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We study the Bergman metric of a finite ball quotient B"/T", where n > 2 and I' C
Aut(B") is a finite, fixed point free, abelian group. We prove that this metric is Kdhler—
Einstein if and only if T is trivial, that is, when the ball quotient B"/T" is the unit ball
B" itself. As a consequence, we characterize the unit ball among normal Stein spaces
with isolated singularities and abelian fundamental groups in terms of the existence of

a Bergman-Einstein metric.

1 Introduction

Since the introduction of the Bergman kernel in [3, 4] and the subsequent groundbreak-
ing work by Kobayashi [20] and Fefferman [11], the study of the Bergman kernel and
metric has been a central subject in several complex variables and complex geometry.
A general problem of fundamental importance seeks to characterize complex analytic
spaces in terms of geometric properties of their Bergman metrics. The Bergman kernel

of the unit ball B"” C C", for example, is explicitly known,

_ n! 1 _ L
Kgn(z, w) = 21— (2wt (z,w) = Zz.w
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and it is routine to verify that the Bergman metric,

R _
(gEn)g = Wa% 10g Kgn (z,2),

is Kdhler-Einstein, that is, has Ricci curvature equal to a constant multiple of the metric
tensor; indeed, the Bergman metric of the unit ball has constant holomorphic sectional
curvature, which implies the Kdhler-Einstein property. A well-known conjecture posed
by S.-Y. Cheng [7] in 1979 asserts that the Bergman metric of a bounded, strongly
pseudoconvex domain in C" with smooth boundary is Kdhler-Einstein if and only if the
domain is biholomorphic to the unit ball B". There are also variations of this conjecture
in terms of other canonical metrics; see, for example, Li [22-24] and the references
therein.

The aforementioned Cheng conjecture was confirmed by S. Fu-B. Wong [14] and
S. Nemirovski-R. Shafikov [26] in the 2D case and by X. Huang and the 2nd author [18]
in higher dimensions. X. Huang and X. Li [16] recently generalized this result to Stein
manifolds with strongly pseudoconvex boundary as follows: The only Stein manifold
with smooth and compact strongly pseudoconvex boundary for which the Bergman
metric is Kdhler-Einstein is the unit ball B" (up to biholomorphism). These results lead
naturally to the question of whether a similar characterization of B" holds in the setting
of normal Stein spaces with possible singularities; see Conjecture 1.4 in [17]. In this
paper, we provide strong evidence that this is the case. The following two theorems
establish the 1st results that the authors are aware of characterizing the unit ball among
normal Stein spaces with possible singularities in terms of the existence of a Bergman—

Einstein metric.

Theorem 1.1. Let V be an n-dimensional Stein space in C¥N with N > n > 2, and
G = VN BY. Assume that every point in G is a smooth point of V, except for finitely
many normal singularities in G, and that G has a smooth boundary. Then the Bergman

metric of G is Kdhler-Einstein if and only if G is biholomorphic to B”.

Theorem 1.2. Let V be an n-dimensional Stein space in CN withN >n>2andQ cCV
a bounded strongly pseudoconvex domain with smooth and real-algebraic boundary.
Write G = V N Q. Assume every point in G is a smooth point of V, except for finitely
many normal singularities in G, and that G has a smooth boundary. Then the following

are equivalent:

(i) G is biholomorphic to B".
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Normal Stein Spaces and Finite Ball Quotients 3

(ii) The fundamental group of the regular part of G is abelian and the Bergman

metric of G is Kdhler-Einstein.

Remark 1.3. As we will see in the proof (Section 3), if G itself is assumed to be bounded

in Theorem 1.2, then the boundedness assumption on Q2 can be dropped.

We shall utilize the work by Lichtblau [25] (see also F. Forstneri¢ [13] and
D’'Angelo-Lichtblau [9]) and X. Huang [15], as well as methods from [18], [16], and [10] to
reduce the proofs of Theorems 1.1 and 1.2 to that of the following theorem, which is one

of the main results in the paper.

Theorem 1.4. Let I" be a finite abelian subgroup of Aut(B"), n > 2, and assume I is
fixed point free. Then the Bergman metric of B"/I" is Kdhler-Einstein if and only if " is

the trivial group.

Here a subgroup I' of Aut(B") is called fixed point free if the only element y € T
with a fixed point on dB" is the identity. The fixed point free condition on I' guarantees
that the quotient space B"/I" has smooth boundary (see [13]). Moreover, as we shall see
in Section 4, an abelian fixed point free finite group I is in fact cyclic.

To prove Theorem 1.4, it suffices to show that if " is not the trivial group, that
is, I' # {id}, then the Bergman metric is not Kdhler-Einstein. For that, we shall use the
transformation formula for the Bergman kernel under branched holomorphic coverings
of complex analytic spaces; see Theorem 2.3 below. A crucial step in the proof is to
reduce the non-Einstein condition to several combinatorial inequalities. The proofs of
these combinatorial inequalities are technical and will be given in a separate section;
see Section 5.

We remark that the analogue of Theorem 1.4 is not true in the case n = 1. If we
denote the unit disk in C by D (= B!), then one readily verifies that any finite subgroup
' € Aut(D) must be fixed point free and cyclic. Nevertheless, in this case, X. Huang
and X. Li [16] proved the very interesting result that the Bergman metric of D/ I" always
has constant Gaussian curvature, which is equivalent to being Kdhler-Einstein in the
one-dimensional case.

The paper is organized as follows. Section 2 recalls some preliminaries on the
Bergman metric and finite ball quotients. In Section 3, we prove that Theorems 1.1
and 1.2 follow from Theorem 1.4. Theorem 1.4 is then proved in Section 4, except for

some combinatorial lemmas used in the proof that are left to Section 5.
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2 Preliminaries
2.1 The Bergman kernel

In this subsection, we will briefly review some properties of the Bergman kernel and

metric on a complex manifold. More details can be found in [20] and [21].

2
(n,0)

L?-integrable (n, 0)-forms on M, equipped with the inner product

Let M be an n-dimensional complex manifold. Let L” ., (M) denote the space of

(o Vrza) = inz/Mso A, @ €LY o (M), (2.1)

Define the Bergman space of M to be

A%n,O) M) = {(p € L%n,O) (M) : ¢ is a holomorphic (n, 0)-form on M}. (2.2)
Assume A%n,O) (M) # {0}. Then A%n,O) (M) is a separable Hilbert space. Taking any

2

orthonormal basis {gok}zzl of AT, o)

(form) of M to be

(M) with 1 < g < oo, we define the Bergman kernel

q
Ky, 9) =" D g0 A g (@)
k=1

Then, K,,(x,X%) is a real-valued, real-analytic form of degree (n,n) on M and is
independent of the choice of orthonormal basis.
The Bergman kernel form remains unchanged if we remove a proper complex

analytic subvariety, as the following theorem from [20] shows:

Theorem 2.1 ([20]). If M’ is a domain in an n-dimensional complex manifold M and if

M — M’ is a complex analytic subvariety of M of complex dimension < n — 1, then
Ky (x,7) =Ky (x,7) foranyx,y e M.

