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The covariant parton model is generalized to describe quark correlators in a systematic way. Previous
results are reproduced for the T-even leading-twist transverse momentum dependent parton distribution
functions (TMDs), and for the first time all T-even twist-3 TMDs are evaluated in this model. We apply the
approach to evaluate the fully unintegrated quark correlator which allows us to understand the model-
specific relations between different TMDs. We verify the consistency of the approach, present numerical
results and compare to available TMD parametrizations.
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I. INTRODUCTION

Transverse momentum dependent parton distribution
functions (TMDs) allow one to explore the transverse
structure of the nucleon in deeply inelastic scattering
processes and are among the motivations for the planning
of the Electron-Ion Collider [1]. They enter the description
of processes like semi-inclusive deep-inelastic scattering
(SIDIS) [2—4] (in conjunction with fragmentation functions
[5]) or Drell-Yan [6,7] on the basis of TMD factorization
theorems [8—22]. There has been an impressive progress in
higher order QCD -calculations [23-32] and phenomeno-
logical studies [33-46]. Aspects of TMD physics were
reviewed in Refs. [47-52]. An important complement of
the theoretical and phenomenological studies is provided
by studies in models.

Models seek to explain the physics underlying phenom-
enological observations in simple terms by focusing on
certain concepts. While often oversimplifying the complex-
ities of hadronic physics, models are nevertheless insight-
ful, guide our intuition, and deepen the understanding of
nucleon structure. One value of the models is that they
allow us to quantify how much of an observed phenomenon
can be attributed to a specific model concept. Another
important value is that models provide predictions for yet
unknown nucleon properties which we can test in
experiment.
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This work deals with the study of TMDs in the covariant
parton model (CPM) [53-65] originally developed as a
model for the description of the hadronic tensor in DIS [53—
55]. It is a parton model in the sense that the partons are free
and noninteracting. In the Feynman parton model this is the
case in the infinite momentum frame [66]. In this sense the
CPM goes one step further, and assumes the partons to be
free in any frame. As free particles the partons are
consequently on shell. At the heart of the CPM are two
types of covariant functions, G¢(Pp) and H?(Pp), which
describe the distributions of the momenta of, respectively,
unpolarized and polarized partons inside the nucleon. The
covariant distributions are functions of the scalar Pp where
P is the nucleon and p parton momentum.

The original formulation [53-55] allows one to evaluate
the parton distribution functions (PDFs) f(x), ¢{(x), ¢4(x)
accessible through DIS structure functions (throughout this
work we do not indicate the scale dependence explicitly).
By an auxiliary polarized process due to the interference of
vector and scalar currents, the approach was extended to the
description of a hypothetical chiral-odd structure function
and the transversity PDF £¢ (x) [56]. The model was further
generalized by introducing the concept of “unintegrated
structure functions,” to describe twist-2 T-even TMDs
fixpr)s g (x, pr), hi(x. pr)s gif (x. pr)s hif (x, pr),
hif(x, pr) in [58]. Despite these generalizations, the
limitation is that many TMDs especially at twist-3 level
cannot be studied in this way because no (real or auxiliary)
process is known how to compute them in a parton model
framework like the CMP.

The purpose of this work (after a brief review of quark
correlators and TMDs in Sec. II) is to generalize the
formulation of the CPM to the description of quark
correlators (in Sec. III), which will put us in the position
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to evaluate systematically all T-even TMDs. We will
reproduce earlier model results for twist-2 TMDs, and
derive new results for twist-3 TMDs (in Sec. IV). In order
to test the internal theoretical consistency of the model we
will investigate the various emerging relations among
TMDs, some of which can be traced back to QCD
equation-of-motion relations or the so-called Lorentz-
invariance relations which must be valid in all quark
models which respect Lorentz symmetry (in Sec. V).
The relations among TMDs constitute one of the most
interesting predictions of the CPM which can be tested
quantitatively. We will make predictions for all T-even
unpolarized and polarized twist-2 and twist-3 TMDs (in
Sec. VI) and draw conclusions (in Sec. VII). Technical
details are presented in the Appendix.

TMDs have been studied in bag [67-72], quark-diquark
[73-81], chiral quark soliton [82-94], light-front constitu-
ent quark [95-102], Nambu—Jona-Lasinio [103], Valon
[104], holographic [105,106], and quark-target [107-
111] models, and in some cases model independently in
lattice QCD computations [112-119]. A parton model for
PDFs that is similar to our study was discussed in
Ref. [120]. We will compare to the results from other
models.

In view of the variety of the approaches, it is interesting
that some nonperturbative properties of TMDs are sup-
ported across a broad class of different models [121,122].
The results presented in this work contribute to a picture of
TMDs emerging from models, and help to solidify the
understanding of TMDs.
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II. QUARK CORRELATOR AND TMDS

The quark correlation function is defined as

d*z

@(p.P.5) = [ G5 NP 90

x W(0, z: path)y{ (2)|N(P. S)).

(1)

where p is the quark momentum. P and S denote the nucleon
momentum and polarization with P> = M?, $§? = -1,
P - § = 0. The correlator depends furthermore on a lightlike
four vector often denoted by n*, which describes the light
cone direction. The Wilson line W(0, z; path), which is
symbolically indicated in (1), depends on n* and the
considered process. Depending on the chosen path the
correlator may be relevant for DIS, Drell-Yan, or another
process [123—127]. Strictly speaking we should denote the
correlator as qD?j(p,P,S,n), but for brevity we do not
indicate the n* dependence (which is absent in the applica-
tions to quark models we have in mind).

Using light cone coordinates, p*™ = %(p0 + p'), one

introduces the integrated correlator
1 ] X P T’

// dp=dp @ (p.P.S)5(p" —xP*). (2)

If we define ¢4l = 1 Tr[¢p?(x, pr, S)T] then the leading
twist quark TMDs are projected out from (2) as follows

(3a)

(3b)

(3¢)

M 8jkpj Sk
1 r°r L
iy o {eq m 71, (3d)
M pr-S
Palirsl = o [SLe‘i + TM Te?}, (3e)
M il ‘ ekpk | kikeklg
P = {MTqu+e-’kS’}fT+SL TR TfT , (3f)
i M P Kk Sk e*p
¢q[y s) — oF |:STgT 4 SL_Tgiq + M2T J_q + MTqu} (3g)

014024-2



STRUCTURE OF THE NUCLEON AT LEADING AND ... PHYS. REV. D 103, 014024 (2021)

J ok k )
g M [ =SHok ] o)

it M Br- Sy .
Pl rs]_F[SLhz+ M hq] (3i)

