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:2QT?vbB+�H6HQrbXDH Bb � CmHB� U"2x�MbQM 2i �HX- kyRdV T�+F�;2 i?�i +QMi�BMb T�`iB�H /Bz2`@
2MiB�H 2[m�iBQMb bQHp2`b 7Q` � +QHH2+iBQM Q7 ;2QT?vbB+�H ~mB/ bvbi2Kb BM T2`BQ/B+ /QK�BMbX �HH
KQ/mH2b mb2 6Qm`B2`@#�b2/ Tb2m/QbT2+i`�H MmK2`B+�H K2i?Q/b �M/ H2p2`�;2 i?2 7`�K2rQ`F T`Q@
pB/2/ #v i?2 6Qm`B2`6HQrbXDH U*QMbi�MiBMQm 2i �HX- kykRV CmHB� T�+F�;2 7Q` iBK2@bi2TTBM;-
+mbiQK /B�;MQbiB+b- �M/ b�pBM; QmiTmiX

ai�i2K2Mi Q7 M22/

*QM+2Tim�H KQ/2Hb BM bBKTH2 /QK�BMb Q7i2M T`QpB/2 bi2TTBM; biQM2b 7Q` #2ii2` mM/2`bi�M/BM;
;2QT?vbB+�H �M/ �bi`QT?vbB+�H bvbi2Kb- T�`iB+mH�`Hv i?2 �iKQbT?2`2b �M/ Q+2�Mb Q7 1�`i? �M/
Qi?2` TH�M2ibX h?2b2 +QM+2Tim�H KQ/2Hb �`2 mb2/ BM `2b2�`+? #mi �HbQ �`2 Q7 ;`2�i p�Hm2 7Q`
?2HTBM; bim/2Mib BM +H�bb iQ ;`�bT M2r +QM+2Tib �M/ T?2MQK2M�X P7i2MiBK2b T2QTH2 2M/ mT
+Q/BM; i?2B` QrM p2`bBQMb Q7 bQHp2`b 7Q` i?2 b�K2 T�`iB�H /Bz2`2MiB�H 2[m�iBQMb 7Q` `2b2�`+? Q`
+H�bbrQ`FX :2QT?vbB+�H6HQrbXDH T�+F�;2 Bb /2bB;M2/ iQ #2 2�bBHv miBHBx2/ �M/ �/�Ti�#H2 7Q`
� rB/2 p�`B2iv Q7 #Qi? `2b2�`+? �M/ T2/�;Q;B+�H Tm`TQb2bX
PM iQT Q7 i?2 �#Qp2@K2MiBQM2/ M22/b- i?2 `2+2Mi 2tTHQbBQM Q7 K�+?BM2@H2�`MBM; �TTHB+�iBQMb
BM �iKQbT?2`B+ �M/ Q+2�MB+ b+B2M+2b �/pQ+�i2b 7Q` i?2 M22/ i?�i bQHp2`b 7Q` T�`iB�H /Bz2`2MiB�H
2[m�iBQMb +�M #2 `mM QM :SlbX
:2QT?vbB+�H6HQrbXDH T`QpB/2b � +QHH2+iBQM Q7 KQ/mH2b 7Q` bQHpBM; b2ib Q7 T�`iB�H /Bz2`2MiB�H
2[m�iBQMb Q7i2M mb2/ �b +QM+2Tim�H KQ/2HbX h?2b2 KQ/mH2b �`2 +QMiBMmQmbHv i2bi2/ UmMBi i2bib
�M/ i2bib 7Q` i?2 T?vbB+b BMpQHp2/V �M/ �`2 r2HH@/Q+mK2Mi2/X :2QT?vbB+�H6HQrbXDH miBHBx2b
CmHB�Ƕb 7mM+iBQM�HBiv �M/ �#bi`�+iBQM iQ 2M�#H2 �HH KQ/mH2b iQ `mM QM *Slb Q` :Slb- �M/ iQ
T`QpB/2 � ?B;? H2p2H Q7 +mbiQKBx�#BHBiv rBi?BM KQ/mH2bX h?2 �#bi`�+iBQMb �HHQr bBKmH�iBQMb iQ
#2 i�BHQ`2/ 7Q` bT2+B}+ `2b2�`+? [m2biBQMb- pB� i?2 +?QB+2 Q7 T�`�K2i2`b- /QK�BM T`QT2`iB2b-
�M/ b+?2K2b 7Q` /�KTBM;- 7Q`+BM;- iBK2@bi2TTBM; 2i+X aBKmH�iBQMb +�M 2�bBHv #2 +�``B2/ Qmi QM
/Bz2`2Mi +QKTmiBM; �`+?Bi2+im`2bX a2H2+iBQM Q7 i?2 �`+?Bi2+im`2 QM r?B+? 2[m�iBQMb �`2 bQHp2/
Bb /QM2 #v T`QpB/BM; i?2 �`;mK2Mi *SlUV Q` :SlUV /m`BM; i?2 +QMbi`m+iBQM Q7 � T�`iB+mH�`
T`Q#H2KX
.Q+mK2Mi2/ 2t�KTH2b 7Q` 2�+? ;2QT?vbB+�H bvbi2K UKQ/mH2V �TT2�` BM i?2 T�+F�;2Ƕb /Q+@
mK2Mi�iBQM- T`QpB/BM; � bi�`iBM; TQBMi 7Q` M2r mb2`b �M/ 7Q` i?2 /2p2HQTK2Mi Q7 M2r Q`
+mbiQKBx2/ KQ/mH2bX *m``2Mi KQ/mH2b BM+Hm/2 irQ@/BK2MbBQM�H ~Qr �M/ � p�`B2iv Q7 [m�bB@
;2Qbi`QT?B+ UZ:V /vM�KB+�H bvbi2Kb- r?B+? T`QpB/2 �M�HQ;m2b iQ i?2 H�`;2@b+�H2 /vM�KB+b
Q7 �iKQbT?2`2b �M/ Q+2�MbX h?2 Z: bvbi2Kb +m``2MiHv BM :2QT?vbB+�H6HQrbXDH 2ti2M/
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irQ@/BK2MbBQM�H /vM�KB+b iQ BM+Hm/2 i?2 H2�/BM; Q`/2` 2z2+ib Q7 � i?B`/ /BK2MbBQM i?`Qm;?
TH�M2i�`v `Qi�iBQM- iQTQ;`�T?v- bm`7�+2 #QmM/�`v +QM/BiBQMb- bi`�iB}+�iBQM �M/ [m�bB@irQ@
/BK2MbBQM�H H�v2`BM;X � +QKKmMBiv@#�b2/ +QHH2+iBQM Q7 /B�;MQbiB+b i?`Qm;?Qmi i?2 KQ/mH2b
�`2 mb2/ iQ +QKTmi2 [m�MiBiB2b HBF2 2M2`;v- 2Mbi`QT?v- /BbbBT�iBQM- 2i+X