This theorem suggests the following generalization of the Bergman kernel form

to complex analytic spaces.
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Normal Stein Spaces and Finite Ball Quotients 5

Definition 2.2. Let M be a reduced complex analytic space, and let V € M denote its

set of singular points. The Bergman kernel form of M is defined as

Ky x,y) =Ky _yx,y) foranyx,yeM-7V,

where K;,;_, denotes the Bergman kernel form of the complex manifold consisting of

regular points of M.

Let N;,N, be two complex manifolds of dimension n. Let y : Ny - M and 7 :
N, — M be holomorphic maps. The pullback of the Bergman kernel K,;(x,y) of M to
N, x N, is defined in the standard way. That is, for any z € N;, w € N,

q
(v, D Kp) (2, W) = D y*op(2) A T (w).
k=1

In terms of local coordinates, we may write the Bergman kernel form of M as

Ky (x,7) = Ky (x, 7)dxy A ---dx, Adyy A --- AdYy, (2.3)

where the function I?M(X, y) depends on the choice of local coordinates. We then have

((y, t)*KM)(z, w) = I?M(y(z), t(w))J, (2) J (w) dz, A---dz, Adwy A---Adw,,  (2.4)

where J, and J, are the Jacobian determinants of the maps y and r, respectively. In
particular, we observe that the kernel function K,,;(x,y) transforms according to the
usual biholomorphic invariance formula under changes of local coordinates.

Let M be as in Definition 2.2. Assume K;;(x, X) is nowhere vanishing (on the set
of regular points of M, where it is defined). We define a Hermitian (1, 1)-form on the

regular part of M by

wyy i= 100 log Ky (x, %) := 109 log Ky (X, X). (2.5)

Here I~<M is as in (2.3). It is easy to verify that this form is independent of the choice
of local coordinates used to determine the function I?M(X, x). The Bergman metric on M
is the metric induced by w;,; (when it indeed induces a positive definite metric on the
regular part of M).

We recall the Bergman kernel transformation formula in [10] for (possibly
branched) covering maps of complex analytic spaces. This formula generalizes a

classical theorem of Bell ([1], [2]; see also [6]):
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6 P. Ebenfelt et al.

Theorem 2.3. Let M, and M, be two complex analytic sets. Let V; € M; and V, € M,
be proper analytic subvarieties such that M; — V;, M, — V, are complex manifolds of the
same dimension. Assume that f : M; —V; — M, —V, is a finite (m—sheeted) holomorphic
covering map. Let " be the deck transformation group for the covering map (with |T'| =
m), and denote by K; the Bergman kernels of M; for i = 1,2. Then the Bergman kernel

forms transform according to

Z(id,y)"‘K1 =(f,f)*K, on M; — V) x (M; —Vy),
yel

where id : M; — M, is the identity map.

2.2 Finite ball quotients

In this subsection, we recall the canonical realization of a finite ball quotient due
to H. Cartan [5]. Let B" denote the unit ball in C" and Aut(B") its (biholomorphic)
automorphism group. Let I be a finite subgroup of Aut(B™). Assume I is fixed point
free; that is, assume no y € I' — {id} has any fixed points on dB". As the unitary group
U(n) is a maximal compact subgroup of Aut(B"), by basic Lie group theory, there exists
some i € Aut(B") such that I' € ¢! . U(n) - ¥. Thus without loss of generality, we
can assume I' € U(n), that is, I' is a finite unitary subgroup. The origin 0 € C" is then
always a fixed point of every element in I'. Moreover, the fixed point free condition on
' is equivalent to the assertion that every y € I' — {id} has no other fixed point than 0.
We also note that, by the fixed point free condition, the action of I' on dB" is properly
discontinuous and dB"™/ T is a smooth manifold. We remark that such groups I' are well
understood. The classification of the fixed point free finite unitary groups appears in
the book [28] as part of the solution to the problem of finding all spaces of constant
curvature.

By a theorem of H. Cartan [5], the quotient C"/T" can be realized as a normal
algebraic subvariety V in some CV. Let A denote the algebra of I'-invariant holomorphic

polynomials, that is,

A;:{pe(C[zl,~~,Zn]:poy=p forallyer}.

By Hilbert's basis theorem, A is finitely generated. Moreover, we can find a minimal set

of homogeneous polynomials {p,,--- ,py} € A such that every p € A can be expressed
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Normal Stein Spaces and Finite Ball Quotients 7

in the form
p(Z) = q(pl(z)l T le(Z))r

where g is some holomorphic polynomial in CV. The map Q := (p;,--- ,py) : C* — C¥
is proper and induces a homeomorphism of C"*/I" onto V := Q(C"). As Q is a proper
holomorphic polynomial map, V is an algebraic variety. The restriction of Q to the unit
ball B™ maps B" properly onto a relatively compact domain  C V. In this way, B"/T
is realized as Q. Following [27], we call such Q the basic map associated to I'. The ball
quotient Q = B"/T is nonsingular if and only if the group I is generated by reflections,
that is, elements of finite order in U(n) that fix a complex subspace of dimension n — 1
in C™ (see [27]); thus, if T is fixed point free and nontrivial, then Q = B"/TI" must have
singularities. Moreover, 2 has smooth boundary if and only if T is fixed point free (see

[13] for more results along this line).

3 Proof of Theorems 1.1 and 1.2

In this section, we prove that Theorems 1.1 and 1.2 follow from Theorem 1.4; see

Section 3.2 and 3.1, respectively.

3.1 Proof of Theorem 1.2

The implication (i) — (ii) in Theorem 1.2 is trivial. We therefore only need to prove the
converse. Let G be as in Theorem 1.2 and assume the conditions in (ii) hold. To prove (i),
assuming that Theorem 1.4 has been proved, we proceed in three steps.

Step 1. It follows from the assumption that the boundary 4G is strongly
pseudoconvex. We first prove that the boundary 9G is indeed spherical. Recall that
a CR hypersurface M of dimension 2n — 1 is said to be spherical if it is locally CR
diffeomorphic, near every point, to an open piece of the unit sphere S?"~! c C". The
proof uses the Kédhler-Einstein assumption, the localization of the Bergman kernel,
Fefferman’s expansion of the Bergman kernel, as well as CR invariant theory. Since the
detailed proof for this step is contained in [16] (see Theorem 1.1 in [16]). We will omit
the proof here.

