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Abstract— Recent advances in DNA sequencing technology and
DNA storage systems have rekindled the interest in deletion chan-
nels. Multiple recent works have looked at variants of sequence
reconstruction over a single and over multiple deletion channels,
a notoriously difficult problem due to its highly combinatorial
nature. Although works in theoretical computer science have
provided algorithms which guarantee perfect reconstruction with
multiple independent observations from the deletion channel,
they are only applicable in the large blocklength regime and
more restrictively, when the number of observations is also large.
Indeed, with only a few observations, perfect reconstruction of
the input sequence may not even be possible in most cases.
In such situations, maximum likelihood (ML) and maximum
aposteriori (MAP) estimates for the deletion channels are natural
questions that arise and these have remained open to the best of
our knowledge. In this work, we take steps to answer the two
aforementioned questions. Specifically: 1. We show that solving
for the ML estimate over the single deletion channel (which can
be cast as a discrete optimization problem) is equivalent to solving
its relaxation, a continuous optimization problem; 2. We exactly
compute the symbolwise posterior distributions (under some
assumptions on the priors) for both the single as well as multiple
deletion channels. As part of our contributions, we also introduce
tools to visualize and analyze error events, which we believe
could be useful in other related problems concerning deletion
channels.

Index Terms—Deletion channels, trace reconstruction,
symbolwise MAP, edit graph, dynamic programming.

[. INTRODUCTION

EQUENCE reconstruction over deletion channels, both
with and without a codebook, has received consider-
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Fig. 1. The t-trace deletion channel model: the sequence X is passed through
t independent deletion channels to yield ¢ traces. We aim to estimate X from
the Y's.

able attention in the information theory as well as in the
theoretical computer science literature. From an information
theory perspective, reconstruction over the deletion chan-
nel, or more specifically a maximum-likelihood (ML) argu-
ment for the deletion channel, would give further insight
on the capacity of the deletion channel, a long-standing
open problem (see [4]). To quote [4] — “at the very least,
progress in this direction would likely surpass previous results
on the capacity of the deletion channels”. Yet, there are
no results on reconstruction over a deletion channel with
statistical guarantees. In this work, we take steps in this
direction.

In this space, the problem of trace reconstruction, as intro-
duced in [5], has also received renewed interest in the
past few years (see [6]-[12]). The problem of trace recon-
struction can be stated simply as follows: consider a
sequence X which is simultaneously passed through ¢ inde-
pendent deletion channels to yield ¢ output subsequences
(also called traces) of X (see Fig. 1). How many such
traces are needed to reconstruct X perfectly? A variety of
upper and lower bounds for this problem have been pro-
posed, both for worst case and average case reconstruction.
Our problem formulation is complementary to this, as we
discuss next.

Problem formulation. Given an input sequence of length n
(known apriori), the independently and identically distributed
(i.i.d.) deletion channel deletes each input symbol indepedently
with probability §, producing at its output a subsequence of
the input sequence. Consider a sequence X passed through ¢
(t is fixed) such deletion channels as shown in Fig. 1. We call
this the t¢-trace deletion channel model. We ask four main
questions:
1) Sequencewise maximum-likelihood with one trace: For
t = 1 (also called single-trace deletion channel, see Fig. 2),
what is the maximum-likelihood estimate of X having
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Fig. 2. The single-trace deletion channel model.

observed Y = y, i.e., a solution to

argmax Pr(Y = y|X = z).
ze{0,1}"

2) Sequencewise maximum-likelihood with multiple
traces: For a fixed ¢, with ¢ > 1, what is the
maximum-likelihood estimate of X having observed
Yi=9yl, Y2 =42 ..., Y =19 ie.,

argmax Pr(Y! =y!, Y2 =92 ... V' =¢"|X = 2).

z€{0,1}n

3) Symbolwise MAP with one trace: For t = 1 and X; ~
ind. Ber(p;) in Fig. 2, what are the posterior distributions
of X; given the trace Y = y, i.e., compute Pr(X; = q
Y =y).

4) Symbolwise MAP with multiple traces: For a fixed ¢,
with ¢ > 1 and X; ~ i.i.d. Ber(0.5) in Fig. 1, what
are the posterior distributions of X; given all traces Y! =
yL,Y2 =92 ... Y =yl ie. compute Pr(X; = oY =
yLY2 =92 ... Y=y,

We make a few notes.

o For a channel with memory such as the deletion chan-
nel, the symbolwise MAP/ML estimate and sequencewise
MAP/ML estimate are not equivalent. For example, consider
t = 1, n = 6 in Fig. 2 and say we observe the trace
Y = 1010. The symbolwise MAP estimate with uniform
priors for this case can be computed to be Xsma,p = 100110
whereas the sequencewise ML estimate is Xml = 101010.

e An answer to 3) above doesn’t lead to a natural solution for
4) which is also due to deletion channels possessing mem-
ory. In particular, for a memoryless channel, we have Y; —
X;—Y} and hence Pr(X; = Y7, Y*) x Pr(Y/, Y} |X; =
a) = Pr(Y/|X; = a)Pr(YFX; = a) « Pr(X; =
a|Y)Pr(X; = a|YF); so one could first obtain the
posterior probabilities from each independent observation
and combine them after. However, this is not the case for
deletion channels since the markov chain Y7 — X; — Y} no
longer holds. As a result, one first needs to “align” all the
observations in order to compute the likelihoods.

« Solving 2) and 4) naturally leads to two different algorithms
for average-case trace reconstruction — one that selects the
most likely sequence X and the other that selects the most
likely value for each symbol X;. However, the problem
formulations in 3) and 4) ask a question complementary to
that of trace reconstruction: given a fixed (possibly a few)
number of traces, what is our “best” guess of X? The two
problems 2) and 4) have different quantification of the word
“best”. Unlike trace reconstruction, we are not concerned
with perfect reconstruction (since perfect reconstruction may
not be possible with just a few traces). We also note that
error rate guarantees for our algorithms (not a part of
this work) would naturally lead to upper bounds for trace
reconstruction.
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« The challenges associated with solving 1) and 2) and solving
3) and 4) are very different. On the one hand, solving 1) and
2) amounts to discovering alternate, equivalent or approxi-
mate formulations for the seemingly difficult discrete opti-
mization problems. On the other hand, the challenge with
3) and 4) involves the design of efficient algorithms that are
capable of exactly computing/approximating the symbolwise
posterior probabilities, for which “closed form” expressions
can be derived.

Contributions. Our main contributions are as follows.!

« We introduce mathematical tools and constructs to visualize
and analyze single-trace and t-trace deletion error events
(see Section II).

« For the single-trace deletion channel, we establish an equiv-
alence between finding the optimal ML decoder and a con-
tinuous optimization problem we introduce (see Section III).
This equivalence allows for the use of existing techniques
for continuous optimization to be employed for a seemingly
difficult discrete optimization problem. This continuous
optimization problem also turns out to be a signomial
optimization problem. Furthermore we also provide a poly-
nomial time trace reconstruction heuristic with multiple
traces that exploits this formulation.

o In Section IV, we prove the following:

Theorem 1: For the single-trace deletion channel model
with priors X; ~ ind. Ber(p;) and observed trace Y = y,
the symbolwise posterior probabilitiess Pr(X; = 1|
Y =) V i can be computed in O(n?) time complexity.

o In Section V, we prove the following:

Theorem 2: For the t-trace deletion channel model with
priors X; ~ ii.d. Ber(0.5) and observed traces Y! =
y',..., Yt = gyt the symbolwise posterior probabilities
Pr(X; = 1Yt =¢', ..., Y* = y') Vi can be computed in
O(2'n'*?) time complexity.

Tools and techniques. In terms of theoretical tools, the series

of books by Lothaire ( [13]-[15]) extensively use alge-

braic tools for problems in the combinatorics of sequences

(or words), and our work is inspired by such techniques.

We borrow some notation and leverage a few of their results

in our work.

Biological motivation. Trace reconstruction in itself was moti-
vated, in part, by problems in DNA sequence reconstruction.
One such problem was to infer the DNA sequence of a
common ancestor from the samples of its descendants. Our
problem definition, that considers a fixed value of ¢, would
fit naturally in a scenario with a fixed number of descendants
where perfect reconstruction may not be possible. Our moti-
vation for considering this problem also comes from a recent
DNA sequencing technology called nanopore sequencing.
The t-trace deletion channel model is a simplistic model to
approximately capture the process of a DNA sequence passed
through a nanopore sequencer.?

'Some of the ideas presented in this paper can be found in [1], [2] and [3].
2As seen in [16], [17] there are more complicated effects of the nanopore
reader not captured in this simple representation.
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More related work. Our work falls under the general umbrella
of sequence reconstruction over deletion channels (also see
Levenshtein’s work [18]), where we offer, to the best of our
knowledge, the first non-trivial results on maximum likelihood
and maximum aposteriori estimates for the single and multiple
deletion channel. As mentioned earlier, the complementary
problem of trace reconstruction falls closest to this work.

The deletion channel by itself is known to be notoriously
difficult to analyse. As stated earlier, the capacity of a single
deletion channel is still unknown ( [19]-[21]); as are optimal
coding schemes. Prior works have looked at the design of
codes for deletion channels ( [22]-[24]); these works consider
use of a codebook (we do not). Statistical estimation over
deletion channels is a difficult problem to analyze due its
highly combinatorial nature. To the best of our knowledge,
as yet there are no efficient estimation algorithms over deletion
channels with statistical guarantees.

Very recently, a variant of the trace reconstruction problem
called coded trace reconstruction has been proposed, moti-
vated by portable DNA-based data storage systems using DNA
nanopores (see [25]-[27]) and we believe that the ideas in this
work may prove useful in such a setting.

There are other works on sequence assembly (see for exam-
ple, [28], [29]), where multiple short reads (from different
segments of a sequence) are used to reconstruct the bigger
sequence. This work differs from sequence assembly since we
are interested in inferring the entire length sequence and not
just small segments of it (which are then “stitched” together
in sequence assembly).

Paper Organization. Section II introduces our notation
and visualization tools for the single and t¢-trace chan-
nel error events; Section III provides a result concerning
questions 1) and 2) wherein we prove the equivalence of
ML decoding in question 1) to solving a continuous opti-
mization problem; Section IV answers question 3) for the
single-trace channel; Section V) answers question 4) for the
t-deletion channel; Section VI gives numerical evaluations;
and Section VII concludes the paper.

II. NOTATION AND TOOLS

Basic notation: We borrow some notation from [13] which
deals with non-commutative algebra; we restate them here
for convenience. Calligraphic letters refer to sets, capitalized
letters correspond to random variables and bold letters are used
for functions. Let A be the set of all symbols. Throughout this
work, we will focus on the case where A = {0, 1}, though our
methods extend to arbitrarily large sets of finite size. Define
A™ to be the set of all n-length sequences and A* to be the
set of all finite length sequences with symbols in A. For a
sequence f, | f| denotes the length of f.

