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ABSTRACT: Understanding resonant coupling in plasmonic nano-
assemblies is a challenging scientific endeavor, especially for particles
with complex nanoarchitectures. Our ability to both model and measure
this optical behavior, however, has rapidly developed in the last 20 years
via a confluence of fabrication, spectroscopy, and theoretical analysis.
Here, we precisely nanofabricate, characterize, and model the coupling
and infrared optical responses of different plasmonic nanorhombus
assemblies. Ranging from a monomer to a pentamer ensemble,
experimental and simulated point spectra, spectrum images, and near-
field maps agree well with the results of an analytical coupled normal
mode model developed here. The analytical model reveals that the
infrared optical responses of the nanorhombus systems can be explained
by the coupling of the major and minor axis dipole and a quadrupole
localized surface plasmon modes arising from the individual nanorhombus
monomers. This model can be used to predict the plasmonic behavior of more complicated systems, and it elucidates the role that
short-, intermediate-, and far-field coupling effects play in extended plasmonic assemblies more generally. This work also highlights
how localized electron probes in the new generation of monochromated aberration-corrected scanning transmission electron
microscopes can be used to study the optical responses of nanofabricated assemblies in the infrared spectral regime.

■ INTRODUCTION

Over the past several decades, significant effort has been
invested to characterize the localized surface plasmon (LSP)
resonances in noble metal nanoparticle assemblies.1−4 LSP
resonances are geometry-specific collective oscillations of the
free conduction band electrons in a metal. They offer the
unique ability to capture far-field light and convert it to intense
surface-bound electric fields, effectively focusing light in
systems below the diffraction limit.5,6 There have been
numerous studies demonstrating the high sensitivity of the
LSP to its local environment, including the nanoparticle
shape,7 proximity to other particles,8 substrate,9,10 and other
chemical and physical aspects of the system.11,12 Each of these
considerations, however, also presents an opportunity to
control the LSP energy, typically in the near-infrared to
ultraviolet range, making LSPs excellent candidates for use in
biological/chemical sensing,13,14 waveguiding,15 catalysis,16,17

and optoelectronic devices.18,19

The unique optical properties of nanoparticle assemblies are
determined by the coupled and hybridized LSPs of the
individual particles that comprise the assembly.5,6 Many
studies have examined how interparticle LSP coupling is
affected by varying the particle size,20 particle shape,21

interparticle distance,22 and environment.23−26 These analyses
are often limited to ensemble material properties because

diffraction-limited optical methods are unable to resolve
nanometer-scale phenomena. Near-field optical scanning
microscopy27−29 and scanning transmission electron micros-
copy (STEM),30−32 however, have the ability to study the
long- and short-range coupling of LSP modes with both
nanometer spatial resolution and high energy resolution. Yet
even with these techniques, most of the studies have been
concentrated on nanostructures that have simple geometries
such as spheres, disks, and rods because their plasmonic
properties are easier to interpret and model.
In this article, we use high spatial and energy resolution in

monochromated aberration-corrected STEM, combined with
theoretical modeling, to study the evolution of plasmon
coupling in nanostructures with more complex geometries.
Using electron energy-loss spectroscopy (EELS) in STEM, we
identify the spatial and energy profile of a single plasmonic
nanorhombus and study the LSP evolution as more nano-
rhombi couple to it. Using this approach, we also develop a
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theoretical model based on the normal modes of coupled
dipoles to study and predict the LSP hybridization profiles of
coupled assemblies. This simplified model not only allows for
the interpretation of both the experimental and simulated
results presented herein but also lays the foundation for
understanding plasmonic coupling in much larger plasmonic
assemblies that are not computationally tractable with standard
numerical Maxwell equation solvers.