Step 2. In this step, we prove that G is biholomorphic to a ball quotient B"/ T’
for some finite fixed point free subgroup I' € U(n). Since we know 9G is spherical from
Step 1 and 3G is contained in a real algebraic hypersurface in CV, it follows from
Corollary 3.3 in [15] that 3G is CR equivalent to CR spherical space form S?*~!/T" where

I' € U(n) is as above. More precisely, there is an algebraic CR map F : S?» ! — 3G,
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8 P. Ebenfelt et al.

which is a finite covering map. From this one can further prove that G is biholomorphic
to B™/T". The proof of this is identical with Step 3 in Section 5 of [10]. The general setting
of [10] is in dimension n = 2, but, as pointed out in Remark 5.4 in [10], this argument
works for all dimensions. The argument shows that F extends to a proper, holomorphic
branched covering map from B" onto G, which realizes G as the ball quotient B"/T.
In particular, G is biholomorphic to B"/T" as claimed. Since I' € U(n) is fixed point
free, either G has one unique singular point at F(0) when I # {id} or G is smooth
when I' = {id}. In the former case, F : B" — {0} — G — {F(0)} is a smooth covering
map whose group of deck transformations is I', and in the latter case, F extends as a
biholomorphism B" — G.

Step 3. By the conclusion in Step 2, the fundamental group of the regular part of
G is isomorphic to I'. By assumption in (ii), I' is abelian. Moreover, the biholomorphism
between G and B"/T gives an isometry between the Bergman metrics of G and B"/T.
By assumption in (ii) again, the Bergman metric of B"/I'" is Kdhler-Einstein. Thus, by

Theorem 1.4, I' must then be the trivial group {id}. Hence G is biholomorphic to B".

3.2 Proof of Theorem 1.1

We now prove Theorem 1.1, under the assumption that Theorems 1.4 and 1.2 have been
proved. The “if” implication is trivial, and we only need to prove the converse. Thus, we
assume that G is as in Theorem 1.1 and the Bergman metric of G is Kdhler—Einstein,
and we shall prove G is biholomorphic to B". By copying the argument in Step 1 and
Step 2 in Section 3.1, we conclude that there is an algebraic CR map F from S**~! to
3G C 90BN = S?V-1 which is a finite covering map. In particular, the map F induces a
smooth, nonconstant CR map from the spherical space form S?*~!/T, for some finite
fixed point free subgroup I' € Aut(B"), to S?V=! (see [25], [9], and [8]). Since T is a finite
subgroup of Aut(B™), by basic Lie group theory as above, I is contained in a conjugate of
the unitary group U(n). Then it follows from [25] that the finite subgroup I' is abelian;
and thus so is the fundamental group of the regular part of G (Indeed, by Theorem 8
in [9], T is conjugate to one from a short list of special cyclic subgroups of U(n)). Now,

Theorem 1.1 follows from Theorem 1.2.

Remark 3.1. Theorem 1.1 can be also proved without going through the full depth of
Theorems 1.2 and 1.4. By [9], there are only three cases in the short list of special cyclic
subgroups of U(n) that need to be considered. One of these is generated by a multiple of

the identity and the proof in this case is much simpler. The other two cases have either
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Normal Stein Spaces and Finite Ball Quotients 9

only two or three distinct eigenvalues, and the proof also simplifies, although to a lesser

extent.

4 Proof of Theorem 1.4

In this section, we shall prove Theorem 1.4. It suffices to prove the Bergman metric of
B"/T cannot be Kdhler-Einstein if ' € Aut(B") is nontrivial, abelian, and fixed point
free. We will prove this by contradiction. Thus, we suppose I' € Aut(B") is abelian and
fixed point free, I' # {id}, and the Bergman kernel of @ = B"/TI" is Kdhler-Einstein. As
before, we know I' is contained in a conjugate of U(n). Thus, without loss of generality,
we will assume I' C U(n).

We shall split our proof into three subsections. Section 4.1 reduces the Kdhler—
Einstein condition of the Bergman metric to a functional equation (see equation (4.8))
for general finite, fixed point free groups I' C Aut(B"™). In Section 4.2, we focus on
the case where the group I' is additionally assumed to be abelian, and simplify the
equation further into a rather explicit one (see equation (4.13)). After that, in Section
4.3, we take the Taylor expansion of both sides of the equation. By carefully comparing
the lowest order Taylor terms, we conclude that they can never match up due to some
combinatorial inequalities. The proofs of these inequalities are then given in Section 5,

which concludes the proof of Theorem 1.4.

4.1 The Kédhler-Einstein equation on finite ball quotients

Since any two realizations of B"/I" are biholomorphic, we can use H. Cartan’s canonical
realization of B"/I", which was discussed in Section 2.2. Thus, let Q : C* — C be the
basic map realizing B/T" as a domain Q := Q(B") in the n-dimensional algebraic variety

Q(C"), as explained in Section 2.2. Set

Z :={z € C" : the Jacobian of Q at z is not of full rank}.

Note that in fact Z = {0} by the fixed point free condition and nontriviality of I" (see [5]
and [10]). We denote by K, and Kp» the Bergman kernel forms of © and B", respectively.

By the transformation formula in Theorem 2.3, they are related by

> (id,y)*Kgn = (Q,Q)*K, on (B" - 2) x (B" — 2), (4.1)
yel’
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10 P. Ebenfelt et al.

where id : B" — B” is the identity map. We note that

Q*(i00 logK) = 199 log((Q, Q)*K).

Furthermore, we also note that the Kdhler—Einstein condition is a local property and
that Q is a local biholomorphism (on B" — Z). It follows that the Bergman metric of Q is
Kéahler-Einstein if and only if the logarithm of the left hand side of (4.1), restricted to
the diagonal w = z, gives the potential function of a K&dhler-Einstein metric on B" — Z.
Recall the notation (u,v) = Z?Zl u;v; for two column vectors u = (uy,---,u,)7,
v= (v, ,v,)7T.Set dy :=dety for y € U(n). The left hand side of (4.1), in the standard

coordinates z, w of C", equals

. n! d — —
> (id, y)*Kgn = — > = (z,)r_w))”ﬂ dz, A...dz, NdW, A ... AdW

n!
yel yel

where z,w € B" are regarded as column vectors and the elements of I' as unitary

matrices. We introduce the function
d,

oz, W) =D .,
< 0= (2w

and note that ¢(z,Zz) is real analytic on B".