For integers i, j, we define [i : j] £ {i,i+1,...,5}if j >
and [i : j] = () otherwise. We also define [i] = [1 : i].

For a vector or sequence T =
(:El,.fI}Q, ey L1y Ty L1y - - - ,In), define
i—s) A
IE( ):(mlvw%"'inflasaxiJrlv-"axn)v

where the i*" coordinate of z is replaced by symbol s.
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Binomial coefficient (section 6.3 in [13]): Given sequences
f and g in A*, the number of subsequence patterns of f
that are equal to g is called the binomial coefficient of g in
f and is denoted by (f; ). For example, (/‘7552‘,5/) = 2 since
"ape’ can be obtained from two (overlapping) subsequences
of 'apple’. This quantity has also been referred to as the
embedding number by another line of work [30]. For two
sequences of lengths n and m, the binomial coefficient can be
computed using a dynamic programming approach in O(nm)
(see [30] or Proposition 6.3.2 in [13]). When the alphabet
A is of cardinality 1, (; ) = (‘IJ; ||), the classical binomial
coefficient with their respective lengths as the parameters. This
definition hence could be thought of as a generalization of
the classical binomial coefficients. We will denote by e the
sequence of length 0, and define (J; ) 21V f € A" Wealso
define the classical binomial coefficient () £ 0, whenever
b > a or b <0 for ease of use.

The binomial coefficient forms the backbone for the prob-
abilistic analysis of deletion channels since the input-output
relation for a deletion channel (with deletion probability §,
input X and output Y') can be expressed as

Pr(Y = y|X = 2) = <Z’> slel=ll — sylvl, (1)

The proof is straightforward — the number of distinct error
events that give rise to y from z is exactly the number of
subsequences of x which are equal to y. Each of these error
events has a probability §/%1=1¥/(1—4)¥!, wherein the exponent
of § corresponds to the deleted symbols and the exponent of
1 — ¢ to the undeleted symbols.

Maximum Likelihood (ML) estimate: Given the definition
of the binomial coefficient, the maximum-likelihood (ML)
estimate over a deletion channel with observed output ¥ =y
can be cast in the following form:

arg max <x> . 2)
z€{0,1}» \Y
In the case of multiple deletion channels with observed traces
Y=yl ... Y* =4t the ML formulation is similar:

t
x
arg max . 3)
ze{0,1}n ]1;[1 (W)

As yet, there is no known efficient way to come up with a
solution for either of the above two formulations (see [4]).

Relaxed binomial coefficient. We now introduce the func-
tion F(-) which can be thought of as a real-valued relax-
ation of the binomial coefficient. This function is used in
sections III and IV.

An intuitive definition is as follows: Consider a random
vector Z € {0,1}" such that Z; ~ ind. Ber(p;), and let p
be the vector of probabilities of length n. Then F(p,v) =
Ezp (f), i.e., F(p,v) is the expected number of times v
appears as a subsequence of Z. If p € {0,1}", then Z = p
with probability 1 and F(p,v) = (7). More precisely, F(-) is
defined as:
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Fig. 3.
the remnant channel (C2) in (b).

Definition 1:

F:[0,1]" x {0,1}™ — R,

> IIpé(l—ps) 1<m<n
S|SCln], i=1
F(p,v) =4 191=m
1 0=m<n
0 else.

Though at first sight F(p,v) sums over an exponential
number of subsets, a dynamic programming approach can
be used to compute it in O(nm) time complexity (see
Appendix B1). Note that this is the same complexity as
computing the binomial coefficient.

Decomposition of the ¢-trace deletion channel: The follow-
ing definitions and ideas are relevant to the results pertaining
to multiple traces. We first state a result that aids in thinking
about error events in multiple deletion channels.

The events occurring in the ¢-deletion channel model can
be categorized into two groups:

1) an input symbol is deleted in all the ¢-traces,
2) an input symbol is reflected in at least one of the traces.

The error events of the first kind are in some sense ‘“not
correctable” or even “detectable” in any situation since it is
impossible to tell with absolute certainty what and where the
deleted symbol could have been (although the probabilities
need not be uniform). The events of the second kind, however,
can be detected and corrected in some situations. This thought
process gives rise to a natural decomposition of the ¢-deletion
channel model into a cascade of two channels: the first one
being a deletion channel which captures error events of the first
kind and the second one is what we call the remnant channel
which captures events of the second kind (see Fig. 3). More
precisely, we define the remnant channel as follows:

Definition 2: Remnant channel: an input symbol to the
remnant channel is reflected in any £ > 0 uniformly random
traces and deleted in the rest with a probability () %.
Thus, the probability of an input symbol reflected in a fixed
set of k > 0 traces is equal to %ﬂ;‘s)k.

Note that prtotzabilitY of the union of all possible events here
is 35 (1) %{;6)' = 1, validating our definition.

Theorem 3: The t-deletion channel model and the cascade
of the deletion channel with remnant channel shown in Fig. 3

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 6, JUNE 2021

(b)

A channel equivalence result: the {-trace deletion channel model in (a) is probabilistically equivalent to the the cascade of a deletion channel with

are probabilistically equivalent, i.e.,
PriYl =9t v2 =42 ... Y =y |X =2)
=Pr(Y' =y V2 =92 .. Y =yl |X = 2).

A rigorous proof of this theorem for arbitrary length
sequences can be found in Appendix Al. A similar, though not
equivalent, decomposition has been exploited in [31] albeit for
the purpose of characterizing the capacity of multiple deletion
channels — there the authors consider deletion patterns which
are “undetectable”; for example, a deletion in the deletion
channel C; in the cascade model is undetectable since none of
the traces will reflect that input symbol. However, our channel
decomposition result does not appear in [31].

Edit graph ([32]): Similar graph constructs have been defined
in related problems on common supersequences and subse-
quences (see [33] for example). This graph is closely related
to the error events in the remnant channel. We start with a
simple case and generalize subsequently. Define a directed
graph called edit graph given two sequences f and g, where
every path connecting the “origin” to the “destination” on
the edit graph yields a supersequence h of f,g, where h is
“covered” by f,g —i.e., each symbol of h comes from either
f or g or both. In other words, given that f and g are the
outputs of the remnant channel (with two outputs), each path
from the origin of the edit graph to the destination corresponds
to a possible input h to the remnant channel and to an error
event which resulted in outputs f, g with input h.

For f and g in A*, we form a directed graph G(f, g) with
(If] + 1)(Jg| + 1) vertices each labelled with a distinct pair
(Z,]),O < ! < ‘f|7 0 < ] < |g‘ A directed edge (ilvjl) -
(i2, j2) exists iff at least one of the following holds:

1) igf’il:landjl :jg, or

2) jg*jlzlandilzig, or

3) ia —i1 =1, jo—j1 =1 and f;, = gj,,
where f; is the i*" symbol of the sequence f. The origin is
the vertex (0,0) and the destination (|f], |g|).

Let p = ((i1,71), (42,52)s - -, (m,Jm)) be a path in
G(f,g). We define s(p) to be the sequence corresponding to
the path. Intuitively, s(p) is formed by appending symbols in
the following way: append the corresponding f symbol for
a vertical edge, g symbol for horizontal edge, and f or g
symbol for diagonal edge (see example Fig. 4). Any path from
(0,0) to (|f],|g|) corresponds to a supersequence of f and
g and which is covered by f and g. More formally, define

Authorized licensed use limited to: UCLA Library. Downloaded on July 06,2021 at 18:01:53 UTC from IEEE Xplore. Restrictions apply.



SRINIVASAVARADHAN et al.: ALGORITHMS FOR RECONSTRUCTION OVER SINGLE AND MULTIPLE DELETION CHANNELS

1 0 1
(0,0) 01 (02 (0,3)
0 "0 W 1.2) , R 0101
TR0 a3 F0 01
0 @1 (2,2) g 101
(2,0 23)
1 1
(3,0 (3,1) (3,2) (33)

Fig. 4. Edit graph for sequences f = ‘001’ and g = ‘101’. Make a grid so
the vertical edges are aligned with a symbol in f and horizontal edges with g
as shown. A diagonal edge (i—1,5—1) — (¢, j) exists if f; = g;. The thick
red edges form a path from the origin to the destination; this path corresponds
to h ='0101" — sequentially append the corresponding symbol to which each
edge is aligned. It can also be verified that h is a supersequence of both f and
g, and could be obtained as a covering of f and g; the path itself gives one
such covering. This covering also corresponds to an error event (or a deletion
pattern) in the remnant channel which would result in outputs f and g with
input A = ‘0101” — the deletion pattern is shown in the figure.

s(p) & w122 .. 2y 1 Where

fik+1 if jk :jk+1,
T — gjk-H if ik = ik+1,
fine, else.

The construct of edit graph can be extended to more than
2 sequences with the same idea. For sequences f1, fo, ..., ft,
construct a t-dimensional grid with a number of vertices
(Ifil+ D) f2] + 1) ... (Ife] + 1) labeled from (0,0, ...,0) to
(Ifals 1f2ls - s 1 fel)- A vertex u = (i1, 49, ..., %) is connected
to v = (J1,J2,---,Jt) (We say u — v) iff both of the following
conditions are met:
ey =4 ory =14+1vI1e,ie, (i1,...,%) and
(j1,...,J¢) are vertices of a particular unit cube. Only
these type of vertices can share an edge in the grid graph.
e Let 7 C [t] be the collection of indices where j; = 4;+ 1.
Then f;;, is equal V I € 7. For example in 4 dimen-
sional grid, consider the two vertices (10,5,8,2) and
(10,6,9,2). In this case 7 = {2, 3} since the second and
third coordinates differ by 1. Therefore (10,5,8,2) —
(10,6,9,2) iff foy = f39. Note that if only one coor-
dinate differs by 1 in the two vertices, a directed edge
always exists (in other words all non-diagonal edges
exist).
Define the vertex (0,...,0) to be the origin of this graph
and the vertex (|fi],...,|f:]) to be the destination. If |f;| =
O(n) V j, this graph has a number of vertices O(n') and a
maximum number of edges O((2n)?) since each vertex has at
most 2! — 1 outgoing edges.