6B;m`2 R, SQi2MiB�H pQ`iB+Biv bM�Tb?Qib 7`QK � MQMHBM2�`Hv 2[mBHB#`�i2/ bBKmH�iBQM Q7 i?2 1�/v BMbi�#BH@
Biv Qp2` � K2`B/BQM�H `B/;2X aBKmH�iBQM mb2/ JmHiBG�v2`Z: KQ/mH2 Q7 :2QT?vbB+�H6HQrbXDHX h?2
1�/v T`Q#H2K r�b �TT`QtBK�i2/ ?2`2 mbBM; 8 ~mB/ H�v2`b bi�+F2/ mT BM i?2 p2`iB+�HX 1�+? H�v2` r�b
bBKmH�i2/ rBi? 8Rkȷ ;`B/@TQBMibX SHQib r2`2 K�/2 rBi? i?2 SHQibXDH CmHB� T�+F�;2- r?B+? miBHBx2b
i?2 +KQ+2�M +QHQ`K�Tb +QHH2+iBQM Uh?vM; 2i �HX- kyReVX a+`BTib iQ `2T`Q/m+2 i?2 bBKmH�iBQM `2bB/2 BM
i?2 `2TQbBiQ`v ;Bi?m#X+QKf6Qm`B2`6HQrbfJmHiBH�v2`Z:@2t�KTH2X

ai�i2 Q7 i?2 }2H/

:2QT?vbB+�H6HQrbXDH Bb � mMB[m2 CmHB� T�+F�;2 i?�i b?�`2b bQK2 72�im`2b �M/ bBKBH�`BiB2b
rBi? Qi?2` T�+F�;2bX AM T�`iB+mH�`,