The 1nd1<:es j, k denote spatial directions transverse to the light cone, /¥ = (prT 5j" p2) where pT = |p7|?*, and

B =¥ = 1 and zero else. In (3) it is understood that fY = f7(x, pr), etc. The T-even TMDs g gt b s

ed, [, g4, gL , g#q, hi, h#q, h?. can be computed in models based on quark degrees of freedom only. The other TMDs are

T-odd, require explicit gauge field degrees of freedom, and cannot be modeled in the approach used in this work.
The fully unintegrated quark correlator (1) has the following expansion in terms of Lorentz-invariant amplitudes [128]

®4(P, p,S) = MAT + PA] + pAS +— [P, AA] + i(p - S)rsA? + M gysAl

p-S p- P.S 75
+ 5 PrsAl +—WsA§’+[ }rsA‘g’ +[ 5 ]rsA?o
P Lo
2M2 [P ﬂ] 5A11 +M‘€MP Yu bpﬂS A(112 +O( ) (4)

where %123 = 1. The amplitudes A], A, A{, are T-odd. O(B;) indicates symbolically the BY, ..., B%, amplitudes associated
with the lightlike vector #* inherent in the Wilson line. In models without gauge field degrees of freedom T-odd A; and all B;
amplitudes are absent, and T-even TMDs are expressed in terms of the T-even A? as

Pilrpr) =27 [ dp(ag 4 xa) (sa)
P-p—M

dtepr) =20 [ap(-ag =L M g aap) 4 018, (5b)

G4 (x. pr) = 2P / dp~ (A, + xAs). (5¢)

i(epr) =20 [ ap (<ag-xaty + Lot (50)
P.p— M

mittepn) =20 [ ap(at, -T2 ) o), (5¢)

itxopr) =20 [ apad, (51)

e4(x, pr) = 2P* / dp-A, (5¢)

7t pr) = 2P [ dpat, (sh)

7
o) =20+ [ ap(-ag+ Pap), 5
[ P-p—Mx
atsopn) =20 [ap (-2 LA s 05, (i)

014024-3



S. BASTAMI et al.

PHYS. REV. D 103, 014024 (2021)

gr?(x. pr) = 2P* / dp~A{, (5k)
(e pr) = 2P [ dpr(-ay) (s1)
inpr) =20 [ ap(-ag-ELat,+ (P2 ) o), (5m)
son) =20 [ap (-2 LM a4 00m). (51)

We only symbolically indicate the BY amplitudes as they
are absent in quark models, cf. Ref. [129] for the full
expressions. We also do not show the expressions for T-odd
TMDs as they vanish in quark models with no explicit
gluon degrees of freedom [130].

III. FORMULATION OF THE COVARIANT
PARTON MODEL

We define the quark correlator in the CPM as follows

®9(p,P,S);; = 2P°O(p°)5(p* — m*)u;(p)u;(p)
8 { gi(pP)
Hi(pP)

unpolarized partons,

—
(@)
=

polarized partons.

The prefactor 2P° is due to the covariant normalization
(N(P', S)|N(P.S)) =2P°(2x)353) (P' = P) of the nucleon
states in Eq. (1). The onshell condition of the quarks in the
CPM is implemented in terms of the Lorentz-invariant
function ©(p®)s(p? — m?). G¢(pP) describes the covariant
momentum distribution of unpolarized quarks of flavor ¢ =
u,d, ... inside the nucleon, while ’Hq( pP) describes the
covariant distribution of polarized quarks.

In the CPM the quarks are on shell, which allows us to
evaluate the bispinor expressions as

W(p)Tu(p) = Te |5 (4 m)(1 4 o0 [ (7)

xHere @” is the quark polarization vector which satisfies

@* = —1and p - @ = 0 and can be expressed in the CPM in

terms of p#, P¥, S# as follows [54]

__M_prS p

_Ep-P+mMp

p-S
p-P+mM

Py Sh (8)

A more general expression for @# was given in [62] which
coincides with (8) for massless quarks. In this work we will

|
use Eq. (8) for @ and explore the more general repre-
sentation for @ from [62] elsewhere.

By exploring Eq. (7) we obtain the following compact
expression

Tr[®9(p,P.S)I]=P°O(p°)5(p* — m*)Tr[(p+m)(G?(pP)
+H(pP)ysd)T]. 9)

We recall that the covariant function G7(pP) is positive and
has a partonic interpretation within the CPM: when inter-
preted in the nucleon rest frame it describes the momentum
distribution of unpolarized quarks in the nucleon. Similarly
H4(pP) describes the momentum distribution of polarized

g in a nucleon polarized in its rest frame along S* = (0, S )
[53-55]. The unpolarized covariant function satisfies
G9(Pp) > 0, and the polarized one |H?(Pp)| < G4(Pp)
which reflects the partonic interpretation.

Equations (6)—(9) can be viewed as a definition of the
CPM and describe how to evaluate in the model quark
correlation functions. In the remainder of this work, we will
compute all twist-2 and twist-3 T-even TMDs of quarks on
the basis of Egs. (6)—(9). Hereby we will reproduce results
known from previous works, derive many new results
(especially for twist-3 TMDs), and demonstrate the internal
theoretical consistency of the approach.

IV. QUARK TMDs IN THE COVARIANT
PARTON MODEL

This section is devoted to quark TMDs. In the twist-2
case we will rederive results obtained in Ref. [58] in
different ways. In the twist-3 case we will (with one
exception) present new predictions.

A. The unpolarized leading twist TMD f%(x.pr)

In order to derive the expression for the TMD f9(x, pr)
we evaluate the correlator
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1) (x, Br. S) = /dp—dp+P0gq(pP)®(p0)5(p2 —m2)3(p* — xP)a(p)yulp),

= /dp‘dp+ %(Mﬁo)ﬁ(pz - m2)5<x - I’;) a(p)y*u(p). (10)

We choose to work in the nucleon rest frame where pP = pM. In the following we will denote the covariant
function G9(pP) in the nucleon rest frame for simplicity by G¢(p°). In the nucleon rest frame p*/P* = (p° + p!)/M.

To arrive at the formulation of the CPM from prior works we change the integration variables dp~dp* — dp°dp!
such that

- dp!
[ ravrewatp - ... = [ apapeiapy - - = [ (1)
Zp pO=+/pr+m?
Evaluating the bispinor expression &(p)y*u(p) = 2p* we obtain
ar'l(x. % q dp! (0 PP+, !
¢ (x, pr, S) = f1(x. pr) = 7Y (P2)o{ x == | (P" + p)). (12)

This coincides with the result for f7(x, py) from Eq. (25) in [58] (after the substitution p! — (—p')). In [58] this result was
obtained by introducing and modeling a “pr-unintegrated” hadronic tensor. Here we derive the same result systematically
from the model expression of the quark correlator (9). We also see that in the model ¢! (x, py, S) has no term proportional
to ﬁrgr and hence the Sivers function is zero as expected in models with no gluons [130].

