The equivariant Ehrhart theory of the permutahedron
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Abstract

Equivariant Ehrhart theory enumerates the lattice points in a polytope with respect to a group action.
Answering a question of Stapledon, we describe the equivariant Ehrhart theory of the permutahedron,
and we prove his Effectiveness Conjecture in this special case.

1 Introduction

Ehrhart theory measures a polytope P by counting the number Lp(t) of lattice points in its dilations ¢P
for t € Z>p. The enumeration of lattice points in polytopes plays an important role in numerous areas of
mathematics. For example, in algebraic geometry, a lattice polytope P corresponds to a projective toric
variety X p and an ample line bundle L, whose Hilbert polynomial is precisely the Ehrhart polynomial Lp(t).
The Ehrhart polynomial can be expressed in terms of the Todd class of the toric variety Xp [15, 17]. In
the representation theory of semisimple Lie algebras, the Kostant partition function enumerates the lattice
points in a natural family of polytopes. [3, 14] These and many other connections have allowed for the
combinatorial computation of many quantities of geometric and algebraic interest. They have also inspired
numerous questions and provided interesting answers in Ehrhart theory itself. [5, 8]

Motivated by mirror symmetry, Stapledon [21, 22] introduced equivariant Ehrhart theory as a refinement
of Ehrhart theory that takes into account the symmetries of the polytope P. Let GG be a finite group acting
linearly on a lattice polytope P. Combinatorially, the goal of equivariant Ehrhart theory is to understand,
for each g € G, the lattice point enumerator Lps(t) of the polytope P9 C P fixed by g. These quantities
can be assembled into a sequence of virtual characters ¢g, 1, @2,... of G, which one wishes to understand
representation-theoretically. Geometrically, these virtual characters arise naturally when one studies the
action of G on the cohomology of a G-invariant hypersurface in the toric variety associated to P. Stapledon
showed that if (Xp, L) admits a non-degenerate G-invariant hypersurface, then these virtual characters are
effective and polynomial; in particular, they correspond to an actual representation of GG. His Effectiveness
Conjecture [21, Conjecture 12.1] states that the converse statement also holds.

To date, few examples of equivariant Ehrhart theory are understood. Stapledon computed it for regular
simplices, hypercubes, and centrally symmetric polytopes. Finally, if A is the Coxeter fan associated to a
root system and P is the convex hull of the primitive integer vectors of the rays of A, he used the equivariant
Ehrhart theory of P recovers Procesi, Dolgachev—Lunts, and Stembridge’s formula [18, 6, 23] for the character
of the action of the Weyl group on the cohomology of the toric variety Xa. In [21], Stapledon asked for the
computation of the next natural example: the permutahedron under the action of the symmetric group. The
corresponding toric variety is the permutahedral variety, which is the subject of great interest. For example,
Huh used it in his Ph.D. thesis [10] to prove Rota’s conjecture on the log-concavity of the coefficients of
chromatic polynomials. In algebraic geometry, it arises as the Losev-Manin moduli space of curves [12].

The goal of this paper is to answer Stapledon’s question: we compute the equivariant Ehrhart theory of
the permutahedron and veryify his Effectiveness Conjecture in this special case. Our proofs combine tools
from discrete geometry, combinatorics, number theory, algebraic geometry, and representation theory.
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A significant new challenge that arises is that the fixed polytopes of the permutahedron are not integral.
Thus the equivariant Ehrhart theory of the permutahedron requires surprisingly subtle arithmetic consider-
ations — which are absent from the ordinary Ehrhart theory of lattice polytopes — as the following theorem
illustrates.

1.1 The Ehrhart quasipolynomials of the fixed polytopes of the permutahedron

We consider the action of the symmetric group S, on the (n — 1)-dimensional permutahedron II,,. For each
permutation o € S,,, we define the fized polytope 112 C II,, to be the subset of the permutahedron II,, fixed
by o. Our first main result is a combinatorial formula for its lattice point enumerator L. (t) := [tII] N Z"|:

Theorem 1.1. Let o be a permutation of [n] :={1,2,...,n} and let A\ = ({1,...,¢y) be the partition of [n]
given by the lengths of the cycles of o. Say a set partition 1 = {Bi,...,Br} of [m] is A-compatible if for
each block B;, either {; is odd for some j € B;, or the minimum 2-valuation among {{; : j € B;} is attained

at least twice. Also write
k

Vp = H ged(¢j - j € By) - ( Z ej)‘Bi‘72 . O

i=1 JEB;

Then the Ehrhart quasipolynomial of the fized polytope 119 is

Z v 1T it s even
wE[m]
Lz (t) = Z v -t it is odd -

mE[m]
A—compatible

As the compatibility condition of Theorem 1.1 and Example 1.5 illustrate, there is some delicate number
theory at play, even for the line segments that arise in the equivariant Ehrhart theory of the permutahedron.