Remark 4.1. We also note that the above formula of ¢ can be regarded as a kind of
invariant average over the group of the Bergman kernel of the ball (up to constants).
Moreover, by the fixed point freeness of I', except for y = id, every term a—(zfi#
extends real analytically to a neighborhood of B”.

Next, by the preceding discussion, we conclude that the Bergman metric of € is
Kahler-Einstein if and only if ¢ = ¢(z, 2) is the potential function of a Kdhler-Einstein

metric, that is, for z € B" — Z and some constant c¢; € R,
—39log ®(z,2) = —c,; 33 log ¢(z,2), (4.2)

where & = det(gij) with 95 = Bziaz—jlog ¢. (We remark that one can use the result by
Klembeck [19] to find the value of c¢;, but this value will also come out directly from our
arguments below.) The equation (4.2) is equivalent to the statement that log® — ¢, log¢

is pluriharmonic on B"” —Z. Consequently, since Z = {0} and n > 2 so that B" —Z is simply
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Normal Stein Spaces and Finite Ball Quotients 11

connected, there exists some holomorphic function h on B” — Z such that

log ®(z,2) — c; log¢(z,2) = h(z) + h(z).

By Hartogs's extension theorem, again since n > 2, we may assume h is

holomorphic on B”.
Lemma 4.2. The function h is constant. Furthermore, h + h = nln(n + 1) and cp=1.

Proof. This lemma is in fact proved in [16] using ideas from [14]. For the reader’s
convenience, we also sketch a proof here. We give a slightly different proof in order to
avoid some tedious computations.

Set g = e?". Then g is holomorphic in B" and |g| = ehth = 0. We first study the
boundary behavior of g.

Claim. lim,_,, |g| = a for some constant 0 < a < co.

Proof of the claim. Note that

7 0]
gl = et = E (4.3)
We also note that
n! d,
_‘p( /Z) = ( nil T Z n+1)
11—z | ) (z, J/Z))
yel, y;éld (4.4)
! 1
= Tk,

T (1 _ |Z|2)n+1

where T(z,Z) is real analytic in a neighborhood of B", as observed in Remark 4.1. In
particular, the asymptotic singular part of n(p as z — 0B" is the same as that of the
Bergman kernel of B". Let J be the Monge-Ampeére type operator as defined in (4.7). With

the preceding observation and the well known formula

J(p)
(pn+1 !

o= det(BZiaz—jlog(w)) =

a simple calculation yields that the most singular part of ® (as z — 9B") is identical

with that of the volume form of the Bergman metric on B". More precisely,

(n+ 1"
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12 P. Ebenfelt et al.

where @ is real analytic in B" — Z and satisfies (1 — |z|2)”+15 — 0 as |z| — 1. Then by
(4.3), (4.4), and (4.5), we see
. . (1—|z/®Hmrha
lim =n+DD"lim ————. 4.6
|z1>1 9=+ 1) lzZ—>1 (1 — |z|2)n+] .6
Thus, depending on c;, we have lim‘z‘_)1 gl = a for some 0 < a < oo. This proves the

claim. [ ]

But g is a nowhere vanishing holomorphic function in B"™. We apply the
maximum modulus principle to g and 51], respectively, and use (4.6) to obtain ¢; = 1. And
in this case by (4.6), a = (n + 1)". Applying the maximum principle again, we see |g| =
a = (n+1)". This implies g and thus h are constant functions, and h+h =nln(n+1). The

proof of the lemma is finished. |

We define the Monge-Ampére type operator J as follows (note that it differs by

a sign from the standard operator introduced by Fefferman [12]):

J(p) = det v vy , (4.7)

(pzl- (pzifj

We use Lemma 4.2 and the well-known formula ® = J(¢)/¢"**! to further simplify (4.2)

into
J(@)(2,2) = (n+ 1)"¢""2(z,2) (4.8)

for z € B" — Z. Since both sides of (4.8) are in fact real analytic in B", we see (4.8) holds
on B"™ by continuity. We pause here to observe that if I" is such that ¢(0,0) # 0, then it
follows that log ¢ extends as the potential of a Kdhler-Einstein metric in the whole unit
ball B", which by uniqueness of the Cheng—Yau metric, can be used to directly conclude
that I' = {id}; this was previously observed in [16, Corollary 5.4]. Now, let us compute
J(¢). Clearly, we have

d . (zT9).
(n+1)z( (VZ)l (n+1)2(1_ Z(Z V)J

1—(z )/Z )n+2' o yz))”*z'

where (yz); denotes the i-th entry of the column vector yz and similarly (zTy); denotes

the j-th entry of the row vector zTy. By differentiating both sides one more time, we
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Normal Stein Spaces and Finite Ball Quotients 13

obtain

V(1 —(2,v2) + (n + 2)(y2)(zTY);
(]- - (Z,)/_Z))”+3

’

vz =+ D d, -

yell

where y;; is the (7,j) component of the matrix y.
Foreach y € I',0 <j < n, we define a column vector-valued function Sj(y) B —

C™*! in the variables (z,z) as follows:

_ (1-yE - (), .
5oz 2) = hog ] B4 EWED = wa-ermrainyzee)y | Tl =i =
n+yz 1—(zy2)

where (y); is the j-th column vector of the matrix y. Given any (n+1) (possibly repeated)
elements yq, - , ¥, in ', we define a matrix-valued function A(yy, -+ , y,,) : B" — c+1)?

as follows:
Ao ) = (8000 Enr)-

We emphasize that the map A(y,, - -- , ¥,,) sends a point z € B" to an (n+1) x (n+1) matrix.
We then expand the determinant in (4.7) by multi-linearity with respect to columns. We
obtain the following formula:

(n+D"d, ---d

= Vn e .. v
NOEEDY o0~ 5 det(AGg, -+, 7)) (4.9)

4.2 Abelian group case

From now on, we will assume that I' is a finite, abelian, fixed point free subgroup of
Un).

Lemma 4.3. Let ' € U(n) be a finite abelian group. If T is also fixed point free,
then it is cyclic of order m for some m € N. Furthermore, after replacing I' by an
appropriate conjugate of itself, there are primitive m—th roots of unity ¢;,--- ,¢, such

that the diagonal matrix diag(e;,--- ,¢,) generates I'.