B. The chiral-even polarized leading twist TMDs g?(xp;) and g¥ (x pr)

These TMDs require polarization. We use the expression (8) for the quark polarization vector @ in nucleon rest frame
where' $* = (0, S;. §T) in usual four-vector notation. We explore (11) and &(p)y*ysu(p) = 20", and obtain

i = dp! PP +p"\[p' (P’ +p") p'm
alr sl S =S /_Hq Ns( x —
P Pr ) =S | g P Pe X =Ty Prm pm "

L= dpl p0+p1 p0+p1 m
S —HI(p")s( x - , 13
e e L (13

where we grouped terms proportional to longitudinal and transverse polarization. Comparing to the coefficients in Eq. (3b)
we read off the model results for ¢ (x, pr) and 9# (x, pr) which, after some algebra, can be written as

dpl p0+pl p2
9(x, = [ L HipOs[x - ) [ pO 4+ pt = LT |, 14
dopr) = [ ns)a(x = T o pt - T (140)
d 1 0+ 1 0+ 1+m
g — [ g0y TP )|y 2P 14b
it tepr) = [ Lerr)a(s =L o), (14)

and coincide with the expressions in Egs. (16), (17) of Ref. [58]. It is important to stress that these results were obtained
from the antisymmetric part of the “pr-unintegrated” hadronic tensor, which was constructed and modeled in [58], while
here they follow straightforwardly from the model expression of the quark correlator (9).

C. The chiral-odd polarized leading twist TMDs k! (x, pr), hif (x,pr), hif(x.pr)

In order to evaluate the correlator ¢’} we proceed as in (11), explore @(p)ic* u(p) = 2(w* p* — w* p*), and insert the
expression (8) for @* with $¥ = (0, S;, §T) This yields

'In Ref. [58] the light cone spatial direction was chosen opposite to our work; i.e., the signs of the first components of all
vectors are reversed: for instance (p° — p!)|ges. 53 corresponds to (P° + PY))here- Consequently the conventions are such that
Stlhere = =Sk IRer. 58]+
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- . dp! 0 1 _ _
Wi x Frs) = [ p—’éwp%(x —%) (<w° +o')pl -l (p+ p1>),

dp' PO+ (o (P +p'+m) . ;  PrSr
= [ - H(p° 6<x— S(pP+p)y—Lt—L 2§, ph - _pl ). (15
[ (- P ) (sh00 + p) =GB - ). 19

Notice that (B - Sp)ph = L3S+ ( phpk - 16/ p%)S% where the first term (monopole in ) contributes to transversity
while the second term (quadrupole structure) gives rise to pretzelosity. Comparing to the correlator (3c), we read off the
results

dp! P+ pl 2
(. pr) = [ —gHI(P)s(x === | P°+p' = —"—). 16
1(x. pr) /po H(p°) <x M p+p 200+ m) (16a)
" dp' P’ +p' P+ p' +m

h]l?(x’pT):/WHq(po)é X—T —MW N (16b)
L dp! PO+ p! M?

ittepn) = [ Semips(x =Tl ) (). (160)

As the model generates no unpolarized structure in the correlator (3c), the T-odd Boer-Mulders function

hf‘q(x, pr) vanishes as expected in quark models [130]. The results (16) agree with those obtained previously by
generalizing the auxiliary polarized process due to interference of vector and scalar currents to the “pr-unintegrated”
situation [58]. Notice that the results can be simplified using, e.g., p® + p! = xM under the integrals in (16).

D. Twist-3 TMDs

In the twist-3 correlators (3d)—(3g) we encounter two new Dirac structures, i#(p)Tu(p) = 2m related to e?(x, py) and
i(p)iysu(p) = 0 for an on shell particle. Proceeding analog to Secs. IVA-IV C yields the following results

dp! O+ p\M(p°+m
Fotapr) = [ Sms(popp (v ) M) (172
dp! P’ +p"\ m(p° + m)
q — [ ZZ_Ha(p0 -
er(r.pr) = [ oo (=T ) ML (17b)
1 0+ 1 m p0+m)+ll_7'2
gT<x,pT>=/§Hq<p°>5(x—” M”) ( T (17¢)
dpl p0+pl M2
) = [ L p)a(x - ) (170)
dp' O+ p"\ M(Mx — p°
o) = [ gty (x - L) MU= (17e)
dp! P’ +p"\ M(p° +m)
= | £ _Ha(pO° —
s pr) = [ e (x - T P (170
dp! P’ +p"\ m(p® +m) + p3
= | ZZ_Ha(pO - T
) = [ S mp)a (x- 2y ) (17¢)
dp' .0 o P’ + ph\ M(p° — Mx)
hi(x, pr) = WH (p°)o( x - M 2+ m (17h)
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Only the model expression for the twist-3 TMD ¢4 (x, pr)
was computed before in the CPM, as it is related to the
(“unintegrated” generalization of the) hadronic tensor in
polarized DIS, and our result (17c) agrees with the
expression from [58]. The results for the other twist-3
TMDs are new. Notice that also in twist-3 case T-odd
TMDs vanish in the CPM as it must be for a model with no
explicit gauge field degrees of freedom [130].

V. RELATIONS AMONG TMDS

In QCD the different TMDs are all independent of each
other, and describe different aspects of the nucleon struc-
ture. Due to the simpler dynamics or additional symmetries,
different TMDs can be related to each other in quark
models. The goal of this section is to discuss the relations
among TMDs in the CPM.

