (50) to pull back position, momentum, and ladder operators of the quantum harmonic oscillator to densely defined
operators on L?(u). These operators will automatically satisfy the appropriate commutation relationships since % is a Hilbert space
homomorphism.

A. Ladder operators

As with the non-relativistic quantum harmonic oscillator, the quantum system on Minkowski space from Sec. IV A admits canonically
commuting position and momentum operators with respect to any inertial chart x = (x°,x') : M — R* (taken to be centered at 0 € M as per our
convention). These operators can be constructed as usual by considering the one-parameter unitary groups of operators 27 : /¢~ 7 and
P H~ I with j €{0, 1} and a € R, acting on sections s € .7’ by phase multiplication and translation, respectively, i.e.,

Zi's(m) = emj(m)s(m), Pis(m) =s(m+ u?()j).

Note that 2 coincides with the action ¢ on sections associated with the gauge transformation ¢: P — P with ¢(p) = p - &(n(p)), &(m)

= exp(v/2ax!(m)/a). We then define the position operators X; : D(X;) — % D(X;) c . and momentum operators P; : D(P;) -
D(Pj) c 7 as the generators of these groups, respectively, times a factor of 1/i introduced by convention to render the generators self-adjoint.
That is, we have

Xjs=i"! £g%(%”s ~s)a, Ps=i" ,lzii%(‘%us -s)/a, (53)

and the domains D(X;) and D(P;) are defined as the dense subspaces of %’ where the respective limits in (53) exist with respect to %’
norm. It then follows from these definitions that X; is a multiplication operator by the coordinate function ¥/, i.e.,

f(js = s,
while f’j is a differentiation operator that behaves as an extension of the coordinate vector field X; to smooth sections in 7%
bis = -iXjs = —ids-X;, VseD(P;) nT(E).

Note now that the Schwartz space .#(M, E) is invariant under all of X; and P}, so we can consider the restricted operators X; : #(M,E) —
Hand P; : AM,E) - s where X; = Xj| »(u.5)> Pj = Pjl(r,p)> and ranX; and ranP; are both subspaces of S/(M, E). It then follows directly
from their definition that these operators obey the canonical position-momentum commutation relations,

(XX =0, [PpP] =0, [X,Pi] = id.

Moreover, associated with X, and 13] are the ladder operators
o i - + o - i -
Aj = \/jX' +——P, A= \/jx- - P
N2V e VIV

Nj = A/ A;.

and the number operators
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These operators satisfy the standard commutation relations
[Np A = =Ajp, [N A{] = 48, (54)
[4) Ac] = [A], A¢] = [N, Ni] = 0,
and moreover, we have
H:(X(—No +N1). (55)
The following are the formulas for the action of these operators on the y;; basis elements of .77 which follow from standard results on ladder
operators:”’
Ao = [k As¥i = \j + Warpe
A= Vi Alyo= Vi e, (56)
Novix = j¥jr,  Niyj = kv
We will now pull back the Aj, A}, and N; to operators on classical observables of the circle rotation. For that, let ASY) = w* A(M,E)
be the image of the Schwartz space of sections on Minkowski space under %*. For completeness, we note that #(S") can be identified with a
Schwartz space of functions on the circle (see Ref. 30 for definitions), which in this case coincides with C*(S") by compactness of S*. However,
here we will not need that structure.
By construction, % maps .#(S") to .#(M, E), and therefore, the following are well-defined as densely defined operators from .#(S")
c L*(p) to L*(w):
A =Y AU, AL =UAY N-=U N,

57
A =W AU, Al=U"AIU N.=U N 57)

It then follows from the fact that /%" is the identity on .7 that these operators satisfy the canonical commutation relationships for ladder
operators analogously to (54), viz.,
[N.,A_]=-A_, [N_,A"]=47,
[Ni,As] = -As, [N, AY] = A,
[A-,A,] =[ALA]] = [A_,Al] = [A.AL] =0,
[N_,N,] = 0.

N
Moreover, the generating vector field V of the classical harmonic oscillator, acting on C™(S") functions, can be expressed in terms of the
number operators as [cf. (55)]

V =ia(-N-+N,) = i%* HU. (58)

To characterize these operators more explicitly, consider the order-r fractional derivative operator 8": D(8") — L*(), r > 0, associated
with standard angle coordinates on the circle (see Appendix C for an explicit definition and additional details). Let also IT_: L () — L (p) and
I1,: L*(4) — L() be the orthogonal projections mapping into L2 (i) and L2 (u), respectively, and define the spectrally truncated derivative
operators §" = &'I1_ and 9] = &'IL,, both of which are defined on the same dense domain D(8") > .A(S") as &". It can be shown (see
Proposition 19 in Appendix C) that the ladder operators A, and A} take the form

A_ =P oM At =ML

A, =i PLaM?, At =29, &)
where L and L* are the ladder-like operators from Sec. I C. Moreover, it can be readily verified that the relationships
otor =91, olo, =01, ol +0,=0
hold for every g, r > 0, leading, in conjunction with (6), to the formulas
N_ =i0-, N, =-i04
for the number operators. Note that the expressions above are consistent with (58), i.e.,
V =ad=a(0-+8,) = ia(-N_ +N.,). (60)

In summary, thus far we have seen that pulling back the ladder operators for the quantum harmonic oscillator on Minkowski space
under the Hilbert space homomorphism % leads to operators on classical observables (C-valued functions) of the circle rotation, which have
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the structure of order-1/2 fractional derivatives, composed with the ladder-like operators from Sec. II C. By virtue of the structure-preserving
properties of %, the ladder operators for the circle rotation exhibit canonical commutation relationships and lead to the decomposition in
(60) of the generator of the Koopman group on L*(x) through their corresponding number operators. This completes the Proof of Theorem

2(i).

B. Position and momentum operators

Next, to construct “position” and “momentum” operators for the circle rotation, we can simply pull back the corresponding operators, X;
and P;, respectively, for the quantum harmonic oscillator on Minkowski space using %. That is, we define X : D(X.) — L*(u), P. : D(P.)
— L*(u), where D(X:) and D(P..) are the dense subspaces of L?(u) given by D(X_) = *D(X,), D(X:) = Z*D(X1), D(P_) = %*D(Py),
D(P,) = 2*D(Py), and
X=X X.=%X%
b_=w b, P.=uP%
Restricted to the Schwartz space .#(S"), these operators can be expressed in terms of the ladder operators from Sec. V A, viz.,
y 1 + i *al/2 | Al)2
X =—=(A-+Al)=—=(L70"+0 L),
V2 ( ) V2 ( )

o +Y _ & xql/2 1/2
P,—fz\/;(A,fA_)—f\/;(L ot -0l 1),

X, = ——(A, +A}) = — (Lo + 0°L7),

V2a V2a

P, - —i\/g(m —AT) = —\/g(wi” -0/’L),

where X_ = )A(,Ly(sl) and similarly for the other operators. In particular, it follows immediately from the commutation relationships for A,
and A} established in Sec. V A that the operators introduced above exhibit canonical position-momentum commutation relationships, i.e.,

[Xi,Xi] :0, [Pi,pi] :0,
[X.,P_]=1, [X.P.]=1,
[X-,P.]=0, [X..P_]=0.

(61)

It is also worth noting that X, and P, can be employed to define “kinetic energy” and “potential energy” operators for the circle rotation,
respectively,

2
A= (P +B), 0= (K4 K).

One can then verify that up to a multiplication factor of 1/2, £ is equal to the pullback under % of the connection Laplacian A from
Sec. Il F, R = ZA%* |2, while T is equal to the pullback of the multiplication operator on .7# that multiplies by the potential function
v,ie, B=U"T,U

Inspecting the formulas for X, and P. in (61), it is evident that the position and momentum operators for the circle rotation differ
fundamentally from their counterparts X; and P; for the quantum harmonic oscillator since (i) unlike X; and P;, which are all local operators,
X, and P, are all non-local; and (ii) unlike Xj, which are multiplication operators by the corresponding coordinate functions x, X, are not
multiplication operators. Here, by an operator A on functions being Jocal, we mean that for a given function f € D(A), the evaluation of the
function Af at each point on its domain of definition depends only on the values of f in an arbitrarily small neighborhood of that point.
Examples of operators meeting this condition are multiplication operators and derivative operators of integral order, such as X; and P;. On
the other hand, given a function f : ' — C of appropriate smoothness, the result of the fractional derivative 3"*f() depends on the behavior
of f at distant points from 6 (see Appendix C), and as a result, X and P are non-local. In fact, the operators X. and P, generate fractional
diffusion semigroups on the circle.