Infiltration product (introduced in section 6.3 of [13]): The
infiltration product has been extensively used in [13], as a
tool in non-commutative algebra. Here, we give an edit-graph
interpretation of this tool. A formal algebraic definition of the
infiltration product is in Appendix C. Using the edit graph we
can construct the set of possible supersequences S(f, g) of f,
g that are covered by the symbols in f and g. Indeed, multiple
paths could yield the same supersequence and we can count
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the number of distinct ways N(h; f, g) one can construct the
same supersequence h from f, g. We can informally define
the infiltration product f 1 g of f and g, as a polynomial with
monomials the supersequences h in S(f,g) and coefficients
(f 1 g,h) equal to N(h; f,g). For the example in Fig. 4,
there is exactly one path corresponding to ‘101001 and hence
(001 7 101,101001) = 1 and similarly (001 1 101,01001) =
2. One could find these coefficients for all relevant sequences
and form the polynomial as described. We now give additional
examples (see 6.3.14 in [13]). Let A = {a, b}, then

e ab T ab = ab + 2aab + 2abb + 4aabb + 2abab,

e ab T ba = aba + bab + abab + 2abba + 2baab + baba.
The infiltration operation is commutative and associative, and
infiltration of two sequences f T g is a polynomial with
variables of length (or degree) at most | f|+ |g|; see [13]. The
definition of infiltration extends to two polynomials via distrib-
utivity (precisely defined in Appendix C), and consequently to
multiple sequences as well. For multiple sequences, infiltration
has the same edit graph interpretation: (f1 T fo T ... 1
fi,w) is the number of distinct ways of constructing w as a
supersequence of f1, fo,..., f; so that the construction covers
w, i.e., construct the t-dimensional edit graph of f1, fa,..., fi
and count the number of paths corresponding to w.

III. SEQUENCEWISE ML FOR THE DELETION CHANNEL

A. A Continuous Optimization Formulation for
the Single Trace ML

We here consider the single-trace ML decoding in (2),
assuming that the output sequence Y = y is non-empty.
To the best of our knowledge, the only known method to solve
(2) involves solving a combinatorial optimization, essentially
iterating over all possible choices of z and computing the
objective value for each of the choices. The reason is that there
seems to be no discernible pattern exhibited by the true ML
sequence; as we see in the table below, the true ML sequence
at times extends a few runs, and at times even introduces
new runs! Here, we list a few examples of the trace and the
corresponding 10-length ML sequences.

Y The set of all x,,; sequences
10111 1100111111
1010 1101010100
000100 | 0000001000, 0000010000, 0000011000
111101 1111111001, 1111111011

In this section, we show that one could equivalently solve
the continuous relaxation of (2) to obtain a solution for (2).
Before presenting the main result, we first state a useful lemma
which factors a given coordinate p; out of the relaxed binomial
coefficient F(p,y) we introduced in Definition 1.

Lemma 1: For p = (p1,p2,-,Diy---,Pn) and Y = y =
Y1 - .- Ym With n >m > 0, we have

F(p,y) = F(ppp\ i1, Y)

+ i Z F(pr:i—11s Ypk—11)F @it 1:n]s Y[k+1,m])
klyr=1

+ (1 —pi) Z F(pp:i—1) Ypk—1)F @i 1m]s Yikr1,m))-
k|yr=0
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TABLE 1
QUICK REFERENCE FOR NOTATION AND DEFINITIONS

Table of notation
A A set
X A random variable or a random vector
T A scalar or a vector variable
|| Length of the sequence x
[i: 7] {i,i+1,...,5}
x(i_’s) (xl,xg,...,xi_l,s,xi+1,...,xn)
(g ) Binomial coefficient: number of subsequence patters of f equal to g
F(p,v) Relaxed binomial coefficient: Ez, (%)
(f1g,h) Infiltration product: number of ways of obtaining sequence h as a
“covered” supersequence of f and g

Recall that F(p,y) sums over all m-length subsets S and
associates ps with y. Intuitively, this recursive relationship
considers separately the cases where

ei ¢S,

e i € S and is associated with a particular y;, where y, = 1,

e i € S and is associated with a particular y;, where v, = 0.
The detailed proof can be found in Appendix A2. It is clear
from Lemma 1 that F(p, y) is affine when projected onto each
coordinate p;. Thus, the extrema of F(p, y) must occur at the
boundary of the support set of p;; i.e., at either p; = 0 or
p; = 1. Combining this with the fact that F(-) is a relaxed
version of the binomial coefficient, we observe that the
maximization problem in (2) is equivalent to its real-valued
relaxation. The following result makes this precise.

Theorem 4: The ML decoding problem for the single-trace
deletion channel

xr
z€{0,1}" <y> @

max

is equivalent to the problem

ax F(p,y). (5)
Furthermore, given any non-integral p* € [0, 1]" that maxi-
mizes F(p,y), we can construct a corresponding integral solu-
tion z* € {0,1}" that maximizes F(z,y) and consequently
also maximizes (Z)
Proof: As noted earlier, we have (z) = F(z,y). There-
fore, we are interested in proving the following:

e Fly) = max F(p,y). (6)
where = refers to that the two problems are equivalent (have
the same optimal objective value). We prove this by applying
the following claim.

Claim: Given any feasible p = (p1,p2,...
at least one of the following holds true:

e« F(p"% y) > F(p,y). Recall from notation that
P00 = (p1,pa, ..., pi1,0,Dig1...,pn) is the vector
where the " coordinate is replaced by 0.

« FpU1,y) > F(p,y).

Thus if p* is an optimal solution to (5) with p; € (0, 1), then
at least one of p(~% or pi1) is also an optimal solution.

apia"'apn),

Sequentially applying this argument for each coordinate of p
shows that there exists a point in {0, 1}" which is an optimal
solution to (5) and consequently to (4).

It remains to prove our claim. We use Lemma 1 to factor
out p; terms in F(p,Y):

F(p,y) = F(pp\{i}>¥)

+ pi Z F(ppi1p: Ypk—1) FPliv1m]s Ykt 1,m)
klyr=1

+ (1 —ps) Z F(pi—1) Yiuk—1) F (Pl 120 Yt 1,m)) -
klyr=0

Now we express F(p“~% y) and F(p“~b ) as

F(p'=,y) = F(ppp i} v)

+ Y FOmi—1 Y1) F O 1ol Y1)
klyr=0

F(p',y) = F(ppp i} )
+ Z F(p[l:i—l}ay[l:k—l})F(p[i—l—l:n]ay[k:—l—l,m})-

klyr=1

Because 0 < p; < 1 it directly follows that

min {F(p(—0, ), Fp,9)}
<F(p,y)
< max {F(p(i_’o)7 Y), F(p(i_ﬂ),y)} ;

thus proving our claim. O

The real-valued optimization problem in (5) falls under
the umbrella of signomial optimization which is, in general,
NP-hard (see for example, [34], [35]). A standard technique
for signomial optimization uses convexification strategies to
approximate the optimal value. In particular, as stated in [35],
the main observation underlying their methods is that certify-
ing the nonnegativity of a signomial with at most one negative
coefficient can be accomplished efficiently. However, there are
two problems with this approach in relation to our work —
1. when expressed as a signomial optimization problem, all
the coefficients are negative in the ML optimization objective
function, and 2. the objective function has an exponential
number of signomial terms as can be seen from Definition 1.
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Algorithm 1 Single Trace Projected Gradient Ascent for ML
1: Input: Blocklength n, Trace ¥ = y, Initial point p =
(p1,p2,---,DPn), step-size €, Max iterations M, Conver-
gence criteria C'

: Outputs: Estimated sequence X

: Tteration count j = 0

: while C' is FALSE and j < M do

p—p+ eivﬁlf;fz’y)

Replace p; «— 1 forall i:p; > 1

Replace p; < 0 for all i : p; < 0

Je=J+1

. For each 4, set X; = 1{p; > 0.5}.

. return X = Xng .. .Xn

—_
(=]

As a result, such strategies turn out to not be useful for the
ML optimization problem. For instance, the techniques in [35]
resulted in the bound F(p,Y) < (Ilip’ll) for most instances of p
and Y, where | - | denotes the length of the vector/sequence.
This is a trivial bound that uses no information about p and
Y other than their lengths. Moreover, with a slight change of
variables, (5) could also be expressed as a maximization of
a convex function in a convex set. With that being said, it is
still unclear if (5) is solvable in polynomial time or not.

B. ML via Gradient Ascent

Given the continuous variable formulation of the ML prob-
lem in (5), a natural heuristic to find an estimate of the ML
sequence is to employ projected gradient ascent to solve (5).
Such projected gradient methods are well-known methods for
constrained optimization problems (see [36] for example). The
algorithm, in short, can be described as follows (the exact
algorithm is detailed as Alg. 1):

Step I: Start from a randomly chosen interior point (in our
case, we start from p = (0.5,0.5,...,0.5), the point corre-
sponding to the uniform distribution).

Step II: Take a small step in the direction of the gradient
V, F(p,y).

Step III: If the gradient step results in p moving out of [0, 1]™,
project it back onto [0,1]"™. Repeat Steps II and III until
convergence.

Step IV: From the final p, determine the closest binary
sequence to be the reconstructed sequence.

Moreover in Appendix B2, we show using Lemma 1 that
V, F(p,y) can be computed in O(n?) as a “by-product” of
computing F(p, y).

C. A Heuristic for Multiple Traces

The continuous variable ML formulation in (5) optimizes
over the distributions p, instead of sequences x. In particular,

we proved the following:
Z
max max ]EZNp< ) .
p€[0,1]™ Y

X
= F =
w201} <y> s, Fey)
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At this point, one could ask how this formulation extends to
multiple traces Y1 = ¢, Y2 =92, ..., Y* = 4. The follow-
ing theorem gives such a continuous optimization formulation
with multiple traces.

Theorem 5: The ML decoding with multiple traces

X X X
e {01}n (y1> <y2> o <yt> @

is equivalent to

2\ (7 7z
pele 2 Kiﬂ) <y2) (yt)} ' ®)

Furthermore, given any non-integral p* € [0, 1] that max-

imizes Ez., {(yzl)(yé) . (th) , We can construct a corre-

sponding integral solution z* € {0,1}" that also maximizes
x T x

(yl) (yz) T (yt)

Proof: This theorem can be proved in the same way as

Theorem 4, by showing that
Ezp {(yzl) (yZZ) . (th)} is an affine function of each p;; here

we only prove this fact and the rest of the arguments follow
exactly as in the proof of Theorem 4.

To show this we use Lemma 2 stated below; this Lemma is
also closely related to the channel equivalence of Theorem 3
(see Appendix A3).

Lemma 2: For h, fi1, fa,...

(1)) ()

Using Lemma 2, we now have

e () () ()

Z
=Ezep D <y1Ty2T~--Tyt,w>< >

7fm EA*’

= <f1Tf2T...Tfm,w><Z>-

weA*

wEA* w
Z
=Y Wyt Ty w)Ege, (w>
weA*
= > @1y 1y wF(pw).
weA*

Note that F(p,w) is affine in each p;. Thus Ez.,

Z\(Z
|:(y1) (yz) T
of each p;, and hence is also affine in each p;. 0

The formulation of (8), by itself, is not very
useful as it is unclear on how to efficiently compute
Ezop [(2)(5) - ()] ndeed, it (7)1 (7).
the expectation of products would decompose into the
product Hj Ezp (yZ]) = Hj F(p,y’), and each of the terms
in the product can be computed in O(n?) as detailed in
Appendix B1 — this is however not the case as (yZ) and ( yZ])
are not independent.