■ METHODS

Experimental Fabrication/Characterization. The de-
constructed rhombuses are fabricated via electron-beam
lithography (JEOL 9300FS) using a lift-off process. A 300
μm Si wafer with 30 nm of low-pressure chemical vapor-
deposited SiNx is spin-coated with PMMA 495 A4 and
exposed. The pattern is then developed using methyl isobutyl
ketone/isopropyl alcohol (IPA) (1:3). Au (25 nm) is sputter-
deposited via DC magnetron sputtering onto the substrate,
followed by soaking in a heated nuclear microprobe (NMP)
bath, sonicating in NMP and acetone, and rinsing with IPA
and deionized water. The backside of the wafer is then spin-
coated with P20 and S1818 and exposed using photo-
lithography to create the windows of TEM. Reactive ion
etching is used to remove the backside nitride layer and the
wafer is subsequently submerged in a heated KOH bath to etch
the Si windows and TEM grid edges.
Experimental STEM−EELS. EEL spectra in the infrared

regime were collected using a Nion aberration-corrected high
energy resolution monochromated EELS−STEM (Nion
HERMES) operating at a 60 kV accelerating voltage. Point
spectra and spectrum images were collected with a
convergence semiangle of 30 mrad, a collection semiangle of
20 mrad, and a beam current of ∼10 pA.33−35 Scattered
electrons were dispersed in a Nion Iris spectrometer at 2 meV/
channel and the energy resolution [full width half-maximum of
the zero loss peak (ZLP)] was approximately 16 meV. Point
spectra had their ZLP maxima normalized to unity and their
ZLP tail background subtracted.

■ RESULTS AND DISCUSSION

Figure 1 shows the set of Au nanorhombus assemblies used to
build our understanding of plasmon coupling, beginning with a
single oblong, kite-like rhombus monomer (Figure 1a,e), and
ending in a five-pointed starlike pentamer (Figure 1d,h). This
approach requires structures with low geometric tolerances in
order to ensure that any measurable differences are due to
particle interactions, not particle heterogeneity. The represen-
tative scanning electron microscopy (SEM) images (Figure
1a−d) of the as-fabricated nanorhombi and the high-angle
annular dark-field (HAADF) images (Figure 1e−h) of the as-
measured nanorhombi show good fidelity. This demonstrates
that the samples underwent almost no degradation after
fabrication. A minimal amount of corner rounding is observed.
Each nanorhombus was designed to have a thickness of 20 nm
with an edge length of 250 nm, yielding long and short axis
lengths of 400 and 300 nm, respectively. A 20 nm gap distance
was chosen as smaller gaps had slight inconsistencies.
The EEL point spectra (Figure 2a) of the nanorhombus

monomer highlight the importance of understanding the
spatial distribution of LSP resonance energies. The green and
blue traces in Figure 2a represent the EEL spectra collected
near the end of one of the long-axis and short-axis positions,

respectively (see inset). Both point spectra show an identical
peak labeled Q at 1250 meV. However, the two lower energy
peaks in the spectra are clearly different, one occurring at 800
meV (L, green trace) and the other at 1000 meV (S, blue
trace). Electron-driven discrete dipole approximation (e-DDA)
simulations36 were performed and the resulting e-DDA spectra
(dashed) show similar peaks when the impact parameter is in
the same position as the experimentally acquired data, set to be
10 nm away from the particle corners. The simulated
nanorhombus was modeled with rounded corners to
approximate the experimentally fabricated particles. All
simulations of the nanorhombi were calculated in vacuum.
The silicon nitride substrate present in the experiment has no
resonances and is dispersionless in the energy range measured.
Thus, the only effect the substrate will have on the
nanorhombus is an overall red shift of the resonances because
of the image effect, while in specific scenarios, the presence of a
substrate causes non-negligible plasmonic interactions;37−39

this is not the case for silicon nitride in this energy window.
The thin silicon nitride substrate has a near-uniform refractive
index of n = 2.1 in the studied energy range and will not cause
any mode mixing or appreciable line width broadening.