Proof. The result is well known; see, for example, [28]. For the convenience of readers,
we will sketch a proof here. Since ' € U(n) is abelian, one can simultaneously
diagonalize the matrices in I'. Thus, replacing I' by an appropriate conjugate of I',
we can assume ' consists of diagonal matrices. Consider the group homomorphism

7y : ' — UQ) defined by 7, (y) := y,; for y = diag(y;;, -, ¥pp)- Weclaim 7 : ' — 7, (")
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14 P. Ebenfelt et al.

is an isomorphism. Indeed, let y € T" be such that 7;(y) = 1. Then 1 is an eigenvalue of y,
and by the fixed point free condition, y must be the identity. This proves the claim. But
7, (I') € U(1) is finite, thus it must be cyclic. So is I' and this proves the 1st assertion. To
prove the 2nd assertion, write y for a generator of I'. By our assumption, y is a diagonal

matrix, and again the fixed-point free condition guarantees that all diagonal elements

of y have the same order m. This establishes the 2nd assertion. |
By Lemma 4.3, we can assume I' = {y, y2,--- ,y™ = id} for some generator
€1
7/ =
gn
Here m > 2 by the nontriviality of I'. And ¢, - - - , ¢,, are primitive m-th roots of unity. By

setting ¢ := ¢;, for 1 <j < n we can write & in the form of

g = ¢, for somel < t; <m— 1 withged(t;, m) = 1.

By renumbering the coordinates, we can assume

l=t <ty<---<t,<m-—1.

n

Forany y € ' C U(1) x --- x U(1), note that y~! = 7T = 7. Hence, we can replace
all Vi by Y in the sum in J(¢) and obtain

B n+D"d, ---d,,
MOEEDY 0 (i det(A(v, 1 ¥))-

Write Y = ykf for some 0 < kj < m — 1. Then dyj = det v = kit Choose

z=2z":=(z,0,---,0)T with |z,| < 1 and set x = z* - z* = z;Zz; < 1. Then at z*, we have
1 —gkox zlekl
n + 1)skOWI skl(l—sklx)-;(n—i-Z)sz"lx
1-eflx
det(A(yg, -~ ¥n) = &5
0 0
eﬁ"

n 1— koX
—ghit2ia ket (1 —(n+ Z)SkOX +(n+ 2)1—(9161 sklx).
—ghix
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Normal Stein Spaces and Finite Ball Quotients 15
In the following, we use the notation

o T=(t,-,t,), wheret; =1.
o K=(kyky - k) andK = (k;, -, k).
o |T| :z;lzl t] and |K/| :Z;lzl k]

Using these notations, we have, at z = z*,

m-1 I KITI+K"-T 1 — gkox
J(@)(Z",7) = (n+ 1) _ (1 _ (n+2)8kox+(n+2)—8k1X).
Yoo T Zo [T o(1 — ekixyn+2 1—¢hix
If we set
m-1 g KHTIHK-T
I.= ,
ko, kn=0 H?ZO(I N 8kiX)n+2
m—1 !
|K|-|T|+K'-T+ko
e X
I:=—mn+2) : ,
ko,»gn:o [Tl — ekix)n+2
m-1 SKHTIHK T+ki 5 1 _ ckox
IIT :=(n + 2) - '
o Tz H?:O(l _ Sle)n+2 1 —¢ckix
then
J(p)(z*,z*) = (n + )™ (I + II + III). (4.10)

We pause to introduce the following definition and lemmas. Let ¢ be as above.
Write D for the open unit disk in C.

Definition 4.4. Lett < Z,p € Z*. Define ftJ[J :D — Cas

m—1
1
S = 2 E

Lemma 4.5. The following holds:
fip®) = pfip+1X).

In general, forj > 2,]‘}(,’;()() =pP+1--@+Jj— Dfpyj).
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16 P. Ebenfelt et al.

Proof. Note

m—1
/ p
Fip® = 2 gk —gprt = Plupn1 @0
k=0

This proves the 1st statement. The latter assertion follows from the 1st statement and

an inductive argument. |

Lemma 4.6. The following hold:
(1)

0 ifm+{(t+Dp),
£,p(@) = ft+p
m ifm| (t+p).

(2) Forj=>1,

; ifmtt+p+j,
g t(,lzz(o) = i f
ml[=y (p+i) ifm|@E+p+)).

Proof. To prove part (1), we note that

m—1
fip@ =D 7P,
k=0

Then the result in part (1) follows directly by the fact that ¢ is a primitive m-th root of
unity. Part (2) follows from part (1) and Lemma 4.5. |

Lemma 4.7. The following holds:

m—1 {;‘tk
) D
_ cky\p t—p.p
o (1 —¢ekx)
Proof.
m—1 tk m—1 m—1
) 1 1
kz(:) (1 —ekxp kZ(:) ek(1— e kx)p 1;) et=Dk(ck — x)p = fi-pp .

where the 1st equality follows from the fact that ¢ is a primitive m-th root of unity. H
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Normal Stein Spaces and Finite Ball Quotients 17

Now, using the above notation and Lemma 4.7, we shall express J(¢)(z*,z*) in

terms of f; ..

o KITI+K"-T
I :k Z Hz o(1 — ekix)n+2
kol Tl mol o k(T mol o kn(ITlHtn)
- Z T2 2 Tk 2 T ke
=fir-m+2) 2O Azt -2 2 Az, — 2y na2 -
o KITI+K'-T+ko
- (n+ 2)Xk Z Hl N
m-l o ko(TIH+D) Il ki(THt) mol o kn(IT|+tn)
-+ 2)XkOZ=:0 (=i 22 (1= e 2o (1= i
— (n+2xfir iy 2 firin —me2ne2® - fir - me2) nr2 ®)-
KHTIHE T+k 1 _ ckoy
I =(n + Z)X z H o(1 —gkix)nt2 1 — ghix

m-l ckolT! mol k(TG D ML k(T ) mol o k(T tn)

=(n +2)x Z ko y\n+1 k1 x\n+3 kasyn+2
(1 gfox) (1 —ek1x) i (1 — ek2x)

k1=0 2=0 kn=0

=+ 2% fir|_(n11),n01 @ A6 - 203 Fir ity -2y 2@ - Firis 60— (na2),n2(X)-
Set

N 2
P '—f|T|7(n+2),n+2f|T|f(n+l),n+2 - (n+ 2)X(]“|T|—(n-§—1),n+2 _f\T|7(n+1),n+1f\T|7(n+l),n+3)'

Q ::f|T|+tz—(n+2),n+2 o 'f|T|+tn—(n+2),n+2'
(4.11)

By (4.10) and the fact t; = 1, we conclude that J(¢)(z*,z*) can be written as

J(p)(z*,2%) = (n + 1)"P(x) Q(x). (4.12)

(1 - san)”+2

120Z AINf €0 uo Jasn Aseiqi uiBug pue 82usiog AQ 60¥70S9/02Z L AeUI/UIWI/SE0 L 0 | /I0p/3|o1e-80uBAPE/UIWI/WOo9 dno olwapede//:sdiy Wol) papeojumod



18 P. Ebenfelt et al.

Moreover, at z = z* = (z,,0,--- ,0)T, we can simplify ¢ as
_ d, d m-1  kIT|
p(z*,2) = = Y =
; 1- (Z*,yz*))n+1 y% (1-— (Z*,yZ*))n'H ];] (1- EkX)n'H

=f|T\—(n+1),n+1(X)'

The 2nd equality here is due to the fact that I' € U(1) x --- x U(1) € U(n), as also
explained above. By the above expression for ¢ and (4.12), we conclude that at z = z*,

the Kahler-Einstein equation (4.8) is reduced to, for x € [0,1) C R,

Fi 2 iy 0 = POQX), (4.13)
where P,Q are defined in (4.11). Since both sides of (4.13) are holomorphic in D, we
conclude that (4.13) in fact holds for all x € .