A. Equation-of-motion relations

An important consistency test of the model results is
provided by the following relations which can be derived
by making use of the QCD equations of motion (EOM) and
are given by

. m
xed(x, pr) = xe%(x, pr) + Mfl (x. pr), (18a)
xfH4(x, pr) = xfH9(x, pr) + f(x, pr). (18b)

~ m
xg! (%, pr) = x3,* (v, pr) + g (x. pr) + 5 I (x, pr).
(18c)

~ m
xgh(x. pr) = G4 pr) + gip ! (x. pr) + 5 G pr).
(18d)

1 ~L 1 m.
xgr ! (x. pr) = xg7" (x, pr) + 917 (x. pr) + Mhqu(x7 Pr)

(18e)

~ n m
xhf (x, pr) = xh (x. pr) = 20 (x. pr) + 3 16 (. pr).
(18f)

xhd(x, pr) = xhi(x, pr) — h(x, pr) = i (x, pr)

= (18g)

MQ%T(xa PT),

+
7 1
xh7(x, pr) = xhr? (x, pr) + h9(x, pr) = bt (x, pr),
(18h)

where the transverse moment n of a generic TMD f4(x, pr)
is defined as follows

2 \n

£t ) = (1) Fotspr). 19
The EOMs (18) arise because the quark correlators defining
twist-3 TMDs, Egs. (3d)—(3g), can be decomposed into
contributions from quark-gluon correlators, twist-2 corre-
lators, and terms proportional to current quark masses by
exploring QCD equations of motion [4]. The quark-gluon
correlators give rise to “genuine twist-3” contributions or
“interaction dependent terms” which are denoted by tilde-
functions in (18). In general the EOMs do not imply
relations among TMDs, but define the respective genuine
twist-3 tilde contributions.

In quark models in general the tilde terms are nonzero
and arise from the model interactions due to the pertinent
model equations of motion. The EOM of the CPM is the
free Dirac equation, which implies the absence of tilde
terms. Our results for twist-2 and twist-3 TMDs, Eqgs. (12),
(14), (16), (17), satisfy the EOM relations (18) with the
tilde terms set to zero. This is an important consistency test
for our new results for all twist-3 TMDs.

B. Lorentz invariance relations

In models with no gluonic degrees of freedom, such as
the CPM, T-odd TMDs are absent [130] and the quark
correlator can be decomposed in terms of nine T-even A;
amplitudes while it gives rise to 14 T-even TMDs, see
Sec. II. As there are 14 TMDs and 9 linearly independent
amplitudes, this implies five relations among T-even
TMDs. These relations are referred to as Lorentz-invariance
relations (LIRs) and are not valid in QCD [131] but must
hold in all models that preserve Lorentz symmetry and
exhibit no gauge degrees of freedom. The LIRs are given by
(3]

FOERW + Lol w. o)

()20 (x) = S (), (20)

002 — (), (200)

9170x) + gt () 2o, (204)
H(x. pr) = ' (x. pr) S (v, pr), (20¢)

and connect twist-3 TMDs (on left-hand sides of the above
equations) with twist-2 TMDs (if any, on right-hand sides).
The CPM satisfies all LIRs. This is an important consis-
tency test for the model. Equations (20a)—(20d) can be
proven using the methods developed in Appendix C of
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Ref. [58], while (20e) corresponds to the quark model
relation (21f) that is discussed below.

C. Quark model relations

Our results for the twist-2 and twist-3 TMDs satisfy also
the following relations [72]

17 (x, pr) = =hi(x, pr), (21a)
Q#q(xv pr) = —h#(x, pr). (21b)
Qiq()@ Pr) = —h%(x, Pr) (21c)

g1 (x. pr) = h{(x. pr) = iy (x. pr).  (21d)
g pr) = hi(x.pr) = it (x.pr). (21e)
hi(x, pr) = hy'(x, pr) = hif(x. pr). (216

These relations are valid in a large class of quark models,
including spectator models, bag model, light-front con-
stituent quark model [60,72,73,95,121]. The CPM also
supports the following nonlinear quark model relations

1
i (x. pr)id (x. pr) = =5 [/ (x. pr), (21g)
1
gt (e pr)gr? (x. pr) = +5 917 (x. pr)P?
— g7 (x. pr)gi? (x. pr).  (21h)

In [58] it was shown that the CPM complies with the
relations (21a), (21d), (21g) featuring only twist-2 TMDs.
Here we see that the model supports the full set of linear
and nonlinear quark model relations (21).

One can impose the additional assumption of the SU(4)
spin-flavor symmetry in the CPM by assuming G%(pP) =
N4F(pP) and G4(pP) = P1F(pP). For proton the SU(4)
spin flavor factors are given by [132]

N.+1 N.—1
N, =—<'- N, = , 22
u 2 d 2 ( a)
N.+5 -N. +1
P, = C6+ , Pd:%, (22b)

and those for neutron follow from interchanging u <> d.
Under the assumption of SU(4) spin-flavor symmetry and
introducing the definition D¢ = P?/N4Y also the following
SU(4) quark model relations equations hold in the CPM

Difl(x. pr) + gi(x. pr) = 2h{(x. pr).  (23a)
Diet(x, pr) + hi(x. pr) = 2g97(x, pr).  (23Db)
DIfYa(x, pr) = hy'(x.pr).  (23c)

It is important to stress that relations connecting unpolar-
ized and polarized TMDs such as (23) require the stronger
additional assumption of SU(4) spin-flavor symmetry.
The deeper reason for the appearance of the quark model
relations including twist-2 TMDs, (21a), (21d), (21d) [and
(23a) under the additional assumption of SU(4) spin-flavor
symmetry], can be traced back to the symmetries of the
light cone wave functions in a large class of independent-
particle models where the quarks do not interact with each
other but are bound by a mean field [121]. Not all models
support these relations. A counterexample are quark-target
models [108] where the relations (21), (23) are not valid.

D. Wandzura-Wilczek relations

In the CPM we can derive the following WW relations
(the abbreviation WW is explained below)

™ [ L+ 2 [ M [y,

(24a)
#0220 [M Tt + 37 |1 -2 "Rt
(24b)

Equation (24a) is obtained by integrating (18d) over pr
with g%(x) =0, solving for glleq(x) and inserting the
result into (20a) and finally integrating & ¢ (x). Similarly
Eq. (24b) is derived from the EOM relation (18f) and the
LIR (20b). As they follow from EOM relations and LIRs,
the WW relations (24) contain no new information.

From the point of view of QCD the relations (24) are of
interest, as they constitute the so-called Wandzura-Wilczek
(WW) approximation in QCD based on the neglect of tilde
terms (and in practice also mass terms) [67,133]. This
approximation is supported by instanton vacuum calculations
[134,135] where the tilde terms g (x) and /& (x) are small
compared to the twist-2 terms in (24), see also Ref. [136]. The
smallness of 7%(x) is supported by lattice QCD studies
[137,138], and experiment [139—141] which indicate that
g%(x) and A (x) are small compared to the twist-2 terms in
(24). In the CPM the tilde terms are exactly zero, and the
relations (24) hold exactly. Further discussions of WW
relations in various contexts can be found in Refs. [142—-150].