Ç Tv[; U�#2`M�i?2v 2i �HX- kyRNV USvi?QMV
"2vQM/ i?2B` #�b2 H�M;m�;2- i?2 K�DQ` /Bz2`2M+2b #2ir22M :2QT?vbB+�H6HQrbXDH
�M/ Tv[; Bb i?�i :2QT?vbB+�H6HQrbXDH +�M #2 `mM QM :Slb Q` *Slb �M/ H2p2`�;2b
� b2T�`�i2 T�+F�;2 U6Qm`B2`6HQrbXDHc r?B+? Bb +QMiBMmQmbHv /2p2HQT2/V iQ bQHp2
/Bz2`2MiB�H 2[m�iBQMb �M/ +QKTmi2 /B�;MQbiB+b- r?BH2 Tv[; +�M QMHv #2 `mM QM *Slb
�M/ mb2b � b2H7@+QMi�BM2/ F2`M2HX

Ç .2/�Hmb U"m`Mb 2i �HX- kykyV USvi?QMV
.2/�Hmb Bb � Svi?QM T�+F�;2 rBi? �M BMimBiBp2 b+`BTi@#�b2/ BMi2`7�+2 i?�i mb2b bT2+i`�H
K2i?Q/b iQ bQHp2 ;2M2`�H T�`iB�H /Bz2`2MiB�H 2[m�iBQMb- bm+? �b i?2 QM2b rBi?BM :2QT?
vbB+�H6HQrbXDHX .2/�Hmb �HHQrb 7Q` KQ`2 ;2M2`�H #QmM/�`v +QM/BiBQMb BM QM2 Q7 i?2
/BK2MbBQMbX Ai QMHv `mMb QM *Slb UMQi QM :SlbV #mi +�M #2 JSA@T�`�HH2HBx2/X

Ç P+2�M�MB;�MbXDH U_�K�/?�M 2i �HX- kykyV UCmHB�V
P+2�M�MB;�MbXDH Bb � ~mB/ bQHp2` 7Q+mbb2/ QM i?2 L�pB2`@aiQF2b 2[m�iBQMb mM/2` i?2
"QmbbBM2b[ �TT`QtBK�iBQMX P+2�M�MB;�MbXDH �HbQ `mMb QM :Slb- �M/ Bi �HHQrb 7Q`
KQ`2 p�`B2iv Q7 #QmM/�`v +QM/BiBQMb #mi Bi /Q2b MQi ?�p2 bT2+i`�H �++m`�+v �b Bi mb2b
}MBi2@pQHmK2 /Bb+`2iBx�iBQM K2i?Q/bX

Ç J�PP�J U.2 *`mx 2i �HX- kyReV U6Q`i`�M- Svi?QM- �M/ Gm�V �M/ Bib 2tT�M/2/ Svi?QM
BKTH2K2Mi�iBQM [;b U.2K�2v2` 2i �HX- kykyV
J�PP�J �M/ [;b bBKmH�i2 irQ �iKQbT?2`B+ H�v2`b rBi? Z: /vM�KB+b- �#Qp2 2Bi?2` H�M/
Q` �M Q+2�MB+ ~mB/ H�v2` rBi? `2/m+2/@;`�pBiv Z: /vM�KB+bX h?2 /vM�KB+b Q7 BM/BpB/m�H
H�v2`b ?�p2 Qp2`H�T rBi? i?2 JmHiBG�v2`Z: �M/ aBM;H2G�v2`Z: KQ/mH2b- ?Qr2p2` i?2
H�v2` +QM};m`�iBQM Q7 JP��J �M/ [;b Bb bT2+B}+�HHv /2bB;M2/ iQ bim/v i?2 /vM�KB+b Q7
1�`i?Ƕb KB/@H�iBim/2 �iKQbT?2`2X L2Bi?2` J�PP�J MQ` [;b +�M `mM QM :SlbX