4.3 Reduction to combinatorial inequalities

We shall take the Taylor expansion of both sides in (4.13) at x = 0. By comparing the
Taylor coefficients, we shall prove that (4.13) cannot hold if m = |I'| > 2 and n > 2,
which will establish Theorem 1.4. We shall proceed by dividing the proof into several
cases.

Casel. m | |T|.

Asm | |T|, m1|T|+ 1. Lemma 4.6 yields that

Jir-min 1@ =m, fir_ni1),042(0) = 0.
Therefore, at x = 0,

ﬂql"r—z(n+1),n+1(0) =m"% £ 0= P(0) - Q(0),

which implies that the Kdhler-Einstein equation (4.13) does not hold.
CaseIl. m{|T|and m | |T| + 1.

In this case, we have
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Normal Stein Spaces and Finite Ball Quotients 19

We take the Taylor expansion of fir_42)ni2 at x = 0.

= fl(II‘)\ n+2),n+2(0)
(4 2)n .
fITI—(n+2),n+2(X) = Z .—!XJ +0(m+ 2)
7=0 (4.14)
n+ 2 n+m+2
1 m+1

Here for a holomorphic function h in a neighborhood U C C of 0, we say h is O(j),j > 1,
if h®(0) = 0 for all 0 < i < j. The last equality follows from Lemma 4.6.

Similarly, we also have
m+n+1
fir-e 2@ =m + ( m )mxm Fomm+1),
n—+1 m+4+n+1
fir-man 1) =( 1 )mX + ( )me+1 +0(m+2),

m+1

m+n+1

)mxm_1 + 0O(m).
m-—1

fiTl—(n+l),n+3 ) :(

By (4.11), it follows that
2 2 1
PZ((n+ )mx+(n+m+ )mxmﬂ) (m+(m+n+ )mxm)
1 m+1 m
1 2
_(n+2)x(m+(m+7z+ )mxm)

1 1 1
—i—(rL—i—Z)}c((rhlL )mx+(m+n+ )mxm+1) (m+n+ )mxm_1+0(m+2)

m+1 m-—1

n+m+1 m+n-+2
:mz( +m+ )Xm+1 (_n_2++—++(n+1)m)+0(m+2)
m m+1

_m4(n+1)<n—|—m+1

= )x’"“ +0(m+2).
m+1 m

Recall that
Q= f|T|+t2—(n+2),n+2 o 'f|T|+tn—(n+2),n+2'

wherel=1t; <t, <.---<t, <m-—1.Letl <a < nbesuch that

n
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20 P. Ebenfelt et al.

When a = n, the above means that all t}s equal 1. Now for 1 <j < a, we have
Firitti-ma2),n02) = firj— 4 1), n2(®) = m+ O(1).

And fora+1<j<n,|T|+1<|T|+ t; <|TI+m+1. We get, by a similar computation
as in (4.14),

n+m+2—t;

mx™1% L om + 2 — t;).
m+1-t; ) ( )

fiT\+tjf(n+2),n+2 x) = (

Thus,

O:m"fl m+n+2—ta+1 m+n+2—tn X(m+1)(n7a)7(ta+l+m+t")+h.0.t.,
m+1-—t,., m+1-—t,

where h.o.t. denotes the higher order term. Combining this with the Taylor expansion of

P, the lowest order term in PQ at x = 0 is

mn+3(n+l) n+m-+1 m+n+2—ta+1 m+n+2—tn X(m“)(n*aH)*Z}Lth]’
m+1 m m+1—t, m+1-t, ’

(4.15)

When a = n, ZJ’-‘:aH ¢ is a null sum and equals zero. Furthermore, we have

+2 _ +2,n+2 n+2
|77L'|_(n+1),n+1 = (Tl + l)n mn Xn =+ h.o.t. (4—16)
Suppose that the Kdhler-Einstein equation (4.13) holds. Then fl'ﬁ_z(n Dt and PQ must

share the same Taylor expansion at x = 0. In particular, their lowest order terms, where
the former is found in (4.16) and the latter in (4.15), must have the same degree, that is,
n+2=m+1)(n-a) — Z]'-‘:aﬂ ¢. In this case, however, the coefficients of the lowest

order terms do not match by the following lemma.

Lemma 4.8. Supposem,n >2,1<a<n,andl =t =---=t,<t,;; <---=t
m—1.1fn+2=(m+1)(n—a+1)—z]’.’:a+1tj,then

ns

n+m+1\/m+n+2-t m+n+2-—t
m+D"'m+1) >m tmt Tt at1), . (MR n).
m m+1—t,,, m+1-—t,
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Normal Stein Spaces and Finite Ball Quotients 21

In the case a = n, that is, all t]/.s equal 1, the above is reduced to the following: if

m=n-+1, then
n+m-+1
(n+1)"+1(m+1)>m( +m+ )

This is a contradiction and we thus conclude the Kdhler-Einstein equation (4.13)
does not hold. The proof of Lemma 4.8 is left to Section 5.

CaseIll. m+4|T|,m¢{|T|+1,--- ,m¢t|T|+k—1and m | |T|+k for some 2 < k < m.

We follow the same procedure as in Case II. Similarly, as in (4.14), by using
Lemma 4.6, we have

k+ o
- fIT\—(n+2),n+2 (0)

' k
fiT|7(n+2)'n+2(X) = Z 7 X+ O(x +m+1)
=0
ntk+1\ g (ntktmE1\  eom
L R L W A L LR

and

n+k _ k+m+n _
ﬁT—<n+1>,n+z<X>=(k_1)mx’° 1+(k+m_1)mx"+’" '+ 0k +m),
k

Sir—n+1)m+1 &) =(n-’: )mxk + (n Zf _;m)mxk“Lm +0k+m+1),
Fir—ms1ymss@® :(z J_r I;)mxk_z + (Z I fnJr_TZ)mx“m—z +0(k+m—1).
By (4.11), it follows that
P= (Z f ’f) (n + I:f m) m?‘*szer_l +h.o.t. (4.17)

Now we turn to the computation of the leading term in Q. Recall that 1 = ¢; <
t, <--- <t, <m— 1. We shall divide the computation into two subcases: k < t,, and
k>t,.

