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a b s t r a c t 

Thermal radiation has always been treated as a surface phenomenon. A recent study has demonstrated 

that new radiation channels, the hyperbolic phonon polaritons, can contribute to heat transfer inside bulk 

hyperbolic materials with a heat flux comparable to conduction. For near-field radiative transfer across 

a vacuum gap between two hyperbolic materials, hyperbolic phonon polaritons have been considered as 

surface modes that are responsible for heat transfer enhancement. Here, we analyze near-field radiative 

transfer due to hyperbolic phonon polaritons, driven by temperature gradient inside the bulk materials. 

We develop a mesoscale many-body scattering approach to account for the role of hyperbolic phonon 

polaritons in radiative transfer in the bulk and across a vacuum gap. Our study points out the equivalency 

between the bulk-generated mode and the surface mode in the absence of a temperature gradient in the 

material, and hence provide a unified framework for near-field radiative transfer by hyperbolic phonon 

polaritons. The results also elucidate contributions of the bulk-generated mode and the bulk temperature 

profile in the enhanced near-field radiative transfer. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Planck’s law predicts blackbody radiation by an object at fi- 

ite temperatures [1] . For longer than decades, blackbody radia- 

ion has been considered the theoretical limit of thermal radia- 

ion. Recent theoretical studies [2–6] have shown that thermal ra- 

iation exceeds blackbody radiation, with greatly enhanced radia- 

ive transfer when two objects are positioned within a near-field 

egime (at a wavelength < 10 μm at room temperature). Exper- 

mental studies [7–15] have verified such predictions. Enhanced 

ear-field thermal radiation results in numerous possible emerg- 

ng technologies [16–20] . Near-field radiation enhancement occurs 

etween several types of materials arising from coupling of surface 

aves that propagate along the vacuum-material interface such as 

urface plasmon polaritons (SPP) in metals and surface phonon po- 

aritons (SPhP) in polar dielectrics [ 7 , 21–25 ]. Computationally, the 

ontribution of surface polaritons in near-field radiation has been 

ncorporated into a two-body formalism [6] . The two-body formal- 

sm, which is also called Polder and van Hove formalism [26] , con- 

iders all radiation modes that lead energy transport across the 

eparation are generated at the surface based on surface temper- 
Abbreviations: NF, near field; PvH, Polder and von Hove; HPhP, hyperbolic 

honon polariton; SPP, surface plasmon polariton; SPhP, surface phonon polariton. 
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tures. Another type of materials that have been investigated for 

nhancing near-field radiative transfer is hyperbolic materials [27–

2] , which have already been shown to have promising applica- 

ions including broadband-enhanced spontaneous emission [ 33 , 34 ], 

yperbolic lensing [ 35 , 36 ], and near-perfect absorption [37] . Hy- 

erbolic materials possess opposite signs of dielectric components 

long two orthogonal principal axes within certain wavelength 

ands called Reststrahlen bands, and support bulk propagating 

odes called hyperbolic phonon polaritons (HPhP) [ 38 , 39 ]. HPhP 

an attain very high wave vector κ , therefore, they are also re- 
erred to as high- κ modes. These high- κ modes are confined and 

eeply sub-diffraction [ 40 , 41 ]. So far, contribution of HPhP modes 

o near-field radiative heat transfer has been analyzed as surface 

odes using the two body formalism [ 42 , 43 ]. 