Having said that, we can now solve the maxi-
mization problem argmax,c i} H§:1 F(p,v’) and hope
that the resultant solution is also a good solution for

argmax,co 1j» Ez~p [(UZI) e (ﬁ)} ; Algorithm 2 makes this

( yztﬂ is a linear combination of affine functions
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Algorithm 2 Trace Reconstruction Heuristic via Projected
Gradient Ascent
1: Input: Blocklength n, Traces Y! = ¢y, Y2 = ¢2, ... Y =
yt, Initial point p = (p1,p2,...,Pn), Step-size €, Max
iterations M, Convergence criteria C'
: Outputs: Estimated sequence X
: Iteration count 5 =0
: while C' is FALSE and 7 < M do

P pteX) i)
Replace p; «— 1 forall i :p; > 1
Replace p; < 0 forall 7 : p; <0
Je—J+1

: For each i, set X = 1{p; > 0.5}.

- return X = X1X2 X

)

idea precise. Moreover, instead of maximizing H’;: Fp,99),
we can further simplify the gradient computations by
taking the log of the objective function, i.e., we solve
arg max,co 1jn Z;Zl log F(p,y?). This heuristic turns out
to perform well in a variety of situations, as illustrated in
Section VI. As for the complexity, note that Alg. 2 involves
the computation of ¢ gradients (each of which takes O(n?)) at
each gradient iteration. For a fixed number of max iterations
M, the complexity of the algorithm is O(n?t).

IV. SYMBOLWISE MAP FOR THE SINGLE-TRACE
DELETION CHANNEL

We here develop an algorithm to compute the symbolwise
posterior probabilities for the single-trace deletion channel
when the input symbols are independently generated with
arbitrary priors. Consider the single deletion channel model
in Fig. 2, where X = X;...X,, each input symbol is
generated X; ~ ind. Ber (p;), and we observe the trace
Y =y =v19y2...ym with m < n. Define the vector of priors
as p = (p1,p2,...,pn). We first give an O(n?) algorithm
to calculate the posterior probabilities Pr(X; = 1|Y = y),
which in turn provides the symbolwise MAP estimate for the
considered model. We then show how this algorithm can be
used for trace reconstruction. We take three steps to present
the algorithm.

An expression for Pr(X; = 1|Y = y). Let Pr(X; = 1) = p;.
As a first step, we have
Pr(X;=1Y =y)
Pr(X; =1Y =y) =
HX =Y =) = g
> Pr(X =2)Pr(Y =y|X =)
_ z|z;=1
Y Pr(X =2)Pr(Y =y|X =x)
5 Pr(X = 2)()
(g) z|z;=1 )
S, PrX = )()
where (a) is because for a deletion channel Pr(Y = y|X =

z) = (;)dl*I71v(1 = §)lvl. To proceed, we need to evaluate
the summation in the numerator and the denominator. Theo-
rem 6 expresses (9) in terms of relaxed binomial coefficient
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terms F(-). Recall that F(p,y) = EXNp( ), which is the
denominator term in (9).

Theorem 6: Let X = X; ... X,, where X; ~ ind. Ber (p;),
and let Y = y be the observed trace when X is passed through
a deletion channel. Then,

Pr(

t) F

klyr=1

Di
Xi=1Y =y) = Fp.0) (F(P[n]\{i}vy)

Pli—1]s Y:k—1)) F (p[i+1:n}ay[k+1,m])>- (10)

Proof: The proof of this theorem employs the same trick
used in the proof of Lemma 1. From (9), we have

lZZIPr(X =) (;)
PrX;=1Y =y) = Foo.1)
Now,
Z Pr(X =) <a:> = Z Pr(X = x) Z 1{zs =y}
z|wi= Yy zlzi=1 I‘?S'Ig:[??]z
- S Pr(X =) (11)
SCn] z|z;=1

We first separate the outer summation into two cases: (a) S|i ¢
S and (b) S|i € S. We can express the first case as

oY pr(x = oY Pr(x =

SCin]  z|zi=1 SCn]\{i} z|z;=1
|S|=m,i¢gS TS=Y |S|=m TS=Y

= > > =1)Pr(Xs =y)

SCIn\{i} alzi=1
[Sl=m  Ts=y

Pr(Xpmpsugiy = ﬂf[n]\su{m)

= E <piPr(Xs:y)
SCln)\{i}
|S|=m

> Pr(Xppsugy = w[n]\su{i})>

zlz;=1
Ts=Y

<pi Pr(Xs =yv)

z;|i€n\SU{i}
Z Pr(Xs =vy) = p;F

SC[n]\{i}
|S|=m

Pr(Xpnp\sugiy = m[na\su{i}))

P\ (i} Y)- (12)

For the second term, we express the set S as a union § =
S'U{i}uS” such that &’ C [i —1] and S” C [i + 1 : n]
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to get:

Z Z Pr(X:a:):Z Z ZPr(X:a:)
SCln] z|zi=1 k=1 SC[n], z|z;=1
|S|=m, Ts=Y |S]=m, Ts=Y

i€S Sp=i

k=1 8'C[i—1] 8" C[i+1: n]z\wlfl
|8/ [=k—1 |8 |=m—k TS=Y

=2 > 2 X

kwyr=18'Cl[i—1] 8" C[i+1n]  =z|zi=1

" L5/ =Y[1:k—1]
| 1=k—1 18" |=m— ka,/ =Ylk+1:m]

(Pr(Xi = 1)

Pr(Xs = ypr—11) Pr(Xs” = Ypet1:m])

Pr(Xp\sus gy = x[n}\sws”u{i})>

=pi (( > PY(XS’:y[lzkfl}))

kiyr=1 S'Cli—1]
S/ [=k—1
Z PI‘(XS// = y[k+1:m}))
8" Cli+1:n]
|S”| m—k
( Y Pr(Xppsusogy = Jf[n}\swswu{i}))>
z|z;=1

Tsr=Y[1:k—1]
L5 =Y[k+1:m]

(( Pr(Xs = y[1:k711)>
S'Cli—1

klyr=1 Cli—1]
|8 =k —1
Z PI‘(XS// = y[k+1m}))>
8" Cli+1:n]
|S”| m—k
=pi Y FOwi—1 Yps-1)F@isin) Ysrm).  (13)
klyr=1
Plugging in (12) and (13) in (9) proves the theorem. O

Algorithm 3 Symbolwise Posterior Probabilities With One
Trace

1: Input: Trace Y =y, priors p

2: Outputs: Posteriors Pr(X; = 1|Y =y) V i

3: Compute F(p(1.x), Y11:57) v k,j and F(Diren]; Yjim)) ¥ K, J
via Alg. 11

4:fori=1:ndo

5: Use (10) to compute Pr(X; = 1Y =y)
Alg. 3 summarizes the computation of Pr(X; = 1|

Y = y). Note that the algorithm first needs to compute
F(p[l:k},y[l:j}) v k,j and F(p[k:n}vy[j:m]) v k,j which
requires O(n?) operations, as described in Appendix Bl.
Given this, the algorithm iterates over the n indices and
computes the posteriors in O(n) for each of the indices. Thus,
the complexity of the algorithm is O(n?); note that m = O(n)
since y is a deleted version of the input.
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Algorithm 4 Trace Reconstruction via Iterative Single-Trace
Posterior Probabilities

1: Input: Traces Y! = ', ..., Y* = ¢, input length n
2: Outputs: Estimate of the input X

3: Initialize priors p°'¢ = p™** « (0.5,0.5,...,0.5)

4:for [ =1:%do

s:  Use Alg. 3 with p°? and 3 to update p™**

6 pold - pnew

7:-for i =1:n do

8 if pi'®? > 0.5 then X, —1

9 else X’i «—0

10: return Xng . )A(n

A trace reconstruction heuristic with ¢ traces. The posterior
probability computation in Alg. 3 naturally gives rise to a trace
reconstruction heuristic that updates the symbolwise statistics
sequentially on the traces, where we use Alg. 3 with one trace
at a time to continually update Pr(X; = 1|Y = y). The overall
heuristic is described in Alg. 4. The complexrty of Alg. 4 is
O(tn?) since it runs Alg. 3 ¢ times.

V. SYMBOLWISE MAP FOR THE t-TRACE
DELETION CHANNEL

In this section, we put to use the ideas and constructs
introduced in section II to exactly compute the symbolwise
posterior probabilities given t-traces, which in turn gives a
symbolwise MAP estimate with uniform input priors (moti-
vated by average case trace reconstruction). With this formu-
lation the symbolwise MAP with uniform priors can be seen as
a minimizer of the symbol error rate in the context of average
case trace reconstruction. In Appendix D, we also provide
a method to compute the symbolwise posterior probabilities
for the remnant channel — we encourage the reader to use
this appendix as a warm-up. For the ¢-trace deletion channel,
similar expressions arise due to the channel equivalence result
of Theorem 3.

Let A = {0,1}, and assume that X ~ Uniform .A".
Our goal is to compute the symbolwise posterior probabilities
Pr(X; = 1Yt =y, ..., Y = y'), where Y7 is the j!" trace.
Our proposed algorithm is provided in Alg. 7 and estimates
the symbolwise MAP (with uniform priors). We can directly
leverage Alg. 7 to reconstruct the input as follows: for each

index i, compute Pr(X; = 1|Y! = ¢',...,Y* = ¢*) and
decide
o 1, if Pr(X; = 1Yt =%, ..., Y =y!) > 05
L 0, otherwise.

Through the rest of this section, we show how to compute

Pr(X; = 1Yt =¢', ..., Y! = y') in two steps:
o We first give an expression for Pr(X; = 1]Y! =
y,..., Yt = y') which sums over potentially an expo-

nential number of terms.

o We then show that this summation can be computed in
polynomial time (polynomial in the blocklength n).
Step 1: An expression for Pr(X; = 1|Y! = ¢, ...,

Yt =9t
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Theorem 7: Assume X ~ Uniform A" or equivalently
X; ~ Ber(0.5). The posterior probability of the i*" bit given
the ¢ traces can be expressed as
Yi=yhy =2

1)

Pr(X; =1Y' =y ... (14)

where ¢; and co are

Cc1 =
k=0 w||w|=k
+ZZ2” ’“<]_1)(2:;> > <y1T---Tyt,w>1,
k=0 j=1 wllu_)l:la

S @wt..

n
_ n—k(T
oS (y)
k=0 w||w|=k
Note that the summation index, w||lw|=Fk is over all
sequences w of length k; this is an alternate expression for
w|we.A*. We follow this convention throughout the rest of

the paper.