Subcase III (a). k < t,,.

Since k > 2, there exists some 1 < a < n — 1 such that

l=t;<---<t,<k<t, ;<---<t,<m-1
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22 P. Ebenfelt et al.

Forl <j<a,as|T|+1=<|T|+ t < IT|+ k, by the Taylor expansion and Lemma 4.6, we

have

n+l+k—t
fiT\+tjf(n+2),n+2(X) = ( k—t. )ka b+ 0k - ti+ D).
J

Fora+1 < j < n, it follows that |T|+ k < |T| + t < ITI+ k + m. Thus, by the Taylor
expansion and Lemma 4.6,

n+1+m+k—tj

k—t;
f|T|+tj—(n+2),n+2(X) = ( )me+ +0(m+k-— ti+ 1.

By (4.11), we obtain
a n
n+1+k—t ) n+l4+m+k—t; )
a= H( )mxk—tf. il ( J)mxm+k_tf+h.o.t.
. m+k—t;
j=a+1 J

Therefore, (4.17) and the above equality yield the leading term in the Taylor expansion
of PQatx=0as

mn+3(n+k)(n+k+m)ﬁ(n+1+k—t) ﬁ (n—i—l—{—m—i—k—tj) e

j=2 J j=a+1
where
a n
s:(n+1)k+m—1—2tj+ Z(m—tj). (4.18)
j=2  j=a+l

On the other hand, the left hand side of (4.13) satisfies

n+2
n+2 n+k 12 k(n42)
fr =ty et = ( k ) m* x4 hoo.t.

Suppose that the Kdhler-Einstein equation (4.13) holds. Then le (1)1 and
PQ must share the same Taylor expansion at x = 0. In particular, their lowest order

terms have the same degree, that is, s = k(n + 2), which in view of (4.18) implies that

j=1 j=a+1
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Normal Stein Spaces and Finite Ball Quotients 23

In this case, the coefficients of the lowest terms are, however, unequal by the following

lemma.

Lemma 4.9. Supposel <a<n-1,2<k<m-landl=¢t <---<t
-<t, <m-—1.1If (4.19) holds, then

" n+k”“>nzn+k+m f[n+1+k—5 .f[ n+l+m+k—t
k n ! k—t; ) m+k—t; )
j=1 J j=a+1 J

This is a contradiction and we thus conclude that (4.13) does not hold. We will
leave the proof of Lemma 4.9 to Section 5.

Subcase III (b). k > ¢,,.

In this case, |T|+1 < |T| + t < |T| + k for all 1 < j < n. Thus we have, by the

Taylor expansion,
= n+1+k
Q= H( )mxk % + h.o.t.
j=2

Note that all other terms in (4.13) have the same Taylor expansions as in case III (a). As
before, in order to disprove (4.13), it is sufficient to verify the following lemma, whose

proof is also delayed to Section 5.

Lemma 4.10. Let2<k<m-—landn>2Letl=¢t <.--<t, <k.If

then
n+k\"? n+k+m\ — n+1+k—t
(") eI Y)
j=1
5 Proof of the Combinatorial Lemmas

In this section, we shall prove Lemmas 4.8, 4.9, and 4.10.

5.1 Proof of Lemma 4.8

For the reader’s convenience, we restate Lemma 4.8 here.
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24 P. Ebenfelt et al.

Lemma 5.1. Supposem,n >2,1<a<n,andl =t =---=t,<t,, <---=t
m—1.1fn+2=(m+1)(n—a+1)—z}’:a+1tj,then

n+m+1\/fm+n+2-—t m+n+2-—t
m+ D" m+1) >m tm Tt at1) . (MENRT ). (5.1
m m+1—t,,, m+1-t,

ns

Proof. We divide the proof into two cases.

Casel.n = 2.

In this case, by the assumption of Lemma 4.8, we have 4 = (m + 1)(3 — a) —
Siaptjandl <a <2

Suppose a = 1. Then 2(m + 1) = 4 +t, < m + 3, which yields m < 1. This
contradicts the assumption m > 2. Thus we have a = 2. It follows that t, = 1 and m = 3.

A straightforward computation shows
LHS of (5.1) = 108 > 60 = RHS of (5.1).

So this case is verified.
CaseIl.n > 3.
We first prove the following elementary combinatorial inequality, which will be

used in the proof.

Lemma 5.2. For any integers n, k > 3, we have

(fo) < (m+DF (5.2)
Proof.
n+ky ey M1 42@m+3) T 4140
(k—l) +1) _g t-(ntl) 2+ 12 g ACESTR

Since n > 3,
2m+1)2%-n+2)n+3)=n*>-n—-4>2>0,

which implies that

(n+2)(n+3)
2(n+1)2

120Z AInp €0 uo Jasn Alelqi uibug pue 9oua19S AQ 60170£9/0Z L eUl/UIWI/SE0 L 0 L /I0p/a]01e-a0uBApe/uIWI/WOo9 dno ojwapeoe//:sdiy woly papeojumoq



Normal Stein Spaces and Finite Ball Quotients 25

When t > 3,
tn+1)—-n+1+t)=nit—-1)-1>2n-1>0,

which implies that

n+1+17)
t-(n+1)

The result therefore follows. [ |

Recall that 1 <¢; <m—1forany 1 <j < n. By applying (5.2) with k =m+2 —t;,

we get
(1) s
Thus,
RHS of (5.1) < m(n + 1) 2 MH178) — 1 4 1)) LHS of (5.1).
So the proof is complete also in Case II. |

5.2 Proof of Lemma 4.9 and Lemma 4.10

We will prove a slightly more general result.

Lemma 5.3. Let k,m,n be integers such that 1 <k < m—1andn > 2. Let A =

(Ay,---Ay) € Z™ satisfy A< kforeachl <j<n.If

then

nt+2 n 14+k— 4
k(n—}:k) >m(n+k+m) (n+ + ) (5.3)

]:

e

Clearly, Lemma 4.9 follows from 5.3 by taking (Ay,---,A,) = (&, ,ta, te g —

m,--- ,t, —m). Lemma 4.10 follows from Lemma 5.3 by taking (A;,--- ,A,) = (¢;,--- . t,).
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Proof of Lemma 5.3. We divide the proof into several steps.
Step 1. We show that it is actually sufficient to prove (5.3) for 0 < 4; < k for all
l1<j=<n.