Still, despite these differences, the fact that X, and P. obey canonical commutation relationships means that many results for the
quantum harmonic oscillator, which are a consequence of these relationships, carry over to the circle rotation. As an example, we men-
tion here the position-momentum uncertainty relationships, which hold for the X.. and P.. operators analogously to Xj and P;. That is, letting
ik = {Wjk> -) Vi be the pure quantum state in Q(.7¢) associated with eigensection yj, it follows from standard results on quantum harmonic
oscillators (e.g., Refs. 23 and 29) that

N A Aan2 1.1
VarU}OXg = E%XS - (IEUJ.(,XO) = &(J + E)’

h . A \2 o1
Var[,jOPg = EUJOP(% - (EUjoPO) = (x(J + 5)’
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and similarly that
2 1f, 1 ) o1
varg, Xy = 2 j+ 5) vare, Py = af j + 5)
leading to the position-momentum uncertainty relationships
2 . s . 1)\?
(varajoXo)(var,,]OPo) = (Var,,onl )(vargojPl) = (j + E) . (62)
Correspondingly, for the quantum state p; = (¢;,-)u¢pj € 2(L*()) of the circle rotation with j < 0, we have
var, X_ = var, (% Xo%) = Var%%*f(o = var,_,, Xo
and varpjf’, = Var%opo, while for j > 0,

VarPJXJr = VargO}Xl, varP)P+ = Var%Pl,

leading to analogous uncertainty relationships to (62), i.e.,

2
(var, X2 ) (var, 2% ) = (j+ %) , <o,
(63)

2
(varerf)(Variji) = (j+ %) , j>0.

Note that in both (62) and (63) the ground states, oo and ¢, respectively, saturate the corresponding Schrédinger uncertainty inequality.”
With these results, we have completed the Proof of Theorem 2.

VI. CLASSICAL AND QUANTUM DYNAMICS ON REPRODUCING KERNEL HILBERT ALGEBRAS (RKHAs)

What could be considered a shortcoming of the classical-quantum correspondence results established thus far is that the map Q.,
mapping quantum observables in .2/(L*(u)) to classical observables in Cg(S'), is not compatible with the natural Banach algebra homo-
morphism T : Cr(S') - @A L*(¢)) mapping continuous functions to bounded multiplication operators on L*(1). To address this issue, in
this section, we shift attention from the dynamics (either classical or quantum) induced by the circle rotation on L?(u) and consider instead
the dynamics on the RKHAs t; associated with fractional diffusions on the circle. After introducing the basic properties of these spaces
(Sec. IV A), we consider aspects of classical and quantum dynamics (Secs. VI B and VI C), including the classical-quantum correspondence
stated in Theorem 3. In particular, we will see that the reproducing property of ., which has no counterpart in the L?(x) setting, provides an
additional structure, ensuring that the analogous operator to Q. is compatible with an appropriate embedding operator analogous to T.

A. RKHAs induced by fractional diffusions

Following Ref. 16, for fixed p € (0, 1) and any 7 > 0, we consider the RKHS .%; on the circle associated with the reproducing kernel
fr : 8t x 8 = Ry (cf. Ref. 7),

oo

k(6,6) = > ¢ (0)¢y(8)

Jj=—o00

> 70 =60)

j=—o0

(64)

where we recognize the |j|” terms in e U as the eigenvalues of the order-p/2 fractional Laplacian,
2 :
L = P .

One can verify that the sum over j in (64) converges in any C" norm, r € Ny, to a smooth strictly-positive-definite kernel on §' x S' so that
J; is an RKHS of smooth functions. Moreover, & is translation-invariant and exhibits the analogous properties stated for the canonical heat
kernel in Lemmas 16 and 17. In particular, for every 7 > 0, the feature map F,: 8! - % with FT(G) = #.(6,-) is continuous and injective, the

image .Z(#;) := F:(S') c % contains only nonzero functions, and .%; is dense in C(S"). In addition, we have the following proposition:

Proposition 6. For every p € (0, 1) and 7 > 0, the RKHS ¥; is a unital Banach *-algebra of functions, i.e., there exists a constant C;
such that
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Vel < Celifl5, Igl 5, Vg € Hn.
Moreover, the space ¥ = 2, K is a dense, unital subalgebra of J,, ie., fg € " forallf,ge " .

Proposition 6 follows from the results in Ref. 16. While we do not reproduce a proof here, it is worth noting that the result relies heavily
on the fact that the set of Fourier functions ¢ is closed under multiplication, ¢;¢ = ¢;+4, and is bounded in C(S") norm uniformly with respect
to j, [¢jlc(s1y = 1. Another important element underpinning Proposition 6 is that |j| + |jf? is a strictly concave function for every p € (0, 1).

Remark. In the case of the RKHSs .#; associated with the standard heat kernel, one can verify with explicit counterexamples'® that the
Banach algebra property in Proposition 6 does not hold. Instead, the spaces .#; can be shown to obey a weaker, Holder-like inequality,

11
[fglr < If1

1
H, — 22—+ —.
2 T 11 T2
The failure of .#; to have the Banach algebra structure can be traced to the convex (quadratic) dependence of the Laplacian eigenvalues,
j = j*. The latter imposes a stronger constraint on the decay of the expansion coefficients ¢; for f = Y= Cj$j € 7 than in the case of

18]

f € s, where the eigenvalues |jl of £ /2 grow sublinearly. In effect, the decay of the terms e U7 in (64) is fast-enough for .%; to contain
only smooth functions, yet slow-enough for it to be a Banach algebra. It should be noted that while .7 does not have the structure of a Banach
algebra, the space £ = N2 J#; is a unital algebra of functions.

B. Classical dynamics

We now turn attention to the properties of the Koopman operators U’ acting on functions in .%;. For that, it is worth to begin by noting
that while RKHSs have recently received attention in the context of Koopman and transfer operator theory,”"”” a general RKHS need not
be invariant under a dynamical flow @', even if that flow is smooth. Intuitively, this is because membership of a function f in an RKHS
imposes a stringent condition on the expansion coefficients of f in a natural orthonormal basis for the kernel [e.g., (9)], and as the dynamics
can deform the level sets of functions, f o ®' need not satisfy those conditions. Nevertheless, the kernels %, possess an important special
property, namely, that they admit the Mercer representation in (64) in terms of Koopman eigenfunctions. This turns out to be sufficient for
fo @', fe %, to lie in JK/T so that one can define groups of Koopman operators ji’T — %, which turn out to be strongly continuous and
unitary. Below, we state some of the properties of these groups in the form of a theorem, as we have not seen them stated elsewhere in the
literature.

Theorem 7. Let ®': §' — §' be the circle rotation with frequency a, &, : S x S' — R be the fractional heat kernel from (64) at the time
parameter T > 0, and J#; be the corresponding RKHA of C-valued functions. Define the Sobolev-like space

%—1 = { Z Cj¢j € % : Z U|26U|FT|Cj|2 < oo}
Jj=—o0 j=—o0

Then, the following hold for every T > 0:
() ForallteR, X%, and thus X, are invariant under @'
(ii) The group of Koopman operators U : Jy — 7, witht € R and U'f = f o @, is a strongly continuous, unitary group.
(iii)  The skew-adjoint generator V : D(V) — ¢, of the Koopman group on ., has the domain D(V') = %’Tl and acts as a derivation on ¥ .

A Proof of Theorem 7 can be found in Appendix B 3. Note that the result in Claim (iii) that V acts as a derivation on %" is reminiscent
of the result of ter Elst and Lemaniczyk” in the L* setting, which was stated in Sec. IT A. It is also worth noting that analogous results to
Theorem 7(i) and (ii) hold for the Koopman groups on .#;, and it can also be shown that the generators of these groups have the domain .#;',

A1 A oo a
defined analogously to .%; . However, our proof that V acts as a derivation on .#~ makes use of the Banach algebra structure of 77, so it
does not carry over in an obvious way to show that the generator acts as a derivation on .#™° (even though that space is invariant under U*).

C. Quantum dynamics and classical-quantum correspondence

We now study the quantum dynamics of the circle rotation associated with the RKHAs .#; and its correspondence with the clas-
sical dynamics described in Sec. VI B. Starting with the basic definitions, as space of classical observables, we consider the RKHA J#; g

consisting of the real elements of .’; for some 7 > 0. Note that .%; is a dense subalgebra of the Banach algebra Cg (S') of classical observ-
ables employed in Secs. IV and V, possessing the additional Hilbert space structure. As spaces of regular quantum states, observables, and

generalized quantum states, we consider 2(.%;), «/(.J#;), and &' (), respectively, defined analogously to their counterparts 2(L*(u)),
A(L*(u)), and 7' (L*(u)) from Sec. IV B. The dynamics on these spaces are governed by unitary operators U : ;g — .#; 5 (the Koop-
man operators) and isometries &' : 2(%) — 2(%), U' : A H;) - (), and U : o' () — o' (), defined analogously to
O (L () = 2(L%(w)), U : AL (1)) — AL* (1)), and U : 7' (L*(u)) — o' (L*(u)), respectively.
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Next, similar to K, : 2(S8') - J# and I1 : C($")\{0} — 2(L*(u)), we define an RKHA embedding of probability measures K :
P(SY) - Hig,
Re(m) = [ ie(0,) dm(0),
Sl
and a map I1, : #\{0} - 2(%),

o)
ILfH2 ’

mapping nonzero RKHA functions into pure quantum states. The composition W, = IT; o F; then maps classical states in the circle to pure

quantum states in 2(.%; ). Note that by the reproducing property of .%;, (F;(6),-) . 1s equal to the evaluation functional Vj : - Cath
so that

I.(f) = (65)

#:(6,-)Vy

%:(6,0)
That is, ¥, (6) acts on functions in .#; by “reading off” their value at § and multiplying the result by the normalized kernel section
i (0, ) [%:(6,0). Equipped with this map, we define the linear operator Q. : @/(.%;) — #;r mapping quantum mechanical observables
in 427(1/ ) to classical observables in %R according to the formula [cf. Proposition 4(ii)]

¥.(6) =

(Q:A)(6) = Ey (5)A.