Tyt,w>1-

Proof:
Pr(X; =1yt =4 ..., Y =)
Z Pr(X =zlYt =y, ... Y =4
f|z|=n,
xr;=1
S Pr(Yi=yl . Y=yt X =2)
||e|=n,
(i) zi=1
2nPr(Yl =yl,... Yt =yt)
> HJ  Pr(Y7 = y/|X = 2)
z||z]=
(b) x1_1
2nPr(Yl=yl,...,Yt =yt)

where (a) uses Bayes’ principle and (b) is because each
deletion channel acts independently. Recall that for a deletion
channel with deletion probability §, Pr(Y = y|X = z) =
(z)(ﬂm'*'y'(l — 0)l¥l. Also, using the fact that Pr(Y!' =

yo Y =9 = 3 Pr(z)Pr(Y! = ¢l Y =
z||z|=n
y'|X = ) we have,

GG

Pr(X; =1|Y'=¢y',... .Y =¢') = “=—— e
(yl) T (y*)

(15)

We first simplify the numerator 3 (;1) (;t), the

ollzl=n,

x;i=1
denominator can be simplified using the same approach. Now,

> )0

z||z|=n,
;=1

2y Y (Do

z||z|=n, we{0,1}*

T =1

1yt w)
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= > @t tyhw) Y (i)

wEA* z||z|=n
t
Tyt w)

x;=1
2y

* <2”'“"<’y1 1
%<n|;|1> py (fD <|Z|_ij> )

Jlw;
where (a) is due to Lemma 2 and (b) due to Lemma 3 (both
introduced in [1]); see Appendix A3 and Appendix A4 for the
statement and proof.

Therefore we have,

k=0 j=1 wl|w|=k,
wji=1
(b) g1 (n—1
= ZQn k 1< N ) <le Tyt,w>
k=0 w||w|=k
k . .
e () (7)) X e
j _ 1 k 7.]‘ y et y ) )
k=0 j=1 wHu.)\=1k,

(16)

where in (a) we first fix |w| and then sum over all w of the
given length and (b) holds because the combinatorial terms
are 0 when k£ > n. A similar analysis gives

> (y)(y)zzz(:) St

z||z|=n w||w|=k
Plugging (16) and (17) in (15), we get the expression in
Theorem 7,

Tyt w).

A7)

Pr(X; =1yl =4 ... Y =9}
- 22”’“1<nk1> St 1yhw)

k=0 wl|w|=k

() () T et/

k=0j=1 7 ulluwl=k

lZQ”‘%Z) > <y1T---Tyt,w>]-

k=0 wl|lw|=k

0

Step 2: Dynamic program to compute > (y' 1 ... 7

wl|w|=k
twyand > (y'1...7y" w). Note that the number of
wl|w|=k,
w]-:1
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0
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Fig. 5. The forward-potential p},°" () at each vertex.

sequences w such that |w| = & is O(2*) so a naive evaluation
is exponential in the blocklength n. We can, however, exploit
the edit graph to come up with a dynamic program resulting
in an algorithm which is polynomial in n.

Recall that in the edit graph, (y' T ... T y%, w) is equal to
the number of distinct paths from the origin (0, ...,0) to the
destination (|y!|,...,|y’|) and which correspond to w. Hence,
@ > .

otl"l lelngth k from origin to destination and,
®) > (W'71...7TyHw) is the number of such paths of

wl|w|=k,
wi=1

(y* T ... 7 y', w) is the number of distinct paths

length k such that the j** edge of the path corresponds

toa ‘l’.
With this interpretation, the dynamic program for (a) follows
naturally — the number of k-length paths from the origin to any
vertex is the sum of the number of (k—1)-length paths from
the origin to all incoming neighbors of the vertex. To make
this formal, associate a polynomial (in \) for each vertex, such
that the coefficient of A is equal to the number of paths of
length k& from the origin to v: we call it the “forward-potential”
polynomial p/°"(\) for vertex v, the coefficient of \* as earlier
is denoted by (p/°"(\), A¥). The dynamic program to compute
plo7(\) for all v can be expressed as:

Pl = D AN,

u|u—v

(18)

With this definition, we have

Z <y1 T s T yt’ w> = <p¢§g§tination()‘)’ /\k>

wl||w|=k

In the example in Fig. 4, one could do the following: order
the vertices (0, 0) to (3, 3) lexicographically and then compute
pl°"(\) in the same order. Because of the directed grid
nature of the edit graph, every vertex has incoming neighbors
which are lexicographically ahead of itself. Also we initialize
p{(i B) (X\) = 1. For the example in Fig. 4, the forward-potentials
are shown in Fig. 5. The complexity of this dynamic program
is O(2'n'*t1) as it goes over O(n') vertices and for each vertex
it sums O(2%) polynomials, each of degree O(n).

We compute (b) as follows: pick an edge (u—w) which
corresponds to ‘1’, count the number of (j—1)-length paths
from origin to v and multiply it with the number of (k—j)-
length paths from v to the destination — this is exactly the
number of paths of length &k such that its 5 edge is (u—wv).
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Algorithm 5 Computing the Forward-Potentials pi,°"()\)
1: Input: Edit graph G(y*, ..., y")
2: Outputs: p{°"(\) Vv
3: Order the vertices from (0,0, ...,0) to (Jy], [v?],--.,|¥'])
lexicogaphically; let the ordered list be V
4: Initialise pfoof“ 0N <1
s:forv € Vdo
6 assign p7(\) = ¥, W)

Algorithm 6 Computing the Reverse-Potentials p/ ¥ (\)
1: Input: Edit graph G(y*, ..., y")

2: Outputs: (A V v

3: Order the vertices from (|yt, [v?], ..., |y!]) to (0,0,...,0)
reverse lexicogaphically; let the ordered list be V

4: Initialise pflzvll’lﬁlwalytl)()‘) —1

5:forv € Vdo

6 assign pp(A) — >0, APy (A)

la3+82¢0 23 1

31% + 1425 + 2046 41025 1424 2
0 22
) 2 3 343
23+ 624+ 1025 A L4 u 22
+64*
0 y!
3 4 + 22
223 + 42 2 p)
+323
1
13 Az A 1

Fig. 6. The reverse-potential p,°¥(\) at each vertex.

Summing this term for all such edges which correspond to
1 gives us the term in (b). Note that we have already computed
the number of k-length paths (Vk) from origin to every vertex
in p/°"()\). We can similarly compute the number of k-length
paths (Vk) from every vertex to the destination as p(\) —
the “reverse potential” polynomial. The dynamic program for
P () is:

Pt = D A, (19)
ulv—u

with ple?,. .. .(A) = 1. The reverse potentials for the exam-

ple in Fig. 4 is shown in Fig. 6. Like in the case of forward

potential, we first order the vertices reverse lexicographically

and then invoke the dynamic program above sequentially to

compute the reverse potential polynomial at each vertex.
With this, the term in (b) can be expressed as:

> W Ty w)

wllw|=k,
wji=1

= D I N T ), A).
(u,v)]

s(u—v)=1

Alg. 7 now summarizes the computation of the poste-
rior probabilities. This algorithm iterates over all the edges
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Algorithm 7 Symbolwise MAP With ¢t Traces
1: Input: Traces Y! =y', ..., Y* =y, input length n
2: Output: X = X1X2 . Xn
3: Construct edit graph G(y!,...,4")
4: Use Alg. S and Alg. 6 on G(y', . .., y') to calculate p/°"())
and pl*"(\) V v

v

:for k€ [0:n] do

W

6: assign Z <y1T te Tyt’ ’LU> - <pzjirs;tin,ation(A)’ )\k>
wl||w|=k
7. for each j € [1:n]do
8: Initialize temp < 0
9: for each edge u — v € G do
10: if s(u—v) = ‘1" then
" temp + = (p°"(X), V1) (P (N), AF)
12: assign >, (' T...1y"w) —temp
wl|w|=k,
wjzl

3 forie [1:n]do

14 Use (14) to compute Pr(X;=1|Y1=y!, ... Y=y

150 X; — Lif Pr(X; = 1Yt =1, Y = yt) > 0.5
and Xi «— 0 otherwise

16: return Xng .. .Xn

(we have O((2n)?) of these), and also k, j (O(n) each). The
time complexity of Alg. 7 hence is O(2'n*+2).

VI. NUMERICAL RESULTS

In this section we show numerics supporting our theoretical
results. In all of our experiments, we generate the input
sequence uniformly at random (motivated by average case
trace reconstruction), and obtain the ¢ traces by passing the
input through a deletion channel (with a deletion probability §)
t times. We then reconstruct the input from the obtained traces
and measure how close the reconstructed sequence is to the
actual input sequence.

We use two metrics to measure the performance of the
reconstruction algorithms: 1. Hamming error rate, which is
defined as the average Hamming distance between the actual
input and the estimated sequence divided by the length of
the input sequence and 2. Edit error rate, which is defined
as the average edit distance between the actual input and
the estimated sequence divided by the length of the input
sequence. The reason for using Hamming error rate is that
our goal is to reconstruct a known-length sequence, which has
been the problem formulation throughout this work. Moreover,
the Hamming error rate is also of special interest to us since the
symbolwise MAP is an optimal estimator for minimizing the
Hamming error rate (see Appendix F for a proof). We also
use edit error rate as it is a typical metric used in the context
of insertion/deletion channels.

Baseline algorithms:

1) Independent posterior combination: As pointed in the
introduction, computing the posterior probabilities for each
deletion channel and combining them as if they came
from independent observations does not provide a natural
solution for computing the posterior probabilities for the

Algorithm 8 Trace Reconstruction via Independent Posterior
Combination

1: Input: Traces Y! = ', ..., Y* = ¢, input length n

2: Outputs: Estimate of the input X

3: Initialize priors p°¢ « (0.5,0.5,...,0.5)
4:forl=1:tdo

s:  Use Alg. 3 with p°'¢ and 4! to compute posteriors p'"¢

6: fori =1:n do R
70 i [ " > T, (1 — pb™") then X, — 1
8

else X; — 0

Algorithm 9 Bitwise Majority Alignment

1: Input: Traces Y! = y!,...,Y? = ¢!, input length n
2: Output: estimate of input X = Xng .. Xn

3: Initialize ¢; = 1 for j € [t].

4; Initialize X; =1 for i € [n].

s:forie [1:n]do

6:  Let b be the majority over all ¢ of yf:]

7: XZ' —b

8 Increment ¢; for each j such that ygj =0

t-trace deletion channel. One could, however, check how
such a naive combination of posteriors compares with our
reconstruction algorithms for ¢-traces. This is detailed as
Alg. 8. The complexity of this algorithm is O(n?t) since
computing the posteriors takes O(n?) and we compute
posteriors for ¢ traces.

2) Bitwise Majority Alignment (introduced in [5]): BMA
reconstructs the input sequence by first “aligning” the
traces using a pointer for each trace, and then taking the
majority of the pointed symbols. BMA is detailed as Alg. 9.
From an efficiency standpoint, BMA is the most efficient
of all the algorithms since it is linear in the blocklength as
well as the number of traces (O(nt)).

3) Trace statistics algorithm: An algorithm based on trace
symbol statistics (also called mean-based algorithms and
summary statistics algorithms) has been extensively studied
for worst-case trace reconstruction (see [6], [8], [10]).
In essence, the algorithm first estimates the “trace symbol
statistics” — Pr(Y; = 1) V i — from the obtained traces and
uses only these estimates to reconstruct X . However, it uses
a new set of traces for every position ¢, thus requiring
at least n traces (see (3.6) and the paragraph below (3.8)
in [6]). Here we modify the algorithm to adapt them for
an arbitrary number of traces; in particular, we reuse the
traces while estimating Pr(Y; = 1) V 4. The algorithm is
detailed in Alg. 10.