For completeness we remark that the assumption that
tilde terms (and mass terms) are small and numerically
negligible has been also applied to TMDs [129,151-157].
In this case one speaks of Wandzura-Wilczek-type approx-
imations. Neglecting current quark mass effects, two
examples of such relations are [154]

1(1 WW-—type ldy
gt ()= x/ —4{ (),

8 (25a)
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1 WW—t Idy
i (x) _ype_2x2/ M)

: (25b)

Such approximations can be tested in SIDIS and Drell-Yan
experiments [156—158]. In the CPM the relations (25)
are exact.

E. Independent amplitudes in the
covariant parton model

The previous sections have shown that the CPM supports
many relations. It is an interesting question how many
independent TMDs exist in this model. For that we evaluate
the amplitudes of the unintegrated correlator (4). As
expected, the T-odd Aj, AZ, A7, are zero. For the T-even
amplitudes we obtain

A = PO(p)5(p? = m*)G(pP) 7. (26a)

Al =0, (26b)

Af = P'O(p")5(p* — m*)G(pP), (26¢)

A= PO s (pP) (< ). (26
mM

A? = PY@(p*)s(p? — m>)YHI(pP) P M (26¢)
M2

A§ = P°O(p°)s(p* — m*)H(pP) P (200

AL =0, (26g)

Afy = P°O(p°)5(p* — m*YH(pP)(-1), (26h)

2
= P0(p)alp? — s pp) (M),
(26i)

Interestingly the T-even amplitudes A, AJ also vanish,
because our model does not generate these Lorentz
structures. The remaining seven nonzero T-even amplitudes
are related to each other by five relations. In the unpolarized
case we have two nonzero amplitudes related by 1 relation,

m
Af =A% (27)

In the polarized case we have five nonzero amplitudes
related by four relations,

m
Ag = _MA?W
m
Al =+ — AT,
Ay
Ag = _A‘III’
pP 4+ mM
Aty = - AL (28)

Notice that for an on shell particle the relation P-p =

ﬁ%-‘rmz

&> T %xM 2 holds. Thus in the model (but not in general)
the product P - p does not depend on p~ and can be pulled
out of the integrals over p~ in (5). Inserting the results (26)
for the amplitudes into the expressions (5), we recover the
results obtained in Egs. (12), (14), (16), (17), which provide
an independent test of the model.

F. Independent TMDs in the model

The previous section has shown that there are two
independent amplitudes: one unpolarized and one polarized.
Consequently, all unpolarized TMDs are related to each
other, and all polarized TMDs are related to each other. Thus
it is possible to choose one unpolarized and one polarized
TMD, and express all other TMDs in terms of them.

In the unpolarized case we have three T-even TMDs
f1(x, pr), €2(x, pr), f+9(x, pr). We can choose the well-
known unpolarized twist-2 TMDs as basis function. The
other unpolarized T-even TMDs are then given by

CPM

xed (e pr) BT e pr). (299)

xfa(x, pr) = 1 (x, pr)- (29b)
Notice that e?(x, py) vanishes if we one neglects current
quark mass effects.

In the polarized T-even sector we have 11 TMDs. At
first glance it would seem natural to express all polarized
TMDs in terms of the relatively well-known helicity dis-
tribution g7 (x, pr). This is possible, but not ideal for the
following reason. In the CPM, g (x, py) exhibits a node at
pr = xM (neglecting current quark masses) [61]. Conse-
quently TMDs without nodes would be expressed in terms
g1 (x, pr) divided by a prefactor which is singular at p; =
xM in order to remove the node present in ¢ (x, pr). This is
impractical for phenomenological applications.

It is clearly an advantage to choose a TMD without a
node to express the other TMDs. A convenient choice for a
basis function for polarized TMDs is transversity 7 (x, pr)
which exhibits no node in the model and is, after ¢ (x, p7),
the currently best known T-even TMD. It is convenient to
neglect current quark mass effects, which make the explicit
expressions quite bulky and can be safely expected to be
small in phenomenological applications.
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It is convenient to quote the results in three groups in
which the polarized TMDs have structurally similar expres-

sions. We can express ¢?(x, pr), g% (x, pr), hy’(x, pr)
(which exhibit nodes) and h#q (x, pr) in terms of trans-
versity as

2
C
§(x. pr) EM{I P }h‘foc,m), (30a)

x2M?

1 cpm 1 p3
) 'Y |1 -

-2 e pn. o)

cem 1 p?
) 2= L 1= 2T ), (306)

cpm 1 P}
h%q(x’PT) = X [1 + xzﬂzz] h(ll(% Pr)- (30d)

The TMDs ¢#(x, pr) and h{ (x, p7) are expressed in terms
of transversity (for m = 0) as follows

2
cPM| P

gqr(x» Pr) = Lz&z} htll(x’PT)a (30e)
cem|[ 2p3

i) 2| S0 ). (300

Notice the relation &7 (x, pT)CiMquT(x, pr), which
holds for m = 0. Finally, the Mulders-Kotzinian TMDs

g1 (x, pr) and hi}(x, pr), pretzelosity hif(x, pr), and
twist-3 TMD g%q(x, pr) are expressed in terms of trans-
versity as

cpm 2
Q#(X’PT) = ;h?(X’PT)7 (30g)
ceM 2
hff(x’ pr) = —;h’f(x, Pr) (30h)
CP 2 .
hlqu(X,PT) = —;h(f()f, Pr), (301)
1q ceM 2 g .
g7 (x, pr) = ;}h(xa pr)- (30j)

It will be interesting to test these CPM predictions in future,
when more about TMDs will be known. These relations can
also be investigated in other models. It would be interesting
to assess in this way whether the relations (29)—(30) are
supported by other quark models and, if so, within which
accuracy.

VI. NUMERICAL RESULTS

In this section we show the numerical results. After a
brief review how the covariant functions G¢(pP) and
H(pP) are obtained from the input PDFs f{(x) and
g (x), we present predictions for unpolarized and polarized
PDFs or transverse moments of TMDs, and compare to
parametrizations where available.