Radiation can also be emitted from a surface that has a tem- 

erature gradient into the surface. Moreover, our recent study has 

hown, in a hyperbolic material, a temperature gradient can drive 

adiation inside the hyperbolic material due to the large amount 

f the propagating bulk HPhP modes. Importantly, this radiation 

eat flux can be comparable to phonon conduction [44] . The pur- 

ose of this study is to understand the physical process of near- 

eld radiation arising from HPhPs, driven by a temperature gradi- 

nt inside hyperbolic materials. We use a many-body approach to 

onsider radiation from a non-uniform body and across a vacuum 

ap. Several studies have implemented this method to study near- 

eld radiation, for example, to take into account carrier concentra- 

https://doi.org/10.1016/j.ijheatmasstransfer.2021.120984
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2021.120984&domain=pdf
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Nomenclature 

c speed of light in vacuum, m/s 

d vacuum separation, m 

E electric field vector, m.kg/(s 3 .A) 

h heat transfer or coupling coefficient, W/m 
2 K 

i 
√ −1 , [-] 

Im imaginary part of a variable, [-] 

k i wave vector component in i direction, 1/m 

k B Boltzmann constant, 1.38064852 × 10 −23 J/K 

k o wave vector in vacuum, 1/m 

N total number of slabs, [-] 

q ( j) net radiative heat transfer into slab j , W/m 
2 

q j,γ net radiative heat exchange between slabs j and γ , 

W/m 
2 

q j→ γ radiative heat transfer from slab j to γ , W/m 
2 

r Fresnel reflection coefficient, [-] 

Re real part of a variable, [-] 

S z z component of Poynting vector, W/(m 
2 rad/s) 

T j temperature of slab j , K 

T j,γ energy exchange function between slab j and γ , [-] 

x,y,z cartesian coordinates, m 

z j position of boundary j , m 

ˆ x , ̂  y , ̂  z unit vectors in corresponding directions, [-] 

Greek symbols 

β parameter combining material property and wave 

vector as defined in S4, [-] 

ε xy xy component of dielectric tensor, [-] 

θ mean energy, J 

g Exy xy component of the Weyl tensor for electric field, 

m 

h̄ reduced Planck constant, 1.054571800 × 10 −34 J s 

κ parallel wave vector component, 1/m 

τ j→ γ transmission coefficient through slabs from j to γ , 

[-] 

ϕ transmission across vacuum gap in many-body sys- 

tem, [-] 

ω angular frequency, rad/s 

δ slab thickness, m 

Subscripts/superscripts 

C cold side 

H hot side 

j index of emitter 

m index of slab next to vacuum 

p p polarization 

q polarization state (s,p) 

s s polarization 

γ index of receiver 

ion gradient [45] or layered material structures [ 46 , 47 ]. Our study 

hows that HPhPs as bulk-originated modes are a general repre- 

entation for near-field thermal radiation across a vacuum gap. In 

he absence of temperature gradient, near-field radiation caused by 

he surface mode is simply a special case, as the underlying con- 

ributing energy carriers are the same HPhPs in the Reststrahlen 

ands. Our study also elucidates the detailed processes of prop- 

gation of HPhPs across a vacuum gap and their contribution to 

ear-field radiative transfer in the presence of temperature gradi- 

nts in the material. 
2 
. Theoretical framework 

.1. Near-field radiative transfer for two-body system with uniform 

emperature 

We start our discussion with a brief review of the two-body 

vH formalism. We consider two planar continuous media, each 

t a uniform temperature and separated by a vacuum gap, d , along 

he z axis ( ⊥ ) and in contact with hot and cold reservoirs at T H and

 C , respectively, in the x-y plane ( ‖ ). Hot (1) and cold (2) media are

t reservoir temperatures, T 1 = T H and T 2 = T C , respectively. Heat 

ux (the net radiative heat transfer) from medium 1 to 2 reads: 

26] 

 
( 2 ) = −q ( 1 ) = 

∫ ∞ 

0 

dω 

2 π
[ �( ω, T 1 ) − �( ω, T 2 ) ] 

∫ κmax 

ω/c 

dκ

2 π
κ

∑ 

i = s,p 
T 1 , 2 q 

(1) 

�( ω, T ) is mean energy of Planck oscillators with frequency ω
t temperature T, and is given by h̄ ω/ ( e ̄h ω/ k B T − 1 ) , where h̄ and 