*QMbi�MiBMQm 2i �HX- UkykRVX :2QT?vbB+�H6HQrbXDH, aQHp2`b 7Q` ;2QT?vbB+�H ~mB/ /vM�KB+b T`Q#H2Kb BM T2`BQ/B+ /QK�BMb QM *Slb � :SlbX
CQm`M�H Q7 PT2M aQm`+2 aQ7ir�`2- eUeyV- jy8jX ?iiTb,ff/QBXQ`;fRyXkRRy8fDQbbXyjy8j

k

https://doi.org/10.21105/joss.03053


Ç AbQH�i2/ +Q/2bfb+`BTib
a2p2`�H +Q/2bfb+`BTib 2tBbi BM T2`bQM�H r2#bBi2b �M/ BM QT2M@bQm`+2 Tm#HB+ `2TQbBiQ`B2b
rBi? bBKBH�` 7mM+iBQM�HBiv �b bQK2 :2QT?vbB+�H6HQrbXDH KQ/mH2b U2X;X- hrQ.L�pB2`
aiQF2b Q` aBM;H2G�v2`Z:VX lbm�HHv- i?Qm;?- i?2b2 +Q/2b +QK2 rBi?Qmi �Mv Q` TQQ`
/Q+mK2Mi�iBQM �M/ ivTB+�HHv i?2v �`2 MQi +QMiBMmQmbHv i2bi2/X

:2QT?vbB+�H6HQrbXDH +�M #2 mb2/ iQ BMp2biB;�i2 � p�`B2iv Q7 b+B2MiB}+ `2b2�`+? [m2biBQMb
i?�MFb iQ Bib p�`BQmb KQ/mH2b �M/ ?B;? +mbiQKBx�#BHBiv- �M/ Bib 2�b2@Q7@mb2 K�F2b Bi �M B/2�H
i2�+?BM; iQQH 7Q` ~mB/b +Qm`b2b U*QMbi�MiBMQm- kykyc *QMbi�MiBMQm � q�;M2`- kykyVX :2QT
?vbB+�H6HQrbXDH ?�b #22M mb2/ BM /2p2HQTBM; G�;`�M;B�M pQ`iB+2b B/2MiB}+�iBQM �H;Q`Bi?Kb
UE�``�b+? � a+?BHHBM;- kykyV �M/ iQ i2bi M2r i?2Q`B2b 7Q` /B�;MQbBM; im`#mH2Mi 2M2`;v i`�Mb72`b
BM ;2QT?vbB+�H ~Qrb US2�`bQM 2i �HX- kykRVX *m``2MiHv- :2QT?vbB+�H6HQrbXDH Bb #2BM; mb2/-
2X;X- UBV iQ +QKT�`2 /Bz2`2Mi Q#b2`p�iBQM�H b�KTHBM; i2+?MB[m2b BM i?2b2 ~Qrb- UBBV iQ bim/v i?2
#B7m`+�iBQM T`QT2`iB2b Q7 EQHKQ;Q`Qp ~Qrb U*QMbi�MiBMQm � .`Bp�b- kykyV- UBBBV iQ bim/v i?2
;2M2bBb �M/ T2`bBbi2M+2 Q7 i?2 TQHv;QMb Q7 pQ`iB+2b T`2b2Mi �i CQpB�M ?B;? H�iBim/2b UaB2;2HK�M-
uQmM;- �M/ AM;2`bQHHc BM T`2TV- �M/ UBpV iQ bim/v ?Qr K2bQb+�H2 K�+`Qim`#mH2M+2 �z2+ib KBtBM;
Q7 i`�+2`b U"BbBib � *QMbi�MiBMQm- kykRVX

