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ABSTRACT

Wormlike micelles are self-assemblies of polymer chains that can break and recombine reversibly. In this paper, we derive a thermodynamically consistent two-
species micro-macro model of wormlike micellar solutions by employing an energetic variational approach. The model incorporates a breakage and combination
process of polymer chains into the classical micro-macro dumbbell model of polymeric fluids in a unified variational framework. We also study different maximum
entropy closure approximations to the micro-macro model by “variation-then-closure” and “closure-then-variation” approaches. By imposing a proper dissipation
in the coarse-grained level, the closure model, obtained by “closure-then-variation”, preserves the thermodynamical structure of both mechanical and chemical
parts of the original system. Several numerical examples show that the closure model can capture the key rheological features of wormlike micellar solutions in

shear flows.

1. Introduction

Wormlike micelles, also known as “living polymers”, are long,
cylindrical aggregates of self-assembled surfactants that can break and
recombine reversibly [1]. There are substantial interests in studying
wormlike micellar solutions for the purpose of fundamental research
and industrial applications [2-6]. In particular, it has been observed
that many wormlike micellar solutions exhibit shear banding, where
the material splits into layers with different viscosities when under-
going strong shearing deformation [7]. Theoretically, shear banding is
thought to arise from a non-monotonic rheological constitutive curve
of the shear stress versus the applied shear rate in steady homoge-
neous flow [8,9]. Understanding this unusual rheological behavior of
wormlike micellar solutions has been a focus of many theoretical and
experimental studies [10,11].

During the last couple of decades, a number of mathematical models
have been proposed for wormlike micellar solutions [1,10,12-16].
Many theoretical models, such as the Johnson-Segalman model [16]
and Rolie-Poly model [12], are one-species models, which did not
reflect the “living” nature of wormlike micelles. To account for the
reversible breakage and combination process of micellar chains, Cates
proposed a reptation-reaction model, in which the reaction kinetics
is introduced to account for the reversible breakage and combination
process [1,17]. Inspired by Cates’ seminal work, a two-species, scission—
combination model for wormlike micellar solutions is proposed in [10],
known as the VCM (Vasquez-Cook-McKinley) model. Although the
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VCM model was derived from a highly simplified discrete version of
Cates’ model [11], it can capture the key rheological properties of
wormlike micellar solutions [10,18,19]. As pointed out in [20], the
VCM model is thermodynamically inconsistent, due to the assumption
that the break rate depends on the velocity gradient explicitly. The
VCM model was later revisited into a thermodynamically consistent
form [8,11], which is known as the GCB (Germann—-Cook-Beris) model,
by using generalized bracket approach [21]. Under the framework of
GENERIC [22,23], Grmela et al. formulate a mesoscopic tube model
that includes the scission-recombination process, the reptation, Brow-
nian relaxation and the diffusion, for wormlike micellar solutions [15],
in which the wormlike micelles were modeled as different length
chains composed of Hookean dumbbells. Same framework can be used
to derive several reduced models, including a VCM-type two-species
model and a three-species model.

For many complex fluids, two-scale macro-micro models, which
couple the evolution of the microscopic density distribution function
of polymeric molecules, with the macroscopic flow, have been widely
used to describe their dynamics [24-26]. In these models, the micro-
macro interaction is coupled through a transport of the microscopic
Fokker-Planck equation and the induced elastic stress tensor in the
macroscopic equation. The competition between the kinetic energy and
the multiscale elastic energies leads to different interesting hydrody-
namical and rheological properties. The goal of this paper is to extend
such a micro-macro approach to model wormlike micellar solutions
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by incorporating it with the microscopic breakage and combination
reaction kinetics. Following the setting in the VCM model [10], we rep-
resent the wormlike micelles by two species of dumbbells of different
molecular weights respectively. Instead of constructing some empirical
constitutive equation, we employ an energetic variational approach to
derive the governing equation from an prescribed energy-dissipation
law.

We also study different maximum entropy closure approximations
to the new micro-macro model. We adopt both “closure-then-variation”
and “variation-then-closure” approaches. The first approach, which has
been widely used in literature [27,28], applies the maximum entropy
closure at the PDE level, while the later approach first reformulates
an energy-dissipation law at a coarse grained level and derives the
closure system by a variation procedure [29,30]. Due to the presence
of reaction kinetics, these two approaches are not equivalent. Although
the “closure-then-variation” approach can obtain a model satisfying
an energy-dissipation property, the model fails to produce a non-
monotonic rheological constitutive curve of the shear stress versus the
applied shear rate in steady homogeneous flows. In contrast, by for-
mulating the dissipation part in the coarse-grained level properly, the
“closure-then-variation” approach can result in a model that preserves
the thermodynamical structures of the mechanical and chemical parts
of the original system. The resulting closure system takes the same form
as the VCM [10] and GCB models [11]. Numerical simulations show
that the moment closure model can capture the key rheological features
of wormlike micellar solutions as the VCM [10] and GCB [11] models.

The paper is organized as follows. In Section 2, we formally derive
the micro-macro model for wormlike micellar solutions by employing
an energetic variational approach. A detailed investigation of maximum
entropy closure approximations to the micro-macro model is presented
in Section 3. In Section 4, we show the closure model, obtained by
“closure-then-variation” can capture the key rheological features of
wormlike micellar solutions in planar shear flows.

2. Energetic variational formation of the new micro-macro model

In this section, we employ an energetic variational approach to
derive a thermodynamically consistent two-species micro-macro model
for wormlike micellar solutions.

2.1. Energetic variational approach

Originated from pioneering works of Rayleigh [31] and Onsager

[32,33], the energetic variational approach (EnVarA) provides a gen-
eral framework to derive the dynamics of a nonequilibrium thermo-
dynamic system from a prescribed energy-dissipation law through two
distinct variational processes: the Least Action Principle (LAP) and the
Maximum Dissipation Principle (MDP) [34,35]. The energy-dissipation
law, which comes from the first and second laws of thermodynam-
ics [34,36], can be formulated as
d total —
FECN D=~ 2, 2.1)
for an isothermal closed system. Here E'°®! is the total energy, which is
the sum of the Helmholtz free energy F and the kinetic energy K; A is
the rate of energy dissipation, which is equal to the entropy production
in this case. The LAP states that the dynamics of a Hamiltonian system
is determined as a critical point of the action functional A(x) = '/OT(IC—
F)dt with respect to x (the trajectory in Lagrangian coordinates for
mechanical systems) [34,37], i.e.,

T
A= / / (finertial — fcony) - 6% dxdr. (2.2)
o Jow

In the meantime, for a dissipative system, the dissipative force can be
determined by minimizing the dissipation functional D = % A with
respect to the “rate” x, in the linear response regime [38], i.e.,

6D = / Saiss + 6%, dx. (2.3)
fol0)

Journal of Non-Newtonian Fluid Mechanics 293 (2021) 104559

This principle is known as Onsager’s MDP [32,33]. Thus, according to
force balance (Newton’s second law, in which the inertial force plays
role of ma), we have

) 04
éx  6x, ’

in Eulerian coordinates, which is the dynamics of the system. In the
framework of EnVarA, the dynamics of the system is totally determined
by the energy-dissipation law and the kinematic relation, which shifts
the main task of modeling complex nonequilibrium systems to the con-
struction of energy-dissipation laws. The EnVarA framework has been
proved to be a powerful tool to build up thermodynamically consistent
mathematical models for many complicated system, especially those in
complex fluids [34,35].