In addition, we have the transpose map QT, : Jé{ R = o '(ﬁiff), QT, J = J o Q., where we note that QT, can be equivalently defined as a map on
1z by the canonical isomorphism between Hilbert spaces and their duals.

Defining, further, the unitary map % : % — L*(u) by polar decomposition of the integral operator K, : L*(4) — . associated
with &, [cf. % in (10)], we can proceed as in Sec. IV C to construct an isometric embedding %#; : .%; — .#of the RKHA .%; into the
Hilbert space .7 of sections on Minkowski space, as well as a Banach algebra homomorphism #; : &/.#) — </(.%;) and linear isometries
V. 2() - 2() and v . ' () — o' (H). These maps have analogous properties to those established in the L*(u) case, as
depicted in Fig. 4 using commutative diagrams.

Several of these properties are stated as claims in Theorem 3(i)-(iii), and we will not repeat their derivation as the arguments are entirely
analogous to those in Sec. I'V. Instead, we will focus on the properties of the classical-quantum correspondence associated with s, which are
not present in the L?(u) setting, namely, Claims (iv) and (v) of Theorem 3. To that end, consider first the map T : .%; — B(J#) that maps f
to the corresponding multiplication operator Ty: g = Tg on 4. Unlike the L*(u) case, T does not map each element of %, g to a self-adjoint
operator.'® Nevertheless, we can construct a map T : Hp — %(Z,R) that maps classical observables in g to self-adjoint operators in

A U/ A
"%/TR E— (%AR

o (Ar) L ot (Ar)

| “//%T //TT

() N o ()

s U)‘ A
E%R _— Q%/TAR

b

o (Ar) Lt (Ar)

e

a(#) N o ()

o'(Hr) o o' (Hr)

FIG. 4. As in Fig. 2, but for commutative diagrams showing the relationships between the classical/quantum dynamics associated with the RKHAs .%; on the circle and the
quantum harmonic oscillator on Minkowski space. Note that the commutative diagram in the bottom right cannot be drawn in the L?(u) setting of Fig. 4.
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A H;g) by symmetrization of T, viz., Tf = (Ty + (Ty)™) /2. It then follows from standard properties of the trace that for any quantum state
pe2(),

& (i) - tr(pTy) + tzr(p(Tf)*) _ tr(pTy) + gtr(pr))* .

In particular,
£, (1f) - u(p1)) (66
whenever f is real.
Next, observe that by (65), for every operator A € B(.%; ), we have

i arn) . S B OVl ), 55 (5" ()
' #(6,0) #:(6,6)
5w 9 0) (4)(0)
L2 oo $cr ()61 (6)
As aresult, if A is a multiplication operator, i.e., A = Ty for some f € J;, wehave (Ad;ir)(0) = £(8);(6), and the expression above simplifies
to

tr(¥-(0)Ty) = £(6). (67)
Combining (66) and (67), we conclude that for every classical observable f € %,R and state f € S,

f(6) =Ey_p) T; = (Q.17) ().

That is, Q, o T = 1d ., as stated in Claim (iv) of Theorem 3. The dynamical compatibility condition in Claim (v) then follows directly from
the definition of the operators involved and leads to an additional commutative diagram, displayed in the bottom right of Fig. 4.

Figure 5 displays the evolution of the wavefunction /", on Minkowski space underlying the quantum state &5, = %‘i’f(@)%, defined
analogously to u/gj‘r from Sec. IV C. Here, we have fpgff =, ' 6.0, where {g, € S is the section given by [cf. (52)]

N e T, *
o= D¢ (4i0) w0 + 67 (0)yay)- (68)
=0
Th evolution of li/;:‘r exhibits a qualitatively similar behavior to the evolution of q/gj‘r in Fig. 3 but with the notable difference that [due to the

slower decay of the exponential coefficients e 12 in (68) compared to ¢’ Tin (52)] ¥, develops smaller-scale oscillatory features than y* .

0=0 0 =3n/4

O=m 4
10
5 05
T
o}
c o L 0
o
X
-5 -0.5
-1

(&)

x° (Imaginary)
»Hh o

i
05
0
05
-1
10 -5 0 5 10 -10 -5 0 5 10
1 1

X X X X X

FIG. 5. As in Fig. 3, but for the wavefunction for the RKHA with p = 1/2 and 7 = 10~2. Note the smaller-scale oscillatory features developing due to the sublinear growth of
the eigenvalues of .7/, as opposed to the quadratic growth of the eigenvalues of .%,
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VIl. CONCLUDING REMARKS

The classical-quantum correspondences described in this paper, culminating with the RKHA-based formulation in Sec. VI, provide
a mutually consistent description of the dynamics of the circle rotation at three levels, namely, the dynamical flow ®': S — S on state
space, the evolution of classical probability measures @, : 2(S') - 2(S"), and the evolution of quantum states &' : 2(.%%;) - 2(.%)
on a reproducing kernel Hilbert space associated with fractional diffusions of order p/2, p € (0, 1), having the additional structure of
a Banach *-algebra. Furthermore, these dynamics embed consistently into the evolution Z' : 2(#) — 2(J) of quantum states
associated with an SO*(1, 1) gauge theory for the harmonic oscillator on two-dimensional Minkowski space, whose dynamics are
generated by a Laplace-type operator acting on sections of an associated C-line bundle, induced by a Lorentz-invariant connection
satisfying the Yang-Mills equations. In particular, the SO*(1, 1) action on the associated bundle is through a unitary, U(1), representa-
tion so that the gauge theory employed in this work can be thought of as a two-dimensional analog of Maxwell electromagnetism. Using
this correspondence, we have constructed ladder operators acting on classical observables of the circle rotation, which take the form of
order-1/2 fractional derivatives, factorizing the positive- and negative-frequency components of the Koopman generator through number
operators.

The geometrical and algebraic structure of the classical-quantum correspondences identified in this work, occurring for a dynamical
system as simple as the circle rotation, motivates further study for more general systems, including systems with quasiperiodic or mixing
dynamics, as well as systems with spatial structure (e.g., partial differential equation models), where non-Abelian structure groups may play a
role.
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APPENDIX A: FIBER BUNDLES AND GAUGE THEORY

In this appendix, we collect various definitions and results on the theory of fiber bundles and gauge theory supporting the analysis in the
main text. We begin by considering standard results on general fiber bundles (Appendix A 1) and then restrict attention to the principal and
associated bundles over two-dimensional Minkowski space studied in this work (Appendix A 2). For additional details on this material, we
refer the reader to one of the many textbooks in the literature, e.g., Refs. 24-26.

1. General fiber bundles

Throughout this section, G will be a smooth Lie group with Lie algebra g, P > M will be a smooth principal G-bundle, and E M
will be a smooth associated bundle with typical fiber F. Moreover, P, = 7~ '({m}) and E,, = 73" ({m}) will denote the fibers in P and E,
respectively, over m € M. As in the main text, we will use the equivalent notations R*(p) = p - A for the right action at p € P by the group
element A € G, and similarly L*(f) =A - f will represent the left action at f € F.

a. Fiber-wise isomorphisms and metrics

In the main text, we make use of the results stated in the following two lemmas:

Lemma 8. For any p € P with n(p) = m, the map &p: F — E,, defined by &,(f) = [p, 1, is a bijection. Moreover, for every A € G, the property
Sgﬁ(p) =M 8‘;1 holds.

Proof. Suppose that f € F is such that [p,f] = [p,f]. Then, by definition of the [-, -] equivalence classes, there exists A € G such that p - A
=pand A" - f = f. However, because the action of G on P is free, A is equal to the identity element of G, and f = f. If now p’ € P, and
f' € F are such that [p, f] = [p’, f'], then there exists a unique A’ € G such that p’ = p - A’, and therefore, [p’, f'] = [p- A, f'] = [p, A" - f'].
It then follows that A - f* = f, meaning that there is a well-defined map from E,, to F mapping [p’, f'] to the unique f such that [p’, f'] = [p, f].
It is straightforward to verify that this map is the inverse of ¢,, proving that ¢, is a bijection.