 B are the reduced Planck constant and Boltzmann constant, re- 

pectively. κ denotes the wave vector component parallel to pla- 

ar surface ( k = κ + k z ̂  z = k x ̂  x + k y ̂  y + k z ̂  z , where ˆ x is unit vector in

 direction). Since the contribution from propagating waves in vac- 

um ( κ < ω/c, where ω/c is modulus of wave vector in vacuum) 

s negligible for near-field regime of interest, we only consider the 

ontribution of evanescent waves in vacuum ( κ > ω/c). Each mode 

epresented by κ corresponds to a channel that energy can flow 

hrough. Energy transmission across the vacuum gap by a mode is 

xpressed by an energy exchange function, T 1 , 2 q , as: [26] 

 
1 , 2 
q = 

4 I m 

(
r q 
1 

)
I m 

(
r q 
2 

)
e −2 Im ( k z,o ) d ∣∣1 − r q 

1 
r q 
2 
e 2 i k z,o d 

∣∣2 (2) 

 
1 , 2 
q represents the fraction of energy across the vacuum gap and 

s equal to or smaller than 1. The exponential term cuts off contri- 

utions from modes with wave vectors Im ( k z,o ) � d −1 . For waves 

upported at resonant frequencies, | 1 − r 
q 
1 
r 
q 
2 
e 2 i k z,o d | 2 becomes very 

mall and compensates for the exponential decay of waves. In this 

ase, T 1 , 2 q approaches unity. 

Thermal radiation is transferred in the form of electromagnetic 

nergy, and derivation of the energy transfer relies on the expres- 

ion of thermal radiation, the ensemble averaged Poynting vector 

 S( z, ω, T ) 〉 z from medium 1 at temperature T to an observation 

oint z in medium 2: [22] 

〈 S ( z, ω, T ) 〉 z 
= 

ω 
2 

c 2 
�( ω, T ) 

π2 
Re 

{
i 

∫ 
z ′ 
dz ′ 

∫ κmax 

ω/c 

dκκ
(
g Exαε ′ ′ ααg 

∗
Hyα − g ∗Hxαε ′ ′ ααg Eyα

)}
(3) 

Repeating indices are summed, and index α represents an or- 

hogonal component (x, y, z). Subscript z indicates the z compo- 

ent of Poynting vector, c is speed of light in vacuum and ε ′ ′ αα

s the imaginary part of diagonal component of dielectric tensor. 

 
′ represents the coordinate, and integration over z ′ is performed 

or medium 1. g Exα and g Hyα are the Weyl components of dyadic 

reen tensor of electric and magnetic fields, respectively [22] . The 

eyl tensor for the electric field is given as 

 

g E 
(
κ, z, z ’ , ω 

)
= 

i 

2 

1 

k q 
z, 1 

∑ 

q = p,s 
τ q 
1 → 2 

E q ( z, κ) � E q 
(
z ’ , κ

)
(4) 

The Weyl components relate a source point in medium 1 with 

n observation point in medium 2 via the transmission from 

edium 1 to 2 across the vacuum gap , τ q 
1 → 2 

. � represents ten- 

or product. E q ( z 
′ , κ) is right going wave at z = 0 (the interface 

f the hot medium) originated from unit strength wave at z ′ in 
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Fig. 1. Many-body system of two semi-infinite media with temperature gradient. Slabs extend to infinity in the in-plane ǁ direction (x,y plane). The global system consists 

of N -bodies or slabs, and slabs 1 and N correspond to hot and cold reservoirs at constant temperatures T H and T C , respectively. Undergoing radiative heat exchange, inter- 

mediate slabs reach their local equilibrium temperature, T j . The region between two media is the vacuum gap with separation d . Position of slabs j and γ represented here 

corresponds to the second scenario. 
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edium 1, and E q ( z, κ) is wave at z in medium 2 originated from 

nit strength wave at d (the interface of the cold medium): 

 q 

(
z ′ , κ

)
= e q + e −ik q 

z, 1 
z ′ (5) 

 q ( z, κ) = e q + e ik 
q 
z, 2 ( z−d ) (6) 

e q + is the polarization vector for waves propagating to the right 

irection ( + ). τ q 
1 → 2 

and the expressions for the terms in Eqs. (5 )

nd (6) are given in Supplemental Material S1. Procedures for find- 

ng the Weyl components for magnetic fields are also given in 

upplemental Material S1. To find the total radiative energy from 

edium 1 to 2, the Poynting vector is evaluated at the surface 

f medium 2 ( z = d) and infinity. The difference of these Poynt- 

ng vectors yield the total radiative energy from medium 1 to 2. 