1.2 Equivariant Ehrhart theory

Theorem 1.1 fits into the framework of equivariant Ehrhart theory, as we now explain.

Let G be a finite group acting on Z™ and P C R" be a d-dimensional lattice polytope that is invariant
under the action of G. Let M be the sublattice of Z™ obtained by translating the affine span of P to the
origin, and consider the induced representation p : G — GL(M). We then obtain a family of permutation
representations by looking at how p permutes the lattice points inside the dilations of P. Let xp : G — C
denote the permutation character associated to the action of G' on the lattice points in the ¢** dilate of P.
We have

xtp(9) = Lpa(t)

where PY is the polytope of points in P fixed by g and Lp,(t) is its lattice point enumerator.

The permutation characters y;p live in the ring R(G) of virtual characters of G, which are the integer
combinations of the irreducible characters of G. The positive integer combinations are called effective; they
are the characters of representations of G.

Stapledon encoded the characters y;p in a power series H*[z] € R(G)[[z]] given by

b H*[z](9)
ZXtP(g)Z (1 —2)det(I —g-2)’ @

t>0

We say that H*[z] =: Y ,o, H} 2" is effective if each virtual character H; is a character. Stapledon denoted
this series ¢[t], but we denote it H*[z] and call it the equivariant H*-series because for the identity element,
H*[z](e) = h*[z] is the well-studied h*-polynomial of P.

The main open problem in equivariant Ehrhart theory is to characterize when H*[z] is effective, and
Stapledon offered the following conjecture.



Conjecture 1.2 ([21, Effectiveness Conjecture 12.1]). Let P be a lattice polytope fized by the action of a
group G. The following conditions are equivalent.

(i) The toric variety of P admits a G-invariant non-degenerate hypersurface.
(ii) The equivariant H*-series of P is effective.
(iii) The equivariant H*-series of P is a polynomial.
Our second main result is the following.

Theorem 1.3. Stapledon’s Effectiveness Conjecture holds for the permutahedron under the action of the
symmetric group.

Finally, in Proposition 5.9 we verify the three remaining conjectures of Stapledon in this case.

1.3 Examples

Example 1.4. Let us illustrate these results for the permutahedron II; and the permutation o = (12)(3)(4)
which has cycle type A = (2,1, 1), illustrated in Figure 1. The fixed polytope HELIQ) is a half-integral hexagon,

and one may verify manually that

4%
142

I () = 42 +3t+1 iftiseven
g T 42 4ot if ¢ is odd,

Since the H*-series of I, is not polynomial when evaluated at (12), Stapledon’s Conjecture 1.2 predicts that
it is also not effective, and that the permutahedral variety X, does not admit an Sy-invariant non-degenerate
hypersurface. We verify this in Section 5.

H*[2](12) = 1442 + 112% — 223 +

Figure 1: The fixed polytope HilQ) is a half-integral hexagon containing 6 lattice points.

The equivariant Ehrhart quasipolynomials and H*-series of II3 and I, are shown in Tables 2 and 3.

Example 1.5. Further subtleties already arise in the simple case when II? is a segment; this happens when
o has only two cycles of lengths ¢; and /5. For even t, we simply have

L]‘[g (t) = ng(fl, EQ)t + 1.
However, for odd ¢ we have

ged(ly, o)t + 1 if £1 and #5 are both odd,

Lo (£) = ged(ly, o)t if /1 and /5 have different parity,
A ged(ly, o)t if /1 and /5 are both even and they have the same 2-valuation,
0 if /1 and /5 are both even and they have different 2-valuations,

We invite the reader to verify that this formula follows from Theorem 1.1.



1.4 Organization

In Section 2 we introduce some background on Ehrhart theory and zonotopes. In Section 3 we compute the
Ehrhart polynomial of the fixed polytope II7 when it is a lattice polytope, and in Section 4 we compute
its Ehrhart quasipolynomial in general, proving Theorem 1.1. In Section 5 we compute the equivariant H*-
series H*[z] for permutahedra and we verify Stapledon’s four conjectures on equivariant Ehrhart theory in
this special case; most importantly, his Effectiveness Conjecture (Theorem 1.3).

2 Preliminaries

2.1 Ehrhart quasipolynomials

Let P be a convex polytope in R™. We say that P is a rational polytope if all of its vertices are in Q™. The
lattice point enumerator of P is the function Lp : Z>1 — Z>( given by

Lp(t) :=[tPNZ"|

that is, Lp(t) is the number of integer points in the ** dilate of P. A function f : Z — R is a quasipolynomial
if there exists a period d and polynomials fo, f1,..., fa—1 such that f(n) = fi;(n) whenever n =i (mod d).