Complex fluids are fluids with complicated rheological phenomena,
arising from the interaction between the microscopic elastic properties
and the macroscopic flow motions [26,35]. A central problem in mod-
eling complex fluids is to construct a constitutive relation, which links
the stress tensor 7 and the velocity field Vu [39]. Unlike a Newtonian
fluid, there is no simple linear relation = = uy, where y = %(Vu + vul)
is the strain rate and u is the viscosity, for complex fluids. Instead
of constructing an empirical constitutive equation that often takes the
form of

0,t+ - V)r = f(r,Vu), (2.5)

the EnVarA framework derives the constitutive relation from the giving
energy-dissipation law through the variation procedure. Hence, the
multiscale coupling and competition among multiphysics can be dealt
with systematically.

As an illustration, we first give a formal derivation of a one-species
incompressible micro-macro model of a dilute polymeric fluid by em-
ploying the EnVarA. A more detailed description to this model can be
found in [26,34]. In this model, it is assumed that the polymeric fluid
consists of beads joined by springs, and a molecular configuration is
described by an end-to-end vector g € RY [40,41]. At the microscopic
level, the system is described by a Fokker—Planck equation of the num-
ber density distribution function y(x, g,¢) with a drift term depending
on the macroscopic velocity u. While the macroscopic motion of the
fluid is described by a Navier-Stokes equation with an elastic stress
depending on y(x, q,1).

To derive the dynamics of the system by the EnVarA, we need to
introduce Lagrangian descriptions in both microscopic and macroscopic
scales. In the macroscopic domain 2, we define the flow map x(X,7) :
Q — Q, where X are Lagrangian coordinates and x are Eulerian
coordinates. For fixed X, x(X,¢) is the trajectory of a particle labeled by
X, while for fixed 7, x(X, 7) is an orientation-preserving diffeomorphism
between the initial domain to the current domain. For a given flow map
x(X, 1), we can define the associated velocity

u(x(X, 0.0 = X0, 2.6)
and the deformation tensor
Fx(X, 1), 1) = F(X, 1) = Vyx(X, ). .7

Without ambiguity, we will not distinguish F and F in the following. It
is easy to verify that F(x, ) satisfies the transport equation [26]

F,+u-VF = VuF (2.8)

in Eulerian coordinates, where u - VF stands for u;d F;;. The deforma-
tion tensor F carries all the kinematic information of the microstruc-
tures, patterns, and configurations in complex fluids [42]. Similar to
the macroscopic flow map x(X,7), we can also introduce the micro-
scopic flow map q(X, Q,1), where X and Q are Lagrangian coordinates
in physical and configuration spaces respectively. The corresponding
microscopic velocity V is defined as

V(x(X,1),q9(X.0.0,1) = %q(X, Q.n. (2.9)
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Due to the conservation of mass, the number density distribution
function y(x, g, 1) satisfies the following kinematics

dw + Vg - (uy) +V, - (Vy) =0, (2.10)

where u and V are effective velocities in the macroscopic domain and
the microscopic configuration space respectively. After the specification
of the kinematics (2.10), the micro-macro system can be modeled
through the energy-dissipation law

i/ [lp|u|2+i/lp(lny/—l)+lpqu] dx
dt /o |2

=—/ [anu|2+/ il//lV—qulqu] dx,
e} Rd &

where K = /Q %p|u|2dx is the kinetic energy, 4 is a constant that repre-
sents the ratio between the kinetic energy and the elastic energy, U(q)
is the spring potential energy, and ¢ is the constant that is related to the
polymer relaxation time. We assume that u satisfies the incompressible
condition V - u = 0. The second-term in the dissipation accounts
for the relative friction of microscopic particle to the macroscopic
flow, where (Vu)q is velocity induced by the macroscopic flow due
to the Cauchy-Born rule [26]. The Cauchy-Born rule states that the
movement in configuration space follows the flow on the macroscopic
level, i.e., ¢ = FQ without the microscopic evolution, where Q are La-
grangian coordinates in the configuration space. A direct computation
shows that

(2.11)

V= (%(FQ) = VuFQ = Vug, (2.12)

which is the microscopic velocity induced by the macroscopic flow.

Now we are ready to perform the energetic variational approach
in both microscopic and macroscopic scales. It is import to keep the
“separation of scales” in mind when applying the LAP and the MDP
in both scales. On the microscopic scale, since x(X, ) is treated being
independent from q(Q, X, ), a standard energetic variational approach
results in

éw(V — Vug) = —yV,(Iny + U(g)), 2.13)

where the right-hand side is obtained by the LAP, taking the variation
of —F, =~ [ winy +wUdq with respect to g, and the left-hand side is
obtained by the MDP, taking the variation of D, = zif [wlV - Vugq|*dg
with respect to V' [34,43]. Combining (2.13) with the kinematics
(2.10), we have

W+ V) + Vg (Vuqy) = £ (Agy + Vg - (wV,0)). (214

On the macroscopic scale, due to the “separation of scales”, we treat
q(X, Q,1) as being independent from x(X, ). The Cauchy-Born rule is
taken into account by the dissipation term |V — (Vu)q|>. The action
functional is defined by

T
A(x) =/ / [lplul2 - /1/ (w(ny — 1)+ Uy)dq| dxdt,
0o Jal2 R

By the LAP, i.e., taking variation of .4(x) with respect to x, we obtain

(2.15)

5A

s —px;, = —p(u, +u-Vu). (2.16)
Meanwhile, for the dissipation part, the MDP results in

D _ —ndu + ilV . / w(V — Vuq) ® qdq. (2.17)
ox, I3

Notice

J
EV'/W(V—qu>®qdq=W~/(—qu®q—V,,U®qw)dq

=—AV. </VqU®¢1V/dq—nI),

(2.18)
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where the first equality is obtained by using (2.13), and n = [ ydg
is the number density. Thus, the force balance condition leads to the
macroscopic momentum equation:

pu,+u-Vu)+ Vp=ndu+V -1, (2.19)

where p is the Lagrangian multiplier for the incompressible condition
V -u, and 7 is the induced elastic stress tensor given by

r:/l(/ y/VqU®qdq—nI>.
Rd

The form of the induced elastic stress tensor 7 is exactly the Kramers’
expression of the polymeric stress [25], which reflects the microscopic
contribution to the macroscopic flow.

(2.20)

Remark 2.1. In the above derivation, the induced elastic stress tensor
is derived from the dissipation part of the energy-dissipation law. Al-
ternatively, one can derive the equivalent induced elastic stress tensor
from the conservative part [26,44]. Due to the Cauchy-Born rule,
we can assume that the configuration space follows the flow in the
macroscopic scale, i.e., ¢ = FQ and V = Vuq. Thus, the macroscopic
action functional can be defined by

T
A(x) = / / %po|x,|2 - /1/14/0 (ln Wy — l) + U(FQ)y,dQdX (2.21)
o Ja,

and the macroscopic dissipation is simply D = % / 7| Vu|*dx (the second
term in the dissipation vanishes since the Cauchy-Born rule is used). By
taking variation of A(x) with respect to x, we have [26]

sA
A 42V / YV,U ®qdg).

x (2.22)

Meanwhile, % = —ndu. Hence, we end up with the same macroscopic

equation with T given by

7= ,1/ wV,U ® qdg, (2.23)
Rd

which is equivalent to the (2.20) in the incompressible case since

V - (—nI) will contribute to the pressure and can be dropped [25].