he procedure is repeated for that from medium 2 to 1, and the 

ifference of the two is the net radiative heat flux expressed in 

q. (1) . 

.2. Near-field radiative transfer for many-body system with 

onuniform temperature 

To account for the temperature gradient in the media, we use a 

any-body scattering method as shown in Fig. 1 . The global sys- 

em consists of N bodies or slabs (slabs 1 and N are hot and cold

eservoirs, respectively), and each slab, labeled with j, γ , or m in 

ig. 1 is at a local equilibrium temperature. We consider a uniaxial 

aterial with out-of-plane component ( ⊥ ) lying along the z axis, 

nd in-plane components ( ‖ ) within the invariant x-y plane. 

We start with finding the radiative transfer from an emitting 

lab labeled as j to a point z in a receiving slab γ , which will uti-

ize Eq. (3 ). Based on relative positions of the slabs, the Weyl com- 

onents in Eq. (3 ) need to be derived, which here relate the source

oint originated at z ′ in slab j with an observation point z in slab 

. Three scenarios can occur: 1, both slabs are in the left (hot) 

edium; 2, the two slabs are in separate medium; and 3, both are 

n the right (cold) medium. In all scenarios, we analyze the case 

hat the emitter is located to the left of the receiver, and the re-

ersed situation can be obtained from reciprocity. For derivation, 

he Green’s function method [48] is used, and the Weyl tensor of 

lectric field for slabs j and γ , 
↔ 

g 
jγ

E , can be expressed as: 

 

g 
jγ

E 

(
κ, z, z ’ , ω 

)
= 

i 

2 

1 

k q 
z, j 

∑ 

q = p,s 
τ q 
j+1 → γ −1 

E 
γ
q ( z, κ) � E j q 

(
z ’ , κ

)
(7) 
3 
Here we mainly discuss the second scenario, where τ q 
j+1 → γ −1 

epresents the transmission of waves emanating from the sur- 

ace of slab j , transmitting in medium 1 towards the vacuum 

ap ( τ q 
j+1 → m 

), across the vacuum gap ( ϕ 
q ) , and in medium 2 

eaching the surface of slab γ ( τ q 
m +1 → γ −1 

) , and is expressed as 
q 
j+1 → m 

ϕ 
q τ q 

m +1 → γ −1 
. ϕ 

q has the same expression as the transmis- 

ion function in the two-body formalism, τ q 
1 → 2 

. m and m + 1 are the 

labs adjacent to the vacuum gap as shown in Fig. 1 . k 
q 
z, j 

is normal

omponent of wave vector in slab j . E 
j 
q and E 

γ
q are expressed as: 

 

j 
q 

(
z ′ , κ

)
= e j q + e 

ik q 
z, j ( z j −z ′ ) (8) 

 

γ
q ( z, κ) = e 

γ
q + e 

ik q z,γ ( z−z γ −1 ) (9) 

Eq. (8 ) represents right going wave originated from unit 

trength wave at z ′ and emerging from the boundary of the emit- 

ing slab ( z j , see Fig. 1 ). E 
γ
q in Eq. (9 ) is the field of the right going

ave originated from unit strength wave at z γ −1 (the left boundary 

f slab γ ) to z. Substituting Eqs. (8 ) and (9) into Eq. (7 ) results in

he detailed expressions of the Weyl components, which are used 

o find the Poynting vector at an observation point z due to radia- 

ion from the emitting slab by integrating z ′ from z j−1 to z j in Eq. 