A. Covariant functions and input PDFs

The covariant functions G*(pP) fora = u,d, ii,d, ... are
uniquely determined from, respectively, f{(x) and g{(x).
With the notation G¥(p°) and H9(p®) in the nucleon rest
frame, the relations are given by [57,61] (see also [120])

1 d[f{(x)
_ME[ x }’

1 {2/1%9?(y)+39?(ﬂ

aM3x |7 ),

w4 [@H (31)

CTdx | x

gq(p()) ‘poz%xM =

H (pO) ‘pOZ%xM =

Several comments are in order. First, the model relates
different TMDs obeying different evolution equations to
the same covariant functions. Therefore, a scale must be
chosen at which the covariant functions in (31) are
determined. The choice of this scale is part of the modeling.
The renormalization scale, which is not indicated in (31) for
brevity, must be chosen large enough for the partonic
picture to be justified, but is otherwise not fixed. In this
work we choose u?> = 2.5 GeV? which is a convenient
scale because many extractions of TMDs from SIDIS data
have been performed at comparable scales. Second, in the
case of TMDs we strictly speaking deal with a double-scale
problem, and the choice of both scales is part of the model.
The second scale £, associated with the removal of rapidity
divergences, can be also chosen to be { = 2.5 GeV?. The
dependence on this second scale is governed by the CSS
evolution equations. Third, an important feature of the
parton model is the partonic interpretation. In QCD the
partonic interpretation is strictly speaking only justified at
leading-order (LO) (and for PDFs of the nucleon but, e.g.,
not for nuclei [159]). For our calculations we therefore
choose LO parametrizations. In order to investigate the
dependence on the chosen input parametrization, we use
several parametrizations for respectively f{(x) and g¢{(x).

The parametrizations used in this work are shown in
Fig. 1: GRV’98 [160], MRST’98 [161], MSTW’09 [162]
for f9(x), and standard and valence scenarios of GRSV’00
[163], LSS’05 [164] for g{(x). More recent parametriza-
tions are available, e.g., [165—169] for unpolarized PDFs,
or [170-174] for helicity PDFs, see Ref. [175] for a review.
The reason why for our purposes the earlier parametriza-
tions [160—164] are preferable is because all more recent
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The input PDFs used in this work for the model calculations as functions of x at the scale 2.5 GeV?. (a) LO parametrizations of

the unpolarized PDFs x f? (x) from GRV’98 [160], MRST’98 [161], MSTW’09 [162]. (b) LO parametrizations of the helicity PDFs
xg?(x) from GRSV’00 standard and valence scenario (see text) [163], and LSS’05 [164].

helicity PDF parametrizations were performed at next-to-
leading order, and [163,164] are among the last LO helicity
parametrizations (recall that the use of LO parametrization
is preferable in our partonic approach). The GRSV’00
[163] parametrizations of ¢(x) were obtained using
GRV’98 [160] for f7(x), while LSS’05 parametrizations
of g{(x) were obtained using f7(x) from MRST 98 [161].
In addition, we use also the more recent MSTW’09 [162]
parametrizations for f9(x).

Over the last two decades the parametrizations of quark
PDFs f7(x) and ¢ (x) for ¢ = u, d have changed moder-
ately, unlike especially antiquark helicity parametrizations
which changed significantly due to recent data and may
change further due to future Drell-Yan data from
Brookhaven National Lab or the Electron-Ion
Collider [176].

B. The p; dependence of TMDs

The pr dependence of twist-2 TMDs was discussed in
[61].2 The new results for twist-3 TMDs derived here have
very similar pr dependencies, and we can refrain from
discussing them in this work. Instead, we will content
ourselves with briefly reviewing the main features of the py
dependencies of TMDs in this section.

It is remarkable that the p; dependencies of f{(x, pr)
and other unpolarized T-even TMDs are uniquely predicted
from the input PDF f7(x). Similarly, the p; dependencies
of g (x, pr) and other polarized T-even TMDs are uniquely

? At this occasion we would like to make a correction regarding
[61]. The analytical results in [61] are correct (except for obvious

misprints in Eq. (18) where it should be 5% on the right-hand
dg{ (&)

side instead of X=iE and Eq. (19) of [61] where it should be M?>

in the denominator instead of M?). Also the numerical results in
[61] were correctly computed. But due to an unfortunate plotting
mistake the Figs. 1-4 of [61] show exactly half of the correct
results for all the TMDs. None of the conclusions of [61] is
affected by this mistake.

predicted from the input PDF g (x). This is possible due to
the strong model assumption of on shell quarks which leads
to the 3D rotational symmetry in nucleon rest frame
encoded in the covariant functions G4(p°), H(p") with
p° = |p| for massless quarks. This 3D symmetry connects
longitudinal and transverse parton motion.

The TMDs have finite support for 0 < pr <
M+/x(1 —x) and vanish outside this range [53]. The
covariant functions are nonzero only for 0 < p® <1M
for massless partons due to 0 < x < 1 in Eq. (31). In this
work we will restrict ourselves to the discussion of model
predictions after the transverse momenta are integrated out,
and present results for PDFs like hf(x) or ¢}(x) or
transverse moments of TMDs, defined, e.g., as

2 \n
n P
i) = [ @or(20) e @2

and analog for other TMDs. It is convenient to describe the
respective structure functions in terms of such transverse
moments. For instance in SIDIS the functions h{(x),

h D9 (x), BP9 (x) enter [156]. In the following we show,

unless otherwise stated, those functions (PDFs or certain
transverse moments) that are relevant for phenomenologi-
cal applications. Where possible we will test the model
predictions by comparing to parametrizations.

C. Predictions for unpolarized TMDs

In the unpolarized sector there are only three T-even
TMDs: the twist-2 f7(x, py) which is input in the model,
and the twist-3 f9(x, p;) and e?(x, py). Both TMDs are
related in the CPM to f7(x, py) according to Egs. (29a)
and (29b).

No relation between f4(x, pr) and f19(x, py) exists in
QCD due to the appearance of the function f(x, py).
In general in quark models the tilde terms are also nonzero
due to nontrivial quark-model interactions. It is therefore
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FIG.2. Predictions for (a) xf(14(x) and (b) xe4(x) as functions of x at the scale 2.5 GeV? from the CPM according to Egs. (29a) and

(29b) using the unpolarized LO input PDFs shown in Fig. 1(a).

interesting that the relation (29) holds in lightfront con-
stituent quark model and chiral quark soliton model even
though both models exhibit nontrivial model interactions,
encoded in the nonperturbative light front wave functions
of the former or provided by the strong chiral interactions
of the latter model [100].

The CPM prediction for xf(14(x) is shown in Fig. 2(a),
and corresponds exactly to the estimate for this TMD
obtained in [156] on the basis of the WW-type approxi-
mation. The result in Fig. 2(a) shows that xf-(1)4(x) is
sizable.