Figure 1. Postfabrication SEM images (a−d) show consistent
fabrication across the sample. HAADF images of similar structures
(e−h) taken at the time of measurements confirm the high fidelity of
the fabricated nanorhombi. Scale bar corresponds to 200 nm.
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The identification of the LSP resonances is confirmed by
collecting spectrum images at each peak (Figure 2b,c). In these
measurements, the electron beam is rastered over the sample
area, and an EEL spectrum is collected at each electron probe
position. Each recorded spectrum is energy-aligned and
normalized to the zero loss peak maximum; no further
processing was performed (i.e., denoising). An energy window
of 100 meV was used to obtain the spectrum images, which is
approximately 5 times the energy resolution of the experiment
and therefore sufficient to identify the individual LSP modes
observed in this study. The experimental (Figure 2b) and
simulated (Figure 2c) images show that the two lowest energy
modes L and S are dipolar LSPs, and the higher energy mode
Q is a quadrupolar LSP. It is clear then that the longer-axis
dipole LSP is shifted lower in energy because of the elongated

shape (400 nm diameter vs 300 nm diameter). Simulated
electric field maps (Figure 2d) of the normal component of the
electric field evaluated on a plane parallel to and 4 nm above
the surface of the nanorhombus further validate the identity of
the modes. The electron beam positions that drive each mode
are labeled on the maps. Note that the electric field map of the
short-axis excitation in Figure 2d is not symmetric because the
electron beam probe is driving a linear combination of both
the short-axis dipole and quadrupole modes as they overlap
spectrally (see Figure 2a).
A useful approach for understanding the hybridization

schemes of coupled nanorhombi is to study the eigenmodes or
normal modes of the assembly. Normal modes are
independent of driving field, yet allow for the interpretation
of peaks in the spectra. Numerical software for calculating
eigenmodes exists;40,41 however, we use a course-grained
modeling scheme to reduce the dimensionality of the
calculations. There are numerous reduced-order procedures
for modeling coupled plasmonic nanoparticles.42−45 The
semianalytic approach presented here expands upon previous
work44,45 on cornered nanoparticles. Previous work demon-
strated that the optical responses of such nanoparticles could
be modeled with coupled dipoles localized at the corners of the
nanoparticle. However, what the previous models do not
account for is how to use this course-graining procedure to
accurately quantify interparticle coupling. In this work, we use

Figure 2. EEL point spectra (a), spectrum images (b,c), and
simulated electric field maps (d) of an isolated nanorhombus show
the three dominant lowest energy modes of the system: a long-axis
dipole L, a short-axis dipole S, and a quadrupole Q. Experimental
(solid, bottom x-axis) and full-wave electrodynamic simulations
(dashed, top x-axis) of the EEL spectra are obtained at two different
electron beam positions (as schematically shown by the colored
circles in the inset). The intensity and energy loss of the simulated
spectra have been rescaled (top x-axis) to account for substrate effects,
which were not present in simulation. The calculated S peak (at
∼1000 meV) is located at a higher energy than the experiment.
Because the peak is broad and weak, it appears as a vague shoulder in
the simulation and it is not as clearly resolved as in the experiment.
Experimental (b) and simulated (c) spectrum images were taken by
rastering the electron beam across the nanorhombus and collecting
the energy lost at each point over a narrow energy window spanning
the resonance. The scale bar size is 100 nm and the experimental
spectrum image energy window is 100 meV (centered at the energy
values denoted in each panel). The normal component of the electric
fields (d) calculated at the three dominant resonances show the
dipole/quadrupole orientations at each mode.