Theorem 2.1 (Ehrhart’s Theorem [7]). If P is a rational polytope, then Lp(t) := [tP NZ"| is a quasipoly-
nomial in t. Its degree is dim P and its period divides the least common multiple of the denominators of the
coordinates of the vertices of P.

2.2 Zonotopes

Let V be a finite set of vectors in R™. The zonotope generated by V, denoted Z(V'), is defined to be the
Minkowski sum of the line segments connecting the origin to v for each v € V. We will also adapt the same
notation to refer to any translation of Z(V), that is, the Minkowski sum of any collection of line segments
whose direction vectors are the elements of V. Zonotopes have a combinatorial decomposition that is useful
when calculating volumes and counting lattice points. The following result is due to Shephard.

Proposition 2.2 ([19, Theorem 54]). A zonotope Z(V') can be subdivided into half-open parallelotopes that
are in bijection with the linearly independent subsets of V.

A linearly independent subset S C V' corresponds under this bijection to the half-open parallelotope

Stanley gave a combinatorial formula for the Ehrhart polynomial of a lattice zonotope.

Theorem 2.3 ([20, Theorem 2.2]). Let Z(V') be a lattice zonotope generated by V. Then

Lzoyt)= Y vol(dS)- 1. (3)
scv
lin. indep.
In the statement above and throughout the paper, volumes are normalized so that any primitive lattice
parallelotope has volume 1.

2.3 Fixed polytopes of the permutahedron

The symmetric group S, acts on R™ by permuting coordinates of points. The permutahedron 11, is the
convex hull of the S,,-orbit of the point (1,2,...,n) € R™; that is, of the n! permutations of [n].

Let o € S, be a permutation with cycles o1, ..., 0.,; their lengths form a partition A = (¢4,...,4,,) of n.
For each cycle oy, of o, let e,, = Ziegk e;. The fized polytope II¢ is defined to be the polytope consisting
of all points in II,, that are fixed under the action of . We will use a few results from [2], which we now
summarize.



Theorem 2.4 (]2, Theorems 1.2 and 2.12]). The fized polytope 11 has the following zonotope description:

- - lp+1
17 = Z [lies,, lies,] + Z 5 Cou- (4)
1<i<j<m k=1
Its normalized volume is
volTIZ = n™ 2 gcd(fy, ..., 0p). (5)

Corollary 2.5. The fized polytope 117 is integral or half-integral. It is a lattice polytope if and only if all
cycles of o have odd length.

Proof. From (4) and from the fact that all of the e,, in (4) are linearly independent, we can see that all the
vertices of II7 will be in the integer lattice if and only if /; 4+ 1 is even for all 7. O

Equation (4) also shows that II¢ is a rational translation of the zonotope Z (V') where
V= {éie,,j —Ejegi 1< <]§m}
The following result characterizes the linearly independent subsets of V.

Lemma 2.6 ([2, Lemma 3.2]). The linearly independent subsets of V' are in bijection with forests with vertex
set [m], where the vector Kiegj —lje,, corresponds to the edge connecting vertices i and j.

In light of this lemma, the fixed polytope 117 gets subdivided into half-open parallelotopes [ i of the form
i = Z [lies,, ljes,) + Z —5 G +Vvr, vp EZL (6)
{i,j}€E(F) k=1
for each forest F' with vertex set [m]. When F is a tree T we have that
vol(Or) = <H ffegT‘“‘l) ged(ly, .., l).
i=1

by [2, Lemma 3.3]. For a general forest F', the parallelotopes O corresponding to each connected component
T of F live in orthogonal subspaces, so

vol(Op) = (ﬁﬁ?egF(j)_l) < H ged(¢; 1 j € Vert(T))). (7)

conn. comp.
T of F

3 The Ehrhart polynomial of the fixed polytope: the lattice case

Suppose that A = (¢1,...,¢,,) is a partition of n into odd parts and that o € S, has cycle type A\. Then
Corollary 2.5 says that I17 is a lattice zonotope, and hence we can use (3) to write a combinatorial expression
for its Ehrhart polynomial. Recall the definition of v, in (1).

Theorem 3.1. Let o € S,, have cycle type X = (¢1,...,4y,), where {; is odd for all i. Then

Lig(t) = > v -t™ "

wE[m]

summing over all partitions m = {By, ..., Br} of [m].