The classic energetic variational approach, as well as other vari-
ational principles [22,23,45-47], which is indeed based on classical
mechanics, cannot be applied to systems involving chemical reactions
directly. Since 1950’s, a large amount of works tried to developed
an Onsager type variational theory for reaction kinetics by building
analogies between Newtonian mechanics and chemical reactions [21,
48-54]. For instance, a dissipation potential formulation of chemical
reactions was introduced in [50]. The formulation was extended to
general mass-action kinetics involving inertia and fluctuations under
the GENERIC framework in [51,52,55]. Motivated by these pioneering
work, the energetic variational formulation to chemical reactions was
developed in a recent work [56] by using the reaction trajectory
R as the state variable. The reaction trajectory, also known as the
extent of reaction or degree of advancement, was originally intro-
duced by De Donder [57,58]. For a general reversible chemical reac-
tion system containing N species {X|,X,,..., Xy} and M reactions,
represented by

1 1 1 N 1 1 1 _
a !X, + )X, + e X =p1X, 4 )X+ p X 1= M.

(2.24)

N

We can define a reaction trajectory R € RM, where each component
R, accounts for the “number” of /th chemical reactions that has oc-
curred in the forward direction by time . The relation between species
concentration ¢ € RY and the reaction trajectory R is given by

c=cy+0oR, (2.25)

where ¢, is the initial concentration, and ¢ € RV*M is the stoichiomet-
ric matrix with o;, = ﬁ,.’ - af . One can view (2.25) as the kinematics of
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the chemical reaction system [59]. With the kinematics (2.25), one can
reformulate the free energy 7, which is a functional of ¢, in terms of
the reaction trajectory R [56,59], Moreover, notice that

N N
6F SF
5_R1 = ;Gila_ci = ;‘7:’1/41"

which is exactly the affinity of /—th chemical reaction, as defined by De
Donder [58]. It is worth pointing out that R corresponds to the internal
state variable defined in [60].

The affinity plays a role of the “force” that drives the chemical
reaction, which vanishes at the chemical equilibrium [61]. The reaction
trajectory R is the conjugate variable of the chemical affinity, which
is analogous to the flow map x(X,7) in mechanical systems [54]. The
reaction rate r is defined as 9, R, which can be viewed as the reaction
velocity [61]. Similar to a mechanical system, the reaction rate can be
obtained from a prescribed energy-dissipation law in terms of R and
o,R:

(2.26)

d
EF[R] = —Dgpeml R, 9, R], (2.27)

where D[R, 0,R] is the rate of energy dissipation due to the chemi-
cal reaction procedure. Since the linear response assumption for chem-
ical system may not be valid unless at the last stage of chemical
reactions [21,38], D, is not quadratic in terms of J,R in general.
For a general nonlinear dissipation

M
D[R, 0,R] = (F(R,0,R),0,R) = Z T;(R,0,R)9,R, >0,
I=1

the reaction rate can be derived as [56,59]:

oF

I/(R.0,R) = ——>-.
1

(2.28)
which is the “force balance” equation for the chemical part [56,59].
It is often assumed that I;(R,0,R) = I;(R;,0,R,). So equation (2.28)
specify the reaction rate of /—th chemical reaction. In this formulation,
the choice of the free energy determines the chemical equilibrium,
while the choice of the dissipation functional D, [R, 0;R] determines
the reaction rate.

chem

2.2. Micro-macro model for wormlike micellar solutions

Now we are ready to derive a thermodynamically consistent two-
species micro-macro model for wormlike micellar solutions. Following
the setting of the VCM model [10], we consider there exist only two
species in the system. A molecule of species A can break into two
molecules of species B, and two molecules of species B can reform
species A. At a microscopic level, molecules of both species are mod-
eled as elastic dumbbells as in classical models of dilute polymeric
fluids [40,41]. We denote the number density distribution of finding
each molecule with end-to-end vector g at position x by y,(x,q,t) and
yp(x,q,1) respectively. The number density of species « is defined by

ng(x,1) = / wodg. (2.29)

We should emphasize that this is a coarse-grained description and the
end-to-end vector g has no information on the length of polymer chains.

In general, the breakage and combination processes can be regarded
as chemical reactions

(2.30)

q+ql=q1/,

where g and ¢’ are end-to-end vectors of species B and ¢q” is an end-to-
end of species A [see Fig. 2.1(a) for illustration]. We denote the forward
and backward reaction rate of (2.30) by W*(q,q’;q") and W~(q.q’; q"")

Journal of Non-Newtonian Fluid Mechanics 293 (2021) 104559

respectively. The kinematics of y, and yp can be written as

OWa+ V- uawa)+Vy-(Vawy) = [ R(q.q";q9)dq'dg"

Owp+ V- (upyp)+ Vg (Vyp)=—[ R(q.q4;q")dq' dq"
-/ R(q'.q:q")dq'dq"

R(q.9';9") = W*(a.q4';: 4w @wp(@)
-W(q.94:9"wad"),

(2.31)

where u, and V, are effective macroscopic and microscopic veloci-
ties. Different models can be obtained by choosing W*(q,q’;q"”) and
W~=(q.q';q") differently. In this paper, we take

W*(q.q':q")#0 ifandonlyif q=q =q4". (2.32)

which corresponds to the case that an A molecule at position x with
end-to-end vector g can only break into two B molecules with same
end-to-end vector, and the combination process can only happen be-
tween two B molecules at the same position x with the same end-to-end
vector. This is a special case of a reversible microscopic reaction
mechanism q + g —=aq, illustrated in Fig. 2.1(b), with a = 1. a can
be viewed as a parameter for fast conformational changes of species A.
Within this assumption, one can have a detailed balance condition for
each x and g and the kinematics can reduce to

Oys+ V- (uawy) + Vq c(Vawa) = —R,

oy + V- (ugwp)+V, - (Vawg) =2R,,
where R(x, g,1) is the reaction trajectory for the breakage and combina-
tion for given g and x. We should emphasize that the assumption here
is only for the mathematical simplicity, which may not fully reflect the
complicated physical scenario.

(2.33)

Remark 2.2. In the original VCM model [10], the authors assume
that

Owa+ V- (Uawp) + Vg (Vawy) =—kiws+kawp *yp (2.34)
Owp +V - (upyp)+V, - (Vpyp) =2kjwy — 2kyyp * wp,

where

Wp *Wp = / wp(x.q — 4. Nyp(x,q,0dq (2.35)

The advantage of the assumption (2.34) is that the system will satisfy
the law of mass action for n, and ny in the macroscopic scale, that is

{ Oy +V - (nguy) = —kyny +kynl,

(2.36)
Ong +V - (ngug) =2k n, — 2kyn’,.

by integrating both sides of (2.34) with respect to q. However, as
pointed out in [62], the reaction mechanism in the VCM model is not
microscopically reversible, as an A molecule can only break in the
middle to give two equal-length B molecules and two B molecules can
combine through adding the end-to-end vector. As a consequence, it
seems to difficult to obtain a variational structure for the breakage
and combination mechanism (2.34). To repair the thermodynamic
problem, in [62], the author proposed a microscopic reversible reaction
mechanism with

W*(q.q';q") #0, ifand only if " =q+q' orq" =q-¢', (2.37)

in their Brownian dynamics simulations.

