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Abstract

Traditional learning approaches for classification implicitly assume that each mistake has
the same cost. In many real-world problems though, the utility of a decision depends on the
underlying context x and decision y; for instance, misclassifying a stop sign is worse than mis-
classifying a road-side postbox. However, directly incorporating these utilities into the learning
objective is often infeasible since these can be quite complex and difficult for humans to specify.

We formally study this as agnostic learning with unknown utilities: given a dataset S =
{z1,...,z,} where each data point z; ~ D, from some unknown distribution D, the objective
of the learner is to output a function f in some class of decision functions F with small excess
risk. This risk measures the performance of the output predictor f with respect to the best
predictor in the class F on the unknown underlying utility u* : X x Y + [0,1]. This utility
u* is not assumed to have any specific structure and is allowed to be any bounded function.
This raises an interesting question whether learning is even possible in our setup, given that
obtaining a generalizable estimate of utility «* might not be possible from finitely many samples.
Surprisingly, we show that estimating the utilities of only the sampled points S suffices to learn
a decision function which generalizes well.

With this insight, we study mechanisms for eliciting information from human experts which
allow a learner to estimate the utilities ©* on the set .S. While humans find it difficult to directly
provide utility values reliably, it is often easier for them to provide comparison feedback based
on these utilities. We show that, unlike in the realizable setup, the vanilla comparison queries
where humans compare a pair of decisions for a single input x are insufficient. We introduce
a family of elicitation mechanisms by generalizing comparisons, called the k-comparison oracle,
which enables the learner to ask for comparisons across k different inputs x at once. We show
that the excess risk in our agnostic learning framework decreases at a rate of O (%) with such
queries. This result brings out an interesting accuracy-elicitation trade-off — as the order k of
the oracle increases, the comparative queries become harder to elicit from humans but allow for
more accurate learning.

1 Introduction

Our focus is on learning predictive models for decision-making tasks. Current paradigms for clas-
sification tasks use datasets consisting of scenarios' x along with the decisions y taken by human
experts to learn a decision function? f : X +— Y. For instance, in economics such decisions cor-
respond to whether buyers bought an item at a suggested price [AfrG7; BVO6], in robotics such
feedback comprises expert demonstrations in imitation learning [AN04; Arg+09], and in machine
learning literature such supervision consists of labels selected by human annotators [Bis06; DHS12].

!We use the term scenario/context/feature for the vector x interchangeably.
2We consider finite decision spaces V.
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Figure 1. Consider a binary decision-task with decisions G(reen) and B(lue). The instance space
comprises of three equiprobable clusters of datapoints x1, 2 and x3, and have associated utilities u*
for decisions B and G. The colour of the datapoints represents the decision with higher utility. The
function class F consists of linear predictors. In the traditional learning setups where the dataset
consists of pairs (z,y), no learner will have enough information to select between f; and f5 since the
0 — 1 error for both is 1/3. In contrast, using a 2-comparison oracle, a learner can ask a query of the
form “Which of w*(x1, G) + u*(x3, B) or u*(x1, B) + u* (23, G) is bigger?”. This allows them to infer
that correctly predicting x5 gives a higher overall utility and output the optimal decision function f5.

When we optimize models to predict correctly on these datasets, we often implicitly assume
that all mistakes are equally costly, and that each scenario z in the data is just as important. In
reality though, this is rarely the case. For instance, the standard 0 — 1 loss for classification tasks
assigns a unit of loss for each mistake, but misclassifying a stop sign is significantly more dangerous
than misclassifying a road-side postbox. In Figure 1, we expand on this insight and illustrate how
learning from such revealed decisions can often lead to suboptimal decision functions.

What is missing from this classical framework is that for most decision-making tasks there exists
an underlying function v* : X x Y — [0, 1] which evaluates the utility of a decision y depending on
the surrounding context z. Depending on the decision task, such utility functions can encode
buyer preferences in economics, rewards for robotic skills, or misprediction costs for classification.
However, these utility functions are a priori unknown to the learner since the dataset consists only
of context-decision pairs (z,y). Furthermore, asking human experts to write down these complex
utility functions can be quite challenging and prone to serious errors [Amo-+16].

One commonly studied approach, referred to as learning from revealed preferences in eco-
nomics [BV06; Bal+14] and inverse reinforcement learning (IRL) in the machine learning liter-
ature [NRO0; Zie+08], assumes that the utility function u* belongs to some pre-specified class and
uses the fact that decision y was the optimal decision for scenario x to learn estimates of these
utilities. This setup is called the well-specified or realizable setup. However, this posited utility
class can be misspecified in that the underlying utility «* might not belong to this class. The
correctness of such learning approaches crucially relies on the well specified assumption and offers
no guarantees on how their performance degrades in the presence of class misspecifications.

We overcome this uncertainty in specifying the utility function «* by proposing an agnostic
learning framework which places no assumptions on the class of utility functions. Instead, we
consider decision functions belonging to some class 7 = {f | f : X — Y} and study the objective
of obtaining the “best” decision rule in F with respect to the unknown utility «*. Formally, given
the decision class F and samples from a distribution D, over the feature space X', the objective of




the learner is to output a model f € F with small excess risk or regret

~

err(f, F) : = sup By, [u* (2, f(2))] = Egn, [u* (2, f(2))] - (1)
fer

Our proposed notion of excess risk measures the performance of an estimator f by comparing its
decisions with those of the best predictive model in the class F under the utility u*. Contrast this
with the classical agnostic learning framework [[1a192] where the evaluation metric for classification
measures what proportion of datapoints f predicts correctly

errcl(fv ]:) = ?E‘I;E:BNDJ) [H[f(x) 7& yx]] - Ewwa [Mf(.%) 7é yac]] 3 (2)

where y, = argmax,y, u*(r,y) represents the expert decision (revealed decision) for scenario x.
Our above framework generalizes the proper agnostic learning framework — we restrict our attention
to proper learners which output models f € F and the decision class F is agnostic towards the
unknown underlying utility »*. Indeed, our agnostic framework allows for misspecification in the
decision class F and allows for situations where no predictive model f € F matches the expert
predictions ¥, for all instances x.

As highlighted by Figure 1, such a misspecification in the function class F implies that no
decision function f € F will be able to perfectly fit these optimal decisions y, for all points
x € S. In order to solve the agnostic learning problem, it is necessary for the learner to understand
the how costly these different mistakes are relative to each other. From the learners perspective,
observing only the optimal decisions ¥, for each instance x, such as revealed preferences or expert
demonstrations, are clearly insufficient to obtain any information about these costs. One way to
overcome this information-theoretic limit of revealed decisions is to directly elicit the utilities from
humans — for scenarios xz and decision y, ask an expert “What is the utility u*(z,y) for taking
the decision y given situation x?”. However, since the underlying utility u* can be quite complex,
humans are inept at answering them reliably [Mil56; SBCO5]. For instance, it can be challenging
for humans to correctly specify the costs of mispredicting, say, a stop sign as a red signal relative
to that of predicting it as a post-box.

On the other hand, it is often easier for humans to provide comparative evaluations based on
these utilities [Thu27; FH10] and allow the learner to obtain relative feedback. Using these, the
learner can query an expert with comparison or preference queries asking “For instance x, which
of the two utilities u*(x,y1) or u*(x,y2) is larger?”. Such vanilla comparisons can allow the learner
to infer relative utilities for decisions y; and ys for a given context x; the learner can conclude that
mispredicting stop sign as post-box is worse than mispredicting it as a red signal. However, such
feedback still does not provide any information about the mistake costs across different examples
— given a choice, should the learner correctly predict a stop-sign or correctly predict a post-box?

While vanilla comparisons are insufficient for the agnostic setup, let us consider the other
extreme: suppose that we have access to an oracle which can provide us with comparisons of overall
utilities for functions f1, fo € F. That is, the oracle can answer question of the form “Which of the
two overall utilities E,[u*(z, fi(x))] or Ez[u*(z, f2(x))] is larger?”. Given access to such an oracle,
we will be able to find the optimal classifier in the class F. We call this the co-comparison oracle
since such preferences requires a human to reason about the utilities over the entire feature space
X at once. Even for a small image classification task with a million images, this would require
a human to compare the utility of a million simultaneous predictions! While this approach does



allows for optimal estimation, the trade-off is that it puts the complete burden of learning on the
human’s side. It is worth highlighting that the comparisons between lotteries used to establish the
von Neumann-Morgenstern utility theorem [MV53] can be shown to be a special case of such an
oo-comparison oracle.