Proof. Combining Theorem 2.3 with (7) gives us the following formula for the Ehrhart polynomial of I17:

Lug() = Y (HedegF )( I1 gcd(ej:jevert(T))>tlE<F>|. (8)

Forests FF j=1 conn. comp.
on [m] T of F
We can construct a forest with vertex set [m] by first partitioning [m] into nonempty sets {Bi, ..., Bx} and

then choosing a tree with vertex set B; for each j. The number of edges in such a forest is m — k. Using
these observations, we can rewrite (8) as

Lgy = Y (chd geB) (X e )eer

{Bi1,...,Br }E[m] Forests F' j=1
inducing
{Bi1,....,By}
To complete the proof, it remains to show that for a given partition m# = {Bjy, ..., B} of [m], the following
identity holds:
k
|B;|—2
d
> L ST ) (9)
Forests F' j=1 =1 j€eB;
inducing
{B1,...,Br}

This follows from the following identity, found in [2, Lemma 3.4].

Z deegrp (1,1 R xm)mf2' (10)

T tree on [m]

Using (10) we obtain

> ﬁgd%}*(i)*lz 3 ﬁngd,egmm

Forests F' j=1 Forests F' i=1j€B;
inducing inducing
{B1,.-sBy} {B1,.-,Bi.}

_ f ( S0 K?egT(j)l)

i=1 treesBT JjEB;

on B;
k |B;|—2
-1I(X %)
i=1 jeEB;
as desired. O

4 The Ehrhart quasipolynomial of the fixed polytope: the general case

In general, II9 is a half-integral polytope. This means that instead of an Ehrhart polynomial, it has an
Ehrhart quasipolynomial with period at most 2. As in the lattice case from Section 3, we can decompose 117
into half-open parallelotopes. However, there is a new feature that does not arise in the lattice case: some of
the parallelotopes in this decomposition may not contain any lattice points.

Example 4.1. The fixed polytope Him) of Figure 1, which corresponds to the cycle type A = (2,1, 1), is

3
(" = [2e3, e12] + [2e4, 1] + [e4, €3] + ye12 +es+eq

Figure 2 shows its decomposition into parallelograms indexed by the forests on vertex set {12,3,4}. The
three trees give parallelograms with volumes 2, 1,1 that contain 2, 1, 1 lattice points, respectively. The three
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Figure 2: Decomposition of the fixed polytope Hflm) into half-open parallelotopes.

forests with one edge give segments of volumes 1,1, 1 and 1, 1, 0 lattice points, respectively. The empty forest
gives a point of volume 1 and 0 lattice points. Hence the Ehrhart quasipolynomial of HZ(JZ) is

I (t) = +1+D2+(1+1+1)t+1 iftiseven
L2 T @4+ 14 D)2+ (1+140)t+0 iftisodd

Following the reasoning of Example 4.1, we will find the Ehrhart quasipolynomial of II¢ by examining its
decomposition into half-open parallelotopes. In order to find the number of lattice points in each parallelotope
[ i, the following observation is crucial.

does not depend on the forest F', but only on the set partition 7 of the vertex set [m] induced by the connected
components of F'. To make this precise we need a definition. Recall that the 2-valuation of a positive integer
is the largest power of 2 dividing that integer; for example, vals(24) = 3.

Definition 4.3. Let A = ({4,...,¢y) be a partition of the integer n. A set partition m = {Bi,..., B} of [m]
1s called \-compatible if for each block B; € 7, at least one of the following conditions holds:

(i) ¢; is odd for some j € B;, or
(11) the minimum 2-valuation among {{; : j € B;} occurs an even number of times.

Example 4.4. Let A = (¢1,42,¢3) and valy(¢;) = v; for i = 1,2,3, and assume that v; > vo > v3. Table 1
shows which partitions of [3] are A-compatible depending on vals(\).

Lemma 4.5. Let o € S, have cycle type X\ = ({1,...,4n). Let F be a forest on [m] whose connected
components induce the partition m = {By, ..., B} of [m]. Then aff (lip) intersects the lattice Z™ if and only
if ™ is A-compatible.

Proof. First we claim that

aff((ip) = ijegj : Zﬁjxj: Zgj(gj—;l)forlgigk . (11)
j=1

JEB; JEB;

Let E(F) be the edge set of F. We have aff (i p) = span{{ye,, —ls€0, : {a,b} € E(F)}+Y1" | 1(ly + 1)e,,.
A point y € span{lpe,, —la€s, : {a,b} € E(F)} will satisfy >, 5 ;y; = 0 for each block B;. Furthermore,

the translating vector v := >°7" | 1(¢, + 1)e,, satisfies dien Livi = Yjen, 10;(¢; +1) for each block B;.



123 123 132 23[1 1223

’01:’02:’0320 [ ] [ ] [ [ ) °
v =vy =v3 >0

vy =v9 >wv3 =0 ° °

vy =vg >v3 >0

vy > vy =v3 =0 ° ° °

v > vy =v3 >0
v > vy >v3 =0
v > vg >wv3 >0

Table 1: A-compatibility for m = 3.