Next, for any e € E,, and p € Py, we have sgle = f, where f is the unique element of F such that [p, f] = e. Thus, for any A € G,

ey (€) = ey ([0:f]) = pa([p- AAT - f]) = AT f = LA?I(%TI(K)))

proving the second claim and completing the proof of the lemma. O
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Lemma 9. Suppose that E 2, M is a vector bundle, whose typical fiber F is equipped with an inner product (-, -)r, and G acts on F via a
unitary representation p: G — U(F). Then, the fiber-wise metric gm : Em % Em — C, constructed analogously to (16) using a local section o: U —
P whose domain U € M contains m, is independent of the choice of o.

Proof. Let & : U — P be an arbitrary smooth section whose domain U contains m and 155 : U x F — E be the associated trivializing
map, constructed analogously to i5,z. We must show that for any ei, €2 € En, gm(e1,e2) = <€&(m)(61),65(m)(82)>p is equal to gm(e1,e2)
= (es(m)(€1) €5(m) (€2))r. For that, observe that g (e1,e2) = (fisfo)r and gm(e1,e2) = (fi,f2)r, where, by Lemma 8, f; and f; are unique
elements in F such that [§(m),f;] = [0(m),f] = e}, j € {1, 2}. Because G acts on P freely, there exists a unique A € G such that 5(m) = o(m)-A,
and thus,

[60m).] = [o(m) - AF] = [o(m), A ],
Using again Lemma 8, it follows that p(A) jj =A- f] = f;, and by unitarity of p(A),

gn(ene) = (fufo)r = (p(Mfi, (M) = (fiufo)r = gm(en, ),

as claimed. O

b. Connection 1-forms, covariant derivatives, and curvature tensors
A connection 1-form on a principal bundle P 5 M with structure group G and Lie algebra g is a Lie-algebra-valued 1-form
w € Q'(P,g), satisfying the following conditions for every point p € P, group element A € G, Lie algebra element A € g, fundamental vector
field W’\, and tangent vector W € T,P:
wW, =1, (A1)

(R™w)pW = AdyrwpW. (A2)

In(A2), R* : Q'(P,g) - Q'(P,g) is the pullback map on g-valued 1-forms associated with the right action R*: P — P by group element A € G,
and Ad,-1 : g — g is the representative of A under the adjoint representation of G. The latter is equal to the pushforward map on tangent
vectors to G associated with the map AD,: G — G, ADy1 A’ = AA’A™!, evaluated at the identity I, that is, Ady- = ADp-1. 1. If G is Abelian,
ADj =1dg and Ady = Id, for all A € G, and (A2) reduces to the G-invariance condition in (17).

Every such connection 1-form is equivalent to assigning a horizontal distribution on TP, that is, a smooth assignment of a subspace H,P
€ T,P, called horizontal subspace, at every p € P such that Hy,P @ V,P = T,P, and the equivariance condition RQHPP = Hpa(p)P holds for
every A € G. Atany p € P, H,P is equal to the kernel of w,. Moreover, we have the vertical and horizontal projection maps ver, T,P — T,P and
hor, T,P — T, P, where ranver, = V,,P, ran hor, = H,P, and

ver,X = W%, hor,X = X - ver,X.

The pointwise maps ver, and hor, naturally extend to maps ver: I'(E) — I'(E) and hor: I'(E) — I'(E) on sections, respectively [cf. (19)].
The horizontal distribution also induces a notion of parallel transport of curves on the base space M to curves on the total space P. In
particular, if C: (=1, 1) - M is a smooth curve on the base space passing through C(0) = m, then for every point p € P;-1(,,), there exists a

unique curve C}}: : (=1,1) — P on the principal bundle such that (i) Cg(O) =p;(i)mo Cg = C; and (iii) for all s € (—1, 1), the tangent vector
Czl:,p’ to Cf,) atp’ = Cg(s) lies in Hp/P, and 7« Cﬁp, = Co, where C,y € Ty M is the tangent vector to C at m’ = n1(p’). Given a vector field X
eI'(TM) with the integral curve Cp: (-1, 1) = M, m € M, parameterized such that C,,,(0) = m, the assignment p ~— Cf,’,p e T,P,pe 7 ({m}),

defines a smooth vector field Y e I'(TP) with Y, = Cf,), p» called the horizontal lift of X. By construction, the vector field Y is projectible under
T, satisfying 77, Y = X. It should be noted that analogous notions of horizontal subspace, parallel transport, and horizontal lift of vector fields

can be defined for any associated bundle to P %> M, but we will not need these concepts here.
A covariant derivative, or connection, on a real vector bundle E ™, M is a linear map V: I['(E) - QI(M, E) satisfying the Leibniz rule,
V(fs)=df ®s+fVs, VfeCT (M), VseTl(E).
If X € I'(TM) is a vector field, V induces a linear map Vx: I'(E) — I'(E), also referred to as the covariant derivative, given by Vxs = (Vs)(X).
This map has the properties
Vixs = fVxs,
Vx+v$s = Vxs+ Vys, (A3)
Vx(fs) = X(f)s +fVxs
forall f € C™(M), Y € I(TM), and s € T(E). It is straightforward to verify that Vx from (20) satisfies these properties and is thus a covariant

derivative operator. If E X Mis complex, then the covariant derivative is constructed as above, but with X and Y taken to be sections of the
complexified tangent bundle Tc M.
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The covariant derivative V: T'(E) — Q! (M, E) on sections induces covariant derivatives V: oF (M, E) —» QF1 (M, E) to k-forms with values
in E. Specifically, given s € Qk(M, E) and a collection Xy, . . ., Xj of vector fields in I'(TM), we define

k ) . . . .
(V) (Xor-- s Xe) = Vg5 = 2.1V, (5(Xor- . Ko X))+ 0 (C1Ys(06. X0 Xor -2 Koo Ko, X)), (A4)
j=0 0<j<I<k

where [, -] is the Lie bracket of vector fields and " indicates a missing term. It can then be verified that the Leibniz rule,
V(wnas)=dwnas+(-1)'wa Vs,

holds for any s € QF(M, E) and w e Q'(M).

If E 2 M is an associated vector bundle to a principal bundle P > M with typical fiber F, onto which G acts linearly through a
representation p: G — GL(F) [i.e., " = p(A)], the definition for V in (A4) is consistent with first defining an exterior covariant derivative
2 : Q5(P,F) - Q(P,F) on G-equivariant, F-valued k-forms on the principal bundle and pulling back Z to an operator on E-valued
k-forms on the base space, analogously to the construction of V: T(E) - Q'(M, E) from 2: CZ (P, F) — Qg(P, F) in Sec. 111 F.

Unlike standard exterior derivatives, V> and & are, in general, nonzero operators, which play an important role in defining notions of

curvature for vector bundles and principal bundles. Focusing, for now, on the vector bundle E M _it can be shown that V2 I'(E) —» Q? (M,
E) =T(A’T*M ® E), given according to (A4) by

Viy = VxVy - VyVx - Vixyp XY €D(TM),

acts as a multiplication operator by a 2-form taking values in the endomorphism bundle End E — M of E. That is, we have

Vi,ys =Rxys (A5)

for some R € Q? (M, End E), and despite appearances, V2 is a zeroth-order differential operator since Rx,y is a (1, 1) tensor. The tensor field
R is called the curvature tensor, or curvature endomorphism, associated with the connection V. It can further be shown that R satisfies a
differential Bianchi identity,

VR =0,
where V: Q*(M, End E) — Q*(M, End E) is a connection induced canonically from V: Q*(M, E) - Q*(M, E) on tensor bundles of E X ML If
R vanishes, the connection V is said to be flat.

It should be noted that V' is different from the second covariant derivative H: T(TM) — I(T*M ® T*M ® E) in Sec. 1] G in that the
former takes values in the product bundle of E and the second exterior power of T*M [consisting of antisymmetric (0, 2) tensors], whereas
the latter takes values in the product bundle of E and the second tensor power of T*M [consisting of general (0, 2) tensors]. Nevertheless, the
two operators are related, in the sense that v represents the antisymmetric component of H. Specifically, because the Levi-Civita connection
is torsion-free, i.e.,

VXY - VX = [X,Y], VX, YeI(TM),
it follows that

V?(,y =Hxy - Hyx.

c. Adjoint bundles

TAD P TAD P

First, we describe the nonlinear adjoint bundle AD P —— M associated with the principal bundle P L M. ADP 2% M is defined as
the fiber bundle over M with typical fiber F = G and left group action on F given by A - f = ADAf, where A, f € G. A section ¢ € ['(AD P) defines
a function & : P — G such that {(p) is the unique element of G satisfying ¢(m) = [p, &(p)]. Moreover, for every A € G, we have

[p.&(p)] = [p- A AT -E(p)] = [p- A ADA-E(p)].

Because ¢(m) = [p- A,&(p- A)], it follows that E(p - A) = ADs-1&(p), and thus, A - E(p- A) = &(p) - A. The latter relation implies, in turn,
that ¢.: P — P with ¢c(p) = p - &(p) satisfies the commutative diagram in (36) and is thus a gauge transformation. Conversely, starting from
a gauge transformation ¢: P — P, one can construct a section ¢, € I(AD P) by reversing the steps leading to ¢ from ¢ so that every gauge
transformation ¢ induces a section ¢,. One can further verify that ¢ = ¢, and ¢ = ¢, so that the gauge group ¢ can be identified with T(ADP).