Remark 2.3. The previous kinematic assumption for the breakage and
combination process is based on a two-species approach. An alternative
approach, which is a direct extension of Cates’ original work, is to view
all micelles as one species with different end-to-end vector q. Then the
reaction assumption (2.30) gives a kinematics

oy +V-(uy)+ Vg - (Vy)
=-/R(q.q;9")dq'dq" - [ R(q',q;q")dq'dq"
+/ R(q'.q":9)dq'dq".
R(q.4':4") =W (q.4: 4" W@w(@) - W (q.9;59")w(d")

(2.38)
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; o

w*(q,q9';:9")
—p

D —
q w=(q.9:9") q

Fig. 2.1. Schematic diagram of breakage and combination processes in wormlike micellar solutions, in which different species are indicated by different colors. The reaction

mechanism considered in this paper is (b) with a = 1.

Similar to the one-species micro-macro model, the total energy of
the system can be written as

1 U
total :/ [ §p|u|2+/1/‘VA(1nWA_1)+WA 4(q)
E o (2.39)

+yp(nyg — 1) +ywgUg(g)dq | dx,

where u is the velocity field of the macroscopic flow satisfying the in-
compressible condition V-u = 0, 4 is the ratio between the macroscopic
kinetic energy and microscopic elastic energy, and U, (q) is the potential
energy associated with each species.

Throughout this paper, we disregard the diffusive effects of A and
B, and assume u, = up = u, which is the velocity of the macroscopic
fluids. Then the dissipation can be formulated as

A=—/ [;1|Vu|2+,1/ﬂ|VA—qu|2+ﬁ|VB—qu|2
Q éa B (2.40)
+0,R I'(R,9,R)dq | dx,

where &, is a constant related to the relaxation time of each species, and
0,R I'(R,0,R) > 0 is the additional dissipation due to the breakage and
combination process. Different choices of I'(R, 9, R) determine different
reaction rates. A typical choice of I'(R,9,R) is

J,R
T'(R,0,R)=1n ’—+1>. (2.41)
(R0 <n(wA(R>, wg(R)
Recall (2.28), we can obtain the equation of R as
< IR + 1) 2 (2.42)
af —+— =y, - , .
W A(R). wy(R) Ha e
where y, = ;—P =Iny, + U, is the chemical potential of species A and
B. A further calculation leads to
Ya
;R =n(y,4(R), wp(R)) (exp (-Ug-2Uy)) — = 1) . (2.43)
LF
If niwy,wp = kz(q)wé, (2.43) can be further simplified as
O R = k(@4 — k(@ (2.44)
where
k,(q) 7
ki(q) = , K, (q)=—= =exp(2Ug—-Uy,),
D= Ry K@= G =0 Ua =)

which is the law of mass action at the microscopic level. K,,(q) is the
equilibrium constant for given gq.

The derivation of the mechanical part of the two-species model is
almost same to that in the one-species case. In the microscopic scale, a
standard EnVarA leads to

1

Wavq/"a = 5 Wa(Va - (Vu)q) (245)
a

that is

WLYI/(X = _§a(WquUa + qula) + (Vu)ql//a- (246)

Hence, the microscopic equation is given by
oy, +u-Vy, + Vq - (Vuqyy) — SAVq . (un/A + VqUAwA) =—0,R,
dwp+u- Vg +V, - (Vuqyy) —EgV, - (Vawp + VaUpyp) = 20,R,
(2.47)

where o, R is defined in (2.44). On the macroscopic scale, similar to the
one species case, by an energetic variational approach, we can obtain

pu,+w-Vyu)+Vp=ndu+ AV -t (2.48)

where 7 is the induced stress from the microscopic configurations

7= / WAV ha ® qdg + / gV up ® qdq
(2.49)

= / (VqUA ®qy,+V,Up ®qu/3) dg — (ny +np)l
Hence, the final macro-micro system is given by
pOu+ u-Vu)+Vp=nlAu+ AV -t
V-u=0

Owa+u-Vy, + V- (Vugqyy) — &4V, - (Vayy + VUyswy) = —0,R
Owpg+u-Vyg+V, - (Vuqyg) — &V, - (Vowp + V,Upyp) = 20,R
(2.50)
where
O R = k(@ — k(@ (2.51)

and  is the stress tensor given by (2.49). According to the previous
derivation, it is easy to show that the system satisfies the following
energy-dissipation property:

d 1
3 [§p|u|2+/1/y/A(lny/A—1+UA)+|//B(ln1//B—1+UB)dq] dx

-~/

A
nlVul* + 5— / walV,(ng, +Uyl*dg
A

A
+2 / VeIV (nyy + Up)dg
B

k
+'1/(kl(q)WA_k2(q)W12;)1n 1(11_)!//,24 dq| dx
ky (@
(2.52)

3. Moment closure models

The micro-macro model (2.50) provides a thermodynamically con-
sistent multi-scale description to wormlike micellar solutions. However,
it might be difficult to study this model directly, as the microscopic
equation (2.47) is high dimensional. Notice that the macroscopic stress
tensor only involves the zeroth and second moments of the number
distribution functions of two species, it is a natural idea to derive
a coarse-grained macroscopic model from the original micro-macro
model through moment closure. Moment closure is a powerful tool to
obtain coarse-grained macroscopic constitutive equations from more
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detailed micro-macro models for complex fluids [63-67]. One chal-
lenge in moment closure is to preserve the thermodynamic structures,
i.e., the coarse-grained system should satisfy a energy-dissipation law
analogous to the energy-dissipation law of the original system [27,66].
The presence of the chemical reaction imposes additional difficulties
for closure approximations.

Throughout this section, we assume the potential energy U, to be

1 1
Uy=SHalgl +04, Up=3Hplal +op, (3.1

where o, and oy are constants related to the equilibrium of the
breakage and combination procedure, H, and Hy are Hookean spring
constants associated with species A and B. Moreover, we assume that

H,=2H,, (3.2)

then K,, = exp(265—0,) is a constant, which enables us to have a model
with both k; and k, being constants. Same assumption is used in the
GCB model [11]. Other types of potential energies can be considered
but will result in more complicated closure systems.

Remark 3.1. The assumption H, = 2Hy is the consequence of the

2
detailed balance condition for the reaction g + qT‘_q with constant
1

reaction rates k;, i.e.,

1
KE@ = kW @2 v =Cooxp (-3 H,4"q). 33)

where y° is an equilibrium number density distribution for each
species and C, is a constant. If the reaction mechanism

2
9+g9==0aq is assumed, then the detailed balance condition requires
1

a’H, =2Hp. 3.4
We have 2H, = Hp for a = 2, which is assumption in the VCM model.