�+FMQrH2/;2K2Mib

q2 �+FMQrH2/;2 /Bb+mbbBQMb rBi? E2�iQM "m`Mb- o�H2MiBM *?m`�pv- h?2Q/Q`2 .`Bp�b- *2b�`
_Q+?�- �M/ qBHHB�K uQmM;X "X *X SX r�b bmTTQ`i2/ #v i?2 L�iBQM�H a+B2M+2 6QmM/�iBQM
mM/2` :`�Mi LQX kykjdkRX q2 rQmH/ �HbQ HBF2 iQ i�F2 � KQK2Mi iQ `2K2K#2` Qm` 7`B2M/ �M/
+QHH2�;m2 a2�M _X >�M2v U62#`m�`v RN3d @ C�Mm�`v kykRV r?Q H27i mb � #Bi iQQ 2�`HvX

_272`2M+2b

�#2`M�i?2v- _X- _Q+?�- *X "X- C�Mb2M- JX- SQmHBM- 6X CX- *QMbi�MiBMQm- LX *X- "�Hr�/�- .X-
aBM?�- �X- "m2iB- JX- S2MM- CX- qQH72- *X GX SX- � "Q�b- "X oX UkyRNVX Tv[;fTv[;, pyXjXy
Uo2`bBQM pyXjXyV (*QKTmi2` bQ7ir�`2)X w2MQ/QX ?iiTb,ff/QBXQ`;fRyX8k3Rfx2MQ/QXj88Rjke

"2x�MbQM- CX- 1/2HK�M- �X- E�`TBMbFB- aX- � a?�?- oX "X UkyRdVX CmHB�, � 7`2b? �TT`Q�+? iQ
MmK2`B+�H +QKTmiBM;X aA�J _2pB2r- 8NURV- e8ĜN3X ?iiTb,ff/QBXQ`;fRyXRRjdfR9RyyyedR

"BbBib- CX- � *QMbi�MiBMQm- LX *X UkykRVX AM :Bi>m# `2TQbBiQ`vX :Bi>m#X ?iiTb,ff;Bi?m#X+QKf
D#BbBibfZ:ni`�+2`n�/p2+iBQM

"m`Mb- EX CX- o�bBH- :X JX- PBb?B- CX aX- G2+Q�M2i- .X- � "`QrM- "X SX UkykyVX .2/�Hmb,
� ~2tB#H2 7`�K2rQ`F 7Q` MmK2`B+�H bBKmH�iBQMb rBi? bT2+i`�H K2i?Q/bX S?vbB+�H _2pB2r
_2b2�`+?- k- ykjye3X ?iiTb,ff/QBXQ`;fRyXRRyjfS?vb_2p_2b2�`+?XkXykjye3

*QMbi�MiBMQm- LX *X UkykyVX *G1tqBMi2`a+?QQHkykyX AM :Bi>m# `2TQbBiQ`vX :Bi>m#X ?iiTb,
ff;Bi?m#X+QKfM�pB/+vf*G1tqBMi2`a+?QQHkyky

*QMbi�MiBMQm- LX *X- � .`Bp�b- hX .X UkykyVX EQHKQ;Q`Qp6HQrX AM :Bi>m# `2TQbBiQ`vX :Bi>m#X
?iiTb,ff;Bi?m#X+QKfM�pB/+vfEQHKQ;Q`Qp6HQr

*QMbi�MiBMQm- LX *X- � q�;M2`- :X GX UkykyVX :2QT?vbB+�H6HQrb@2t�KTH2bX AM :Bi>m# `2TQb@
BiQ`vX :Bi>m#X ?iiTb,ff;Bi?m#X+QKf6Qm`B2`6HQrbf:2QT?vbB+�H6HQrb@1t�KTH2b

*QMbi�MiBMQm- LX *X- q�;M2`- GX *X- � S�HƦ+xv- �X UkykRVX 6Qm`B2`6HQrbf6Qm`B2`6HQrbXDH,
pyXeXRd Uo2`bBQM pyXeXRdV (*QKTmi2` bQ7ir�`2)X w2MQ/QX ?iiTb,ff/QBXQ`;fRyX8k3Rfx2MQ/QX
9e3ej93