3 ). Expression of ϕ 
q and the detailed Weyl components for the 

agnetic field are given in Supplemental Material S2. 

To find the radiative heat flux from the emitter j to the receiver 

, we evaluate the difference in the Poynting vectors at the bound- 

ries of slab γ , z γ −1 and z γ which can be expressed in a compact 

orm as: 

 j→ γ = 

∫ ∞ 

0 

dω 

2 π

(〈
S z 

(
z γ −1 , ω 

)〉
−

〈
S z 

(
z γ , ω 

)〉)

= 

∫ ∞ 

0 

dω 

2 π
�

(
ω, T j 

) ∫ κmax 

ω/c 

dκ

2 π
κ

∑ 

i = s,p 
T j,γq (10) 

Similar to T 1 , 2 q in Eq. (1) , we call T j,γq energy exchange func- 

ion. The final expression of T j,γq for the second scenario is derived 

s: 

 

j,γ
q = β j 

q 

(
1 − e −2 Im 

(
k q 
z, j 

)
δ j 

){ ∣∣τ q 
j+1 → m 

∣∣2 | ϕ 
q | 2 ∣∣τ q 

m +1 → γ −1 

∣∣2 } 

×
(
1 − e −2 Im ( k q z,γ ) δγ

)
βγ
q (11) 
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Fig. 2. (a) Radiative heat transfer from the hot to cold medium with respect to vacuum separation for uniform and nonuniform temperature conditions. Results overlap for 

separation gaps greater than 5 nm. We note lower limit of logarithmic x-axis starts from 0.3. (b) The temperature profile across hot medium for d = 10 nm, 5 nm, 2 nm, 

and 1 nm. 
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The expressions for the first and third scenarios are given in 

upplemental Material S3. Eq. (11) is the central result of the de- 

ived many-body formalism. The energy exchange function, T j,γq , 

epresents the interaction of the emitter and the receiver for a 

iven mode. Similar to T in the two-body formalism, T j,γq ≤ 1 . 

mission of waves from slab j with thickness δ j is given by 
j 
q ( 1 − e −2 Im ( k z, j ) δ j ) . β j 

q is related to the out-of-plane wave vec- 

or k 
q 
z (see Supplemental Materials S4) and is a constant in either 

edium 1 or 2 owing to continuous media. The emitted waves 

nteract with the receiver after transmitting through the slabs in 

edium 1, represented by | τ p 
j+1 → m 

| 2 in Eq. (11 ), tunneling across 
he vacuum gap | ϕ 

q | 2 , traversing through the slabs in medium 2 

 τ q 
m +1 → γ −1 

| 2 and reaching the receiver. During the interaction with 

he receiver, waves are absorbed as ( 1 − e −2 Im ( k 
q 
z,γ ) δγ ) βγ

q . | ϕ 
q | 2 

epresents the fraction of transmitted energy across the vacuum 

ap. It can be shown that βq | ϕ 
q | 2 βq has exactly the same expres- 

ion as Eq. (2 ) for evanescent waves (see Supplemental Materi- 

ls S4). Lastly, it can be shown that the energy exchange func- 

ion obeys reciprocity, i.e. T j,γ = T γ , j . Therefore, the expressions 

re valid when the emitter is located to the right of the receiver. 

We can now write net radiative heat exchange between two 

labs, j and γ as 

 j,γ = q j→ γ − q γ → j = 

∫ ∞ 

0 

dω 

2 π

[
�

(
ω, T j 

)
− �

(
ω, T γ

)] ∫ κmax 

ω/c 

dκ

2 π
κT j,γq (12) 

nd the net radiative heat transfer into slab j , q ( j) , by summation

ver all slabs as 

 
( j ) = −

N ∑ 

l � = j 
q j,l = 

N ∑ 

l � = j 
q l, j 

= 

∫ ∞ 

0 

dω 

2 π

N ∑ 

l � = j 

[
�( ω, T l ) − �

(
ω, T j 

)] ∫ κmax 

ω/c 

dκ

2 π
κ l, j 
q (13) 