While comparison queries only allow comparison within a single instance, the co-comparison
oracle takes the other extreme and requires a comparison along all instances. However, we need
not restrict our self to either of these extremes; our key insight is that there is a natural spec-
trum of such comparisons, which we call k-comparisons which interpolate between the single or
1-comparison and the oco-comparison oracle. Such comparison queries allow a learner to pick k
instances {z1,...,z;} and two sets of corresponding decision, {y1,...,yx} and {yi,...,y;}, and
ask “Which of the cumulative utilities Y, u*(z4, y;) or >, u*(x;,y,) is bigger?”. For instance, for
the example in Figure 1, giving the learner access to a 2-comparison oracle allows the algorithm to
output the optimal decision function.

These higher-order comparison oracles form a natural hierarchy of elicitation mechanisms for
the learner with a k’-oracle being strictly more informative than a k-oracle for ¥’ > k. They
allow for a natural trade-off between accuracy and elicitation in the learning with unknown utilities
framework. As we increase the order k of the oracle, the learner can obtain finer information about
the utilities ©* and output functions with lower excess risk. However, this increase in information
comes at the expense of asking for a harder elicitation from the human expert.

Our Contributions. We propose a novel framework, which we call agnostic learning with un-
known utilities, for studying decision problems wherein the learner is evaluated with respect to
an unknown utility function. Within this framework, we show that standard approaches which
work well in the realizable setup, such as revealed preferences as well as vanilla comparisons, can
perform quite poorly in the face of misspecification and can have excess risk 2(1). To overcome
this, we propose a family of elicitation mechanisms, the k-comparisons, which allows the learner
access to finer information from an human expert with increasing values of the order k. Our main
results, detailed in Section 3, provide a tight characterization of the excess risk as a function of the
order k of the comparison oracle available to the learner. These result brings out an interesting
accuracy-elicitation trade-off — as the order k of the oracle increases, the comparative queries allow
for more accurate learning in our setup but become harder to elicit from humans.

We would like to highlight that increasing the order k of the comparisons could lead to po-
tentially biased and noisy responses from the human expert. As a consequence, there might be
an additional trade-off involving the quality of the information obtained by increasing the order.
While we do not focus on this aspect of elicitation, it is an interesting direction for future work.

Paper Organization. The remainder of the paper is organized as follows: Section 2 introduces
our agnostic learning with unknown utilities problem setup and the k-comparison elicitation mech-
anism, and Section 3 gives an overview of our main results and algorithmic contributions. In
Section 4, we study excess risk bounds for the binary decision problem in our framework and pro-
pose our algorithm, Comptron, to learn from higher-order comparisons and in Section 5, we study
adaptive estimators which are optimal for each instance of our problem.



2 Problem formulation

In this section, we formally state our learning with unknown utilities problem and introduce the k-
comparison oracle. Let X C R¢ represent the space of feature vectors, ) denote the corresponding
decision space and F denote a class of decision making functions, given as F = {f | f : X — V}.
Our framework considers an underlying utility function u* : X x Y + [0, 1] which assigns a non-
negative real value for making a decision y € ) given a situation x € X. Further, let us denote the
set

U={ulu:XxY[0,1]} (3)

of all possible such utility functions. For any distribution D, over the feature space X, we define the
expected utility of a decision function f € F as U(f;u*) := E,up, [u*(x, f(x))]. Observe that such
an expected utility model assumes that the utilities are additive across the different instances x
and is a commonly studied model both in the machine learning, statistics and economics literature.
We denote the excess risk of a function f with respect to the function class F by

err(f, F;u*) := max U(f;u*) — U(f;u"). (4)
fleF

Further, we denote the optimal decision for any instance x with respect to the underlying utility
u* by y, : = argmax,cy u*(z,y).

Similar to the classical agnostic learning setup [Hau92], we assume that the learner does not
know the underlying distribution D, of the instances. However, our setup differs from it in that
we do not assume that the underlying utility function u* is known to the learner. Instead, we
provide the learner access to an oracle which allows the learner to elicit responses to higher-order
preferences queries.

Comparison Oracle Since the utility function u* is unknown to the learner, our framework
allows the learner access to an oracle which provides comparative feedback based on the utilities
u*. We consider a family of such oracles Ok, each indexed by its order k& which determines the
number of different instances the learner is allowed to specify in the comparison query. For an
oracle O, a learner is allowed to select a set of k situations x € X* and two pairs of corresponding
decisions y1,y2 € V*. The oracle then compares, in a possibly noisy manner, the cumulative
utilities of the pair (x,y;) and (x,y2) and responds with the feedback on which one is larger. As
the order k of the oracle increases, the queries become more complex — an expert is required to
evaluate a larger number of instances at once. This family of comparison oracles captures a natural
hierarchy of elicitation mechanisms where with each increasing value of k, a learner has access to
more information about the utility function u*.

Formally, we represent a k-query by a tuple (x,y1,y2) where the input x = (z1,...,2x)
comprises k feature vectors and the corresponding decision vectors y1 = (y1,...,yx) and yo =
(Y- ,y,;).3 Given such a query ¢, the oracle Oy provides the learner a binary response

Oulg = (x.31.72)) {H [0 (6,y1) 2w (x,y2)] - with prob. 1=, -

1 —T[u*(x,y1) > u*(x,y2)] otherwise

3We overload our notation and represent the cumulative utilities of the k inputs (x,y) by u*(x,y) = Do ut (i, yi).



where the parameter 0 < 7, < % represents the noise level corresponding to query g. Thus,
the oracle* Oy, provides noisy comparisons of the cumulative utilities u*(x,y;) and u*(x,y2) with
varying noise level n,. Observe that we allow the noise levels 7, to be different for each query g.

Problem Statement We are interested in the agnostic learning with unknown utilities problem
where a learner is provided n samples S = {x1,...,x,} with each z; ~ D, and access to the k-
comparison oracle described above, and is required to output a decision function f € F such that
error err( f ,F) is small. The caveat is to do so with a minimum number of calls, which we term
the query complexity n, of learning, to the comparison oracle Oy. Quantitatively, we would like to
characterize the excess risk from equation (4) in terms of the number of sampled instances n, the
order k of the comparison oracle and properties of the decision function class F, and the associated
oracle query complexity ng to obtain this bound.

Obtaining such bounds on the excess risk err(f, F;u*) in terms of the order k allow us to
quantify the trade-offs in learning better decision functions at the expense of requiring more complex
information from the human expert. Going forward, we focus on the binary decision making
problem where the label space ) = {0, 1} for clarity of exposition. Whenever our results can be
extended to arbitrary decision sets, we provide a small remark about this extension.

3 Main results

With the formal problem setup in place, we discuss our main results for learning in this framework
of unknown utilities. At a high level, our objective is to understand how the excess risk err(f, F; u*)
defined in equation (4) behaves as a function of the oracle order k — specifically, at what rates does
learning in our proposed framework get easier as we allow learner to elicit more complex information
from the oracle?

For our main results, on the upper bound side, we design estimators for learning from the k-
comparison oracle, and on the lower bound side, we study information-theoretic limits of learning
with such higher-order comparisons. While we state our results for the binary decision problem
where the label space Y = {0, 1} for clarity, most of our results can be generalized to arbitrary
outcome space ).

3.1 Excess risk with k-comparison oracle (Section 4)

We study a class of plug-in estimators which are based on the following two-step procedure:

i. Obtain estimate @ of the true utility u* on the sampled datapoints.

ii. Output utility maximizing function fkn with respect to the estimated utility .

For learning the parameters 4, we introduce the Comptron (Algorithm 1) and Rob-Comptron
(Algorithm 2) algorithms for the noiseless and noisy comparison oracles respectively. We show that
when these estimates 4 are combined with the two-step plug-in estimator, the excess risk of the
function fkn scales as O(%) and an additive complexity term capturing uniform convergence of the
decision class F with respect to the true utility u*.

4Note that while the oracle depends on the underlying utility function u*, our notation suppresses this dependence
for clarity. We use the notation O (gq; u*) whenever we want to make this dependence explicit.