If now e = [p, f], with p € Pand f € F, is a point on an associated bundle E . MtwoPS M, lying above m = n(p) = mr(e), the action
¢+ (e) of the pushforward map ¢.: E — E associated with the gauge transformation ¢ is given by

9«(e) = [p(p)-f1 = [p-&().f] = [P E(p) ], (A6)
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Thus, if 6: U — P is a trivializing section defined on U € M, we have

&alm) (9(€)) = E(0(m))egmy (e). (A7)

Note that if G is Abelian, AD, = Id, and every equivalence class [p, A] € ADP lying above a given point m € M is characterized by
a unique group element A € G. As a result, ADP is canonically isomorphic to M x G, and every section ¢ € T(AD P) induces a function
& M — G such that ¢(m) = [p, &(m)], where p is an arbitrary point in P,,. In particular, the gauge transformation ¢.: P — P associated with ¢
is given by ¢c(p) = p - £(n(p)), and (A7) becomes

ea(m) (95 () = §(m)egtmy (e)-

We now consider the adjoint bundle AAP — M, which is a distinct bundle from ADP Z0P, M, also playing an important role in
TTAdP

gauge theory. In particular, AdP %> M is defined as the vector bundle over M associated with P > M with typical fiber equal to the
Lie algebra of G, F = g, and left action given by the adjoint representation, L*A = AdA. This bundle is useful for characterizing the space
of connection 1-forms on P, denoted by ¥. That is, it can be shown that % is an infinite-dimensional affine space with translation group
isomorphic to Q' (M, AdP), the space of 1-forms on the base space M with values in AdP. If the structure group G is Abelian, Ad, = Id, and
the equivalence classes [p, 1] €éAd P are characterized by unique Lie algebra elements A € g. It then follows that Ad P is canonically isomorphic
to M x g (analogously to the isomorphism of ADP to M x G) and that sections in I'(AdP) are canonically identified with g-valued functions
on M (analogously to the identification of sections in I'(ADP) with G-valued functions).

d. Curvature 2-forms and field strengths

In addition to characterizing the space of connections, the adjoint bundle plays an important role in the context of curvature, as we now
describe. First, as already stated in Sec. II] H, the curvature 2-form associated with a connection 1-form w € ¢’is the Lie-algebra valued 2-form
Q € Q*(P, g) given by the covariant exterior derivative Q = Zw. It can be shown that Q obeys the structure equation

Q(Y,Z) =dw(Y,Z) + [0Y,wZ], (A8)
where [,-] : g x g — g is the Lie algebra commutator. This leads to the Bianchi identity,
7Q=Zw=0, (A9)

which is a non-trivial result since, as noted in Appendix A 1 b, 27 is, in general, a nonzero operator. Equation (A8) manifestly exhibits the
fact that Q depends nonlinearly on w if G is non-Abelian, whereas in the Abelian case, that dependence is affine. By examining pullbacks
0*Q e C* (U, g) along trivializing sections o: U € M — P of the principal bundle, Q can be identified with a 2-form F* € Q*(M, Ad P) taking
values in the adjoint bundle. The 2-form F* is known as the gauge field strength associated with w.

Let now E =% M be a vector bundle with typical fiber F, acted upon by G through a representation p: G — GL(F). Let also p : g — gl(F)
be the Lie algebra representation induced by p through its differential at the identity, p = p« ;. Then, if V: [(E) - Q'(M, E) is the covariant
derivative associated with w, the Bianchi identity in (A9) is equivalent to

and the corresponding curvature tensor R € Q% (M, End E) from (A5) satisfies

(Rys)m = [p, p(QX, Y))f].

Here, m is a point in M, X, Y are vector fields in I'(TM), and s is a section in T'(E) with s(m) = [p, f]. Specializing these results to the case of the
adjoint bundle, E = Ad P, p becomes the adjoint representation of g, and thus,

(Rx,ys)m = [p-adoex,nyf]-
Moreover, on the domain U € M of any trivializing section 6: M — P, we have [cf. (21)]
Vif=df -X+adwxf, feC7(U,g), XeI(TU).

From the last two equations, we deduce that if G is Abelian (i.e., ad)y = 0 for all A € g), then every connection 1-form w € % induces a flat
connection V on the adjoint bundle, which coincides with the standard exterior derivative.

e. Outline of Yang-Mills theory

In this section, we briefly outline the aspects of Yang-Mills theory leading to the constructions in Sec. III H. As in Appendix A 1 d, let
TTAdP

w € ¢’be a connection 1-form on the principal bundle, and let AP — M be the adjoint bundle, equipped with the covariant derivative V
induced from w. In Yang-Mills theory, it is assumed that the base space manifold M is equipped with a Riemannian or pseudo-Riemannian
metric # with volume form v, and the Lie algebra g is similarly equipped with a non-degenerate Ad-invariant sesquilinear formb:gx g - C
(cf. b from Sec. I1I B). Then, for every m € M, one can define a sesquilinear form g,, on Ad P,, analogously to (16), as well as pointwise
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sesquilinear forms for k-forms in Q(M, AdP) and corresponding norms; the latter is denoted by ||-||,». The Hodge star operator +: Q*(M)
— Qdim M=k(Ar also lifts canonically to an operator x: QF(M, AdP) — Q4™ M=k(p1 AdP).
With these definitions, the Yang-Mills action associated with a connection w is given by

Sou(@) = [ 1[G dv(m)

whenever the integral exists. One can verify that Sy is gauge-invariant.

If M is compact, then Sym(w) exists for all connections in . In the non-compact case, including the Minkowski space studied here, the
domain of definition of Sy is a proper subset of €. The Yang-Mills condition states that w should be a critical point of this functional; that
is, for any section s € T(AdP),

=0.
=0

%SYM(w +15)

This condition leads to the Yang-Mills equation,
V * Fw = O)

which represents a system of partial differential equations for local gauge fields w’ = 6™ w associated with local trivializing sections o: U € M
— P of the principal bundle. Due to the nonlinear dependence of Q on w, these equations are nonlinear if G is non-Abelian. Note that if M is
non-compact, a connection 1-form w can satisfy the Yang-Mills equation while having infinite action.

2. Fiber bundles over Minkowski space

We now restrict attention to the setting where P *> M and E 2, M are the principal and associated bundles introduced in Sec. 111
over two-dimensional Minkowski space, with the structure group G ~SO*(1, 1). We begin with three lemmas establishing basic properties of
Cartesian charts on M and their induced charts on P.

Lemma 10. Let x : M — R? be an inertial chart with origin o and basis vector fields Xj, and y : P — R’ be the induced chart on the
principal bundle. Let also L) be a Lorentz transformation associated with group element A € G. Then, the following hold:

() «' =xoLYisan inertial chart, whose coordinates and basis vector fields satisfy

. . 1 . . 1 .
K(m) = (L)) = S AW (), X = 3587,
j=0 i=0

respectively. Here, Aij are constant coefficients given by
Aij = dxi AX] = Xi . AY]*,

and the A" ; are defined similarly with A replaced by A™".
(i)  The trivializing section 6x: M — P and maps i, : M x G — P, y5, : P — G associated with x" have the equivariance properties

A A AT!
ox =R" ooy, lo, = R"o lo,s Yoo = L ° Yo,-

(iii)  The coordinates and basis vector fields of the coordinate chart y' : P — R? induced by x' satisfy
Y(0) = XA (@), Y= va ie{o1},
=0 =0
Y2 (p) =y (p) - 9(A), Yi=Yn,
where 9 : G — R is the coordinate chart on the gauge group from Sec. 111 B.

Proof. (i) Let m € M be arbitrary. Then, by the definition of the x chart, m = 0 + ¥, where v = Z}:o xj(m)?()j, and

1 R [N .
Ly(m)y=o+ > X (mAX =0+ Y Xn 5 (m),
j=0 jok=0

where A = Xk A?()j. Therefore,

K{(m) = H(L(m)) = Y- N (),
j=0
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which confirms the claimed relationship between the x” and x coordinates. Moreover,
| S 1 ,
V=Yd(mX;=> A (m) X = > x"(m) ZXjAfl’]i )
ij=0 i=0 =0
which implies that X] = 3" jl:o X;A™";, as claimed. The equality of dx’ - AX;j and X' - AY]- follows by definition of inertial charts.
(ii) The claim about o, follows directly from the fact that for every m € M,
0w (M) = {Xom X1} = {A" Xom, A X1 } = 0x(m) - A = R (a:(m)).