This affine subspace intersects the lattice Z™ if and only if all equations in (11) have integer solutions.
Elementary number theory tells us that this is the case if and only if each block B; satisfies

5 ej(ej; o) (12)

JEB;

ng(Ej j € Bz)

It is always true that ged(¢; : j € B;) divides Z £;(£; + 1), so (12) holds if and only if
JEB;
valg (gcd(ﬁj 1j € Bl)) < valp ( Z il + 1)) (13)
JjE€B;
We consider two cases.
(i) Suppose ¢; is odd for some j € B;. Then ged(¢; : j € B;) is odd, whereas ;g £;(¢; +1) is always even.
Hence (13) always holds in this case.

(11) Suppose that ¢; is even for all j € B;. For each ¢;, write {; = 2Pig; for some integer p; > 1 and odd
integer ¢;. Then valy(ged(¢; : j € B;)) = minjep, pj; we will call this integer p. We have

valy (32 4565+ 1)) =vala (Y 279,65+ 1))
JEB; JEB;
=p+ valp ( Z 2pj—qu(£j + 1))
JEB;
Note that ¢;(¢; + 1) is odd for each j. If the minimum 2-valuation p of {¢; : j € B;} occurs an odd number
of times, then > . p 2P 7Pq;(¢; + 1) will be odd and we will have vala(}_,cp £;(¢; + 1)) = p. Otherwise,
this sum will be even and we will have vala(3_,c 5. £;(¢; + 1)) > p. Therefore (13) holds if and only if the
minimum 2-valuation among the ¢; for j € B; occurs an even number of times. This is precisely the condition
of A-compatibility. O

We now have all of the necessary tools to compute the Ehrhart quasipolynomial of the fixed polytope II7.
Recall the definition of A-compatibility in Definition 4.3 and the definition of v, in (1).

Theorem 1.1. Let o be a permutation of [n] with cycle type A = ({1, ...,¢m). Then the Ehrhart quasipoly-
nomial of the fized polytope of the permutahedron 1L, fixed by o is

z v 1T it s even
wE[m]
Lng (1) = ST vt dpt s odd -

TE[m]
A—compatible



Proof. We calculate the number of lattice points in each integer dilate ¢tII by decomposing it into half-open
parallelotopes and adding up the number of lattice points inside of each parallelotope.
First, suppose that ¢ is even. Then tII7 is a lattice polytope, all parallelotopes in the decomposition of ¢tII9

[4, Lemma 9.2]. The parallelotopes correspond to linearly independent subsets of the vector configuration
{lies, —lje,, : 1 <i < j < m}, which is in bijection with forests on [m]. Following the reasoning used to
prove Theorem 3.1, we conclude that when ¢ is even,

L (t) = Z vy -t
TE[m]

Next, suppose t is odd. Then ¢II? is half-integral, but it may not be a lattice polytope. As before,
we may decompose tIIZ into half-open parallelotopes that are in bijection with forests on [m]. Lemma 4.2,

induced by F'is A-compatible, and 0 otherwise. Therefore if ¢ is odd

Lo (t) = Z vy - M1
wE[m]
A—compatible

as desired. O

5 The equivariant H*-series of the permutahedron

We now compute the equivariant H*-series of the permutahedron and characterize when it is polynomial and
when it is effective, proving Stapledon’s Effectiveness Conjecture 1.2 in this special case.
The Ehrhart series of a rational polytope P is

Ehrp(z) =1+ Y Lp(t)-2".
t=1

In computing the Ehrhart series of I17, Eulerian polynomials naturally arise. The Fulerian polynomial Ay(z)
is defined by the identity
A (2)
Z thot = .
— \k+1
= (1 —z)kt
Proposition 5.1. Let o € S,, have cycle type A = ({1,...,0y). The Ehrhart series of 117 is
Ur * Am_|ﬂ.‘(2’)
Ehrps (2) = Z —(1 —ymInl + Z

TE[m] mE[m]
A-compatible A-incompatible

Ur - gm—|nl. Am_‘ﬂ|(22)
(1 _ Z2)m7|7r\+1

and the H*-series of the permutahedron equals

H*[2](0) = (f[u — ) - Ehrpg (2)



Proof. The first statement follows readily from Theorem 1.1:

Ehrpe (2) = Z Z AU L [P Z Z ML I
]

teven \r7E[m t odd wE[m]
A-compatible

= > v (gtm”zt> - Z] Vn < 3 tmlwlzt>

TE[m] TE[m t even
A-compatible A-incompatible
2
=Y el s i Ancin(2)
- T —_ S \ym—|xw|+1 T _ »2\m—|7|+1
1—-=2 1—-=2
nE[m] mE[m]
A-compatible A-incompatible

For the second statement, recall that H*[z] is defined as in (2), where p is the standard representation of S,, in
this case. The left hand side is the Ehrhart series. The denominator on the right side is (1—2) det(I —p(0)-2);
it equals the characteristic polynomial of the permutation matrix of o, which is [}, (1 — 24). O

Tables 2 and 3 show the equivariant H*-series of the permutahedra II3 and I1,.