Theorem 1 (Informal, noiseless comparisons). Given n samples, the excess risk for the function
frn € F output by the plug-in estimator using estimates @ from Comptron satisfies

err(fkm,}'; u*) < Complexity,,(F;u*) + O (i) . (711 ;H[fERM(mi) # yz]> ,

where the ERM function ferm € argmax ez y i u* (i, f(2i)). Furthermore, Comptron makes
only O(nlogk) queries to the oracle Oy.

We make a few remarks on this result. First, observe that the complexity term depends on the
true utility function u* and not on the estimates 4. This ensures that the complexity term does
not depend on the utility class U but rather only on the specific utility u* — indeed, the class U
consists of all bounded function and uniform convergence might not even be possible with finite
sample for a large class of distributions D,. Second, the additional error of O(%) accounts for
the fact that the utilities ©* are unknown. One can learn better decision functions by increasing
the order k of the comparison oracle but this comes at the cost of the human expert answering a
more complex set of queries. Furthermore, this error is multiplied by the 0 — 1 prediction error
of the optimal on-sample classifier ferm = argmax ez > ; u*(z;, f(z;)). This implies that in the
well-specified setup, where there exists an f € F such that f(z;) = y; on the sampled datapoints,
the second term becomes 0 and the learner pays no additional error for not knowing the utilities u*.
Third, observe that our proposed algorithms, Comptron and Rob-Comptron, are query efficient;
both require only O(nlogk) calls to the k-comparison oracle to produce “good” estimates .

The proof of the above theorem proceeds in two steps. First, we adapt the classical proof for
upper bounding the risk of ERM procedures to show that the gap err( fk,n, F) decomposes into the
complexity term and estimation error |4 —u*||s,o0, evaluated on the dataset S. Next, we show that
this estimation error scales as O (%) for the Comptron and Rob-Comptron procedures.

Next, we address the optimality of the above plug-in procedure by studying the information-
theoretic limits of learning with a k-comparison oracle. Specifically, in Theorem 3 we establish
that the rate of % is indeed minimax optimal — for any k > 1 and any predictor f in some class
F, we can construct utility functions u* such that excess risk err( f JFiu*) = Q (%) These lower
bounds imply that traditional comparison based learning, corresponding to k = 1, is insufficient
for learning good decision rules in our framework.

3.2 Instance-optimal learning (Section 5).

While the previous results show that the error rate of O(%) is optimal on worst-case instances, some
instances of our learning with unknown utilities problem might be easier than these worst-case ones
and one would expect the excess risk to be smaller for them. In this section, we study estimators
whose error adapts to hardness of the specific problem instance.

To begin with, in Proposition 2 we establish that the plug-in estimator with Comptron estimates
1 is not optimal for all instances — it does not adapt to these easier instances. Inspired from
the robust optimization literature, we introduce a randomized estimator p,., and show that it is
instance-optimal. Informally, we establish in Theorem 5 that for any instance (D,,u*, F) of the
problem, the excess risk for p,op is characterized by a local modulus of continuity; this modulus
captures how quickly the optimal decision function in class F can change in a small neighborhood
around u* for the distribution D,. In Theorem 4, we derive a lower bound on the local minimaz



excess risk and show that the local modulus is indeed the correct instance-dependent complexity
measure for this problem.

However, note that such adaptivity to the hardness of the instance comes at the cost of query
efficiency. Our estimator p,op makes an exponential number O(n*) of calls to the oracle 0.

4 Binary decision-making with k-comparisons

In this section, we obtain upper and lower bounds on the excess risk for the binary prediction
problem with unknown utilities where the learner can elicit utility information using a k-comparison
oracle. In Section 4.1, we introduce algorithms which learn decision-making rules from higher-
order preference queries and obtain upper bounds on the excess risk for such estimators. Then, in
Section 4.2, we turn to the information-theoretic limits of learning from k-queries and obtain lower
bounds on the minimax risk of any estimator.

Recall from Section 2, our setup gives the learner access to a dataset S = {x1, ..., z,} comprising
n points, each sampled i.i.d. from an underlying distribution D, and to a comparison oracle Ok.
Before proceeding to define the estimator, we introduce some notation. For any function f € F, let
us denote the empirical cumulative utility with respect to utility function u* and the corresponding
empirical utility maximizer as

Oulfint) = | 20w f(w)) and e € argmax U (). ()

where the subscript n encodes the dependence on the number of samples. If the underlying utility
u* were in fact known to the learner, it would have output the classifier ferm, which, from the
classical learning theory literature, is known to have favorable generalization properties [Sha-+10].
For the case of unknown utilities, we extend this ERM procedure to a natural two-stage plug-in
estimator which outputs the minimizer with respect to an estimate 4 of these utilities.

4.1 Excess-risk upper bounds for plug-in estimator

Building on the ERM estimator fgrm described in equation (6), we design a two stage plug-in
estimator fk,m where the subscript & represents the order of the comparison oracle used to obtain
the estimate.

In the first stage, we form estimates uy, of the true utility function u* on the sampled datapoints
S using the k-comparison oracle. The predictor fk,n € F is then given by the empirical utility
maximizer with respect to uy, that is,

fk,n € argmax % Z (i, f (1)) (7)

fer i—1

Before detailing out the procedures for producing utility estimates uy, we present our first main
result which shows that the excess risk err( fk,n, F;u*) can be upper bounded as a sum of two terms:
(i) a complexity term corresponding to the rate of uniform convergence of the cumulative utility
U(f;u*) over the decision class F and (ii) an estimation error term which denotes how well the
estimates U approximate u* on the sampled datapoints. Our result measures this estimation error



in terms of a data-dependent norm

|l 5,00 : = sup sup |u(z;, y)|. (8)
i€[n] yey

Recall from equation (6) that the function fegrym is the minimizer of the empirical utility Un( fiu®).
While the following results hold for general decision spaces ), we later specialize this in Proposi-
tion 1 for the binary prediction setup.

Theorem 2 (Excess-risk upper bound). Given datapoints S = {x1,...,x,} such that each x; ~ Dy,

and an estimate Uy, of the true utility function u*, the plug-in estimate fy,, from equation (7)
satisfies

err<fk,n,f;u*>s2-;gg(w<f;u*>Un<f;u*>|)+2||u*akns,oo( Z e #fknm)]). ©)

A few comments on Theorem 2 are in order. First, notice that the upper bound on the risk
err( fk’n, F;u*) is a deterministic bound comprising two terms. The uniform convergence term cap-
tures how fast the empirical utility Un( f;u*) converge to the population utility U(f;u*) uniformly
over the decision class F. Using standard bounds [BMO02], one can show that this term is upper
bounded by the empirical Rademacher complexity of the class F on the datapoints S, that is,

sup (|U(f1u") = Un(fu)]) < Ee

feF

sup

Zel (x4, f :L’Z))“::ﬁ\%n(]:ou*) (10)

where each ¢; is an i.i.d. Rademacher random variable taking values {—1, +1} equiprobably. Such
complexity measures are commonly studied in the learning theory literature and one can obtain
sample complexity rates for a wide range of decision classes including parametric decision classes
and non-parametric kernel classes amongst others.

The second term in equation (9) is given by a product of two terms. The first part |[u* — || 5,00
captures the on-sample approximation error of the estimates 4. Notice that, in general, the
problem of estimating «* uniformly over the space X is infeasible since the class U contains the
set of all bounded functions on X x ). However, the fact that we are required to estimate the
utilities «* only on the sampled datapoints S makes learning feasible in our framework. The second
part, % P I ferm(i) # fkn(acl)] < 1 the mismatch between the predictions of ferm, obtained
with complete knowledge of u*, and of fk,n, obtained from estimates 7. Notice that whenever
the function class F is correctly specified on S, that is, there exists a function f € F such that
f(zi) = y;), then the predictions of fkn and ferm will coincide. This follows since the labels y; can
be inferred using a 1-comparison. In such a well-specified setup, this second term vanishes and we
recover the upper bound in terms of the uniform convergence term. Surprisingly, this exhibits that
not knowing the utility u* affects learnability only when the function class F is misspecified.

Proof. We begin by decomposing the excess error err( fkm,}" ;u*) and then handle each term in
the decomposition separately. Recall that the function fgrm is the maximizer of the empirical



utility Un( f;u*). Then, for any decision function f € F, consider the error

ert(fin, fiu™) = U(fiu*) — Up(f3u*) + Upn(f30*) — Un(ferms 0) + Un(fermi w*) = Un(flons u”)
+ ﬁn(fk,n; U*) - U(fk’,n7u*)

(i) - . A
< 2sup (|U(f30") = Un(f30)]) + Un(fermai 0%) = Un( i ), (11)
feFr

Term (I)

where the inequality (i) follows by noting that ferm is the maximizer of Un( f;u*). We now focus
our attention on Term (I) in the above expression.