The situation is different for xe?(x) which vanishes if we
neglect quark mass effects. In order to show a nonzero result
we assume m, =5 MeV for both u and d flavor. As
expected, the xe?(x) resulting from Eq. (29a) is very small.
Assuming TMD factorization at twist-3 level [177],
e?(x, py) contributes to observables, e.g., in SIDIS with
the prefactor M/Q [4] where Q is the hard scale of the
process. The contribution of the mass term in e?(x, py) is
therefore effectively proportional to m,/Q and can be safely
neglected in many phenomenological applications [156].
Only at extremely small x < m,/Q could the mass term
contribution to xe?(x) become important. This kinematics
will be accessible at the Electron-Ion Collider [1]. However,
the discussion of TMDs at small x is more adequately
addressed in the approach of Refs. [178,179] which, to
the best of our knowledge, has not yet been applied to
subleading twist. It is interesting to remark that, e.g., in the
light front constituent quark model the relation (29a) is also
valid, but e7(x) in nevertheless sizable, because that model
operates at a low hadronic scale 4 <1 GeV where the
effective quark degrees of freedom have a constituent quark
mass of about 300 MeV [100].

No model-independent extractions of these twist-3
TMDs are currently available. In the case of e?(x) very
first (and model-dependent) extractions were reported in
Refs. [180,181]. For further model studies of f(1)¢(x) and
e?(x), including the interesting possibility of a singular
&(x) contribution to e?(x), which is beyond our partonic
approach, we refer to Refs. [60,67,72,73,89-92,102,109,

110,182-186]. Noteworthy is the partonic interpretation of
the pure twist-3 contribution to e4(x) in terms of transverse
forces experienced by quarks in DIS [187].

D. Results for transversity and pretzelosity

Next we turn our attention to polarized TMDs
starting the discussion with the twist-2 transversity and
pretzelosity which can be compared to available para-
metrizations [45,46].

In Figs. 3(a) and 3(b) we compare the model predictions
for xh?(x) to the recent JAM’20 parametrization [45].
The CPM describes the sign and magnitude of the trans-
versity quark distributions well. For larger x 2 0.2 the
quantitative agreement is very good and the model
results are close to or within the 1-¢ region of the extraction
[45]. At smaller x < 0.2 the model has a tendency to
overestimate the JAM’20 parametrization for u and d flavors.
The uncertainty of the JAM’20 parametrization [45] is still
very large. For instance the d-quark transversity is compat-
ible with zero within the 1-0 uncertainty of the extraction.
Future data will constrain more strongly the extractions and
allow us to test the model predictions for h{(x) more
rigorously. The CPM is in good qualitative agreement with
other model calculations [60,67,72,73,75,76,80,81,84,87,
88,95,101,104,111,188] and lattice QCD [115,116].

In Figs. 3(c) and 3(d) we compare the model predictions

for xhlLT(l)q(x) to the LP’15 fit [46] (where the (1)-moment
was extracted, though in phenomenological applications
[156,157] the (2)-moment of pretzelosity enters naturally).
The present data on the azimuthal asymmetry related to
pretzelosity are compatible with zero, which is reflected by
the uncertainty band of the LP’ 15 parametrization for u and
d flavors [46]. The best fit of LP’ 15 has opposite sign to the
CPM which should be not too disturbing considering the
large uncertainties of the fit. The CPM results agree with
other models [60,72,73,76-81,95]. More precise future
data are needed to test the model predictions for pretze-
losity. This TMD is of interest because it is related to
deviations of the nucleon’s transverse spin distribution
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(Uq(x), (c) and (d), as functions of x at the scale 2.5 GeV? obtained using the

helicity LO input PDFs from Fig. 1(b) in comparison to, respectively, the JAM’20 [45] and LP’15 [46] parametrizations.

from spherical symmetry [189] and, in certain models, to
quark orbital momentum [70,77,122].

E. Kotzinian-Mulders functions

In this section we continue the discussion of polarized
twist-2 TMDs for which currently no extractions are
available, the Kotzinian-Mulders functions g#l)q(x) and
hL(l)q(x). In the CPM and in many other models these

1L
TMDs are related to each other by the Eq. (21). For
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FIG. 4. Model predictions for (a) xglLT(l) q(x) and (b) xh;

clarity we nevertheless show the results for both TMDs in
separate figures.

In Fig. 4(a) we show the model results for xgllT(l)q(x).
The model supports the WW-type relation (25), which was
used in Ref. [156]. This means that in Ref. [156] exactly
the same predictions as presented in Fig. 4(a) were used for
this TMD and shown to be compatible with the data
currently available on this TMD. This means that the

CPM model prediction for g,LT(l)q(x) is also compatible
with the currently available SIDIS data. One should add

_

=
= [
3\1 -0.02 ¥
< ; GRSV'00 sta
x
004 ™ Ll GRSV'00 val
—0.06} N LSS'05 ]
; ——— WW-type JAM'20 |
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Lmq(x) for ¢ = u, d as functions of x at the scale 2.5 GeV? obtained using the

helicity LO input PDFs from Fig. 1(b). For comparison we show in (b) the estimate for xhlLL(l)q(x) from [156] based on the WW-type

approximation and JAM’20 transversity parametrization [45].
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FIG. 5. Model predictions for the twist-3 PDFs (a) xg%(x) and (b) xh{ (x) as functions of x at the scale 2.5 GeV? obtained using the

helicity LO input PDFs from Fig. 1(b).

that the existing data on the pertinent SIDIS asymmetry
have sizable error bars and this test of the model is at the
current stage rather qualitative. However, more precise
future data will allow us to make more quantitative tests of
the model.

In Fig. 4(b) we plot the model results for xh]LL(l)q(x). For
comparison we show also the estimate for this TMD from
[156], which is based on the WW-type approximation (25b)
and JAM 20 h{(x) parametrization [45]. Though the CPM
supports Eq. (25b), the comparison in Fig. 4(b) is never-
theless interesting: in our model this TMD is ultimately
obtained from the input helicity PDF. In contrast to this the

WW-type-based prediction for hllL(l)q(x) from [156] is
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based on (25b) and transversity as input. Thus, these are
two different ways of making predictions for this
Kotzinian-Mulders function and the good agreement of
the two results constitutes a consistency check in the sense
that the CPM practically supports numerical estimates of
this TMD based on the WW-type approximations [156].