The complexity analysis for this gets tricky since it depends
on the algorithm used to solve the set of 2n linear
programs. The state-of-the-art algorithm for solving a lin-
ear program in n variables takes approximately O(n237)
(see [37]); thus the complexity of Trace statistics algorithm
is O(n®?7 + nt), where the nt term corresponds to the
complexity of computing p;. However, in our implemen-
tation we use the solver from the “SciPy” Python library
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TABLE IT
L1ST OF TRACE RECONSTRUCTION ALGORITHMS COMPARED IN THE WORK

List of trace reconstruction algorithms compared in this work.
Abbreviation Description Complexity
Ind. post. comb. Independent posterior combination (Alg. 8) O(n?t)
BMA Bitwise majority alignment of [5] (Alg. 9) O(nt)
Trace stats. Algorithm based on trace symbolwise statistics from [6] (Alg. 10) | O(n337 + nt)
Grad asc. Projected gradient ascent (Alg. 2) O(n*t)
SMAP seq. Sequential symbolwise MAP heuristic (Alg. 4) O(n?t)
SMAP exact Exact symbolwise MAP (Alg. 7) O(ntT22%)
2 Traces 3 Traces
0.50 0.50
0.45 0.45
o 0.40 o 0.40
© ©
C 0.35 C 035
o e
@ 0.30 @ 0.30
()] (o)}
c c
E 025 £ 025
g 5
£0.20 £0.20
0.15 0.15
0.10 0.10
0.10 0.15 020 025 030 0.35 040 0.45 0.50 0.10 0.15 020 0.25 030 0.35 0.40 045 0.50
Deletion Probability Deletion Probability
BMA - Grad asc.
—e— SMAP seq. —A— SMAP exact
(a) -@- Ind. post. comb. Trace stats. (b)
5 Traces 10 Traces
0.50
0.45
o 0.40 o
e s
C 0.35 c
o e
@ 0.30 b
()] ()]
C f
'€ 0.25 €
g 5
£0.20 T
0.15
0.10
0.10 0.15 020 025 030 0.35 0.40 0.45 0.50 0.10 0.15 020 0.25 030 0.35 0.40 0.45 0.50
Deletion Probability Deletion Probability
- BMA -~ Grad asc.
~fe—- SMAP seq. Trace stats.
(C) -@- Ind. post. comb. (d)

Fig. 7. Comparison of Hamming error rates for a blocklength n = 100 illustrated with 2, 3, 5 and 10 observed traces. Note that we do not run SMAP exact.
for 5 and 10 traces since its complexity grows exponentially with the number of traces. All the subplots are plotted on the same scale to aid comparability
across subplots. Few of the subplots which contain algorithms with similar error rates also contain a zoomed-in inset view.

which uses primal-dual interior point methods for solv- Also note that these are iterative methods and have many
ing linear programs. The complexity of such methods is hidden constants (such as the number of iterations for
typically O(n?®) making our implementation O(n* + nt). convergence).
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3 Traces

0.40

0.35

0.30

Edit error rate
o
N
o

0.00
0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Deletion Probability

(b)

10 Traces

Grad asc.
—#— SMAP exact
Trace stats.

BMA
SMAP seq.
Ind. post. comb.

Edit error rate
o
N
o

0.00
0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Deletion Probability
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Fig. 8.

(d)

Comparison of edit error rates for a blocklength n = 100 illustrated with 2, 3, 5 and 10 observed traces. Note that we do not run SMAP exact. for

5 and 10 traces since its complexity grows exponentially with the number of traces. All the subplots are plotted on the same scale to aid comparability across
subplots. Few of the subplots which contain algorithms with similar error rates also contain a zoomed-in inset view.

Algorithm 10 Trace Statistics Heuristic

1: Input: Traces Y = y*,..., Y =y, input length n
2: Output: estimate of input X = X;Xs...X,.
3: Append each trace 47 with zeros until each of them is of

length n. .

4: Assign pj — Wy =1 :yt-’:l}l.

s:for i€ [1:n]do

6:  Solve the 2 linear programs (3.6) in [6] by fixing z; = 0
and z; = 1: let the optimum value in the two cases be my
and m; respectively.

7:  If mg<mg, assign Xi: x; < 0. Else fix Xiz x;— 1.

We note that the state-of-the-art average-case trace recon-
struction algorithms in the literature are applicable in the
asymptotic regime where the blocklength n and the number

of traces t approach oo; it is not clear how to adapt such
algorithms for a finite blocklength and a small number of
traces. It is for this reason that we chose to compare against
BMA and Trace statistics algorithm, which can be easily
adapted for the finite blocklength regime and for a small
number of traces. It should also be noted that the performance
of the above two algorithms may not be reliable with a small
number of traces (as they are not designed for this regime),
yet we include them owing to the lack of better baselines.

Algorithms introduced in this paper:

1) Projected gradient ascent: Alg. 2 used as described, with
max iterations M = 100 and convergence criteria C' set as
follows: the percentage difference in ), F(p, y7) over two
consecutive iterations is less than 0.1%.

2) Symbolwise MAP sequentially used one trace at a time:
Alg. 4 used as described.
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3) Exact symbolwise MAP: Alg. 7 used as described.

Observations: In Fig. 7 and Fig. 8, we compare the
Hamming and edit error rates for the different algorithms
described above.

e The 3 algorithms introduced in this work outperform the
3 baselines in most cases. The Hamming error rate of Grad
asc. with 2 and 3 traces is a notable exception as it does
worse than Ind. post. comb. However, it improves rapidly
as we increase the number of traces as seen in Fig. 7.

« Both Ind. post. comb. as well as our SMAP seq. struggle
with the problem of diminishing returns for Hamming error
rate as they do not improve much with the number of traces.
This could indicate that considering traces one at a time
could fail to accumulate extrinsic information (for instance,
it completely neglects the possible alignments given multiple
traces); one needs to simultaneously consider multiple traces
in order to accomplish this. SMAP seq. however, improves
with the number of traces with respect to edit error rate.

e The Grad asc. is the “champion” amongst the algorithms
we compare here, when it comes to the edit error rate as
illustrated by Fig. 8. The Grad asc. was constructed with the
aim of maximizing the likelihood of the observed traces, and
this in turn seems to have some correlation with minimizing
the edit distance — it is not clear why this is the case.

« As seen in Fig. 7 (a) and (b), SMAP exact has the minimum
Hamming error rate. This supports the fact that symbolwise
MAP is the minimizer of the Hamming error rate. However,
note that this does not necessarily minimize the edit error
rate, as seen from Fig. 8 (a) and (b).

VII. CONCLUSION

In this work we gave, to the best of our knowledge, the first
results and techniques to compute posterior distributions over
single and multiple deletion channels. We also provided a new
perspective on the maximum-likelihood for the deletion chan-
nel by showing an equivalence between a discrete optimization
problem and its relaxed version. In this process, we introduced
a variety of tools (the relaxed binomial coefficient, edit graph
and infiltration product) and demonstrated their use for analyz-
ing deletion channels. We also presented numerical evaluations
of our algorithms and showed performance improvements over
existing trace reconstruction algorithms.

APPENDIX
A. Proofs

1) Proof of Theorem 3: The intuition behind the theorem
is that the cascade model splits the error events in the t-trace
deletion channel into 2 parts:

- When an input symbol is deleted in all the traces, which is
captured by the deletion channel with parameter §°.

- When an input symbol is not deleted in at least one of the
traces, captured by the remnant channel.

In order to prove the theorem, we need to prove that the
deletion patterns arising in the ¢-trace channel model and in
the cascade model have the same distribution, i.e.,

PI‘(Dl :dl,DQ = dg,. .. ,Dn = dn)
= Pr(ﬁl = dl,ﬁQ :dQ,.. .

3403

where d; € {—, +}, where a — corresponds to a deletion and
a + corresponds to a transmission. Also from the definition of
our channel models, the deletions act independently on each
input symbol i.e., D; 1. D; for ¢ # j. So it is sufficient to
prove that the distributions of each Diuand 131 are the same.
Consider D; — this is influenced by DY which is the deletion
in channel C; and by D; which are the deletion in the remnant
channel Cy. To prove the equivalence, we consider 2 cases:

e di =(—,—,—,...,—), the error event where a symbol
is deleted in all the observations. It can be seen that
Pr(D; = d;) for this case is &%, On the other hand,
to compute Pr(D; = dz‘), we note that this event is
possible if and only if DY = —, since by definition,
the remnant channel cannot delete the input symbol in
all the ¢ observations. Therefore, Pr(D; = d;) = Pr
(DY = —) = ot.

edi # (—,—,—,...,—), i.e., the input symbol is not
deleted in at least one trace. Also let us define k£ to
be the count of — in d;. In this case, Pr(D; = d;) =
§Count(-) in di(l 6)Count(+) ind; _ 5k 521: k For the

cgscade model, this event requires that D? = + and
D; = d;. Thus,
Pr(D; = d;) = Pr(D? = +) Pr(D; = d;)
SF(1 = o)tk .
1 _ st _ sk(1 _ s\t—k
=(1 5)71_515 (1 —=8) ",

In both cases, the distributions of D; and ﬁl are the same,
proving the equivalence.

2) Proof of Lemma 1:

Lemma 1: For p = (p1,p2, - Diy - - -
Y1 ---Ym With n > m > 0, we have

,pp) and Y =y =

F(p,y) = F(ppm)\ (3> v)

+ i Z F(prii—1), Yk—1) F (Pl 1:n]s Y[kt 1.m))
klyr=1

+ (1 —pi) Z F(p:i—1)s Ypre—1)F @it 1:n]s Yikr1,m))-

klyr=0

Proof: The proof of this lemma uses a similar approach
as the proof of Thm. 6. First, in the expression for F(-),
we separate out the subsets that contain index ::

Fp.y)= Y Hp (1—ps;,) ¥
S|sC[n],
|S|l=m
ORI
S|8C[n],
|S|l=m
¢S
Yi 17]‘
+ > I -ps)
S|sCln], =1
|S|=m,
i€S
=Flppppv) + HP s;)t Y
S\SC 1, J=1
|S]=
i€5

(20)
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[ : > — +|+ — s — 4+ +|.. —
S T R
[ 5 |+t |+ C: L+ =]
D1 Dy D3 Dn ¢, D; D\ Dy Dy
(@) (b)
Fig. 9. The deletion error events occurring in the two channel models. Here ‘—’ corresponds to a symbol being deleted and ‘+’ corresponds to a transmission.

The deletion pattern D, corresponds to the input symbol X;.

—
—>

X =6 [ n—
B9 !
¢, .

Fig. 10. The error events of the cascade model, expressed in terms of the
error events of its components.