Cycle type of o € S3 Xtr15 (o) S xars (o) 2 H*[Z](0)
t>0
14+4 2
(1,1,1) 32 4 3+ 1 R 144z 4 22
(1—2)3
t+1 iftiseven 1+ 22
(2,1) - e +—2 1422
t if ¢ is odd (1—-2)(1-22)
1 142422
3 1 = 142422
(3) 1—=2 1—23 tET
Table 2: The equivariant H *-series of Il3
Cycle type of 0 € Sy X, (0) S e, (0) 2 H*[2](0)
t>0
2 3
(1,1,1,1) 1663 + 156 + 6t + 1 Lt 34%*_5;24 62 1+ 342 + 5527 + 623
42 +3t+1 iftiseven | 1462+ 2022+ 2423 + 1124 + 255 P y
2,1,1 144z + 1122 — 223 4(=1)"2"
(2.1.1) {4t2+2t if ¢ is odd (1=2)2(1=22)(1+2)2 e +§ o
) 1 14z+7 9
(3,1) t+1 A-22  (-20-29 1+z242
1 if tis even 1 1+ 22
4 - " 1 2
“) {o if ¢ is odd 1-22 14 t
2t +1 if ¢t is even 142243224223
2,2 - 1+2 24228
2.2) {Zt if ¢ is odd (1—z2)2 R S

Table 3: The equivariant H *-series of Il

Stapledon writes, “The main open problem is to characterize when H*[z] is effective”, and he conjectures
the following characterization:

10



Conjecture 1.2 ([21, Effectiveness Conjecture 12.1]). Let P be a lattice polytope invariant under the action
of a group G. The following conditions are equivalent.

(i) The toric variety of P admits a G-invariant non-degenerate hypersurface.
(i) The equivariant H*-series of P is effective.
(#ii) The equivariant H*-series of P is a polynomial.

He shows that (i) = (ii) = (iii), so only the reverse implications are conjectured. Our next goal is
to verify Stapledon’s conjecture for the action of S,, on the permutahedron II,,. We do so by showing that
the conditions of Conjecture 1.2 hold if and only if n < 3.

5.1 Polynomiality of H*[z]

Lemma 5.2. Let 0 € S, have cycle type X\ = ({1,...,0n). The equivariant H*-series evaluated at o,
H*[2](0), is a polynomial if and only if the number of even parts in X is 0, m — 1, or m.

Proof. By Proposition 5.1, the Ehrhart series Ehrps (2) may only have poles at z = +1. The pole at z = 1
has order at most m. Since the polynomial [[;~, (1 — 2%) has a zero at z = 1 of order m, the series H*[](c)

will not have a pole at z = 1. Hence we only need to check whether H*[z](c) has a pole at z = —1.

(i) First, suppose no /; is even. Then all partitions of [m] are A-compatible, so Ehrys(2) does not have a
pole at z = —1. Thus H*[z](o) is a polynomial in this case.

(ii) Next, suppose that some /; is even. Then the partition {{¢;}, [m] — {¢;}} is A-incompatible, so Ehrs (2)
does have a pole at z = —1. It is well known that Az (1) = k! so every numerator v, - 27171 . A yr) (%)
is positive at z = —1. It follows that the order of the pole z = —1 of Ehrps(2) is m — d + 1 where
d = min{|n| : 7 is A-incompatible}. This equals m — 1 if the partition {[m]} is A\-compatible and m if it is
A-incompatible.

On the other hand, [[/",(1 — z%) has a zero at 2 = —1 of order equal to the number of even ¢;. Now
consider three cases:

a) If the number of even £; is between 1 and m — 2, it is less than the the order of the pole of Ehry. (2), so
H*[2](0) is not polynomial.

b) If all £; are even, the zero at z = —1 in [}, (1 — 2%) has order m and cancels the pole in Ehryie (). Thus
H*[z](0) is polynomial.

¢) If m —1 of the £; are even, the partition {[m]} is A-compatible. Therefore the order of the pole in Ehrps (2)
and the order of the zero in [[/" (1 — 2%) both equal m — 1, and H*[z](c) is polynomial. O

Proposition 5.3. The equivariant H*-series of the permutahedron I1,, is a polynomial if and only if n < 3.

Proof. When n < 3, all partitions of n have 0, 1, or all odd parts. Hence H*[z](c) is a polynomial for all
o €Sy, so H*[z] is a polynomial.