*QMbi�MiBMQm 2i �HX- UkykRVX :2QT?vbB+�H6HQrbXDH, aQHp2`b 7Q` ;2QT?vbB+�H ~mB/ /vM�KB+b T`Q#H2Kb BM T2`BQ/B+ /QK�BMb QM *Slb � :SlbX
CQm`M�H Q7 PT2M aQm`+2 aQ7ir�`2- eUeyV- jy8jX ?iiTb,ff/QBXQ`;fRyXkRRy8fDQbbXyjy8j
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.2 *`mx- GX- .2K�2v2`- CX- � o�MMBib2K- aX UkyReVX h?2 KQ/mH�` �`#Bi`�`v@Q`/2` Q+2�M@
�iKQbT?2`2 KQ/2H, K�QQ�K pRXyX :2Qb+B2MiB}+ JQ/2H .2p2HQTK2Mi- NU3V- kdNjĜk3y3X
?iiTb,ff/QBXQ`;fRyX8RN9f;K/@N@kdNj@kyRe

.2K�2v2`- CX- .2 *`mx- GX- � o�MMBib2K- aX UkykyVX [;b, � ~2tB#H2 Svi?QM 7`�K2rQ`F Q7
`2/m+2/@Q`/2` KmHiBb+�H2 +HBK�i2 KQ/2HbX CQm`M�H Q7 PT2M aQm`+2 aQ7ir�`2- 8U8eV- k8NdX
?iiTb,ff/QBXQ`;fRyXkRRy8fDQbbXyk8Nd

E�``�b+?- .X- � a+?BHHBM;- LX UkykyVX 6�bi �M/ `Q#mbi +QKTmi�iBQM Q7 +Q?2`2Mi G�;`�M;B�M
pQ`iB+2b QM p2`v H�`;2 irQ@/BK2MbBQM�H /QK�BMbX aJ�A CQm`M�H Q7 *QKTmi�iBQM�H J�i?2@
K�iB+b- e- RyRĜRk9X ?iiTb,ff/QBXQ`;fRyX83ykfbK�B@D+KXej

S2�`bQM- "X *X- S2�`bQM- CX GX- � 6Qt@E2KT2`- "X UkykRVX �/p2+iBp2 bi`m+im`2 7mM+iBQMb BM
�MBbQi`QTB+ irQ@/BK2MbBQM�H im`#mH2M+2X CQm`M�H Q7 6HmB/ J2+?�MB+b- NRe- �9NX ?iiTb,
ff/QBXQ`;fRyXRyRdfD7KXkykRXk9d

_�K�/?�M- �X- q�;M2`- :X GX- >BHH- *X- *�KTBM- CX@JX- *?m`�pv- oX- "2b�`/- hX- aQmx�-
�X- 1/2HK�M- �X- 62``�`B- _X- � J�`b?�HH- CX UkykyVX P+2�M�MB;�MbXDH, 6�bi �M/ 7`B2M/Hv
;2QT?vbB+�H ~mB/ /vM�KB+b QM :SlbX CQm`M�H Q7 PT2M aQm`+2 aQ7ir�`2- 8U8jV- kyR3X
?iiTb,ff/QBXQ`;fRyXkRRy8fDQbbXykyR3

h?vM;- EX JX- :`22M2- *X �X- >2iH�M/- _X .X- wBKK2`H2- >X JX- � .BJ�`+Q- aX 6X UkyReVX
h`m2 +QHQ`b Q7 Q+2�MQ;`�T?v, :mB/2HBM2b 7Q` 2z2+iBp2 �M/ �++m`�i2 +QHQ`K�T b2H2+iBQMX
P+2�MQ;`�T?v- kNUjV- NĜRjX ?iiTb,ff/QBXQ`;fRyX8edyfQ+2�MQ;XkyReXee

*QMbi�MiBMQm 2i �HX- UkykRVX :2QT?vbB+�H6HQrbXDH, aQHp2`b 7Q` ;2QT?vbB+�H ~mB/ /vM�KB+b T`Q#H2Kb BM T2`BQ/B+ /QK�BMb QM *Slb � :SlbX
CQm`M�H Q7 PT2M aQm`+2 aQ7ir�`2- eUeyV- jy8jX ?iiTb,ff/QBXQ`;fRyXkRRy8fDQbbXyjy8j
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