Moreover, for every p € P, we have 15, (p) = (m,s, (p)), where yo, (p) is the unique element of G satisfying o, (m) - y,,, (p) = p. However,
by the result just proved, g, (m) = 0x(m) - A, and therefore, ox(m) - Ay, (p) = p. The latter implies that A -y, (p) = ¥4,(p) leading to the
claim about y;, . To prove the claim about 15, , observe that for every m € M and A€G,

lo, (M, A) = 0 (m) - A = ax(m) - AA = 0x(m) - AA = 15, (m, A) - A,

and the claim follows.
(iii) By definition of the y' chart, for any p € P, we have

Y (p) = (x' @ 9)1g, (p) = (x'(7(p)): 9(ye, (P)))-
Therefore, for i € {0, 1}, Claim (i) implies that
i ii Lo Lo
y'(p) =x"(n(p)) = X A (n(p)) = X Ay (p).
j=0 j=0
Moreover, it follows from Claim (ii) and (12) that

Y2 (0) = 9(yo, (p)) = 9(A ye (p))) = 9(AT") + 9o (p)) = ~9(A) +y*(p),

which proves the claimed relation between y'(p) and y(p). Turning to the coordinate basis vector fields, for any f € C*°(P), we have
I _ o -1 _ A -1 -1
Yiof =0i(f05"™") ) = O(F oy 0yoy™™), )

i /,— 2 i /,—
0oy, 23 g :Z;(n“’f)ai(ﬂ"y' Dyr
J J=

Lo

Thus, by the results just established,

A™Y, ijef{o,1}

i -1 _ L
Wy oy )y =g i=j=2
0 otherwise,
and we conclude that Y; f = Z}:O Yjpf A" for i€ {0, 1} and Y, f = Ya,. This completes the proof of the claim and the lemma. u]

Lemma 11. Let y : P — R® be the coordinate chart on the principal bundle induced by an inertial chart x : M — R?, and let Y; and X; be

the associated coordinate vector fields. Then, for any A € G, the Y; are invariant under the right action R* on the principal bundle, i.e., R: Y; = Y.
Moreover, Y5 is a fundamental vector field generated by the Lie algebra basis vector u, i.e., Y, = W".

Proof. Let p ={po, p1} € P be a point on the principal bundle lying above 7(p) = m, and p’ = RY (p). We begin by observing that
P =70, V)= @), Y =5 (0) - 9. (A10)
Indeed, the first expression in the above equation follows immediately from the facts that 7(p") = m and

P (p') =2 (n(p")) = £ (2(p)) = ¥ (p)-
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The second expression follows similarly. Meanwhile, the third expression follows from the G-equivariance of y,, , viz.,

P() =900 (2) = 9(r0. (R* ())) = (L (70 ())) = 9(A™) + (v, (p)) = =9(A) + 5 (p),

where the last equality in the first line follows from (12).
To prove that R} Y; = Y}, we must show that for any f € C™(P), (R}Y;),f is equal to Y; ,f. We have

2

2
— —1 .k A —1
y(p'>_,§)a"(f°y )y(p)af(y oR oy )y(p) k;) Vo 9y o R 0" )(p'>’

RYY)) =Y y(foRY) =0(foR oy
( J)pf P (fo ) J(fo °y )
and by (A10), 9;(y* o R® oy Ny = 8, leading to (RAY;),f = Yi,f.

Finally, to verify that Y3 is the fundamental vector field generated by u, it is enough to show that for all p € P, dy’ - Wy = &, Indeed, it
follows from (A10) that forj € {0, 1} and any € € R,)/(Re"}’(“”)?) :)/(p) so that

j( pexp(en) i
oW _hmy(R ) AN

e—0 Fol

while yz(ReXp(E”)p) =y*(p) + € so that

P (R () -y ()

dyp = 11m - =1,

proving the claim and completing the proof of the lemma. O

Lemma 12. The © operator from (22) is (i) Lorentz-invariant, i.e., independent of the choice of inertial chart x with origin o € M, and (ii)
G-equivariant, in the sense that (R}Y)® = R} (Y®) forany A€ G, p € P, and Y € T,P.

Proof. (i) Letx' : M — R* be an inertial chart centered at o, and A be the unique element of the structure group G such that x" = x o L}
Let also y' : P — R be the associated coordinate chart on the principal bundle, with coordinate vector fields Y’;. For any p € P, define the
operator ™: T,P — T,P such that
Yop==Yip Yip=-Yop Yip=Ya,

We must show that for any Y € T,P, Y® = Y©. For that, observe first that © and ¥ have the same matrix elements in their respective defining

bases, i.e.,
A= dy, - YD = dy] - Y],
where
. 0 -10
A=[A]=[-10 0]
0 01

It then follows from these facts and Lemma 10(iii) that

1 . .
e (dyp ) ip = Z(dy; )A Yy = Z(dyz’;t ‘ Y)AJiYJ{er (‘%2 : Y)Y2’>p

i=0 i,j=0 i,j=0

1 X X 1
(dyp- V) AN Vi + (dyp - V) Yap = 3 (dyp - V) ALY, + (dyp - Y) Yoy = YO,
i,7,k,1=0 k,1=0

MN

proving Claim (i).
(ii) By the R%-invariance of the Y; established in Lemma 11 and the pointwise definition of @ in (22), it follows that

©
(RYip)” = (Yiw»)® = Y-
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Therefore, using again Lemma 11, we obtain

(Riy)” - i(d)/ﬁ(p) REY )V = i(RA*dJ/éA(p) ) (REYp)” = Sy v) (R ) = RE(Y),

2
j=0 j=0 j=0

where the second-to-last line follows from the R -invariance of the dual vector fields dyj (which is, in turn, a direct consequence of the
R%-invariance of the Y;). This proves the claim and the lemma. O

We now turn to the construction of the connection 1-form on the principal bundle, described in Sec. ITI F.

Proposition 13. The 1-form w € Q'(P,g) defined in (24) satisfies (17), i.e., it is a connection 1-form on the principal bundle P 5 M.
Moreover, w does not depend on the choice of inertial chart x : M — R? with origin o.

Proof. First, note that in the induced coordinate chart y : P — R? on the principal bundle, with y(p) = (°(p).»'(p).¥*(p))
= (x"(7(p)),x" (7(p)), 9(ys,(p))), the function i, has the representation

G°®) + (' ()
2

he(p) = — 7 (p).

As a result, Yohy = —yo, Yihy = yl, and Yahy = 1, leading, in conjunction with (22) and (24), to (25). Moreover, by (A10), for any A € G and p
€ P, we have

(e 0 RY)(p) = hu(p) + 9(10). (A1)

That is, I:lx o R* differs from I:lx by a constant on P, namely, 9(A), so that Y(Ex o RA) = Yfzx forany Y € T,P.
Next, by (13), every fundamental vector field W* associated with A € g satisfies Wt = w2 9)W* = 9(1)Y,. Thus, by (25),

(@Wh), = 9(1) (wY2), = 9(N)u = A,

proving the first condition in (17). To verify the second condition, it must be shown that for every pe P, Y € T,P,and A € G, (RA* w),Y = wpY.
Indeed, by Lemma 11 and (A11), we obtain

(RA*w)pY = Opr R Y = RYYOhe = ¥P (o RY) = Y0 he = @y,

as claimed.
Next, to verify that w is independent of the choice of inertial chart x with origin o, note that (24) can be equivalently expressed as

(wY), = (apY) hu + (dy2 . Y)pYz,p(S ° Yo, )

So long as o is kept fixed, the first term in the right-hand side is independent of x by the definition of 4 in (23) and Poincaré invariance of the
* operator (see Sec. 111 B). It thus suffices to show that the second term is x-independent. For that, note that if x’ : M — R? is the inertial chart

with x” = x o L for some A € G, then by Lemma 10, y,, = LAil o ¥4, and Y’, = Y, so that

(dylz ! Y)pY2,>P(‘9 o VUX') = (dyz : Y)pYZ'l"(‘9 ° LAH ° y”x) = (dyz . Y)pYZ'P(S © Yo, © RA?I) = (dyz : Y)pYZ’P(S ° Yﬂx)-

Note that to obtain the second-to-last line, we used the equivariance property of y,, in (14), and to obtain the last line, we made use of the

fact that 9oy, o RM" differs from 9o Yo, by a constant shift of —9(A) [in accordance with (12)], which is annihilated upon application of the
tangent vector Y. Since Y and p were arbitrary, this shows that w is independent of the inertial chart x with origin o, completing the proof
of the proposition. O

As a final result in this appendix, we establish how points on the associated vector bundle E 2, M transform under gauge
transformations.

Lemma 14. Let ¢: P — P be a gauge transformation. Then, for every point e € E,, in the associated bundle lying above m € M, we have

pe = ei"‘s(f(m))/ﬁe, where 9 : G — R is the coordinate chart from (12) and & M — G is the unique function satisfying ¢(p) = p - E(n(p)).
Moreover, if o € I(P) is a section of the principal bundle, the following hold:
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(i)  For any function f € C™ (M), the corresponding sections fo = {of and fo oo = {poof satisfy fpos = ¢ o fo, and

Spoo(m) = ei“s(f(m))/ﬁfg(m), Vme M.

(ii) For any section s € T(E) of the associated bundle, the corresponding C*° (M) functions (matter fields) s° = Gls and s7°° = ({;Olas satisfy
s7°7 = (¢5) " o5, and

s (m) = eiias(f(m))/ﬁsg(m), Vm e M.