Suppose n > 4. Then there always exists some partition of n with more than 1 but fewer than all odd
parts: if n is even we can take the partition (n—2,1,1), and if n is odd we can take the partition (n—3,1,1,1).
Therefore H*[z] is not polynomial. O

5.2 Effectiveness of H*[z]

Proposition 5.4. The equivariant H*-series of the permutahedron 1L, is effective if and only if n < 3.

Proof. Stapledon [21] observed that if H* is effective then it is polynomial. Thus by Proposition 5.3 we only
need to check effectiveness for n = 1,2, 3.
Let us check it for n = 3. Table 2 shows that H*[z] = H} + Hiz + Hj2% for H}, Hy, H; € R(S3).
Comparing these with the character table of S5 (see for example [9, pg.14]) gives
HE = Xtrivs HT = Xtriv + Xait + Xstd, H; = Xtriv-

Since all coefficients are nonnegative, Hyy, [2] = Xtriv + (Xtriv + Xait + Xstd)Z + Xerinz? is indeed effective.
Similarly, Hy, [2] = X¢riv and Hyp [2] = Xiriv ave effective as well. O
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In contrast, a similar computation based on Table 3 gives
HF[4 = Xtriv + (SXtriU + Xalt + 5Xstd + 3XH:| + SXEE‘)Z + (6Xt'r'iv + 9Xstd + 4XHZ‘ + 5XEE|)Z2

+ (Xaw + Xep + XBH)Zg + (Xtriv — Xait + Xstd — Xaj)(z4 — ST
which is not effective.

5.3 S, -invariant non-degenerate hypersurfaces in the permutahedral variety

We begin by explaining condition (i) of Conjecture 1.2, which arises from Khovanskii’s notion of non-
degeneracy [11]. We refer the reader to [21, Section 7] for more details.

Let P C R™ be a lattice polytope with an action of a finite group G. For v € Z™ we write 2V := x{"-...-zl".
The coordinate ring of the projective toric variety Xp of P has the form C[zV : v € PNZ"], so a hypersurface
in Xp is given by a linear equation ) prsm avz¥ = 0 for some complex coefficients a,. The group
G acts on the monomials xV by its action on the lattice points v . € P N Z", so the equation of a G-
invariant hypersurface should have a, = a, whenever u and v are in the same G-orbit. A projective
hypersurface in Xp with equation f(x1,...,2,) = 0 is smooth if the gradient (0f/0x1,...,0f/0x,) is never
zero when (z1,...,x,) € (C*)™. There is a unique polynomial in the ay’s, called the discriminant, such that
the hypersurface is smooth when the discriminant does not vanish at the coefficients a,. A hypersurface
in the toric variety of P is non-degenerate if it is smooth and for each face F' of P, the hypersurface
Y verrzn GvzY =0 is also smooth.

The permutahedral variety Xy, is the projective toric variety associated to the permutahedron II,.

Proposition 5.5. The permutahedral variety X, admits an Sy-invariant non-degenerate hypersurface if
and only if n < 3.

Proof. Stapledon proved [22, Theorem 7.7] that if Xy, admits such a hypersurface, then H*[z] is effective.
By Proposition 5.4, this can only occur for n = 1,2, 3.

Case 1: n=1.

A hypersurface in the toric variety of II; = {1} C R has the form ax = 0, and since we are working over
projective space, we can assume a = 1. The derivative of this never vanishes, so this is a smooth S;-invariant
hypersurface.

Case 2: n = 2.

The permutahedron Il is the line segment with vertices (1,2),(2,1) € R? and no other lattice points.
The vertices are in the same Sp-orbit, so we need to check that hypersurface with equation zy? + 22y = 0
is non-degenerate. The gradient is (y(y + 2x), 2(2y + )), which never vanishes on (C*)2. The vertex (1,2)
corresponds to the hypersurface zy? = 0. The gradient of this is (y?, 2zy) which also never vanishes on (C*)2.
The computation for the other vertex is similar. Hence this is an Ss-invariant non-degenerate hypersurface.

Case 3: n = 3.

The permutahedron IT3 is a hexagon with one interior point. Choosing the vertices to be all permutations
of the point (0,1,2) € R? (instead of (1,2, 3)) will simplify calculations. The six vertices of the hexagon are
one Ss-orbit and the interior point is its own orbit. Hence (up to scaling) an Sz-invariant hypersurface must
have the equation

a-xyz+y2 + P+ ayt +afy+ 222 +222=0 (14)

which has one parameter a. We want to check whether there exists some choice of a for which this hypersurface
is non-degenerate. We need to check this on each face.

The vertex (0,1,2) gives the hypersurface yz? = 0 with gradient (0,22, 2yz). This never vanishes on
(C*)3, so it is smooth. The computations for the other five vertices are similar.