Figure 3. Illustration of the coupled dipole model (a,b) and coupled
normal mode model (c) used to approximate the optical response of
nanorhombus assemblies. The coupled dipole model (a) consists of
eight unique dipole oscillators placed near the corners of the
nanorhombi. The positions and polarizabilities of each dipole are
determined by fitting the three lowest eigenmodes and eigenenergies
of eq 1 to the simulated field maps, resonance frequencies, and
damping rates of the long-axis dipole (L), short-axis dipole (S), and
quadrupole (Q) in Figure 2. Each dipole with the same color is
assigned the same polarizability. The resulting three lowest
eigenmodes (b) are used to build the coupled normal mode model
(c) where each nanorhombus is instead assigned three generalized
oscillators, representing the three lowest energy modes (purple: long-
axis dipole L, turquoise: short-axis dipole S, and orange: quadrupole
Q). The overlayed electric field maps in (b) are the fields of the
sphere dipoles evaluated in a plane parallel to and 60 nm above the
dipoles.
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a similar course-grained modeling scheme to approximate the
lowest energy modes of the rhombus monomer as generalized
normal mode oscillators and use them to accurately describe
the rhombus−rhombus coupling in different nanorhombus
assemblies.
Using a single nanorhombus, we build the model by placing

x-oriented and y-oriented dipole oscillators inside the four
corners of a nanorhombus as shown in Figure 3a. Each
symmetrically equivalent dipole oscillator is assigned a unique
radius, which dictates its effective mass, damping rate, and
resonance frequency.46 All eight dipoles couple according to gij
= e2q̂i·Λij·q̂j, where q̂i is the unit vector of the ith dipole and Λij
= [(3n̂ijn̂ij − 1)/rij

3 − ik/rij
2(3n̂ijn̂ij − 1) − k2/rij(n̂ijn̂ij − 1)]

eirijk is the dipole relay tensor, where rij is the distance between
dipoles i and j, n̂ij is the unit vector in the rij direction, and k is
the wave vector. The coupled equations of motion become

∑γ ω̈ + ̇ + − =
≠

m q m q m q g q 0i i i i i i i i
j i

N

ij j0
2

(1)

where N = 8 for the eight oscillators, qi is the amplitude, mi is
the effective mass, γi is the radiative and nonradiative damping,
and ω0i is the resonance frequency of the ith oscillator. Solving
eq 1 results in eight normal modes that can be used to predict
all possible LSP resonances of the nanorhombus. By fitting the
three lowest energy eigenmodes and eigenvalues of eq 1 to the
simulated field maps (Figure 2d), resonance frequencies, and
damping rates extracted from the simulated spectra, dipole
positions and radii for the coupled dipole model are
determined. These fits are accurate to within 30 meV of the
simulated EEL spectra of the nanorhombus. The three
predicted modes (L, S, and Q) are shown in Figure 3b,
where the black arrows indicate the dipole orientations and
magnitudes at the given energy and phase. The normal
component of the electric fields produced by each dipole

oscillator is overlaid for ease in comparison to Figure 2d. An
agreement between Figures 3b and 2d reflects the coupled
dipole model and the fit parameters (radii and dipole
positions) accurately account for the optical response of an
individual nanorhombus.
However, the coupled dipole model will not suffice in

modeling the rhombus−rhombus interactions primarily
because the coupling among the corner-located dipoles on
each nanorhombus will be overestimated. Instead, the dipole
orientations, mode energies, and damping rates of the three
lowest energy eigenmodes (L, S, and Q) from the coupled
dipole model are used to parameterize generalized normal
mode oscillators. This new model is depicted in Figure 3c,
where each colored arrow corresponds to one of the normal
modes (purple: long-axis dipolar LSP, turquoise: short-axis
dipolar LSP, and orange: quadrupolar LSP). The equations of
motion become

∑ ∑γ ω̈ + ̇ + −
̅

=μ μ μ μ μ
ν μ

μ

μ
μ ν ν

≠

mx m x m x
q

q
g x 0

i j

i
i j0

2

,
,

(2)

where the Greek indices refer to the generalized normal mode
coordinates, and the Latin indices refer to the comprising
corner-located dipoles. xμ is the oscillator coordinate of one of
the three normal modes on each particle, m is a geometric mass
assigned to each normal mode, and ω0μ and γμ are the real and
imaginary parts of the eigenvalue from the coupled dipole
model. The pairwise coupling between the nanorhombi is
defined by taking a weighted sum of the dipole−dipole
coupling among all corner-located dipoles, where q μ = ∑iqμi/
N.
We demonstrate the efficacy of the model by comparing it to

experimental and e-DDA simulated spectra, spectrum images,
and field maps of a nanorhombus dimer. The EEL spectra
acquired at four unique electron beam positions of the coupled