With the assumption H, = 2H g, the global equilibrium distribution
of the system is given by

. S (-Lm a'a)
A (erHgl)d/Z 2 A 5 is
. "5 ¢

1 T
=_— B —ZH .
V= Garr exp( > Hzq q)

where n§ and n} are number densities at the global equilibrium.
Correspondingly, the second moments at the global equilibrium are

given by

ny ny

Ay = / q®qyydx = H—I, B, = / q®quydx = H—I. (3.6)
A B

Let K = (:;,‘)2 be the macroscopic equilibrium constant and a direct

computation shows that

foo _ 2d7fd/2 K macro (3.7)

— 020B—04 _—
Keg=e a2 Teq
HB

ar WP

which reveals the connection between K,, and K.
3.1. Maximum entropy closures

Maximum entropy closures, also known as quasi-equilibrium ap-
proximations [27,28,30,55,68], have been successfully used to de-
rive effective macroscopic equations from the micro-macro multi-scale
models for polymeric fluids, including nonlinear dumbbell models [27,
28] and liquid crystal polymers [69-72]. For nonlinear dumbbell mod-
els with FENE potential, it has been shown that maximum entropy
closure can capture the hysteretic behavior and maintain the energy-
dissipation property [27,28].

The idea of the maximum entropy closure is to maximize the
“relative entropy” subjected to moments [27,28,66,68]. For our system,
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we can approximate y, (« = A, B) based on its zeroth moment n, and
second moment M, by solving the constrained optimization problem

w, = argmin 4 /d v Iny +wU,(q)dg, (3.8)
R
where

A={WIRd—>R,W20|/WdQ=na, /(q@q)wdq=Ma}. 3.9)

Proposition 3.1. For the Hookean potential U, = %Halql2 + o,, the
minimization problem (3.8) has a unique minimizer v in the class A for
given n, > 0 and a symmetric positive-definite matrix M,,. Moreover, y is
given by

Ny

It
——————exp(—-59 M, ),
(27)4/2(det M,)1/2 Pt Mt

vi(q) =

where M, = M, /n,. We call w¥ is the quasi-equilibrium state associated
with n, and M,,.

Proof. The solution to the constrained optimization problem (3.8) is
given by

5
v { /wlnu/+Ua(q)u/dq+/lo [/u/dq—na]
2y [ / q[q,-wdq—(Ma»,-] }=o0,
ij

where 4, and 4; are Lagrangian multipliers. From (3.10), one can
obtain that

(3.10)

¥ 1
v, :Cexp(—EH,llqlz—am)exp<—/10— E A,-qu-q/), (3.11)
ij

where C > 0 is a constant. Since f widx = n,, y; can be written as

* Ny 1 2
v, = m exp <—§Ha|¢I| - lzj: Aijqiqj>~ (3.12)

where Z(4;;) = fexp(—%Ha|q|2)eXp (— X A,.jq,.qj>dq is the normal-
izing constant. Since y/n, is the multivariate normal distribution

N(0, X) with the covariance matrix given by
3 = (H,1+24)7, (3.13)

which is uniquely determined by its second moment, i.e., ¥ = (H,I+
240 =M, /n, [73]. O

Thus, for given n, > 0, ng > 0, positive-definite matrices A and B,
we can define the unique quasi-equilibrium states

ng I 1ty
vy =—————=——¢exp(-5q9' A'q).
A (27)d/2(det A)1/2 ( 2 ) (3.14)
wre— "B o (-quﬁ—lq) '
B m)d/2det B)1/2 2

where A = A/n, and B = B/ng are conformation tensors [11]. We
call the manifold formed by all quasi-equilibrium distributions as the
quasi-equilibrium manifold, denoted by

1 e
M=yt = n_ exp (=L qThi-1q

{ (27)4/2(det M)1/2 ( 2 )
(3.15)

| n>0, M symmetric, positive-definite}

For v} € M, its second moment M, = n,M, depends on its zeroth
moment 7.
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3.2. The moment closure model: variation-then-closure

We can apply the maximum entropy closure to the micro-macro
model (2.50) directly. Since k; and k, are constants, by integrating
(2.33) over q, we have

0,nA+V-(nAu)=—k]nA+k2f1//I23dq (3.16)
onp +V - (ngu) = 2kyny — 2k, [ widg.

Meanwhile, multiplying both side of (2.33) by q ® q and integrating
over q arrives at

A+ - V)A - (VA — A(Vw)" = £,(2n,1 - 2H 4A)
—kiA+ ks [q® quydg

OB+ u-V)B—(Vu)B —B(Vw)T = &(2ngl — 2HB)
+2k;A - 2k, [ q ® quidg.

(3.17)

Therefore, for Hookean spring potentials and constant reaction rates,
the moment closure is needed only due to the nonlinear reaction term
in the microscopic scale. With the maximum entropy closure (3.14),
these two terms can be computed out explicitly. Indeed, notice that

2

#32 nB Th-1
(wp)-dg = —5 exp(—q B ¢g)dg, (3.18)
R Z2
by letting g = \szﬁ, we have
nz nd/Z
#24 — 9=d/2 RTINS P - PO B 2
/(WB) dg=2 /Rd Zé exp( 24d B~ 'g)dg 2027t 3)1/2"3'
(3.19)
Hence,
/ ks — ky(wi)?dg = kyny — ky(B)n, (3.20)
where k,(B) is given by
d/2
TyB) = n#k (3.21)
2T 24y (det(B)) 2 '

Interestingly, in this case, the maximum entropy closure gives us the
ky
law of mass action on number densities A—=-2B, as in the VCM and

ka
GCB models. By a similar calculation, we have
2

W2 / I e O
B exp(—=§'B d
2 Ju 2 exp(-59 B~ q)q ® gdg
= 1%, BB,
2
Therefore, applying the maximum entropy approximation to (2.50), we
can obtain a moment closure system

ky / W) (g ® q)dg = 3.9
3.22

pOu+ (- Vu)+Vp=ndu+ V- (HyA+ HpB— (ny +np)l)
V-u=0
Ona+V - (nguw) = —kyny +ky(B)nd,
Ong +V - (ngu) = 2k ny — 2k, (B)r2,,
O,A + (u-V)A — (Vu)A — A(Vw)T = 2¢,(n, I — H,A)
i~

—kiA + 3Kk, (B)ngB
0B+ - V)B— (Vu)B —B(Vu)T = 2£5(ngI — HpB)

+2k A =k, (B)nB.

(3.23)

where
d/2
g

B = i P dam)
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This is the model obtained by the “variation-then-closure”, i.e., apply-
ing the maximum entropy closure at the PDE level. One can prove that
the closure system (3.23) possesses an energy-dissipation law. To show
this, we first look at the case with u = 0.

Proposition 3.2. In absence of the flow field u = 0, given n, > 0, ng > 0
and symmetric, positive-definite matrices A and B, the closure system (3.23)
satisfies the energy-dissipation law

%T’CL(nA,nB,A, B)=-a%<o, (3.24)
where F(n 4, np, A, B) is the coarse-grained free energy given by
F(n,.np.A.B) =/nA <ln <:T‘;,> - 1) +np <ln <ZT’f,> - 1>
A B
H,A
_la lndct< A > + L A — D) (3.25)
2 ny 2

" 1ndet (228 4 Liocrr,B -y d
— —Inde —tr — x,
2 ny 7 BRI

and A is the rate of energy dissipation, given by

ACl= / Eatr ((H4X = nyA™)2A) + Eptr ((HgI - ngB™'’B)

¢y~ FatB) <l(_) 2t (22) i SR )
A ) v/det(H,A/ny)
+ir ((klA - %%Z(B)nBB)(nBB-l - %nAA—l)) dx.