For the edge connecting (0, 1,2) and (0,2, 1), the corresponding hypersurface is y2z? + %22z = 0. This is the
same hypersurface as the line segment Il5, so it is smooth; so are the hypersurfaces of the other five edges.
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Finally, we need to show there exists a such that the entire hypersurface is smooth. This is the same as
showing that the discriminant of (14) is not identically zero. Since (14) is a symmetric polynomial, we can
write in terms of the power-sum symmetric polynomials, pp = ¥ 4+ y* + 2*; we obtain

a

5) pip2 + (% - 1) p3 = 0. (15)

a 4 (

b 1—
gt

The discriminant of a degree 3 symmetric polynomial is given in [16, Equation 64]; substituting the coefficients
a/6,1—a/2, and a/3 — 1 gives a non-zero polynomial of degree 12:

—512000 a12+ 492800 al0 — 985600 a9+ 6320 8
16677181699666569 617673396283947 617673396283947 7625597484987
_ 25280 a7 + 27431 CL6 _ 478 (15 + 965 a4
7625597484987 7625597484987 282429536481 282429536481

2128 3 8 2 32 16
S27288609243 4" T 10460353203 ¢ 31381059600 ¢ T 31381059600

Any value of a that is not a root of this discriminant gives us an S3-invariant non-degenerate hypersurface. [J

By contrast, we should not be able to find an S, -invariant non-degenerate hypersurface in Xy, for n > 4.
This can be seen from the fact that all permutahedra II,, when n > 4 have a square face, and the hypersurface
of this square face is not smooth. For example, consider the square face of II, with vertices (0,1,2,3),
(0,1,3,2), (1,0,3,2), and (1,0,2, 3). The corresponding hypersurface is yz?w?3 + yz3w? + z23w? + 222w? = 0,
and its gradient vanishes whenever x = —y and z = —w.

5.4 Stapledon’s Conjectures

Our second main result now follows as a corollary.

Theorem 1.3. Stapledon’s Effectiveness Conjecture holds for the permutahedron under the action of the
symmetric group.

Proof. This follows immediately from Propositions 5.3, 5.4, and 5.5. O

In closing, we verify the remaining three conjectures of Stapledon for the special case of the S;,—action on
the permutahedron II,,.

Conjecture 5.6. [21, Conjecture 12.2] If H*|z] is effective, then H*[1] is a permutation representation.

Conjecture 5.7. [21, Conjecture 12.3] For a polytope P C R™, let ind(P) be the smallest positive integer k
such that the affine span of kP contains a lattice point. For any g € G, let M9 be the sublattice of M fized
by g, and define det(I — p(g))(as)r to be the determinant of I — p(g) when the action of p(g) is restricted to
(M9)*. The quantity

dim(P9)!- vol(P7) - det(I — p(g)) o)+
B ind(P9Y)

H*[1](g)
18 a non-negative integer.

Conjecture 5.8. [21, Conjecture 12.4] If H*[z] is a polynomial and the i*" coefficient of the h*-polynomial
of P is positive, then the trivial representation occurs with non-zero multiplicity in the virtual character H} .

Proposition 5.9. Conjectures 5.6, 5.7, and 5.8 hold for permutahedra under the action of the symmetric
group.

Proof. 5.6: This statement only applies to Iy, Ils, and II3. From the proof of Proposition 5.4 we obtain that
H*[1] is the trivial character for IT; and IT; and the statement holds. For I3 we have

H*[l] = 3Xtriv + Xait + Xstd = Xtriv + (Xtriv + Xalt) + (Xtriv + Xstd)- (16)

Now Xtriv + Xait 18 the permutation character of the sign action of Ss on the set [2], and Xtriv + Xstd 1S
the character of the permutation representation of S3. Hence all summands on the right side of (16) are
permutation characters, so their sum is as well.
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5.7: For o € S, of cycle type A\ = (¢1,...,¢y), the dimension of II¢ is m — 1 and the volume is
n™2ged(ly,...,4y). Now, the fixed lattice M9 = Z{e,,, - ,€,, } has rank m, so

(1= 2)det(I = plo)-2) _ 75
- =[Ja+z+- 4207,

i=1

det(I — p(0) - 2)(ppeyr =
Therefore the numerator is (m — 1)! - n™=2 . ged(¢y,...,4y) - £1 -+ Lm. The denominator is

ind(T17) =

2 if all 7 E [m] are A-incompatible,
1 otherwise.

When the denominator is 2, all the £; must be even, so the numerator is even. The desired result follows.
5.8: We need to check this for II;, II5, and II3. For II; and IIy the h*-polynomial is 1 and Hj = Xtriv-

For II3, the h*-polynomial is 1 + 4z + 22, and H = Xeriv, HY = Xtriv + Xait + Xstd, and Hi = Xy all

contain a copy of the trivial character. O
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