U (ferm; 0*) = Un(frns v*) = Un(ferm; ©) — Un(ferm; @) 4 Un(ferm; @) — Un (frn; @)
An(fk,nﬂl) - Un(fk,m U*>

T[ferm (i) # frn(2i)] - sup [u* (z, ) — @z, y))|
i=1 yey

<2fu* — 4| s00 - (711 > I ferm(:) # fk,n(fﬂi)]) ;
=1

where (i) follows by noting that f;m maximizes the utility U,(f;4). Plugging the bound above in
equation (11) completes the proof. O

We now specialize the result of Theorem 2 to the binary prediction setup where the label space
Y ={0,1}. Recall that for each datapoint z;, we denote the true label by y; = argmax, u*(z;,y).
We now introduce the notion of utility gaps ugap(z;) which measures the excess utility a learner
gains by predicting a datapoint x; correctly relative to an incorrect prediction. Formally, the gap
ugap(x;) for datapoint x; with respect to some utility function u € U is given as

Ugap (i) 1 = (@i, i) — w(xi, i) » (12)

where we denote the incorrect label by § = 1 — y. With this notation, the following proposition
obtains an upper bound on the excess error of plug-in estimator fj, for the binary prediction
problem in terms of the estimation error in these gaps ugap(;).

Proposition 1 (Upper bounds for binary prediction). Consider the binary decision making problem
with label space Y = {0,1}. Given n datapoints {x1,...,zy} such that each datapoint x; ~ D, and

an estimate Uy, of the utility function u*, the plug-in estimator f , from equation (7) satisfies

err(fn, Fiu®) < 2 sup <|U(f;u*) - U(f;u*)\) + 2max(ug,, (i) — lgap(2i)] (i > T ferm(:) # yi]) :

fer i=1
(13)

The proof of the above proposition follows similar to Theorem 2 and is deferred to Appendix B.
This specializes the result of Theorem 2 and shows that for the binary prediction problem, esti-
mating the utility gaps ugap well for each datapoint suffices

The upper bound on excess risk given by Proposition 1 shows that the function fk,’n derived
from estimates @y, will have small error as long as the estimates tgap(2;) approximate the true utility
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gaps ugap(xi) for each datapoint x;. Therefore, in the following sections, we focus on procedures
for obtaining the utility estimates dg,p using the k-comparison oracle. we separate the presentation
based on whether the oracle Oy provides noiseless comparisons (7, = 0 for all g) or whether the
oracle evaluations are noisy.

*

zap With noiseless oracle

4.1.1 Estimating u

In this section, we propose our algorithm for estimating the gaps ug,, when the k-comparison

oracle is noiseless. Recall from equation (5), for a query ¢ = (x,y1,y2) comprising k feature
vectors X = (z1,...,xx), and two decision vectors y1 = (y1,...,yx) and y2 = (¥},...,¥}), such a
noiseless oracle deterministically outputs

Ok(q = (Xv}’l,y2)) = H[U*(Xv}Il) > U*<X7 }’2)] >

where recall that u*(x,y) = >_,cp u*(2i, ¥i) is the sum of the utilities under u* for the tuple (x,y).
In the binary prediction setup, such queries allow a learner to specify a set of k instances x and a
subset S, C x and ask the oracle “whether correctly predicting instances in S, has higher utility
or the instances in the complement x \ S,7”.

Recall that Proposition 1 shows that excess risk for the plug-in estimator can be bounded by the
WOTSt-€TTOT |Ug,, (2;) — ligap(7:)| over the set of sampled datapoints S. To obtain such estimates, we
introduce Comptron in Algorithm 1 which is a coordinate-wise variant of the classical perceptron
algorithm [Ros58]. At a high level, Comptron is an iterative procedure which estimates the utility
gaps uzap(xi) for each x; relative to the largest gap

*
max

Upnax © = grel[a:l)](u;ap(:ci) <1. (14)
At each iteration ¢, the queries ¢;; are selcted such that g
estimates ﬂg&. If the oracle’s response is r; ; = 1, the estimates are consistent with the response and
it keeps the current estimate. On the other hand, if the response r;; = 0, the algorithm decreases
its current estimate of the i** datapoint in order to be consistent with this query. Comptron repeats
the above procedure for T' = logy k — 1 timesteps and finally outputs the estimates @gap.

It is worth highlighting here that Comptron initializes all the estimates as the largest gap,
that is, dgap(:vi) = Upax ouch an initialization is purely symbolic in nature and the algorithm
does not require knowledge of this value. This is because the comparison queries g;; allows the
algorithm to compare the estimates tgap with uy,,, and the algorithm maintains its estimates ﬂgap
as a multiplicative factor of u} ., for iterations ¢. Further, we can use symbolic estimates to output

the plug-in estimator since it is invariant to scaling the utility gaps by a positive constant,

bap (X, ¥1) > G0 (x,y2) under the current

argmaxZﬂ(mi, flxy)) = argmaxszgap(iﬁi) [f (3) = vl

fer 4 fer 4

n ~
= argmaxz Ug%@z) A[f (i) = v -
fer 44 Umax

The following lemma provides an upper bound on the estimation error of Comptron and shows

that the output estimates tgap(2;) are within a factor O(%) of the true gaps ug,,(z;).
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Algorithm 1: Comptron: Comparison based Coordinate-Perceptron for estimating ug,,

Input: Datapoints S = {z1,...,z,}, k-comparison oracle Oy,
Initialize: Set T'=log, k — 1

Obtain y; = argmax, u*(z;,y) for each i using 1-comparison.

Obtain index imay usmg 2-comparisons such that ima.x = argmax; ugap( x;).

Set initial estimates ugap [T gap(ml), e gap( n)| = Unax 1 = Ugap (Tigy,)-

(Note that exact value of u};,,, is not required since comparison queries are relative)
fort=1,...,T do

fori=1,...,ndo
k t—1 Un
Denote by A = 57— ( Ugap (i) — zmt”) and query g;; = (X,y1,y2) where
X = (Tiy ooy Tiy Tigs o5 T )y Y1 = (Yir o5 Yis L= Yigs oo L = Vi), Y2 =1-y1.
—_————t — N——
% times A times % times A times

Query oracle Oy, with ¢; ; and receive response 7; ;.

| Update @, (i) = Gy (i) — I[riz = 0] - ’"ax

Output: Gap estimates agap

Lemma 1 (Estimation error of Algorithm 1). Given access to datapoints S = {z1,...,z,} and
k-comparison oracle O, Comptron (Algorithm 1) uses O(nlogk) queries to the oracle and produces
estimates lgap such that

* 2u:fnax
{LrEl%LX |Ggap () — ugap(mi)‘ < — (15)

We defer the proof of the lemma to Appendix B. The proof proceed via an inductive argument
where we show that the confidence interval around ug,,(z;) shrinks by a factor of % in each iteration
for every datapoint z;. Given the above estimation error guarantee for Comptron, the following
corollary combines these with the excess risk bounds of Proposition 1 to obtain an upper bound on
the excess risk of fkn

Corollary 1. Consider the binary decision making problem with label space Y = {0,1}. Given n
datapoints {x1,...,x,} such that each x; ~ Dy, the plug-in estimate f, from equation (7), when
instantiated with the output of Comptron (Algorithm 1), satisfies

err(fin, F;u*) <2 sup <\U(f;U*) - U(f;u*)!> Bimas ( ZH ferm (i) # yz]> :

fer

We defer the proof of the corollary to Appendix B. Corollary 1 exhibits the advantage of using
higher-order comparisons for the learning with unknown utilities problem — as the order k increases,
the error of the plug-in estimate decreases additively as O (%) It is worth noting here that while the
higher-order comparisons allow the learner to better estimate the underlying utilities, the problem
gets harder from the side of the human expert. Indeed, with higher values of k, the expert is
required to compare utilities across k different possible situations which can make the elicitation a
harder task.