Eq. (13 ) has a similar form as Eq. (1 ). To solve for the radia-

ive heat transfer for given reservoir temperatures, we find the set 

f net radiative heat transfer ( q (1) , q (2) , . . . , q (N) ) and a tem pera- 

ure profile that yields q ( j) = 0 for the entire set except reservoirs 

which can be done using an iterative procedure), then the global 

ystem reaches global equilibrium. The corresponding temperature 

rofile in the media is unique to the state and is the global equilib-

ium temperature profile. In the computed set, q (1) ( = −q (N) ) rep- 

esents the net radiative heat transfer between the hot and cold 

edia, which is also the near-field radiative transfer between the 
4 
wo media. The detailed solution procedure can be found in Ref. 

49] . 

Our model is applicable to radiation between any type of ma- 

erial (metal, dielectric, artificial and natural hyperbolic material) 

cross a vacuum gap. Limitation of the current model is the as- 

umption of uniform dielectric properties within the media, which 

ay not be valid if the length scale in some artificial (meta) mate- 

ials is large. In addition, the current model neglects the tempera- 

ure dependence of the optical properties within media. 

. Results and discussion 

.1. Many-body vs. two-body formalism 

We first apply the many-body formalism derived above to the 

ituation when the medium on each side of the gap has a uniform 

emperature. All slabs in hot and cold media are at their reservoir 

emperatures, T H and T C , respectively. From Eq. (12 ), it is seen that 

or slabs in the same medium, q j,γ = 0 . Thus, the net radiation is 

nly transferred between slabs in separate media. To find net heat 

ransfer from slab j in medium 1 to the entire medium 2, we cal- 

ulate 
∑ N 

γ = m +1 q j,γ = q j,cold . The net heat transfer from medium 1 

o 2 is obtained by summing the net heat transfers, q j,cold , for all 

labs in medium 1, q 1 , 2 = 

∑ m 

j=1 q j,cold = 

∑ m 

j=1 

∑ N 
γ = m +1 q j,γ . Owing 

o the uniform temperatures, the summation only needs to be ap- 

lied to T j,γq , i.e., 
m ∑ 

j=1 

N ∑ 

γ = m +1 

T j,γq . Here, T j,γq is expressed as Eq. (11 )

or the scenario that the two slabs are on different sides of the 

acuum separation. The inner summation over γ for multiplication 

f | τ q 
m +1 → γ | 2 with ( 1 − e −2 Im ( k 

q 
z,γ ) δγ ) in Eq. (11 ) yields 1. Similarly, 

he outer summation over j for multiplication of | τ q 
j+1 → m 

| 2 with 

 1 − e 
−2 Im ( k 

q 
z, j 

) δ j ) also results in 1. Hence, the summations reduce 

 

j,γ
q to βq | ϕ 

q | 2 βq , which is the same expression as the energy ex- 

hange function between two slabs with uniform temperature, and 

s the same expression as Eq. (2 ) as indicated previously (the proof 

s given in Supplemental Material S4). Therefore, we obtain the ex- 

ct result of the two-body formalism. This shows the two-body for- 

alism with uniform temperatures is simply a special case of the 

any-body formalism. 

The many-body model reducing to the two-body model under 

niform temperature condition indicates that the two formalisms 

onsider phonon polaritons with the same origin for near-field ra- 

iative transfer, which depends on the probability of phonon po- 
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Fig. 3. (a) Heat transfer coefficient, as a measure of coupling strength, between two slabs located 5 nm away from the vacuum-material interface at opposite sides of the 

vacuum separation as a function of gap size. The slab thickness used for the calculations is 0.5 nm. (b) Wave vector dependent heat transfer coefficient for the corresponding 