Now the second term can be further split as,

> [lga-rsr

SISC ]
IS|=
iES
m m
=2 2 1leg-ps)™
k=1 S|SC['n] j=1
|S|=m
Sk:’b

One could express the set S as the union S = S U {i} US”
such that &' C [z —1]and 8” C[i+1:n] to get

> > Ig-ns)

k=18|sCn], Jj=1
|S|=m,
Sp=i
m k—1
Yj 1
=2 X [Lrs 0 —ps)t
k=1 Sll Sul j=1
8'Cli—1] 8" C[i+1:n]
|8 |=k—1 |8 |=m—k
m—~k
Y 1— Yi+k 1
(e (1 =p) ) | T 28— psy)t 70
=1
m k—1
_ y 1— Y 1
_szk(l_pi) Yk pL (1 —pg)t=v
k=1 s =1
S'Cli—1]
|8 |=k—1

> o o-sp—

S//
S C [z+1 n}
|S” |=m—k
m

_Zp

VY F(pri—1y, Y- 1) F (Pt 1) Yo 1m))-

The )", , summation in the above expression could further
be split into the two cases depending on whether y; = 0 or
yr, = 1, which simplifies the term pY*(1 — p;)* ¥ to either
1 — p; or p; respectively. Thus,

> g -ps)
S|SC[ }, j=1
|S|=
lGS
=1=pi) > Flpu1:Y-1)F @it 1] Yt 1:m))
k|y=0
+0i > FOu—1 Y1) FPlisring Ypesom))- - 21
klyr=1

Plugging (21) in (20) concludes the proof of the Lemma. [

3) Proof of Lemma 2: The following Lemma forms the
backbone of the analyses for multiple traces. This lemma is
also closely related to the channel equivalence in Theorem 3.

Lemma 2: For h, f1, fo,..., fm € A",
h
Tfmaw>< )
w

<£><£><f};> =Y (h1fl..

weA*

Proof: The channel equivalence can essentially be tied
to this lemma as follows: consider the two channel models
in Fig. 3. The probability of observations given the input in
both cases is proportional to the number of ways of obtaining
the observations given the input.

e For the t-trace deletion channel model in Fig. 3 (a),

the number of ways to obtain the traces given the input

is equal to (;(1) (;(2) e ({,{t)

o For the cascade model in Fig. 3 (b), the number of ways to
obtain the traces given the input is equal to ) ()Z( ) ()71 T
Y21...1Y", 2), which we show below.

The above two are expression must be equal since the two
channel models are equivalent.

We now first compute the probability of a given set of
output sequences given an input sequence for the remnant
channel, namely Pr(Y',Y?, ... Y*|Z). First, note that there
can be multiple deletion patterns corresponding to outputs
Y1, Y2 ... V! resulting from a given input Z. The num-
ber of such patterns is equal to ()71 T Y2 1 o
Y, Z), which essentially follows from the definition of the
infiltration product. Consider one such valid deletion pat-
tern, i.e., a deletion pattern D that is a mapping of the
symbols in Z onto the symbols in Y1, V2., . Yt D =
{(1,81),(2,82),.--,(1Z], S|z)) }. Here (z S) represents the
fact that Z; is not deleted in the output set Y% and is deleted
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in the rest. From the definition of the remnant channel, we have . h
[S;| > 0. Also Zlill |S;| = Z;Zl Y| since every symbol of B Zw: [;W 1 fiers,0) (v)] AT f2 T T i)

each output is associated with exactly one input symbol and

. h
hence C(jrres~ponds to~ one particular S;. Thus, = Z <v> [Z@U T fer,){(fi T faT...17 fk,w>] .
Pr(YL, Y2 ... Y!2) v w

o _ o ~ (25)
=YY%, 1YL Z)Pr(YL,Y?,...,Y!Z D)

] To evaluate the term in the square bracket, we use (34). For

— (V1YY 2) H (1 — §)15:lgt=15 the case where 7 € A*, 0 € Z({A) in (34), we have
= , —
i=1 _

o - pTisigznss aTT—f§*<o,.f>(fTT),

— (V1YY 2) =5 o
t

N, . (1—5)Z Vgl ZIt=32 V7| ane T

— (V1172117 2) - (@ Tru)y= > (o f){f17u). (26)

We can then compute the probability of the output given the

input for the cascade channel as We use (26) to replace the term in the square bracket

in (25), i.e.,

= @«fl T o2t 15 T ferno),

Pr(Y', Y2 ... YYX)= Zpr(fvl,fv?, LY Z = 2]X)

—ZPr =zl X)Pr(Y', Y2, ... YYZ =2)

and the lemma follows from the associativity property of the

_ZK )5”' D@ — syt Y21 1Y)

o o infiltration product. O
(1 — )X Iglzlt=2 1] 4) Proof of Lemma 3:
(1 —6t)l=l Lemma 3:

o - X\ oy - 8 AN 2 (1/n-1 i—1\/n—i
= §IXI=E I —5)X N ( )(YITYQT...TYt,z>. ( ):— —( >+ < )( ) ,

; z 2 g/ 2\ 2\ || 2 j—1)\lgl=J

fIf1=n jlgj=a
22 I
For the t¢-trace deletion channel model, we have: where j € [max{l, lg| +4—n} : min{i, |g\}}
t . Proof: First, observe that

Pr(Yh Y2 VX)) =] <;(j>5|x‘w(1 — )%l

~ <g) 2 lis=a

X X X _ i i SCn
- (Y1> (W) <Yt>5tlx =l —a=rL (ST
(23) o
where the summation is over all ordered subsets of [n] =
Equating (22) and (23) with X = h and traces as Y7 = {1,2,...,n} of size |g| and fg corresponds to the subsequence
- f; proves the Lemma. of f indexed by S. Thus,

Alternatively, we also use induction to prove the statement

do below. The stat t is trivially t hi =1
as we do ehow e statement is trivially true when m Z <g> Z Z Loy = Z Z lyg—y

h
since, >, () (f1,w) = (f1) as (f,w) = Ly—y. We refer the ;70 FeA™| SC| SCin]| feA”|
reader to equation 6.3.25 in [13] for the proof of the lemma fi=a fi=a |S|=lgl IS|=lgl fi=a
for the case m = 2. Assume that the statement is true for m = — Teo, + Ty
k € Z,k > 2. We next prove the validity when m = k + 1. SCX[;L” fezA:’H fs=a SCZ[;LH erAnl fs=0
Consider |ST:\g| fi=a |sT:|g| fi=a

<J]Z1) <J]Z2)(Jii> <f:il> &4 = > 3 1y- g+z >3 1py. @D

h SCIn]| fEA"| j=1 SCn]| fEA"|
= Z ( ) (fiTfel o1 foyw) <f ) IS|=lgl fi=a S]=lg| fi=a
k+1 ¢S Sj=i
= Z [( > < )} (fiTfal. o1 frw) The two terms in (27) can be visualized as the number of ways
w to fill up the blank spaces (spaces without arrows pointing to
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(a) (b) g

Fig. 11. Figure illustrating proof of Lemma 3.

itin f) in Fig. 11(a) and (b) respectively. Solving this counting
problem, we get

P ()% <% () 2. G7) (Z_—))

fi=a

O

B. Dynamic Program to Compute ¥( - ) and VF( -)

1) Computation of ¥(p,v): We here describe how to com-
pute F(p,v) in O(mn) time and space complexity, where p =
(p1,---,pn) and v = vy ... vy, via a dynamic programming
approach. Note that m < n otherwise F(p,v) = 0. We first
define

G (k, ) £ F(pp.ag, vpeg))- (28)

Using Lemma 1 with ¢ = n, we get
F(p,v) =F(p—17,v)+ po (1=pn) " F (15 Vpm—1y)-
This translates to the following dynamic program for G/°":
GI" (k. j)
=Gl (k= 1,5) + P (1 —pi) G (k= 1,5 - 1),
(29)

with the boundary conditions G/°"(k,0) = 1V k£ > 0 and
G'or(k,j) = 0V k < j. The algorithm is now summarized
as Alg. 11.

Algorithm 11 Computing F(p, v)

: Inputs: p € [0, 1]", v € {0,1}™

: Outputs: F(p1.x), v[1:5)) for all k € [n] and j € [m]

. Initialize G'°"(k,0) = 1V k and G/ (k,j) =0V k < j
:for k=1:nand j=1:m do

Use (29) to update G/°(k, 5)

- return G/ (k, ) V k, j

- R R SR

We note that a similar dynamic programming approach
yields F(ppiy1:n], V[j+1:m)) for all k € [n] and j € [m] in
O(mn) time and space complexity by defining

Grev(kv .7) £ F(p[k+1:n} ) ’U[jJrl:m})-
The following dynamic program can be used for G"":
Grev<k’ 7) —
G(k+1,7) +p 7 (1= pern) TG (R + 1,5 + 1),
(30)

with the boundary conditions G™*(k,m) = 1V k > 0 and
G™(k,j) =0V k,j:n—k<m—j.
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2) Computation of V,F(p,v): First, from Lemma 1,
we have
F(p,v) = F(pp)p\ (- v)

+(1=pi) Y Fum1 e 1) F Pl 1ond Vit 1om))
klvk:O

+pi Z F(pi—1]; V[k=1))F (Plit1:m]» Vst 1:m))-
klvg=1

Differentiating with respect to p;, we get

OF(p,v
%Z Z F(ppi—17: vk 1) F(Pit 1:n]s Vet 1:m])
Pi kv =1
- Z F(pii—1), k1) F (Plit1:n) V4 1:m))
klvk:O
= > G/(i—1,k=1)G™"(i, k)
klvg=1
- Y G-, k-1)G (i, k). (31)
klvk:O

Thus, computing the G°" and G"*V terms is sufficient to
compute the gradient. As discussed above, this computation
requires O(nm) operations. Given G/°" and G™*", the com-
putation of each partial derivative %}f,’”) requires O(m)
operations, and we need to compute n such partial derivatives.
Thus, V,F(p,v) can be computed in O(nm) time and space
complexity.

Algorithm 12 Computing V,F(p, v)

1: Inputs: p € [0,1]", v € {0,1}™

2: Outputs: V,F(p, v)

3: Initialize G/°"(k,0) = 1V k and G/"(k,j) =0V k < j
4: Initialize G™(k,m) =1V k and G"(k,j) =0V k,j :
n—k<m-—j
:fork=1:nand j=1:m do
6:  Use (29) and (30) to compute G/°7"(k,j) and

GTE’U (k’ ])
7:for i =1:n do
OF (p,v)

Use (31) to compute R P

W

9: return V,F(p,v)

C. An Algebraic Definition of the Infiltration Product

For completeness, we reproduce the formal definition of the
infiltration product from Section 6.3 of [13] (also see there for
the equivalence of the two definitions). A formal series with
indeterminates (or variables) in a set A and coefficients in
a commutative ring R, is a mapping of A* onto R. Recall
that a commutative ring is a set which forms an abelian group
under an addition operation, is a monoid under a multiplication
operation which commutes, and the multiplication operation
distributes over addition. Here we consider Z, the set of
integers as the commutative ring R. A formal series is called
a polynomial if only a finite number of sequences are mapped
to non-zero values, the rest of the sequences map to zero.
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Fig. 12. The remnant channel.