Figure 4. Simulated (dashed, top x-axis) and experimental (solid, bottom x-axis) EEL spectra (a) were taken at four different positions of a
nanorhombus dimer as illustrated schematically by the colored circles in the inset. The coupled normal mode analysis procedure was used to
predict the eigenmodes of the dimer (b) by approximating each rhombus as the three lowest energy modes predicted by the conventional coupled
dipole theory. Simulated electric field maps (c) taken at the indicated beam positions and energies show all the six hybridized modes of the coupled
nanorhombi that were predicted by the normal mode model. Arrows representing the total dipole moments from the field maps are overlaid on (c)
to aid in the comparison with (b). An agreement between the predicted eigenmodes and the simulated field maps demonstrate the utility of the
coupled normal mode model. The magnitude of the field maps (d) can be compared to the experimental spectrum images (e) to show that theory,
simulation, and experiment are in agreement. The scale bar corresponds to 50 nm and the experimental spectrum image energy window is 100 meV
(centered at the energy values denoted in each panel).
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dimer are shown in Figure 4a. The spatial configuration of the
six eigenmodes predicted by the analytic model is shown in
Figure 4b. The normal modes have been vertically aligned with
the corresponding simulated electric fields (Figure 4c,d) and
experimental spectrum images (Figure 4e) taken at each
resonance position. Arrows have been drawn on the simulated
electric field maps to facilitate comparison between the
simulated maps and the modes obtained from the analytical
model. The agreement between the e-DDA simulations and
experiment with the analytical model shown in Figure 4b−e
demonstrates that the optical responses of the coupled
nanorhombi system can be well described by the coupled
normal mode model developed here.
The corroboration of the analytic model allows for the

interpretation of the spectra in Figure 4a. The two lowest
energy normal modes are the head-to-tail aligned hybridized
long-axis dipoles (700 meV) and short-axis dipoles (790 meV).
The dipoles are best driven when the electron beam is
positioned on either corner of the outer edges of the

nanorhombus dimer, and they show up as the lowest energy
peaks in the spectra (red and blue circles in the inset of Figure
4a). The complements of the long-axis and short-axis
hybridized modes (tail-to-tail) are driven most strongly when
the electron beam is located at the two corners of the edges
shared by the two nanorhombi (green and black circles in the
inset of Figure 4a). Last, the quadrupole hybridization is best
observed when the electron beam is located at the outer
corners of the longest axes (red spectra), with the two highest
energy peaks showing the signature peak splitting of the head-
to-tail and tail-to-tail modes.
The three-particle coupled nanorhombus assembly (Figure

5a−d) and a highly symmetric five-particle coupled assembly
(Figure 5e−h) offer two additional systems to study the
hybridization schemes. As with Figure 4, simulated and
experimental point spectra were collected at different beam
positions (labeled with colored circles in the inset). While the
theoretical model predicts 9 possible normal modes for the
trimer and 15 normal modes for the pentamer, only the 5

Figure 5. Normal mode analysis of the trimer (a−d) and pentamer (e−h) shows hybridization of the long-axis dipole, short-axis dipole, and
quadrupole. (a,e) Simulated (dashed, top x-axis) and experimental (solid, bottom x-axis) spectra were collected at the beam positions labeled in the
inset. Of the normal modes predicted by the coupled normal mode model, only the five shown in (b,f) can be resolved in the spectra. The
simulated electric fields (c,g) exactly correspond to the predicted eigenmodes. The experimental spectrum images (d,h) were taken at the
corresponding energies and the identities of the hybridized modes were further validated. The scale bar size is 50 nm, and the experimental
spectrum image energy window is 100 meV (centered at the energy values denoted in each panel).
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shown in each system are resolvable. The other normal modes
are inaccessible because of the near degeneracy and spectral
overlap within the energy resolution of the data. Nevertheless,
a clear indication of the hybridization between the long-axis
dipole LSP, short-axis dipole LSP, and quadruple LSP are
observed. Once again, the point spectra as well as the spectrum
images have LSP resonances that are highly sensitive to the
host geometry and near-field coupling behavior.
A subset of the predicted normal modes (Figure 5b,g) are