gap sizes. The cutoff wavevector is 3.14 × 10 9 , 1.57 × 10 9 , 6.28 × 10 9 , and 3.14 × 10 8 rad/m for d = 1 nm, 2 nm, 5 nm, and 10 nm, respectively. (c) Total heat transfer 

coefficient between hot and cold media as a function of gap size. (d) Wave vector dependent total heat transfer coefficient between two media for the corresponding gap 

sizes. 
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aritons tunneling across the vacuum gap. Although the two-body 

ormalism is sometimes equivalated using a surface treatment [5] , 

t in fact does not distinguish the origin of radiation. At uniform 

emperature, radiation is also generated from the bulk, but a wave 

emoves a net amount of heat only when crossing the surface, 

hereas there is no net radiation exchange within each body with 

 uniform temperature. On the other hand, the many-body formal- 

sm accounts for the net radiation exchange via phonon polaritons 

ithin the same medium, as well as their contribution to the near- 

eld radiative transfer across the gap. 

.2. Near-field radiation driven by temperature gradient 

We first show the results of near-field radiative heat flux using 

he many-body approach. We consider a global system of 250-nm 

hick hexagonal boron nitride (hBN) films in contact with reser- 

oirs at T H = 330 K and T C = 300 K and select 0.5-nm slab thick-

ess throughout the study. We use dielectric properties of hBN 

rom Ref. [40] . Fig. 2 a shows the net radiative heat transfer, q NF ,

rom the hot to the cold medium with respect to d . The net ra-

iative heat transfer increases with the decrease in d that allows 

PhPs with larger wave vectors tunneling across the vacuum gap 

s seen from e −2 Im ( k z,o ) d in Eq. (2 ). We also show the net radia- 

ive heat transfer, q NF , calculated using the two-body formalism in 

ig. 2 a when hot and cold media are set at reservoir temperatures, 
5 
30 K and 300 K. Fig. 2 a shows that q NF for two-body and many-

ody approaches almost overlap for separations greater than 5 nm. 

his is because the temperatures are nearly uniform for the many- 

ody formalism when the separation is large. Fig. 2 b shows the 

emperature distributions in the hot medium for d = 10 nm, 5 nm, 

 nm, and 1 nm. The temperature profile or gradient is similar in 

he cold medium. We can see that for d = 5 nm and above, where

 NF s overlap in Fig. 2 a, the temperature is nearly uniform. Note 

hat the near-field radiation heat transfer is much greater than that 

f blackbody, which is ~210 Wm 
−2 between two surfaces at the 

ame temperatures. Fig. 2 a also shows q NF from the many-body 

pproach is less than that obtained using the two-body approach. 

his is because HPhP modes tunneling across the vacuum gap re- 

ove heat from the bulk, which leads to the temperature gradient 

nd lower temperatures near the interface in the hot medium and 

igher temperature in the cold medium, resulting in a less amount 

f heat exchange. 

Now we discuss in detail propagation of phonon polaritons 

riven by the temperature gradient across the vacuum gap. For this 

urpose, we consider a pair of slabs, with one in the hot medium 

nd the other in the cold medium, each is positioned 5 nm away 

rom the vacuum-material interface. Fig. 3 a shows the heat trans- 

er coefficient or the coupling strength between the pair of slabs, 

efined as h j,γ = 

q j,γ
T j −T γ

, for different vacuum separations. The cou- 

ling between the slabs increases when the two media are brought 
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Fig. 4. Heat transfer coefficient of individual slabs with a thickness of 0.5 nm in 

the hot medium arising from interaction of the slab with the entire cold medium 

at vacuum separation of 1 nm, 5 nm, and 10 nm. 
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loser. This is explained by the wave vector dependent coupling 