Consider two polynomials o, 7 : A* — 7. The value taken
by a sequence w € A* on ¢ (or the coefficient of w in o)
is denoted by (o, w) € R. We also define binary addition (D)
and multiplication operations (x) on the set of polynomials as
follows:

(o ®T,w) 2 (o,w) + (T,w) Yw € A*, (32)

(o x T,w) = Z (o, f){T,g9) Yw € A*. (33)
fJ,CQG.A*:
g=w

We will use the usual symbols + and . in place of @ and x
in this work for convenience. The meaning of the operation
would be clear depending on the operands. With these opera-
tions the set of polynomials form a non-commutative ring, and
is denoted by Z(.A), also called the free Z-algebra on A in ring
theory. Note that the addition and multiplication operations
defined in (32) and (33) are similar to the operations defined
on commutative polynomials, except that the multiplication
operation under the summation in (33) (f.g = w) is actually
concatenation and is non-commutative. The multiplication
inside the summation in (33) is multiplication in the real field
and hence commutative. The multiplication defined in (33)
distributes over addition defined in (32). Thus, a polynomial
in Z(A) can be represented as a sum of monomials in .4* each
with an associated coefficient in Z, i.e., 0 = Y. (o, w)w.

Define the degree of a polynomial to be equal to Elfleeq‘ength ofa
longest sequence with a non-zero coefficient in the polynomial
and the number of terms of a polynomial as the number of
sequences with non-zero coefficients in the polynomial. Note
that a degree d polynomial could have a number of terms upto
2d+1 — 1

With this, the infiltration product (in general, for two
polynomials) is defined as follows:

VfeA", fle=elf=F
Vf, g€ A", Va,be A,
falgb=(fTgba+ (faTlgb+ Lams(f T g9)a
Vo,r €Z(A), o= Y (o, f)r.9)(f19). 34

f.geA*

D. Symbolwise Posterior Probabilities for the
Remnant Channel

Consider the remnant channel shown below, and let Z =
Z1Z3 ... Zy. Also let Z; ~ Ber(0.5). We aim to compute
Pr(Z; = 1|Y! = ¢4 Y2 = ¢2,...,Y! = y'). From the
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definition of the infiltration product, the input-output relation
for this channel can be derived to be:
Pr(i?1 =y, V2=¢2 .. . Vt= v'2)
(1-6) ly? | gnt—32 Iy’ |
(1—24dt)n

Now, one could write the symbolwise posterior probabilities
for Z as:

=1y T...19.2)

PI'(ZZ' = 1|}71 = y17?2 = y2’” .’Yﬂt = yt)

= Z Pr(z|}~/1 = yl,f/Q =% ... ,f/f’ = yt)
zl|z|=n,
z;=1
> zl|zl=n, Pr(Y! =yl Y2 =92 ... VI =yl|2)
_ zi=1

2nPr(?1 = y17Y2 = y2, et 7Yt = yt)
(1 —g)=lgnt=2 Wiy (g 1y 1 1yt 2)

Zizl
(1—édt)yn2n Pr();'1 =yl Y2 =42 ... Yt= yt)
(335

A similar expression can be obtained for the case when
Z; =10 as
Pr(Z;, = 0|l~/1 =yt V2=92 ... V= yh)
(1= =W =W e 0" 197 1 19 2)
Z,;ZO

(1—8t)n2n Pr(Y!l =41 Y2 =2, YVt =yt

(36)

We could further simplify (35) and (36) using the fact that the
expressions in (35) and (36) must sum to 1, leading us to

Pr(Z; =1y =y Y2=42 ... Y=y
X Wyt 1)

2||z1=n,
— =l .37
D (TR TR N N VLW G

z||z|=n

We precisely describe the algorithm which computes the
terms in (37) in section V, by exploiting the edit graph
interpretation of the infiltration product, but give a high level
idea below. The complexity of such an algorithm is O((2n))
which is equal to the number of edges in the edit graph. Note
that for a fixed number of traces, this algorithm is polynomial
in the blocklength as opposed to a naive approach of iterating
through all the n-length sequences.

Recall that (y' T 92 1 ... T y%,2) is the number of paths
from origin to destination of the edit graph G(y', 9%, ...,y
which correspond to z. Therefore, Zsz|:n<y1 Ty 7
... T y',2) is equal to the number of n-length paths in
G(y', 9%, ...,y") from the origin to the destination. Note that
the edit graph has no cycles, so this quantity can be efficiently
computed via the following dynamic program — the number
of n length paths from the origin to a vertex v is equal to the
sum of the number of n—1 length paths from the origin to the
in-neighbors of v. Such a procedure iterates over the vertex
set of G(y',92%,...,y") exactly once.
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The numerator term ZZM_TL(y Ty> 1 ... 7yl 2) can

be interpreted in a similar way it is equal to the number
of n-length paths in G(y*,%?,...,y") from the origin to the
destination such that the i*" edge of the path corresponds
to a ‘1’. The algorithm for this, therefore, follows a similar
principle but has an extra step. For each vertex v, we compute

o the number of paths from the origin to v of length

0,1,...,n
o the number of paths from v to the destination of length
0,1,...,n

Next we iterate over all edges in G(y',4?,...,y") correspond-
ing to a ‘1’ and accumulate the number of n length paths
which have this particular edge as its i*" edge. Thus, this
algorithm iterates over the vertex set twice and the edge set
of G(y*,y?,...,y") once.

Algorithm 13 Coordinate Switch ML Heuristic
1: Input: Blocklength n, Trace ¥ = y, Initial point p =
(p1,p2,- -, Pn) R

: Outputs: Estimated sequence X

- Initialize visited set V = ()

: while True do
Compute F; = [F(pl"—1, y) —F(pl—Y,y)| Vi and let

F = (F1,Foy...,Fn).

6:  Define the ordered list S = argsort(F) where
argsort(F) returns the index set [n] sorted by descend-
ing order of F, i.e., Fs, > Fs, > ... > Fs,, -

7. for i € S (ordered traversal) do

| LI RS T O

8: if F(pti—,y) —F(pli—9 y) >0 then
9: update p — pli—1)

10: else

11: update p — pli—0)

12:  if p € V then break
13 V=VU{p}
14: return X = D

E. A Heuristic for ML Optimization With a Single Trace

The proof of Theorem 4 inspires a heuristic for sequence
reconstruction (see Alg. 13):

o Start from a given point p = (p1,...,pn) € [0,1]™

o One round of iteration is defined as follows: fix a traversal
order for the indices {1,2,...,n}. Traverse through the
indices ¢ in order and make p; either 0 or 1 depending
on whether F(p(i~0 y) or F(p""1 y) is larger. This
ensures that F(p, y) never decreases.

o At the end of the round, check if the resultant p was
already obtained at the end of a previous round: if so, end
the algorithm (to prevent it from going into an endless
cycle). Otherwise, start a new round from the resultant p.

The resultant p at the end of a round is a lattice point since we
make each p; to be 0 or 1. Therefore, the algorithm will end
after a finite number of steps; in the worst case it will iterate
through all 2" sequences, although in practice we observe that
it ends in 4-5 rounds (tested up to a blocklength of 100).
We also note that the complexity of each round is O(n?)
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since it iterates through n coordinates and for each coordinate
computes F(-), which is O(n?).
A natural question is whether it makes a difference if

Alg. 13 starts from an interior point (p = (p1,...,pPn) €
[0,1]™ where 3 p; € (0, 1)) as compared to starting from a lat-
tice point (for instance, we could start from p = (y,0,...,0) €

{0,1}™) which is the n-length sequence obtained via append-
ing y with zeros. It turns out that starting from an interior point
results in better accuracy on both Hamming and edit error rate
metrics, thus supporting the usefulness of our ML relaxation
result.

In Fig. 13, we compare the performance of Coordinate
switch heuristic with the other trace reconstruction heuristics
in Section VI. We see that the coordinate switch with interior
point initialization performs very similarly to the true ML
sequence (obtained via exhaustive search), in terms of both
the Hamming error rate as well as the edit error rate. This
intuitively supports the idea that this is a good heuristic for the
ML optimization problem. However, at this point the heuristic
is applicable for reconstruction using just a single trace and it
is unclear on how to extend it to multiple traces.

F. Symbolwise MAP as the Minimizer of Hamming
Error Rate

Symbolwise MAP is an optimal estimator for minimizing
the Hamming error rate for any channel, regardless of whether
it is memoryless or not. This fact can be seen from the
following argument: Consider a fixed observation y (note that
y here can also be a collection of multiple observations, our
arguments which follow remain unchanged) and that we aim
to estimate a binary input sequence X; let the estimate of
the input be X (y). Note that the estimate is a function of
observation y alone. Now the Hamming error rate of any
estimator given y is the expectation (over all inputs) of number
of symbol mismatches divided by the blocklength, i.e.,

n

S X £ Xy =y

i=1

1
—E
n

= % Z]E [1{x; # Xi<y)}\Y =]
:%iPr (Xi ;A)A(Z-(y)‘Y:y>
- _Z <Pr i =0[Y =) Pr(Xi(y) = 1|X; = 0.Y = y)

+Pr(Xi= 1Y = y)Pr(fQ(y)—OXi—l,Y—y))

But, X; is a function of only y and hence is conditionally
independent of X; given y, which implies the following:

~E [Z L £ K]y =9

i=1

:—Z(Pr _O|Y—y)Pr(Xi(y)=1|Y:y)

+Pr(X; = 1Y = y) Pr(Xi(y) = 0]Y = y))-
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Numerics for reconstruction from a single trace for a blocklength n = 20. This plot compares the performance of coordinate switch heuristic

(abbreviated “Coodsw. interior init.” and “Coodsw. lattice init.””) with other trace reconstruction algorithms from Section VI. “ML” refers to the true ML
sequence obtained via an exhaustive search on all 20 length binary sequences. The interior point initialization initializes p = (0.5, 0.5,...,0.5) while the
lattice point initialization appends the trace y with zeros to obtain an n-length vector p = (y, 0,...,0).

To simplify notation, let the posterior probabilities be ¢;(y) =
Pr(X; = 1]Y = y) and let o;(y) 2 Pr(X;(y) = 1Y = y).
Note that ¢;(y) is a property of the channel and is fixed given
y, while «;(y) depends on the design of our estimator. With
this, the above expression can be re-written as

LS X £ K|y =
i=1

= 25 (- al)aity) + al)(1 - aily))
i=1

The optimal assignment of «;(y) to minimize this expression
is a;(y) = 1if ¢;(y) > 0.5 and «;(y) = 0 otherwise, which
coincides with the symbolwise MAP estimate. This proves the
optimality of symbolwise MAP for minimizing the Hamming
error rate given any observation y, for any channel.
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