Proof. First, the existence and uniqueness of & was established in Appendix A 1. Let e = [p, z], where p € P, and z € C. To prove the
claim about ¢+ e, we use (A6) and the fact that G acts on the fiber F = C by multiplication according to (15), leading to

02(0) = [p.E(p) 2] = [ E(m) -] = OO < DI ) SO

as claimed.
Next, to verify Claim (i), we have

Fyoo (M) = Lyoaf () = &(gony(my (F(m)) = [(9 0 @) (m),f(m)] = [0(m) - E(m),f(m)] = [0(m),E(m) - f(m)] = & EODI2p (),

and the claim follows using the result about ¢+ just proved. To verify Claim (ii), we employ the G-equivariance of egl from Lemma 8 to obtain

SP°7(m) = €hony (m) (S(M)) = Extmytmy () = E(m) ™ - edys(m) = E(m) ™" 57 (m) = e EEDNV20 (1,

The above equation, in conjunction with Claim (i), leads to

777 (m) = & NG () = G EO ) ) = (5 0 97 0)m) = (G 02" 0 6)s ) = ((62) ™ o))
and the claim follows. ]

APPENDIX B: RESULTS FROM RKHS THEORY
1. Basic properties of the heat kernel on the circle and the associated RKHSs

We begin by stating some commonly used terminology in the theory of RKHSs on topological spaces. We will only consider compact
spaces, as our main interest here is on RKHSs on the circle equipped with the standard-metric topology.

Let then S be a compact topological space, and x : S x § - C be a Hermitian function, i.e., x(6, 0') = x(0',0)* for all 6, & ¢ S. The
function « is said to be positive-definite if for any finite sequence 6, ..., 6, € S the kernel matrix K = [x(6;, 6;)];j is non-negative. By the
Moore-Aronszajn theorem,”” every positive-definite Hermitian function is the reproducing kernel for a unique RKHS .# of complex-valued
functions on S; that is, a Hilbert space (% (-,-).») such that (i) the kernel sections «(6, -) lie in ¢ for all 6 € S; and (ii) for every 0 € S, the
pointwise evaluation functional Vg : #— C, Vof = f(0), is continuous and satisfies Vof = (k(6,-),f).» The latter relation is known as the
reproducing property. In addition, the kernel « is said to be'***

o strictly positive-definite if K is a strictly positive matrix whenever the 61, . . ., 6, are all distinct;

o C-universal if x is continuous, and .#is a dense subspace of the space of complex-valued, continuous functions on S, equipped with
the uniform norm;

o [P-universal if x is bounded and Borel-measurable, and .#is a dense subspace of L*(m) for any Borel probability measure m on S,
where p € [1, oo] and L?(m) is equipped with the standard norm; and

o characteristic if k is bounded and Borel-measurable, and the map m ~ [s«(-, 6) du(0) is injective, where m is any Borel probability
measure on S.

On a compact space, C-universality and If universality of a continuous kernel are equivalent notions.'* Moreover, every C-universal
kernel is strictly positive definite and characteristic, though the converses of these statements are not true. In addition, we have the following
lemma:

Lemma 15. Let k : Sx S — C be a Hermitian positive-definite kernel on a metric space S, J#be the corresponding RKHS, and F : S — . be
the feature map such that F(0) = (0, -). Then, the following hold:
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(i) Fis continuous if and only if « is continuous.
(ii) If « is strictly positive-definite, then F is injective, and F(0) and F(0') are linearly independent whenever 6 and 0" are distinct.

Proof. (i) The equivalence between continuity of kernels and continuity of feature maps was proved in Ref. 14 (Lemma 2.1).

(ii) It is enough to show that F(6) and F(§') are linearly independent for any two distinct points 6 and ', for this property implies
injectivity of F. To prove the claim by contradiction, suppose that there exist distinct points 6, 6’ ¢ S! such that F(0) and F(¢') are linearly
dependent. Then, there exist coefficients c, ¢’ € C, at least one of which is nonzero, such that cF(6) + ¢'F(8) = 0, and thus,

c(k(6:),  F(0))or+ ' (x(0,-), F(8'))=0,
c(k(6',-),  F(0))x+c(k(0,), F(6))x=0.

Then, by the reproducing property,
(k(6,-), F(0)). = (x(6,-), x(6,-)).r = x(6,0),
and similarly,
(k(0.), ()= K(0.0), (k(0',-), F(6')).0 = (6, 6).
It then follows that the kernel matrix

6,8) (6,6
K= (;f((ee)) ;f((e',e')))

is a non-invertible kernel matrix associated with the distinct points 6 and €', contradicting the fact that « is strictly positive-definite. m]

With these definitions and results in place, we state the following lemma summarizing some of the basic properties of the heat kernel on
the circle:

Lemma 16. For any T >0, the heat kernel k : S'xS! > Ronthe circle from (7) is a strictly positive-definite, C-universal, IP-universal, char-
acteristic kernel. Moreover, the feature map Fy : S' — J; is an injective, continuous map, mapping distinct points in S' to linearly independent
functions in ;.

Proof. By compactness of S Vand continuity of «;, that «; is LP-universal, strictly positive, and characteristic will follow if it can be shown
that it is C-universal. Indeed, by Ref. 35 (Corollary 11), a translation-invariant kernel  : §* x §'* - R of the form (6, 6") = ;'c(|9 - 0'|), where
% : [0,27] — R is a continuous function and |-| denotes the arclength distance, is C-universal if and only if ¥ admits a pointwise absolutely
convergent Fourier expansion #(0) = X5, &; cos(j6), where the &; are strictly positive. Clearly, the heat kernel x: from (7) takes this form for
any 7 > 0, so it is C-universal. The claim about injectivity and linear independence of F; applied to distinct points then follows from Lemma
15. O

Lemma 17. For every T > 0, the L*(u) norm of the kernel section x.(6, -) is independent of 0 € S*.

Proof. By shift-invariance of «, and unitarity of the Koopman group on L*(y), for every t € R, we have
(8 )l = [ ke (@7(8), @' ()) | = [Ke(®'(6),7) © D[y = [U'ke (@' (6), ) |u = [ ke (D7(6),) -

The claim then follows from the fact that for every 6, 8 € S, there exists ¢ € R such that 8’ = ®'(6). o

2. Proof of Proposition 4

First, to show that ¥; = IT o F; is injective, note that, by Lemma 16, F; maps distinct points in s to linearly independent functions in
F(H) c C(SM)\{0}. Moreover, by definition, IT maps each (nonzero) function f its domain to the rank-1 orthogonal projection operator on
L*(u) mapping onto span{ f}. Since span{f} and span {f’} are distinct subspaces of L? (4) whenever f, f" are linearly independent continuous
functions, these two facts together imply that ¥; is injective.

To show that ¥ is continuous, observe that

¥ (0) = (F(6),)uF:(0)/c,
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where ¢ := |x(6,-)] ,24 is independent of 6 by Lemma 17. Then, for any 6, §’, we have

c[We(8) = We (61 = |(Fe(8),-)uFr(6) = (Fe(6),-)uFe(6)]
= [(Fe(6),)uF:(6) = (Fe(6"),-)uFe(0) + (F:(6'),-)uFr(6) = (F(6"),-)uF:(6") In
< |(Fe(6) = Fe(6'),)uFr(0) |1 + [(F:(6'),-)u(F:(6) = F2(6')) 11
= [ Fe(8) = Fe(6") (I F=(0) [l + |1F=(6") )
<2¢7|F.(6) - F:(6))|

T

and the continuity of ¥; follows from continuity of F; (Lemma 16). Note that to obtain the equality in the second-to-last line above, we used
the fact that the trace norm of a rank-1 operator (f, -),g on L*(u) is equal to ||f|||g]lx» and the inequality in the last line follows from the fact
that the L? (¢) norm is bounded above by the J#; norm for any 7 > 0. Next, to check that F; o @' =U "o F;, we compute

F(®'(0)) = k(D' (6),-) = (6,7 (})) = %:(6,-) o @ = U 'i(6,-) = U 'F,(6),
verifying the claim. In addition, for any f € C(S")\ {0}, we have

st oyt t_ (f’ Ut('))#Ut*f _ (Uﬁtf"hUﬂf _ —t
SN =Y =" g )

showing that ITo U™ = ®' o IT. That ¥, o @' = ®' o ¥, then follows from the fact that ¥; = IT o F,. This completes the proof of Claim (i).
Turning now to the map Q. in Claim (ii), for any A € @A(L*(u)),

(@A) =tr((¥(-)"A™) = tr(¥:(")A) = Q:A,

where the second-to-last equality follows from the fact that for any 0 € S', ¥+ (6) is a density operator and thus self-adjoint. Moreover, for any
0,6 €S, we have

|Q:A(0) - QA()| = |tr((¥:(6) - Wo(6"))A)| < tr] (¥(6) - ¥ (6"))A| < [W2(0) — ¥=(6')[1 Al

and the continuity of Q; follows from the continuity of ¥; established in Claim (i). We therefore conclude that Q. is well-defined as an
operator mapping into Cg(S'). In addition, for any t € R,

Q(U'A) = tr(¥:(-)U'AU™) = tr(U" W (YU'A) = tr( D' (¥r(-)A) = tr(¥o(D'(-))A) = tr(¥:(-)A) 0 @ = U'tr(¥+(-)A) = U'(QA),

proving that Q; o U’ = U’ 0 Q.. This completes the proof of Claim (ii).
Finally, Claim (iii) follows directly from the definition of Q} and Claim (ii).