aligned with the simulated electric field maps (Figure 5c,d,h,i)
and experimental spectrum images (Figure 5e,j) of each
resonance. Similar to the dimer, the three lowest energy modes
of the trimer, as measured experimentally, are the head-to-tail
long-axis (700 meV), head-to-tail short-axis (790 meV), and
tail-to-tail long-axis (970 meV) hybridized modes. However,
contrary to the dimer, the next energy mode (1080 meV) is
not clearly an all-long axis, all-short axis, or all-quadrupole
hybridization scheme. Instead, it is a mixture of the short-axis
and quadruple modes and is accessible at all electron beam
positions. The field profiles on each nanorhombus are also
mixing between the short-axis and quadrupole orientations.
Furthermore, while the tail-to-tail quadrupole clearly exists
(1230 meV), the head-to-tail hybridization appears as a
predicted normal mode but does not arise as an isolated
feature in the spectra. This is due to the spectral overlap of the
all-quadrupole and quadrupole−quadrupole−short-axis modes,
where the latter mode dominates.
Similar to the trimer, the pentamer also supports five

resolvable normal modes that were predicted by the analytic
model. The two lowest energy modes, as measured
experimentally, are the long-axis dipole hybridized into the
head-to-tail (700 meV) and all tail-to-tail (800 meV)
arrangements. In this case, there are not any observable all
short-axis dipole modes and instead only combinations arising
from short-axis dipole−quadrupole coupling. Similar to the
trimer, however, the analytic model does predict a head-to-tail
all-short-axis mode arrangement, but it is again not resolvable
because of the overlap of the third mode presented here. Last,
the all-quadrupole tail-to-tail mode is once again present (1430
meV) and easily excitable when the electron beam is
positioned at the center of the pentamer.

■ CONCLUSIONS

In conclusion, our work demonstrates the ability to precisely
nanofabricate nanorhombus assemblies, characterize their
plasmonic properties, and model the interparticle coupling
across a variety of arrangements. As we build from a monomer
to a pentamer, the experimental and simulated point spectra,
spectrum images, and near-field maps agree well with the
coupled normal mode model developed here. We observe that
the infrared optical responses of coupled nanorhombus
systems can be explained by coupling among the nano-
rhombus’ two dipolar and one quadrupolar LSP modes. By
examining these different assemblies, we see that the head-to-
tail arrangement of the long-axis dipoles always yields the
lowest energy hybrid peak observed in the spectra. Therefore,
we predict that examining low-energy hybrid modes across
heterogeneous nanorhombus structures can be greatly
simplified by measuring along this axis. Similarly, the all-
quadrupole tail-to-tail modes lie higher in energy and are easily
excitable and resolvable at the same probe positions. However,
in the mid-range energy window, the short-axis dipole and the

quadrupole LSPs mix on the particles themselves and across
the hybridized normal mode itself.
The simple coupled normal mode model presented here is

able to quantitatively predict the plasmon modes of the
nanorhombus across a wide range of energies and spatial
distributions. We expect that the model will help further guide
experiments and data analysis even when examining larger and
more extended nanorhombus assemblies. Additionally, the
analytical model can be reparameterized with different
monomer sizes and shapes to quickly predict the normal
modes and energies of other coupled systems. This offers the
ability to easily explore the plasmonic responses of many other
corner-dominated nanoparticle arrangements. Although in this
work we studied the near-field coupling and hybridization
effects of cornered nanoparticle clusters, the approach shown
here can furthermore be applied to study the role of short-
intermediate-, and far-field coupling effects in extended
plasmonic assemblies.
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