trength shown in Fig. 3 b. When the separation is decreased, the 

ange of κ for tunneling polaritons increases. However, there is 

lso a limit or cutoff for κ for each separation distance which is 

overned by the exponential decay in Eq. (2) . This cutoff corre- 

ponds to κ ∼ (2 d) −1 , which is equivalent to total internal reflec- 

ion. In addition to the increasing in range, the strength of coupling 

lso increases when the gap is reduced due to the less attenuation 

f energy carried by a given wave vector across the gap as seen 

n Fig. 3 b. When we compare coupling strengths for a given wave 

ector at different vacuum gaps, we also see the coupling strength 

nhances at shorter gap distances, which arises from less atten- 

ation across the vacuum gap. Summation of h j,γ over j and γ , 
m ∑ 

j=1 

N ∑ 

γ = m +1 

h j,γ , results in total heat transfer coefficient, h hot,cold , be- 

ween hot and cold media and is shown as a function of gap size

n Fig. 3 c. Comparison of Fig. 3 a and c reveals similar trends of

 j,γ and h hot,cold for the corresponding gap sizes. We also plot the 

ave vector-dependent total heat transfer coefficient, h hot,cold,κ , in 

ig. 3 d. The trend of h hot,cold,κ is similar to that of h j,γ ,κ in Fig. 3 b

or the corresponding gaps sizes due to cutoff of wave vectors cor- 

esponding to the gap size. We note that the peak heat transfer co- 

fficient shifts toward larger wave vectors for smaller separations. 

e attribute this shift to the larger number of modes with large 

ave vectors confined in the same volume that carry energy. 

Slabs near the interface have a stronger interaction with the 

edium across the vacuum gap than those farther away from the 

nterface. We calculate h j,cold = 

N ∑ 

γ = m +1 

h j,γ where h j,cold represents 

he coupling strength of slab j in the hot medium with the en- 

ire cold medium. Fig. 4 shows h j,cold for all the slabs in the hot 

edium as a function of position of the slabs from the reservoir 

 z = 0 nm) for d = 10 nm, 5 nm, 2 nm and 1 nm. We see each

ndividual slab contributes to the net radiative heat transfer from 

he hot to the cold medium. This is another indication that the 

rigin of near-field heat transfer between hot and cold media is 

PhPs generated within the bulk, even though the contribution by 

 slab decreases with distance away from the interface by orders 

f magnitude due to the short propagation lengths of the highly 

onfined modes that contribute most to the near-field radiation 

ransfer. Fig. 4 also shows that h j,cold increases with the decrease in 

he vacuum gap for all slabs due to less attenuation of the modes 

cross the vacuum gap with shorter separation. The heat transfer 
6 
oefficient between two groups of slabs is calculated by summing 

he contributions from each pair, h j,γ , in the groups. 

Lastly, we note that this study considers only radiative transport 

s the heat transfer mechanism. Conduction also transports energy 

ithin a material. The many-body model can incorporate conduc- 

ion during the temperature calculation and solve for local ther- 

al equilibrium temperature by applying energy balance to each 

lab [44] . Additionally, conductive heat transfer across the vacuum 

ap can take place for sub-nm separations through phonon tunnel- 

ng [50–53] . Even we have computed the near-field radiation effect 

ith a separation below 1 nm ( Fig. 2 a), at that small gap phonon

unneling will likely need to be considered which will be the sub- 

ect of another study. 

. Conclusion 

To summarize, we have found that HPhPs responsible for en- 

rgy transport across the vacuum gap between hyperbolic mate- 

ials are bulk-originated polaritons. At uniform temperatures, the 

any-body approach that accounts for bulk-originated polaritons 

educes to the two-body formalism, indicating the near-field ra- 

iative transfer described by the two-body formalism is just a spe- 

ial case of the many-body approach. When a temperature gradient 

xists in the media, HPhPs transfer net heat through the material 

s well as across the vacuum gap. Energy transfer across the vac- 

um gap is largely due to HPhPs with large wave vectors, which 

ontribute even more to the enhanced near-field radiative transfer 

hen the gap is reduced. Our model enables better prediction of 

ear-field thermal radiation between hyperbolic materials. Appli- 

ations of near-field radiation will require a precise control of the 

eparation gap down to the nanometer level. 
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