12



Algorithm 2: Rob-Comptron: Robust Comptron for estimating u%, with noisy oracle

gap
Input: Datapoints S = {z1,...,z,}, k-comparison oracle Oy, noise level 7, confidence §
Initialize: T'=logy, k — 1, J = ﬁ log (%)

Obtain y; = argmax, u*(z;,y) for each i using 1-comparison.
Obtain index 7max usmg 2-comparisons such that ima.x = argmax; ugap( x;).

0 0
Set initial estimates 09,, = [lgap (1), - - -, Ugap(Tn)] = sy symbolically
fort=1,...,7 do
fori=1,...,ndo
_ _k t—1 Unnax
Denote by A = T ( Ggap (z5) — =53 )
Set query ¢+ = (x,y1,y2) where
x:(wia~"7xi7ximax7"'a‘rimax)7 yl:(yiu"wyiv]-_yimaxw"al_yimax)7 y2:1_y1~
———— — —_——
g times A times % times A times

for j=1,...,J do

L Query oracle Oy with ¢; ; and receive response r; ;¢

Upda’te ugap( ) tgapl( )_ [ Z Tigit < ] max'

Output Gap estimates uga

p

While the results in this section exhibit how the excess risk err( fk,n; F) varies as a function of
k, they rely on the oracle responses being noiseless. In the next section, we consider the setup
where the oracle responses can be noisy and propose a robust version of the Comptron algorithm
for learning in this scenario.

4.1.2 Estimating u},, with noisy oracle

gap
In contrast to the deterministic noiseless oracle of the previous section, here, we consider learning
with unkown utilities when the oracle O can output noisy responses to each query. Recall from
equation (5), for any query ¢, the noisy k-comparison oracle the Correct response with probability
1 —nq and flips the response with probability n, for some value of 7, < 2. While we allow this error
probability to vary across different queries, we assume that this error is bounded uniformly across
all queries by some constant 1 < %

Assumption 1. For the noisy k-comparison oracle described in equation (5), we have thatng < n < %
for all queries q.

From an algorithmic perspective, it is well known that the perceptron algorithm itself is not
noise-stable and can oscillate if there are datapoints x which have noisy labels. In order to over-
come this limitation, several noise-robust perceptron variants have been proposed in the literature;
see | | for an extensive review.

We build on this line of work and present Rob-Comptron (Algorithm 2), a noise-robust variant
of the deterministic Comptron algorithm. The main difference is the presence of an additional inner-

loop with index j which repeatedly queries ¢;; for J = O (W) times. In each iteration, the
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update is again a coordinate-wise perceptron update which matches the prediction of the current
estimate with the average of the oracle responses. Such an averaging has been previously used
in the context of learning halfspaces from noisy data both in a passive [Byl94] and active [Y717]
framework.

The following lemma, whose proof we defer to Appendix B, provides an upper bound on the
estimation error of the gap estimates produced by Rob-Comptron.

Lemma 2 (Estimation error of Algorithm 2). Given access to datapoints S = {x1,...,z,} and
noisy k-comparison oracle Oy satisfying Assumption 1 with parameter n, Rob-Comptron (Algo-

rithm 2) uses O (ﬁ -log k - log %) queries and produces estimates Ugap such that

R . 2Umax
5161;[3;1}}( |ugap(ﬂsi) — ugap(Ii)‘ < ka ; (16)

with probability at least 1 — §.

In comparison to Comptron which requires O(nlogk) queries to the comparison oracle, the
robust variant Rob-Comptron requires a fraction ﬁ more queries to achieve a similar estimation
error. Such an increase in query complexity is typical of learning with such noisy oracles in the
binary classification setup [BBZ07; BL13; DIKT09; YZ17].

Similar to Corollary 1 in the previous section, we can combine the above high-probability bound
on the estimation error to obtain a bound on the excess risk which scales as % with the order k of

the comparison oracle.

Corollary 2. Consider the binary decision making problem with label space Y = {0,1}. Given n
datapoints {x1,...,xn} such that each x; ~ Dy, the plug-in estimate fy, from equation (7), when
instantiated with the output of Comptron (Algorithm 1), satisfies

er( o Fiu) < 2-sup (W) = O f50)]) + 24 (; > W) # yi]> .

with probability at least 1 — 4.

We omit the proof of this corollary since it essentially follows the same steps as that for Corol-
lary 1. This corollary establishes that by increasing the query complexity by a factor of O (1/(1—-2n)2),
one can recover the same additive % excess risk bound of the deterministic setup. Combined, Corol-
laries 1 and 2 establish the trade-offs in the reduction of the excess risk while eliciting more complex
information about the underlying utility u* through the k-comparison oracle.

4.2 Information-theoretic lower bounds

In the previous section, we studied the learning with unknown utility problem from an algorithmic
perspective and showed that the plug-in estimator with Comptron estimates @ achieve an excess
risk bound which scales as O(%) with the order k of the comparison. In this section, we ask
whether such a scaling of the error term is optimal and study this lower bound question from an
information-theoretic perspective.

Recall from Theorem 2 that the excess risk decomposes into two terms: (i) a uniform conver-
gence term for the decision class F with respect to utility function «* and (ii) an estimation error
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term corresponding to how well 4 approximates u* on the sampled datapoints. When the under-
lying utility function u* is known, classical results from the learning theory literature the uniform
convergence complexity term is in general unavoidable [see SB14, Theorem 6.8]. With this, we
take the infinite-data limit, where the learner is assumed to have access to the distribution D,, and
study whether the excess error of O(%) is necessary.

Our notion of minimax risk is based on the subset of utility functions which cannot be distin-
guished by any learner with access to a k-comparison oracle. Formally, given any oracle O(- ; u*),
where we have made the dependence on the utility u* explicit, we denote by U, the subset of
utility functions in the class & which are consistent with the responses of O(- ;u*). With this, we
define the information-theoretic minimax risk 9t (F, D) with respect to the function class F and
distribution D, as

Mp(F,Dy) := sup inf sup Ejpoplerr(f,Fiu)] , (17)
Ok (- ju*) PEAF u€ Uy

where the infimum is taken over all procedures which take as input the distribution D, over the
instances and access to a k-comparison oracle, and output a possibly randomized estimate p € Ar.
The above notion of minimax risk can be viewed as a three-stage game between the learner and
the environment. The sequence of supremum and infimum depicts the order in which information
is revealed in this game. The environment first selects a k-query oracle O(- ;u*) with underlying
utility u*. The learner is then provided access to the underlying distribution D,, function class F
and the oracle O(- ;u*) based on which it outputs a possibly randomized decision function given by
p € Ar. The environment is then allowed to select the worst-case utility u such that it is consistent
with the k-oracle O(- ;u*) and the learner is evaluated in expectation over this chosen utility. We
call this the minimax risk of learning with respect to class F and distribution D,.

Our next main result shows that there exist instances of the binary prediction problem (F,D,)
such that the minimax risk 9 (F, D,) is lower bounded by % for any £ > 2 up to some universal
constants. Observe that this matches the corresponding upper bounds obtained in Corollaries 1
and 2 exhibiting that the proposed plug-in estimator in equation (7) with Comptron (Rob-Comptron
for noisy oracle) utilities is indeed minimax optimal for the binary prediction setup.

Theorem 3. There exists a universal constant ¢ > 0 such that for any k > 2, there exist a binary
prediction problem instance (F,D;) such that

> o

A few comments on Theorem 3 are in order. First, the above result shows a family of lower
bounds for our learning with unknown utilities framework — one for each value of the order k.
Specifically, it shows that for every k& > 2, there exists a worst-case instance such that any al-
gorithm will incur an error of Q(%) Compare this with the upper bounds on excess risk from
the previous section. In the limit of infinite data, Corollaries 1 and 2 exhibit that the excess risk
err( fkm,]-" sut) = O(%) for the plug-in estimator fkn This establishes that the plug-in estimator
with Comptron and Rob-Comptron utility estimates is indeed minimax optimal.

Proof. In order to establish a lower bound on the minimax risk 91, we will construct two utility
functions w1, us € U such that the k-comparison oracle has identical responses for both these utility
functions. For the purpose of our construction, we will consider noiseless oracle; the problem only
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becomes harder for the learner if the oracle responses are noisy. Given these two utility functions,
we next show that their maximizers fi; and fy are different for some function class 7. We then
combine these two insights to obtain the final minimax bound.