We begin this step with the following elementary combinatorial lemma.

Lemma 5.4. Let n € N and let s, t be integers such that s + 1 < ¢t < k. Then we have

(n+1+k—s)(n+1+k—t) (n+1+k—(s+1))(n+1+k—(t—1)) (5.4)
k—s k—t = k—(s+1) k—(t—1) ' '

Proof. A straightforward computation gives

LHSof(5.4) n+1+k-s k+1-—t
RHS of(5.4) k—s n+2+k—t

Note that
nm+1+k—s5k+1-t)—(k—syn+2+k—-t)=n+1)(s+1—-1t) <O.

The result thus follows immediately. |

Now we fix m,n,k and apply Lemma 5.4 to the product (nf=1 Z:frk*kj) in the

J
right hand side of (5.3). Suppose 4; < O for some 1 < j; < n. Since Z}l:lkj =m—
k > 1, there is some 1 < j, < n such that 4;, > 0. We change (n+lilx:kjl)(n+;ifjjj2) to
(n+l+k—(kjl +1)) (n+1+k—(ka—l)
k=g +D k—(j,—1
Aj,- Then the sum Z}Ll A; is still equal to m — k, and the value of the right hand side of

), that is, use A, +1las the new A and use A, —1las the new

(5.3) becomes larger. We keep doing this if there is some ; < 0 for some 1 <j < n. Then
we finally get0 <2; <kforalll <j<nandm-—k= Z;Lzl A; still holds; and the process
will not make the value of the right hand side of (5.3) smaller. So we only need to prove
(5.3) with the additional condition A= Oforalll <j<n.

From now on, we will assume A= Oforalll <j<n. As Z}Ll Aj=m— k>1,
without loss of generality, we can further assume A; > 1.

Step 2. We show that it is actually sufficient to prove (5.3) for A; =1 and A, =

.=k, =0.
For simplicity, we denote the right hand side of (5.3) by F:

F(nk, ) :=m ("+k+m)]_[(n+l+k ’\), (5.5)

120Z AInp €0 uo Jasn Alelqi uibug pue 9oua19S AQ 60170£9/0Z L eUl/UIWI/SE0 L 0 L /I0p/a]01e-a0uBApe/uIWI/WOo9 dno ojwapeoe//:sdiy woly papeojumoq



Normal Stein Spaces and Finite Ball Quotients 27

where m = k + Z}Ll Ajand A = (A, -+, A,). The function F has the following property.

Lemma 5.5. Suppose n,k > land A = (Ay,---,1,) € Z" with 0 < Ay < k for each

1 §j§n.IfAjl > 1for some 1 <j, <n, then
F(n,k,») <F(n,k,»—e;), (5.6)

where e, = 0,---,0,1,0---,0) is the unit vector along the j,-th direction in R".

Consequently, if A; > 1, and all other A}s are nonnegative, then
F(nl kr )\-) E F(nl kr el)~

Proof. We cancel the common combinatorial factors in (5.6), and write it as

n+k+m\/m+1+k—2A; n+k+rm-1\/m+2+k—2x;
m M)=m-1 ),

_ n
where m =k + > 2 A;.
By expanding the remaining combinatorial terms and further canceling common

factors, we deduce that (5.6) is equivalent to

n+k+m n+2+k—»x;
P e m-1y — T
k+m k—kjl—i—l

Clearly, the right hand side is increasing with respect to 1 < Ajl < k. Thus, it is sufficient

to prove
n+k+m n+k+1
i—_——<(m-1) —, 5.7
ktm Mmooy (6.7)
A straightforward computation shows that
n+1

n
(5.7)<=>m~k+—m+1§(m—1)' k

= mnk+k*+mk<mnk+mk—-—nk—k+@m?>-m@m+1)

— k’+nk+k<m?-mmn+1).

The last inequality follows immediately by the fact m = k+ ZJ’-LZI A; > k+1. So the proof
is finished. u

120Z AInp €0 uo Jasn Alelqi uibug pue 9oua19S AQ 60170£9/0Z L eUl/UIWI/SE0 L 0 L /I0p/a]01e-a0uBApe/uIWI/WOo9 dno ojwapeoe//:sdiy woly papeojumoq



28 P. Ebenfelt et al.

Thus, with the help of Lemma 5.5, it suffices to prove (56.3) for A, = 1,1, =--- =
A, =0and m = k + 1. That is, we only need to show that

n+k\"? n+2k+1\m+k\/m+k+1\"!
k(k) >(k+1)( " )(k_l)( k ) . (5.8)

Step 3. We complete the proof of Lemma 5.3, by proving (5.8) foranyn > 2,k > 1.

Let us further simplify (5.8) to the following equivalent inequalities.

(n+k)!? m+2k+1)! k (m+k+D!
(6:8) = k-~ rggz > k+D- n2k+1)! n+1 (n+ 1)n-1
(n+ 1" (n+k)22k+1)!

k+1Dn+k+D" 1 nlkl2(n+ 2k + 1)!

Denote the left hand side term in the last inequality by L(n, k), that is,

n+ D" (n+ k)% 2k + 1)!
k+Dm+k+D" 1 nlki2(n+2k+ 1!

L(n, k) :=
It remains to prove L(n, k) > 1 forn > 2, k > 1.
Lemma 5.6. Given nonnegative integers n, k, we have
L(n,k) <L(n+1,k). (5.9)

Proof. SetQ(n,k):=L(n+1,k)/L(n,k). Then

(n 4+ 2)n+! (n+k+ 1)+t
4+ n4+k+2)"n+2k+2)

Qn, k) =

Regarding k as a real variable in [0, c0), we take the logarithmic derivative of Q(n, k)

with respect to k:

dlogQ(n,k) n+1 n 2
ak "n+k+1 n+k+2 n+2k+2
2n+k+2 2
Tmtkthntk+2) n+2kt2
nk

Tkt Dn+k+2)(n+2k+2)
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It follows that for given n > 0, Q(n, k) is increasing with respect to k > 0. Thus, for

n,k > 0, we have

o(n, k) > Q0,0 =1.

That is the desired result. [ |

Now, forn > 2,k > 1, Lemma 5.6 yields that

32 (k+2)!2 (2k + 1)!
(k+1)(k+3) 2'kl2(2k+ 3)!
_ 9(k + 1)?(k + 2)?
~2(k+ 1) (k+3)(2k + 2)(2k + 3)

9(k? + 4k + 4)
Ta2k2 1 9k19)

L(n,k) > L(2,k) =

The proof of Lemma 5.3 is now complete. |
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