(3.26)

In particular, under the condition that n, > 0, ng > 0, and A and B are
symmetric positive-definite, A°-> 0.

Remark 3.2. The coarse-grained free energy F-(n 4>, A, B) is same
to the macroscopic free energy given in [11]. The free energy contains
two part: the Oldroyd-B type elastic energy associated with species A
and B [73,74], and the Lyapunov function of the chemical reaction
A %‘_ 2B on number densities with k;n% = k5'(n%)? and k' =
Hd/Z;(zdnd/Z)'

Proof.

We first show that we have the identity (3.24) if n4, np, A and B
satisfy equation (3.23) with u = 0. Indeed, for 7CL(n 4>, A, B), a direct
computation leads to

d d o o
aFCL=a nA(ln(nA/nA)—1)+nB(ln(nB/nB)—l)
—nyIndet (HyA/ny) /2 + tr(H4A — ny1)/2

—nglndet (HgB/n 2+ tr(HgB — ngl)/2 dx.
B ( B /B)/ (Hp sD/ (3.27)

= /(ln ny —Inny —Indet(H,4A)/2 + d1n(ny)/2)0,n 4
+(Innpg —Inny —Indet(HB)/2 + dIn(ng)/2)d,np
+tr((H, L= n A™H9,A)/2 + tr((Hgl — nzB~H9,B)/2 dx.
Substituting (3.23) into (3.27), and rearranging term, we have

dpe_ _ / Eatr ((H,X = nyA™)2A) + Egtr ((Hpl — ngB™1)’B)

dr
= det(HzB
+(kyny —TByi2) [ In (%) —2In <"Tﬁ> 1 S HB/np)
"y np \/det(H, A/ny)
Fur ((klA ~ T B)nzB/2)(n B! — nAA‘l/Z)) dx.
To prove A°L> 0, we first define the quasi-equilibrium state v, and

v}, for given n, > 0, ng > 0 and symmetric, positive-definite matrices
A and B. The existence and uniqueness of vy and g8 have been shown
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in Proposition 3.1. Notice that for

n
V(@) = ——— exp(—2q "M g).
V27) det(M) 2
e | (3.28)
pR = exp(—zHaqTq),
\J@emdHA
we have

W*
/u/;‘ln< i)dq
L

=/w: lnn—a+ln++
ng det(H,M,)

na n‘l
=n,In priaicy Indet(H,M,) + tr(H,n,M, — n,I),

o

1 -
5 (-a'M; g+ HaqTq)> dg

(3.29)

and

Uy 1 2
Vo(-34"M;'q+ S H.q @) dg

dq=/wa

= tr(-M;' + H,I’n,M,.

(3.30)

Moreover, by using the fact that k\y§ = k(wy )2, we have

5

. . v v
/(klu/A — k(w5 <ln w‘: —2In W—i) dg
A B

" " n 1 ~_
= /(klu/A —ky(wp)H [ln T/: +1n + 3 (—qTA g+ HAqTq)

1
n ~
A \/det(H &)

[T t—

"B \/det(H ,B)

~ det H,B
= (kyny — KyB)nd)|In (}%) —2In <"T§> fin =8P

4 " \/det H,A

" %tr ((—K*‘ + H,I+2B — 2H D)k A — %kz(B)n,,lN})) ,

1 ~_
+3 (—qTB 'q+HBqTq) ]

(3.31)

where the last equality follows (3.20) and (3.22). Using H, = 2Hy
and combining the above calculations ((3.29)-(3.31)), we can show the
(3.24) is exactly same to

5//% <1n <ﬁ> - 1) +y <ln<é> - 1) dgdx
* 2
14
= [ ewa|va (1(W—w))

ki
+ (klu/: - kz(u/;)z) In <W3)2> dgdx,
23¥' B

2
(3.32)

which is obtained by replacing v, by y in the original micro-macro
energy-dissipation law (2.52). It is clear that the right-hand side of
(3.32) is nonnegative, i.e., A°L> 0. [

With Proposition 3.2, it is straightforward to show that the closure
model (3.23) satisfies the energy-dissipation law

% </ %plulzdx+T’CL(nA,nB,A,B)> =— </11|Vu|2dx+ ACL> <0

(3.33)

for ny, > 0, ng > 0 and symmetric, positive-definite matrices A
and B. However, it is not straightforward to derive Eq. (3.23) from
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the energy-dissipation law (3.33). Moreover, due to presence of the
reaction procedure, the dynamics (3.23) no longer lies on the quasi-
equilibrium manifold M*. Indeed, the maximum entropy closure only
use the information of the free energy part of the original system, it
is unclear whether it is suitable for the dissipation part. As discussed
in the next section, the closure model (3.23) fails to procedure a non-
monotonic curve of the shear stress versus the applied shear rate in
steady homogeneous flows. Such a closure approximation may only be
valid when the elastic part reaches its equilibrium much faster then
the reaction part in the original system, i.e., the solution will move
to M* rapidly [68]. Unfortunately, in a high shear rate region, the
macroscopic flow prevents the elastic part to reach its equilibrium.

3.3. The moment closure model: closure-then-variation

To obtain a thermodynamically consistent macroscopic model that
is suitable for the high shear rate region, we consider a different closure
approximation procedure, known as closure-then-variation. The idea is
to apply the closure approximation to the energy dissipation law first,
and derive the closure system by applying the energetic variational
approach in the coarse-grained level. This approach is similar to the
Onsager principle based dynamic coarse graining method proposed
in [29]. By imposing a proper dissipation mechanism on the quasi-
equilibrium manifold M*, we can have a thermodynamically consistent
closure model for both mechanical and chemical parts of the system.

On the quasi-equilibrium manifold M*, we have A = n AZ and
B = nyB. So the free energy FCl(n,,nz.A,B) for the closure system,
defined in (3.25), can be reformulated in terms of number densities n 4
and np, and the conformation tensors of two species A and B, given by

Fol(n,.np. A, B) =/nA (m <%> - 1) +np <ln (%) - 1>
my ng

+ % (—lndet (HAX> +tr (HAK—I)> (3-39)

+ %B (—lndet (HBﬁ) +tr (HBﬁ—I)).

We can impose the kinematics on n, and ny to account for the macro-
scopic breakage and combination procedure:
ony+V-(nsu)=—0,R"
oA (a0 =0 (3.35)
ong +V - (ngu) =20,R",
where R" is the macroscopic reaction trajectory.

The dissipation of the macroscopic moment closure system on M*
consists of three parts: the viscosity of the macroscopic flow, the
evolution of the conformation tensors and the reaction on the number
densities, which can be formulated as

&= [niva s <MA <%)2> +”<MB <§>2>

+ Do (R", 0, R")dx,

(3.36)

where % =0, ¢+ V)s—(Vu)s —«(Vu)' is the kinematic transport of
the conformation tensors [75], M, (n A,X) and Mg(n B,]~3) are mobility

matrices. D y.,(R",,R"), defined by

Dpem(R",0,R") = 0,R" In (7" (RMO,R" +1). (3.37)

is the dissipation for breakage and combination process at the macro-
scopic scale. The choice of #"(R") determines the macroscopic reaction
rate in the closure system. One can view (3.36) as a projection of the
original dissipation on the quasi-equilibrium manifold M*. We then
apply the energetic variational approach to obtain the dynamics on M*,
i.e., the moment closure system.