For our lower bound construction, we will focus on a setup where the features are one dimen-
sional with X = R and the linear decision function class

Fiin =A{fa | fo(z) =sign(az), a € [-1,1]} .

Recall that for any point x, we represent by ug.p(z) = u(x,y,) — u(z, y,) the utility gain corre-
sponding to the function u. Before constructing the explicit example, we present a technical lemma
which highlights a limitation of a k-comparison oracle — it establishes that a k-oracle will not be
able to distinguish utility functions for which the utility gaps are in the range (1 — %, 1).

Lemma 3. Consider any utility functions ui,us € U. Let datapoints x have utility gain uéap(x)
fori={1,2}. For any two points x1, s such that

1 i
Wap (1) = (1) = 1) and (1 1) tgap(01) < f(2) < gl

the oracle responses for any query q = (X,y1,y2) comprising points x1 and xo are identical for
u* =uy or u*F = usy.

We defer the proof of the above lemma to Appendix B. Taking this as given, we proceed with
our lower bound construction.

Utility functions u; and wus. Our construction considers two datapoints z1 = +1 and x_ = —1
and two utility functions u and @ satisfying

up(x4,1) > ui(r4,0) and wi(z—,1) > ui(z_,0),
ug(x4,1) > ug(r4,0) and wug(z—,1) > ua(x_,0).
Observe that under these utilities, any function f, € Fj, can make a correct decision for either

point x, or point x_ but not for both simultaneously. Given these datapoints, the two utility
functions are given by

1
@y, 1) =1, (e, 1) =1-m where 1 = gy

2
ua(a,1) =1, e 1) =1-7 where p» = gy,

and u;(x,0) = 0 for both ¢ = {1,2}. Observe that both =1, ~v2 have been set to satisfy the conditions
of Lemma, 3, that is,

1 ; .
<1 ; k) 'ugap(er) < uzgap(xf) < ugap(er) for 7 = {1’2}‘
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Distribution D,. For any k > 2, consider the distribution D, over the points {z4,z_} such that

3k 3k +1
= P = _ = .
iyl Ad Prle=a)=gm

By Lemma 3, we have that using the k-comparison oracle, no learner can distinguish between the
utility functions u; and ue on the distribution D,. Further, recall that any classifier f, € Fj;, can
either predict x4 or x_ correctly. We now obtain a bound on the excess risk err(f,, F;u) for both
these cases separately.

Case 1: fu(x4) = 1. In this case, the utility gap is maximized by setting the utility « = u; in the
minimax risk. The corresponding excess risk is given by
(3k+1)(1 —m) 3k 1

err(fa, Fiu1) = 6k + 1 T Gk+1 26k+1) 1)

Case 2: fo(z—) = 1. In this case, the utility gap is maximized by setting the utility u = ug and the
excess risk is given by
3k (Bk+1)(1—) 1

errlfo, Fiuz) = g2y 6k + 1 6k +1) (19)

Noting that any predictor f will output a function corresponding to one of the two cases above and
combining equations (18) and (19) establishes the desired claim. O

While the information theoretic results of this section showed that the plug-in estimator is
minimax optimal, the next section focuses on whether this estimator is able to adapt to easier
problem instances — specifically, whether our estimation procedures Comptron and Rob-Comptron
are optimal for every problem instance? We answer this in the negative and introduce a new
estimator which is instance optimal. However, such an adaptivity to easier instances comes at the
cost of an exponential query complexity.

5 Instance-optimal guarantees for binary prediction

In the previous section, we proposed query-efficient algorithms, Comptron and Rob-Comptron, for
learning a function fkn with small excess risk using only O(n log k) queries to the k-comparison
oracle. Further, the upper bounds in Corollaries 1 and 2 along with the lower bound of Theorem 3
establish that our proposed algorithms are indeed minimax optimal over the class of utility func-
tions U. Given this, it is natural to ask whether our proposed algorithms are instance wise-optimal,
that is, do they achieve the best possible excess-risk bounds for all u* € U?

To simplify our presentation, we study this question at the population level,” where we assume
that the learner has access to the underlying distribution D,. This allows us to focus on the excess
risk as a function of the order k of the comparison oracle and ignore the uniform convergence term.
We also restrict our attention to the deterministic noiseless oracle since one can reduce the noisy
oracle to the noiseless oracle by using the averaging technique presented in Section 4.1.

The following proposition shows that the plug-in estimator with Comptron utilities are not
instance-optimal, that is, it does not adapt to the hardness of the learning with unknown utilities

50ur analysis could be extended to the finite sample setup using the bound obtained in Theorem 2.
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problem instance. Specifically, it constructs a problem instance (F, D, ) with a noiseless oracle and
shows that the estimate® fk from equation (7) with Comptron utility estimates has an excess risk
of % while there exists an estimator, which uses all k-queries and is able to achieve zero excess risk.

Recall that for any utility u* € U, we denote by U, .« the subset of utility functions in the class
U which are indistinguishable from u* under the k-comparison oracle O(- ;u*).

Proposition 2 (Plug-in with Comptron estimates is not instance-optimal). For every k > 2, there
exists an binary prediction instance (F,Dy) along with an oracle Oy, such that

a) The error of the plug-in estimate fk from equation (7) with estimated utilities Uy from
Comptron (Algorithm 1) is non-zero, that is,

A 1
err(fi, Fyu*) = T

b) There exists an optimal predictor f with zero excess-risk, that is,

sup err(f, F;u) = 0.

uEZ/{k’u*

We make a few remarks about the proposition. While the first part of the proposition shows that

the excess risk err( fk,]—" sut) = %, the second part makes a stronger claim about the performance

of f on all utilities u € Uy u+. This shows that the predictor f performs well when evaluated
on an entire neighborhood around the true utility u*. We defer the proof of the proposition to
Appendix C.

Having established that our estimators from the previous section are not adaptive, we introduce
a notion of local minimaz risk and study estimators which are instance-optimal. We begin by
precisely defining this notion of instance-wise minimax optimality. Recall from Section 4.2, our
notion of minimax risk 9 (F,D,) was a worst-case notion — the minimax risk was defined as a
supremum over all oracles Og(- ;u*). We extend this global minimax notion to a local minimax
one. In particular, for any v* € U, we define the local minimax risk around uv* as

My (F,Dy;u™) :=1inf sup [err(f,]:;u)] , (20)

where the infimum is again over the set of all estimators which output a function f € F given
access to distribution D, and k-comparison oracle Q. Observe that this local notion of minimax
risk concerns the performance of an algorithm f around a specific instance u* as compared to the
worst-case instance.

For any utility function u € U, we define its population maximizer f, € argmax;cr U(f;u).
With this notation, our next theorem provides a lower bound on this local minimax risk in terms
of a local modulus of continuity with respect to the set U, ;.

Theorem 4 (Local minimax lower bound). For any distribution D, over feature space X, utility
function u* € U, function class F and order k of the comparison oracle, the local minimax risk

My (F, Dy u™) > % - sup (U(ful;ul) - U(fw;ul)) : (21)

ul,u2€ ulc,u*

5Since we are working at the population level, we have dropped the subscript n from fkn
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Proof. Consider any two utility functions ui,us € Uy and let @ = % We can then lower
bound the minimax risk as

1 1
mk(f’ DLIHU*) > }gg__ (2 err(f: F; U1) + §err(f7 F; u2)>

1 1
= 3 err(fa, F;u1) + 5 err(fu, F;u2)
1

> 2 (U(fur;u1) — U(fasur)),

where the last equality follows by noting that err(fz, F;u2) > 0. Since the above holds for any
choice of w1, uo, the desired bound follows by taking a supremum over these values. O

A few comments on Theorem 4 are in order. The theorem establishes that the local minimax
risk My (F, D) is lower bounded by a local modulus of continuity,

sup (U(fulsul) - U(fw;m)) : (22)
u1,uz€ Uy, 4% 2
which captures the worst-case variation in the performance of utility maximizers of utility in a
neighborhood of u*. For any two utilities uy,us € Uy 4+, it measures the performance drop in the
utility of a learner uses the maximizer fu,+us, in place of f,, when the underlying utility is u;.
2

Given this lower bound on the local minimax risk 9 (F, D,), it is natural to ask whether this
local modulus of continuity exactly captures the instance-specific hardness of the problem. To this
end, our next result answers this in the affirmative. In particular, it shows that for any u*, the
randomized minimax robust estimator p,p € Ax, given by

Prob € argmin sup Eg,[err(f, F;u)], (23)
PEAF UEU o

(nearly-)obtains the same excess-risk bound as that given by the lower bound in Theorem 4.