3. Proof of Theorem 7

Starting from Claims (i) and (ii), it follows from the Mercer representation of the kernel & in (64) that {(}j,T}ng with ¢, = e i/ ¢ is
iot

an orthonormal basis of .%/T Moreover, for every t € R, 45]-,, od =¢ g}j,r so U! maps an orthonormal basis of %/T to an orthonormal basis.

We therefore conclude that ji/f, and since 7 is arbitrary, 2 are invariant under U, proving Claim (i). Similarly, Ut : ,Z/T — %/T is unitary
since {U'@+ }jez is an orthonormal basis, and the strong continuity of { U’ }cr follows from the fact that t — U’¢; = €¥'¢; - is a continuous
map. )

Next, turning to Claim (iii), the basis elements ¢;; are clearly eigenfunctions of the generator V : D(V) — J#, i.e.,

R Utﬁz)"r - ¢’1 eiajt -1, A
Vi, =lim el 2T~ lim = iojdi s,
bjr P P P : bje jdj.r

where the first limit is taken with respect to the %/T norm. Then, for every f = q@,, € %1 and / € Ny, the action of V on the partial

sum f; = Z;:_, ¢idj.c is given by g := Vfj = Z]l.:_l iajcjdjr, and it follows from the definition of %1 that g; is a Cauchy sequence in ;. Thus,
L%/Tl is a subspace of D(V). Now, if f = > cj<25j,r € ]{T\f: for every C > 0, there exists I € Ny such that for all I > I, ZJZ.?ZU|2|CJ-|2 >C It
therefore follows that g; = Vf; has norm g ;. > aC, and thus, the sequence g; is unbounded. This shows that (%/TI ) € D(V), and therefore,

%l 2 D(V). The latter, together with the fact that e%’rl € D(V) just shown, implies that ,}Z’TI = D(V), as claimed.
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What remains is to show that V acts on %" as a derivation. For that, it needs to be shown that () ¥ “ is invariant under V; and (ii)
the Leibniz rule holds, i.e.,

V(o) = (Vf)g +f(Vg), Vf.ge ™. (B1)

These claims will follow, in turn, from the following useful lemma:

N A1 ~ N
Lemma 18. Forevery T>0and 1’ > 1, Xy is a subspace of ; . Moreover, the restriction of the generator V : D(V) — Jt; to s, viewed
as an operator V|, : Ky — s, is bounded.

A Proof of Lemma 18 will be given below. Assuming, for now, that it holds, let f = 37 f,gb] andg = Y7, gi¢j be arbitrary elements of

27, and note that the partial sums fi= ]l_fl f ¢jand g = Z,l_fz gi¢; converge in any J# norm. Moreover, because .%; is a Banach algebra,
as | — oo, fig; converges in Jy norm to fg. Choosing, in particular, 7 > 7, it follows from Lemma 18 that Vf, Vg, and V(f,g,) are Cauchy
sequences in J#; converging to Vf, Vg, and V(fg), respectively. The Banach algebra property of .#; then implies that (Vf,)g; and f)(Vg)) are
also .#; Cauchy sequences, converging to (Vf)g and f(Vg), respectively.

Now, because 7 was arbitrary, the convergence of Vf; to Vf in .%; norm implies that Vf lies in .%; for any > 0 and therefore that ¢~
is invariant under V. Moreover, for any [ € N,

1

o o ! . o
V(fig) = V( kzlﬁgkw) = V(j;lﬁgkfbﬁk) Z ia(j+k)figedion = Y iaifidditn+ Y iakfiggide = (Vg +f(Va),

k=1 k=1 k=1

and taking [ — oo limits in L%/T norm, we obtain

ven) = v(lim fig)) = lim V(ig) = Jim (Vg + lim (V) = (V)g +7 (V).

verifying (B1).
Finally, to prove Lemma 18, observe that ¢, c J#; whenever ' > 7, and every f € J#, admits an expansion f = popes

¢j$j.0, where
oo - . 1)l : . o .
Yt (Tl |giI* < oo. Since EC N Clj|* for some constant C > 0 whenever 7’ > 7, it follows that Zj:_w[]|2|cj|2 < oo, which shows that

Ji/,r c ,}i/ Similarly, defining f; = _ cjg}j,f with ¢; as above, we have

]_

] !
20421 .12 2 (7-1)|jff| .12 2 2
= Y LlPgl < Y oW gl = 1%, o /C.
j==1 j==1

This shows that V\Z/ : Hy — H; is uniformly bounded on the dense subspace of . consisting of finite sums of the form " ¢ and is

therefore bounded on the whole of .. O

APPENDIX C: FRACTIONAL DERIVATIVES

In this appendix, we provide definitions and outline the basic properties of fractional derivative operators on functions on the circle.
Additional details on these topics can be found, e.g., in Refs. 36 and 37.

To construct the fractional derivative operator 9" of order r > 0, it is convenient to pass to a Fourier representation using the Fourier
analysis operator § : L*(u) — ¢2. The latter is the unitary operator mapping f = Y2 ¢j¢; € L*(u) to the £* sequence f = Ff := (¢)jez
consisting of the expansion coefficients of f in the Koopman eigenfunction basis {¢;} ~_o.. Note, in particular, that

1
27r

= {gfhi= o [ SO do

indicating that the elements of f coincide with the standard Fourier expansion coefficients of f. Then, for any r > 0, we define

D@ > L*(u), 9 =F63 (C1)
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where & : D(9") — £* is the multiplication operator with the dense domain

D(9) = {(Cj)jez el Y el < oo} c
j=—o0
defined as
0 (¢)jez = (i)' ¢))jez-
The domain of 9" is then the dense subspace D(9") of L* (i) given by

D(9") = { > el (w: X gl < °°}~
J=70o° J==0

It follows directly from these definitions that if 7 is a non-negative integer, 9" from (C1) coincides with the weak derivative operator with
respect to standard angle coordinates 6 on the circle. It can also be verified that the restriction 8": W#*(u) — L*(u) of 8" to the Sobolev space
WP2(u) € L*(u) of order p = [ r], where

WP (u) = { > ghiel’(n): > lef < 00}’
= =

is a bounded operator. Here, W”*(y) is equipped with the standard norm,
) oo
ey = 22 2 el f= 3 g
4=0j=—oo je—eo
To gain intuition on the behavior of §" in a pointwise (as opposed to Fourier) representation, we state an equivalent definition to (C1),
given by the L (1) limit
1
9'f = lim =D,f, feD(d"), (C2)
a0t gt

where D, f is the Riemann difference of f,

Df(6) = 2(71)”(;)]‘(9 —an), (;) -

In the fractional calculus, the operator in (C2) is known as the Liouville-Griinwald, or Griitnwald-Letnikov derivative. From this definition,
it is clear that whenever r is a non-negative integer, 0'f(6) depends on the behavior of f in an infinitesimally small neighborhood of 6, for the
Riemann difference DD contains finitely many terms. On the other hand, for the non-integer , D} contains infinitely many terms, and 9"f(6)
depends on the behavior of f on distant points from 6. In other words, 9" is a non-local operator whenever r is not an integer.

With these definitions in place, we have the following proposition:

r(r=1)(r—-n+1)
n! ’

Proposition 19. The ladder operators A. and AL from (57) satisfy (59).

Proof. We will prove the claim only for A_ and A7, as the results for A, and A7 follow similarly. For that, note first that the set

{ Eﬁb—l‘p(/’l‘bz }

-~~>\/§>ﬁ> 07ﬁ)%)-~-
is an orthonormal basis of the Sobolev space W' (). As a result, because 9"%: W'?(u) — L*(u) is bounded, it is enough to show that
U Aoy =ML 0Ny, wt Ay u; = 0N Ly (C3)

for all j € Z. Indeed, using (56), for any non-positive integer j, we obtain

?/*Ao?/gbj _ %*AOV/—j,O _ %*(\/__jv/—j—l,o) _ \/?j(ij _ i1/2¢1<\/?j¢j) _ il/zL*al/ngj _ il/zL*aih(pj

U AgUy = U Asy—jo = %*(\/—j + 11//,,»+1,0) = /T 1gi = ii(G- )b = i20'Le; = iM*0M L.

On the other hand, if j is positive,

and

U Aoy = U Aoy = 0 = i L* 02,
%*A(;“Z/gbj = %*Agl//()j = ?/*l//lj =0= il/zL*ai/z(pj.

We therefore conclude that (C3) holds, as claimed. O
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