The chemical reaction on the number densities: By performing
energetic variational approach with respect to R” and 9, R", we obtain

FCL

O W =24,

In (1,(R"O,R" +1) = SR

(3.38)
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For the closure energy f‘CL[n A h B,X, ﬁ], we can compute the corre-
sponding chemical potential of number densities n, and ng as

W =lInny —Inn %m (det (HuA))+ %tr(HAX—I>, 59
pl = Inng —Inn - %m (det (H5B)) + %tr (HsB-1),

which is same to the generalized chemical potential defined in [11].
At the chemical equilibrium for given A and B, y/, = 24/, we have

pe exp(~Ltr(r 1 /n )y [det (H AK)

Ken;q _ — —, (3.40)
Mg ()2 exp(—tr(z g /np)) det (HBB)

where

Ty=HuA-—nyl, 7p=HgB—nl (3.41)

is the induced stress tensor associated with species A and B respec-
tively. Following [11], we take

1/n"(R") = ky exp(tr(z g)/np)/ det(H zB)n%, (3.42)
which gives
1
exp(str(t 4/ny)) - t
K = g — ATAT K9 =k Xp(tr(Tp/np)) r(TB/N" 5) (3.43)
\/det(H ,X) det(HB)

Thus, the number densities satisfy
Oy + V- (nqu)=—k"n, + k%%,

oA 4 1 TAT T B (3.44)

ong +V - (ngu) = 2kTean - 2k;eqn%,

The resulting non-equilibrium reaction rates of number densities are
exact same to those in the GCB model [8,11].

Gradient flows with convection on conformation tensors: The evo-
lution of conformation tensors can be obtained by performing energetic
variational approach in terms of A (B) and % (%) [34,74], which
results in

A A T_% SFCL
M,4(0,A + (u-V)A — (VA — A(Vu)") = - 2—
oA (3.45)
B B 5.5 sFCL :
Mg(©@,B + (u- V)B — (Vu)B — B(Vu)T) = — -

By taking M, = n,A~!/4¢, and My = nzB=!/4£,, we have
0,A + (u- VA — (Vi)A — A(Vu)" = £,(21 - 2H ,A)

- ~ .~ ~ (3.46)
0B+ u-V)B—-(Vu)B - B(Vu)" = £5(21 — 2H zB).

Macroscopic flow equation: Now we compute the macroscopic flow
equation by performing the energetic variational approach with respect
to the flow map x(X, ). When writing the macroscopic force balance,
we should assume that the number densities and the conformation ten-
sors to be purely transported with the flow. Under the incompressible

condition (det F = 1), we have the kinematics [75]
A =FAFT, B=FB,F, (3.47)

0 0
ny=n,, ng=Hnp,

and the action functional for the moment closure system is given by

0 N’

~ r 1 2 ny % l)i =
_ z _ s T B T
A[x]-/o /2p0|x,| A [ . tr(HAFAOF )+ £ tr(HBFBOF )] dXdr
(3.48)

after dropping all the constant terms. A direct computation results in

54
ox
The only dissipation term for the macroscopic flow is the viscosity

part D, = % S nlVu|*dx [34], so the dissipative can be computed as

8D, . . .
5—x" = —ndu. The final macroscopic force balance can be written as
1

=—p(u, +u-Vu)+ AV - (H4A + HgB). (3.49)

p(u; +u-Vu)+Vp=ndu+ AV - (H,A + HgB), (3.50)
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where j is a Lagrangian multiplier for the incompressible condition.
Eq. (3.50) is equivalent to

p(u, +u - Vu)+ Vp = ndu+ iV - (H,A + HgB = (ny + np)l), (3.51)

in the incompressible case.
Finally, we get the closure system

p(Ou+ (u-Vyu)+ Vp =ndu

+AV - (HAnAX+HBnB]N3—(nA +nB)I>
V-u=0
Ony + V- (ngu) = =k “ny + k%%,
Oy +V - (npu) = 2k‘;~ean~— 2k N2, ~
A+ (u-V)A - (VwA — A(Vw)" = 2¢,(1 - H,A)
0B+ u-V)B - (Vu)B - B(Vu)" = 2£,(1 - HB),

(3.52)

where k;‘eq and k;eq are defined in (3.43). One can view (3.52) as a
dynamics restricted in the quasi-equilibrium manifold M*. Recall that
A= nAX and B = nBﬁ on M*. Combining (3.46) with (3.44), we have
the second moment equations

OA+ - VA — (VA — A(Vu)" =28, (n,] - H,4A) - KA + K2 A
0B+ u-V)B— (Vu)B - B(Va)" = 2£5(ngl — HpB)
+2K1%,,B - 2k3%n 5 B.

(3.53)

Remark 3.3. The breakage and combination process actually create
an active stress in the momentum equation if there exists an addi-
tional mechanism to maintain the breakage and combination process
away from an steady-state, as we can decompose n, into two part,
Le., ng(x,1) = n®(x) + nd(x,1) [76].

Remark 3.4. We notice that the reaction terms in the celebrate
VCM [10] and GCB models [11] take a different form. As mentioned in
Remark 2.2, the VCM model assumes the microscopic reaction takes the
form k,w4—k,ypp * yp from (3.53), which leads to the term k ,A—k,nzB
in the second moment equation. The GCB model also take such a form
as a starting point. To obtain the same form of reaction terms, one need
further assume 2A = 1~3, then

~ 1
— K"9A + K02 A & —K"A 4+ k2% ,B,
1T "p 1 2% "B (3.54)

ne ne nex nex
2k, B — 2k n g B &~ 4K\ — 265N 5B,
The assumption (3.54) is reasonable, since for given number densities
ny and ng, we have A% = HLI, B¢ = HLI, which implies that

~ ~ A ~ Hg

2A% = B% at the local equilibrium. So 2A ~ B is valid at least near
the local equilibrium. Under the approximation (3.54), we can reach a
closure model
p(Ou+ (u-Vyu)+Vp

= ndu+ AV - (H A+ HgB — (ny + np)l)
V-u=0
Ony + V- (ngu) = —ki*ny + k%%,
N Onp+V-(ngu)= ZkTean - 2k;eqn%,
0,A + - V)A - (Vu)A — A(Vu)"

1

=28,(nyl = HyA) = K\"A + 5k5ngB
0B+ (u-V)B— (Vu)B — B(Vu)T
=2E5(ngl — HyB) + 4k “IA — 2k%n B,
which has the same form of the VCM and GCB models. Although the
dynamics (3.55) no longer lies on the quasi-equilibrium, it can produce
more reasonable shear-stress curve in a high shearing rate region.
Compare with (3.52), (3.55) can force |2A — B| to be small due to the

approximation (3.54). We will compare these two models in details in
the future work.

(3.55)
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Fig. 4.2. Calculated shear stress and species number density as a function of x (k}* = 0.9, %;" =0.15, &, =09, &,/E =103, H, =2, Hy = 1). (a)~(b) Model (3.23); (c)-(d) Model

(3.52); (e)-(f) Model (3.55).