Theorem 5 (Upper bounds for pyop). For any distribution D, over feature space X, utility function
u* € U and function class F, the expected excess risk of the randomized estimator given by the
distribution prop € AF 18

E[err(proba F; U*)] = Sup (Eu’Npu [U(fu’; ul) - U(fpu; U/)])

Pu

< sup (U(fm;ul) - U(fUQQUI)) ; (24)

u1,u2€ Uy o\*
where the distribution py, € Ay, . is over the space of utility functions consistent with u*.

We defer the proof of Theorem 5 to Appendix C. Compared with the lower bound of Theorem 4,
the bound in (24) shows that the local minimax risk can indeed be upper bounded by a similar
local modulus of continuity. Observe that the while the lower bound evaluates the performance loss
of the maximizer fu,+u,, the upper bound is evaluated on f,,. While the minimax estimator pyop

2
in equation (23) is defined at the population level, we can naturally extend it to the finite sample

regime as

ﬁrob,n € argmin  sup ]Epr[U(fu§ u) - U(f» u)] (25)
PEAF uGZ/A{k,u*
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where the class of utilities Z/A{;m* represents the set of all n-dimensional vectors in [0, 1]" which are
consistent with responses to all k-queries on the set of sampled datapoints S. Using a similar
analysis as in Theorem 2, one can then upper bound the excess risk of this estimator in terms of
the local modulus on the dataset S and an additional uniform convergence term.

In comparison to the Comptron procedure which uses O(nlogk) queries to the comparison
oracle for estimating utilities, the estimator prop,, uses O(nk) queries to construct the set Z:{;ﬁu*.
Thus, while this estimator adapts to the problem hardness, such an adaptation comes at the cost of
an exponential increase in query complexity. Achieving instance-optimality by using fewer queries
is an interesting question for future research.
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Appendices

A Other related work

This paper sits at the intersection of multiple fields of study: agnostic learning , learning with
nuisance parameters, and utility learning from preferences . Here, we review the papers that are
most relevant to our contributions.

Agnostic learning. The framework of probably approximately correct (PAC) learning was intro-
duced in their seminal work by Valiant [Val&4]. This framework formalized the problem of learning
from sampled data in a realizable setup. This was formally extended to the agnostic setup, with
no assumptions on the data generating distribution, by Haussler [Hau92]. Connections of learn-
ability with uniform convergence were first established by Vapnik [Vap92], and more recently it
was established in [SB14] that for the general learning problem, such a uniform convergence is not
necessary to establish learnability. Similar to the classical agnostic supervised learning, the learner
does not know the distribution D, but only has access to it via samples. The key difference is that
the classical setup assumes that the utility function «* is known to the learner while our framework
does not.

Learning with nuisance parameters. Closely related to our setup is the problem of learning
with a nuisance component ['S19] which comprises as special case the problems of heterogeneous
treatment effect estimation [Che+17], offline policy learning [AW17], and learning with missing
data [Grall] amongst others. In this setup, objective is to learn a predictor with small excess risk
and this risk depends on a underlying nuisance parameter which is unknown to the learner a priori.
The unknown utility u* of our setup can be seen as a nuisance component in their framework.
However, the two problems differ in the form of information available to the learner — they allow
the learner to directly elicit (possibly noisy) values of utility u*. They additionally require that
utility u* belongs to some pre-specified function class and their bounds depend on the rate at which
this utility function is learnable over this class.

Another line of work, called double/debiased machine learning in the statistics and econometrics
literature [Che+18a; Che+18b; CNR 18], addresses semiparametric inference [Rob88; Kos07] where
the function class F is assumed to be a parametric family along with a non-parametric nuisance
component. In addition to the differences mentioned above, this class of methods focuses on
exact parameter recovery and conditions under which /n-consistent and asymptotically normal
estimators can be obtained.

Utility estimation with preferences. The seminal work of von Neumann and Morgenstern [V V53]
established that any rational agent whose preferences satisfy certain axioms will have a utility func-
tion. Furthermore, the proof of this expected utility theorem showed these utilities could be elicited
from the agent using preferences over randomized lotteries. As discussed in Section 1, such pref-
erences over lotteries can be seen as a special case of the co-comparison oracle. There have been
several recent works studying the consequences of incomplete preferences [Ok02; (G 13] which show
the existence of a class of utility functions which are consistent with these incomplete preferences.
Our k-comparison oracles can be seen as a quantitative approach to studying such incomplete pref-
erences; for each value of k > 1, the human expert can only compare lotteries up to a granularity
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of % Our work goes a step forwards and studies the consequences of such incomplete preferences
for decision-making tasks.

B Deferred proofs from Section 4

B.1 Proof of Proposition 1

The first part of the proof essentially follows the same as that for Theorem 2. The proof differs in
how we upper bound Term (I) from equation (11).

n

0 e 1) = 0 i) < 1 S Clfern () = ] = W) = ) 0ar) ~ ()
- ;i@[ﬁm(xi) # i) = fesm (1) 7 1)) (iga(3) — w3aplr)) - (26)
£ 2 e (5) ) )
< max(ugap (1) — gap(1)]- ;iﬂ[fw (@) # i) @)

where inequality (i) follows from the fact that @ is a lower estimate of w*. This establishes the
desired claim. 0

B.2 Proof of Lemma 1

We begin by noting that for any given datapoint x;, the deterministic comparison oracle Oy when
queried with ¢; ; outputs

k . *
Ok‘(Qi,j) =1 §ugap(mi) = )‘umax )

for values” of \ € [%] This effectively allows one to compare the utility gap u; with uy,,, at a

multiplicative granularity of % With this observation, let us establish that for any time ¢ € [T],
for any datapoint x; € S, we have

*

;tax < u;ap(xi) < ﬂtgap(xi>' (28)

u

’llt (wl) —
The proof will proceed via an inductive argument.
Base Case. For initial time ¢ = 0, by the boundedness of the utility functions, we have for all x;,

~0 ~0
ugap(xi) - u:‘:wax =0< ugap(l‘i) < u:jnax = ugap(xi)'

"We denote by [d] the set of integers {1,...,d}.
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Induction Step. Assume that for some ¢ = s, equation (28) holds for all z; € S. We will now show
that it holds for ¢t = s + 1. Note that by the induction hypothesis, the value of A at time s+ 1 can
be equivalently written as

Ao B ((Taan(mi) = T+ g ()
2u¥ 2 ’

m

that is, as a scaled mid-point of the confidence interval at time s. the query ¢;; then compares the
8ap Ug,,(7;) With the mid-point of the confidence interval.

Case 1. If the response r;; = 1 which implies that Ugap(%) > %, the upper estimate remains

the same and the lower estimate is (implicitly) moved to the mid-point % since we know from
the oracle’s response that ugap( x;) is greater than the mid-point. Thus, after each update, the

confidence interval shrinks by a factor of % and reduces to 25% at the end of time t = s+ 1.

Case 2. On the other hand if r;; = 0, the estimate ugjpl (x;) i

while the lower estimate remains the same because of the oracle’s response.

Combining both the cases above, we see that at time ¢ = s + 1, the confidence interval for
Ugap(2:) is exactly 23% for both the cases. Thus, we must have that

*

R u
g (i) = S0F < ugap(i) < Ugy (2).