F. Predictions for polarized twist-3
PDFs and TMDs

In this section we discuss polarized twist-3 TMDs
beginning with g¢7(x) which is accessible in polarized
DIS making it the only well-constrained twist-3 function.
In the CPM the WW approximation (24) holds exactly.
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R S i G GRSV'00 val
X
S o002y 4 N T LS9
)
=S
>
X 0.000 Lo
-0.002 | d
0.2 0.4 0.6 0.8 X
0.05
0.04 u o
i GRSV'00 sta
,\ 003k LN e GRSV'00 val ]
< /
I 2 N LSS'05
o o001}
x
000 K—— ==
001 F e
d
-0.02 : ' ‘ ‘
0.2 0.4 0.6 0.8 X

FIG. 6. Model predictions for the twist-3 polarized TMDs (a) xgi‘(l)q(x), (b) xg#(z)q(x), (c) xh(T1 )q(x), (d) thT'U)q(x) as functions of x
at the scale 2.5 GeV? obtained using the helicity LO input PDFs from Fig. 1(b).
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The model prediction is shown in Fig. 5(a). Interestingly,
the Mellin moments of the pure twist-3 contribution g% (x)
were shown in instanton vacuum calculations to be strongly
suppressed by powers of the instanton packing fraction
[134]. Subsequently the smallness of the 7% (x) contribution
to gH(x) was confirmed in experiments [139-141] and
lattice QCD studies [137,138]. These theoretical and
experimental results have been a main motivation for
exploring the possibility of WW- and WW-type approx-
imations [39,129,156,157] though it cannot be excluded
that g(x) might be sizable in certain (so far experimentally
unexplored or poorly unconstrained) x regions [155]. The
smallness of g% (x) provides important support also for the
CPM, and played an important role in the development of
this model [55].

The only further polarized twist-3 collinear PDF is /7 (x)
which, however, is chirally odd and not accessible in DIS.
Consequently almost nothing is known phenomenologi-
cally about this PDF. Interestingly, also in this case the pure
twist-3 contribution A (x) is also suppressed in the instan-
ton vacuum [135]. In the CPM the corresponding WW
relation (24b) is exact. The model prediction for xA? (x) is
shown in Fig. 5(b). This function contributes to single spin
asymmetries in SIDIS [3] with several other unknown
twist-3 TMDs and fragmentation functions such that
phenomenological information on this TMD is difficult
to obtain [151,152]. Of interest is the CPM prediction
hi(x) = 2¢%(x). It will be interesting to see if this
prediction will be supported phenomenologically.

Finally, we show the predictions for xgi(l)q(x) in
Fig. 6(a), xgr 2 (x) in Fig. 6(b), xh\"(x) in Fig. 6(c),
thT‘“)q(x) in Fig. 6(d). These transverse moments are
rather small, and the contributions of these TMDs to the
SIDIS structure functions can be expected to be small.
Currently nothing is known about those TMDs from
phenomenology [156]. The model predicts the relation
g14(x, pr) = —h%(x, py), which will be interesting to test
experimentally, and both TMDs exhibit a node around
x = 0.15, which is also observed in the bag model [72]. The
same relation between g; ¢ (x, p7) and h%(x, py) holds also
in the spectator and bag model [72,73], which may hint at a
possible more general underlying quark model symmetry
responsible for such relations among twist-3 TMDs. It
would be interesting to investigate this point in more detail.

VII. CONCLUSIONS

In this work we have generalized the CPM that was
originally formulated to describe PDFs accessible in DIS
through an intuitive modeling of the hadronic tensor. We
have shown that the new formulation of the CPM allows
one to reproduce all results for the T-even twist-2 TMDs f7,

g1, ke, gy, b, by, and the twist-3 g% known from prior
studies. The advantage of the new formulation is that it
allows one to evaluate systematically quark correlators in
the CPM. We have demonstrated this by deriving the model
expressions for all twist-3 T-even TMDs.

We have checked the consistency of the model by
showing that the QCD equations-of-motion relations are
valid in the CPM with tilde-terms consistently being zero
which is to be expected in a parton model approach. The
model also complies with Lorentz-invariance relations,
which are valid in quark models that respect Lorentz
symmetry but lack explicit gauge field degrees of freedom.
We have investigated the relations among TMDs in the
CPM. Some of these relations were known from prior
studies in other models, but most of them are specific to our
model. The relations among TMDs may constitute one of
the most interesting predictions of the CPM and they will
allow one to test the underlying model concepts quantita-
tively in future when more information about TMDs will
become available.

We presented numerical predictions for the T-even
TMDs and compared to studies in other models or lattice
QCD, and confronted them with TMD parametrizations
available for transversity and pretzelosity (the latter with
very large uncertainties). No extractions are available for
other TMDs and the model predictions await phenomeno-
logical tests in those cases. One interesting advantage is
that the results from the CPM refer to a high renormaliza-
tion scale where the partonic interpretation may be assumed
to be valid, while to the best of our knowledge the results
from other quark model approaches refer to very low
hadronic scales 4 < 1 GeV [67-111].

The new formulation of the CPM may have further
interesting applications going far beyond the computation
of the twist-3 TMDs presented in this work. It would be
interesting to introduce a consistent modeling of off-shell-
ness effects. This would allow one to compute tilde
functions and perhaps also describe T-odd TMDs.
Another interesting application could be the extension of
the model to antiquark correlators or gluon correlators.
These aspects will be addressed in future studies.
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APPENDIX: MODEL RESULTS FOR TMDs IN
COMPACT NOTATION

In order to have a better overview, it iS convenient to
introduce the compact notation for the integration measures

R O NPT b
e = e m " i)
oy _dpt HIpY) o PP+ p!
{dpy,} = 0 (p0+m)5 x——=. (A1)

Then the model results for the leading twist T-even TMDs
can be summarized as follows

Pilrpr) = [{aph ) bax(p? + m) (A2a)
gf(x.pr) = [ {aph }MX(p 4 m) = 5. (A2b)
it (e pr) = [ {dph )M (3x+ ), (A2e)
(e pr) = [ aply [otstp?+m) - 2] (a20)
i x.pr) = [ {dph) (=M O3+ m). (A2)
it x.pr) = [ {dapl) -7 (A2f)

and the twist-3 T-even TMDs are given by

P = [(pLYMG +m). (A3

ex.pr) = [{dplyHim(p +m). (A30)
05" pr) = [ 1l HM O = )], (A30)
st 0r) = [ pl} o 4 m) 4373, (a30)
(. pr) = [ (dpl )02, (A3e)
(. pr) = [ (Aph}m(p? +m) + 3L (a36)
(e pr) = [ dph MG = b, (A3g)
(5. pr) = [ (Aph} (5" + ). (A3h)

The model expressions can be rewritten by exploring
the on-shell-ness of partons which gives rise to identities
like (p°+ p")(p°+m)—-1p} =1(xM + m)> and can
be used to express transversity, e.g., as hi(x,pr) =
f{dp%{q} 2 (xM 4+ m)*.
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