Remark 3.5. In the above derivation, we assume the second moments
can be written as the multiplication of number density and the con-
formation tensor, i.e. A =n AX and B =n Bﬁ. Such a decomposition is
valid on the submanifold formed by the quasi-equilibrium states, but
may not true in general. A different moment closure system can be
obtained if one treat the number densities and the second moments to
be independent. Then the free energy of the closure system (3.25) can
be written as

F(n4,np. A, B) =/nA <1n <"Tﬁ> - %detHAA— 1)
n

A

+ ng <ln <”Tﬁ> -1 det(HBB)>
ng 2

+ %(nA Inng —ny+nglnng —npg)+ %tr(HAA)+ %tr(HBB),

(3.56)
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which implies that

Wy =Inny—In nf—% det(H A/ny), pp= lnnB—lnn"B"—% det(HgB/np).

(3.57)
We can simply modify the reaction rates in (3.23) by
k= k1) det(H4A/ny), k™4 = K37/ det(H gB/np) (3.58)

to obtain another closure model. We will explore this in the future.

Remark 3.6. It is worth mentioning that the derivation in this section
can be viewed as a pure macroscopic approach to model wormlike
micellar solutions in the framework of EnVarA, which starts with the
free energy FCln,.np, A,B] and the dissipation A° given by (3.34)
and (3.36) respectively. As a pure macroscopic approach, it is not
necessary to assume H, = 2Hp. If we assume Hp = 2H,, and adopt
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Fig. 4.3. Transient behavior of the closure model (3.55) in a planar Couette flow:
as a function of ¢, (c) Species number densities at the wall.

the approximation A/n, ~ 2B/ng, then we have
neq neq 2% neq neq
-k, A+ k, npA~—k TA+2k, ngB, (3.59)
2k *In B — 2k B &~ k%A — 2k3 B,

which is exactly same to those in the GCB model [8,11].
4. Numerics

In this section, we discuss the prediction of the above moment
closure models through a few toy examples. Detailed numerical studies
for the original micro-macro model and the closure models will be
carried out in future work.

4.1. Steady homogeneous shear flow

First we consider a steady homogeneous shear flow with the velocity
field given by

u=(ky,0),

where k is the constant shear rate. Moreover, we assume that the
number density of each species is spatial homogeneous. So the original
PDE system is reduced to an ODE system of n,, A and B. We solve the
ODE system by the standard explicit Euler scheme. We take the initial
condition as

0 0 " i
n, =1, n,=25 Ay=-—I By=-—L 4.1)
A B 0 HA 0 HB

For each «, we compute the number density of each species, and the
induced shear stress 7, = H, A, + HpB,,. We compare the predictions
for three models (3.23), (3.52) and (3.55). The terminal criterion for
the numerical calculation is T = 2 or n, < 1075, Fig. 4.2 shows the
calculated shear stress and the number densities of two species as a
function of x for three models (k‘l’q 0.9, %;‘1 0.15, &, = 0.9,
E4/E8 1073, H, = 2, Hy 1). At small shear rates, all three
models can produce similar results, due to the fact that A and B are
close to their equilibria. The closure model (3.23), obtained by applying
the maximum entropy closure to the equation directly, fails to obtain
a non-monotonic shear-stress curve. The main reason might be the
fact that the break rate k, is independent with the shear rate in this

11

(a) Calculated shear stress at moving wall for different ramp-up rate a. (b) The wall shear stress

model, which cannot lead to a pronounced breakage of species A. The
predictions of model (3.52) and (3.55) are also different in the high
shear rate region. The model (3.52) leads to a rapidly breakage of
species A (Fig. 4.2(c) - (d)), which does not seem to match previous
experimental and simulation results [11]. The curves produced by the
model (3.55), shown in Fig. 4.2(e)-(f), is consistent with the results
by the VCM and GCB models qualitatively [11]. As mentioned earlier,
the approximation (3.54) can be viewed as an implicit regularization
term such that |2A — B| to be small, which prevent A, to be too large.
This simple numerical test shows the importance of choosing a proper
dissipation in the course-grained level in order to capture the non-
equilibrium rheological properties of wormlike micellar solutions. A
detailed comparison of different closure models will be made in future
work.

4.2. Transient behavior in a planar shear flow

In this subsection, we investigate the transient behavior of the
model in a planar shear flow for the closure model (3.55). Let u
(u(y),0) and u(y) satisfies

U =noyu+ A0,(H 4 Ay + HpByy),

u(l) = k@), u0)=0,
we take «(r) = y tanh(at), where a is a parameter controls how the wall
velocity approaches a steady-state [8,19]. Other parameters are set as:
=01, Hy=2 Hp=1,6,=09,, /=103, p=1,A=1,k =1
and %Zq = 6.25. The numerical setup is close to the case considered
in [8], but we consider the Couette flow between two surface instead
of the Taylor—Couette flow in the gap between two rotating cylinders
for simplicity. We fix y = 50 through this subsection.

Fig. 4.3(a) shows the transient response of the wall shear stress ten-
sor for different ramp-up rates a. In all three cases, the shear stress will
reach its maximum during the ramp-up process. Different ramp-up rates
do not significantly affect the steady-state. Fig. 4.3(b) shows temporal
evolution of the total stress at the moving surface for x(¢) = 50 tanh(57),
the individual contributions of species of A and B are represented by

dashed and dash-dotted lines. The number densities of species A and
B are plotted in Fig. 4.3(c). The above results are qualitatively agree

(4.2)
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with rheological characteristics predicted by the GCB model in circular
Taylor—Couette flow (see Fig. 4 and Fig. 5 in [8]).

5. Summary

In this paper, inspired by the celebrated VCM type models [10,11],
we derive a thermodynamically consistent two-species micro-macro
model of wormlike micellar solutions by employing an energetic vari-
ational approach. Our model incorporates a breakage and combination
process of polymer chains into a classical micro-macro dumbbell model
for polymeric fluids in a unified variational framework. The energetic
variational formulation for the micro-macro model opens a new door
for both numerical studies and theoretical analysis [77]. The modeling
approach also provides a framework to integrate other mechanisms,
and can be applied to other chemo-mechanical systems beyond the
wormlike micellar solutions, such as active soft matter systems [76,78-
81].

We also study the maximum entropy closure approximation to
the micro-macro model of wormlike micellar solutions. The maxi-
mum entropy closure links the micro-macro model with the VCM-type
macroscopic model [10,11,15]. We compare closure approximations by
both “variation-then-closure” and “closure-then-variation” approaches.
We show that these two approaches result in different closure mod-
els due to presence of the chemical reaction. Since maximum en-
tropy closure only uses the information from the free energy part of
the original system [68], applying the closure approximation on the
PDE level cannot guarantee the thermodynamical consistency. By a
“closure-then-variation” approach, we can restrict the dynamics on
the coarse-grained manifold by choosing the dissipation properly. As a
consequence, the closure system preserves the thermodynamical struc-
tures of the original system for both chemical and mechanical parts.
Several numerical examples show that the closure model, obtained by
“closure-then-variation” can capture the key rheological features of
wormlike micellar solutions. The variational structures of models in
both levels are crucial for the stability of whole system and the accuracy
of structure-preserving numerical simulations [43,82,83]. A detailed
numerical study for our models will be carried out in future work.
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