This establishes the first part of the claim. The bound on the query complexity follows from the
fact that for each datapoint z;, we use log, k — 1 queries to the oracle in the procedure. This
establishes the desired claim. O

B.3 Proof of Corollary 1

The excess risk of the plug-in estimator can be upper-bounded from Proposition 1 as

err(fk7n7.7-';u*) <2- ;lelg_ (|U(f;u*) — 0(f,u*)|> +max[ugap(x ) — Ugap(24)] - Z]I Jerm(z;) # i)

Lemma 1 ~
< 2-sup (|U(f,u*)*U(f»U*)‘)

fer

2 “Umax ZH fERM mz 7£ yl] ) (29)

where the last inequality follows by noting that Comptron produces an estimate g,y of the utility
gap ug,,(7;) with an additive error of 2"—,’;“* O

B.4 Proof of Lemma 2

To establish the above claim, we show that the updates to the gap estimates u p Performed by
Rob-Comptron mirror those performed by the deterministic Comptron with hlgh probabﬂlty For
any datapoint x; and any time ¢ € [T, denote by r}, = E [r; ;4] the expected value of the response

for query g;j:. By Assumption 1, we have that H[T:,t < %] provides the true label for the query
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gi,j,t+- By an application of the Hoeffding’s inequality, we have,

1 1 . 1 —J(1—2n)?
Pr|I j Zri“j’t < 5 ;é I |:Ti,t < 2:| S exXp ( 4 '

J

Taking a union bound over all datapoints z; and time ¢ € [T], and substituting the value of

J = ﬁ log(%), we have,

. 1 1 .1
Pr | 3i,tst. T jzri,j,mi #H[ri’t<2] <. (30)

J

From the above equation, we have that with probability at least 1 — §, every update performed by
Rob-Comptron uses the correct label. Combining the above with the proof of Lemma 1 establishes
the required claim. O

B.5 Proof of Lemma 3

Observe that from the conditions of the lemma statement, we have

1
<1 - k;> “Ugap(T1) < uéap(l"?)’ uéap(xQ) < Ugap(21)-

. . 1
Assume without loss of generality that ug,,

only points x1 and xo must have the form

(z2) > uéap(xg). Observe that any k-query comprising

X:(xla"'7x17x27"'7$2)a yl:(y17"'ay17g2>"'7g2)7 }’1:(3717---,2?173427---’342)
~~ —— —— —— ——
71 times J2 times 71 times J2 times 71 times J2 times

with j; + jo = k. For any query ¢ to be different under the oracles Og(- ;u1) and Og(- ;u2), we
should have

H[jluéap(xl) > j2uéap(x2)] =1 and H[jluéap(xl) > j2u§ap(x2)] =0

since ul, (z2) > uZ, (z2). In order for the above equation to be satisfied, we requires that the

'gap gap
ratio % >1- % However, under the constraints j; + jo = k, this is not possible. Hence, it is not
possible to distinguish between the utilities u; and uo using a k comparison oracle. O

C Deferred proofs from Section 5

C.1 Proof of Proposition 2

Our example construction will focus on the real-valued feature space X = R, binary decision space
Y ={0,1}, and the class of linear decision functions

Fiin = {fa | fa(x) =sign(az), a € [-1,1]} .
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Distribution D,. Our example will focus on three points 1 = 1,29 = 2,23 = —1 with their
population probabilities given by

Pr(x=21)=p, Pr(r=xz2)=p, and Pr(x=z3)=1-2p,

for some value p > 0 which we define later. Note that our final choice of p will depend on the order
k of the comparison oracle.

Utility function u*. Given the above three points, we set the utility u*(z;,0) = 0 for all data-
points x;. The utilities for label y = 1 are given by

u(x1,1) =1, u*(xe,1) = %, %
With these utilities, observe that the true label y; = 1 for all the datapoints. Further, any pre-
dictor f € Fjn can either correctly predict the points {x1,z2} or the point z3 but not all three
simultaneously.

and u*(x3,1) =

Performance of predictors. For this setup described above, we now proceed to describe the
optimal function f*, the plug-in estimate fk and an alternate predictor f which outperforms the
plug-in estimate. Observe that any estimator will pick either f_; or fi; depending on the value of p.

Optimal Classifier. The difference in the expected utility between the classifiers fi; and f_; is
given by

U(frizu?) = U(f-p;u") = p- (1 + i) —(1-2p). <k22>

k2 (k+2)% — 72

1
k:2( p(k+2)*—2).

Given the calculation above, the optimal classifier f* is given by

f*:{f+1 G (31)

f-1  otherwise

Plug-in estimate fk We now study the prediction fk obtained by using the prediction 4 from
Comptron (Algorithm 1). Recall that since Comptron produces upper estimates for v},  (which is

gap
equivalent to u* since u*(z,0) = 0) within an error of 2 7, the output estimates will be

4 2
w(x1,1) =1, a(zg,1) = T and u(zs,1) = T
Observe that while Comptron is able to correctly learn the utilities for 1 and x9, it overestiamtes
the utility for the point z3. Let us look at the difference of estimated utilities

U(f+1:0) =U(f-5;0) =p- (1 + :) —(1-2)- (2)
2

(k+8)—%

“(p(k+8) —2).

w\ )—‘??‘\’E
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Given the above calculations, we see that the function fk is given by

fr=

2

f-1 otherwise

Alternate estimator f . While Comptron compares the utilities of both x5 and z3 with respect to
x1 (equivalently z;_ ), consider the alternate procedure which differs in the estimation of utility
gap ugap(:cg). Instead of using the proposed queries g3; of Comptron, we modify those as ¢3; =
(x,¥1,y2) where

x = (x3,...,23,%2,...,22), Y1 = (y3y...,y3, 1 —y2,...,1—y2), y2=1-—yi.
— ~~
gtimes A times gtimes A times

Following the same proof as of Lemma 1, we can show that one can obtain an upper estimate
t(xzs,1) = $%. This follows from the fact that we can deduce that u*(z3) € [0, QUT(IQ)] from the
above queries and combining this with the fact that u*(z2) < %. Evaluating the difference between

the utilities with respect to @, we get

U(fya3a) =U(fa;8) =p- (Hi) —(1-2p)- (;2)

8
:%-((k+2)2+12)—ﬁ
:%(p((k—|—2)2+12)—8).

Using such estimates & with the plug-in estimator in equation (7), we have that the function

8
f_ {f-i—l for p > Fr2)2512 . (33)

B f-1  otherwise

Thus, the three estimators f*, f and f differ in the threshold for p for switching between the
functions fy; and f_;. Setting a value of p = k%rs’ we see that for k& > 10

2 - 8 _ 1 _ 2
(k+2)2 " (k+2)24+12 k+8 k+8
N——
p

Thus, for this setting of p, while the predictor f* = f = f+1, the estimator fk = f_1 and hence it
incurs an excess risk err( fk, Fiu*) = % This establishes the first part of the claim.

For the second part, observe that the estimator f outputs fy for the particular setting of p for
all a3 € [0, k%] This set precisely captures the set of all utilities which are consistent with the k
oracle O(- ; k). Since the optimal decision function f* = fy, this establishes the second part of the
claim. O
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C.2 Proof of Theorem 5

Let us represent by Ar the space of probability distributions over the function F. The error of the
estimator p,op can then be upper bounded as

Elerr(prob, F;u*)] = inf  sup Eglerr(f, F;u')]
pEA;u’GL{‘u*

= inf sup sup Ef[U(f;u)) = U(f;u)]
PEAF WE U+ f'EF

(i

= sup inf By [U(f50) = U(f;))],
PEAF U, fEF

where the equality (i) follows from an application of Sion’s minimax theorem and the space A FxUy»
denotes the space of all distributions over the joint space J xU|,«. Let us decompose the distribution
P = Pu Py, Where p, represents the marginal distribution over the space U,« and py,, denotes the
conditional distirbution of sampling a function f € F given utility function u. Denote by

fu:=argmaxU(f;u) and fp:=argmaxE,,[U(f;u)]

as the maximizers for the corresponding (expected) utility functions. Then, the excess risk

Elerr(prob, F;u*)] =  sup  inf E¢p [ (f;u)) — (f;u’)]
PEAF XU, « fEF

= supsup inf (EuleuEf/pr‘u/ [U(f/;u')] — Eynp, [U(f,u')])
Pu Pfju fEF

® sup sup (Eu’~puEf’~hW [U(f/§“/)] — Ewnp, [U(fp“; u,)])
Pu Pflu

@S;p( wrpe [U(furs ') = U(fpi0)]),

where the inequality (i) follows from the fact that f,, maximizes the expected utility with respect
to p, and (ii) follows by noting that the maximizing distribution pg,, = I[f = fu/]. Noting that
fp. is the maximizer corresponding to the distribution p,,, we have,

Elerr(prob, 73 u")] = sup (Buwp, [U(fursu) = Banp, [U(fa; 0)] + Bairop, [U (fa5 )] = U(fpu50)])

Pu
< sup (Eu ey [U(urit!) =~ By [U(fain!)])
()
< osup (U(fursur) = U(fugivn)) s

U, u2€ ulu*

where the inequality (i) follows by upper bounding the expected deviation with a worst-case devi-
ation. This establishes the required claim. ]
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