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The values of the antineutron-nucleus scattering lengths, and, in particular, their imaginary parts, are
needed to evaluate the feasibility of using neutron mirrors in laboratory experiments to search for neutron-
antineutron oscillations. We analyze existing experimental and theoretical constraints on these values with
emphasis on low-A nuclei and use the results to suggest materials for the neutron-antineutron guide and to
evaluate the systematic uncertainties in estimating the neutron-antineutron oscillation time. As an example,
we discuss a scenario for a future neutron-antineutron oscillation experiment proposed for the European
Spallation Source. We also suggest future experiments which can provide a better determination of the

values of antineutron-nuclei scattering lengths.
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I. INTRODUCTION

Neutron-antineutron (n — 1) oscillations would violate
the conservation law for baryon number B by two units. A
discovery of B violation holds dramatic implications for
particle physics and cosmology [1-44]. Experimental
searches for AB = 2 processes with neutrons can proceed
by searching for antineutron appearance in a free neutron
beam or by looking for the large energy release from
antineutron absorption in the nucleus of an underground
detector material [10,45-50]. The best free neutron oscil-
lation searches have used a slow neutron beam passing
through a magnetically shielded vacuum chamber to a thin
annihilation target surrounded by a low-background anti-
neutron annihilation detector. The present upper bound on
the oscillation time z,_,; of free neutrons used an intense
cold neutron beam at the Institute Laue-Langevin (ILL)
[51] and saw zero candidate events with zero background in
one year of operation.

Let us briefly review neutron-antineutron oscillations for
neutron propagation in the presence of matter and an
external magnetic field B. The mixing matrix for this case
can be written as
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where ¢ is the off-diagonal mixing term in the effective
Hamiltonian for the n/n two-state system, u,, is the neutron
magnetic moment, and V,, and V; are Fermi potentials for a
neutron and antineutron in matter, respectively. The diag-
onalization of this matrix gives mass eigenstates related to
pure neutron |n) and antineutron |7i) states

()= (o o) ()

2e
(2, -B=V,+ V)

with

tan(20) =

Neglecting for the moment neutron f decay and annihila-
tion of antineutrons in the matter, this leads to the
probability to find an antineutron at time ¢ starting from
an initial pure neutron state at time ¢t = 0 as

P,;(t) = sin?(20) sin?(AE?/2),
where
AE = [(2f,- B=V, + V;)* +4(e)?]".

All free neutron oscillation searches so far have arranged
for the neutrons to avoid interactions with matter (V,, and
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V; as small as possible) and the external magnetic field Bto
minimize the energy difference AE between the neutron
and antineutron states during the observation time ¢ as the
oscillation probability is lowered as AE increases. Even the
best magnetic shielding in a perfect vacuum leaves a large
enough residual magnetic field that the difference in the
neutron and antineutron Zeeman energies AE > ¢, where &
is the off-diagonal mixing term in the effective Hamiltonian
for the n/n two-state system. If the “quasifree” condition
(tAE/h) <1 is met, where % is the reduced Planck
constant, the relative phase shift between the n and 7
states, e~"AF/" i small enough that the oscillation prob-
ability still grows quadratically with ¢ for short observation
times, and, therefore, the sensitivity of the measurement is
preserved. The practical experimental figure of merit for a
free neutron n — i1 search using this approach is N7,
where N, is the total number of free neutrons observed in
the experiment and ¢ is the observation time for free neutron
propagation under the quasifree condition.

We recently proposed a new concept [52—-54] which can
help realize future laboratory experiments to search for
neutron-antineutron (n — 71) oscillations of free neutrons. It
relies on the use of reflection of a n — 7 superposition from
the walls of a specially designed neutron and antineutron
(n and n) guide. If the n beam is prepared so that the
maximum transverse v velocities are small compared to
the critical velocities v of the guide material for both n
and 71, we showed that in this limit the oscillations are not
suppressed and the development of the oscillations remains
in the quasifree regime needed for high sensitivity in the
measurement. Such coherent reflections of the n — 71 super-
position can allow one to increase the length of the flight
path and, therefore, the observation time compared to a n/n
experiment without a guide. In the quasifree regime, the
oscillation probability increases as the square of the
oscillation time. Furthermore, with the use of such a guide,
the lateral size of the installation can be reduced along with
the associated cost and difficulty of implementation.
Whether or not this option can improve the experimental
figure of merit compared with designs similar to that used
in the most sensitive neutron-antineutron oscillation experi-
ment conducted at the ILL, which did not use guides in the
quasifree propagation region of the apparatus, depends on
the detailed neutron source energy and momentum spec-
trum and experimental setup. The relation of the phase
space distribution of the neutrons emitted by the source to
the phase space acceptance of the experiment as defined in
part by the neutron guides is especially important. In our
previous work, we developed the formalism needed for the
experiment design and analysis of the results of such an
experimental approach.

To optimize the design of such an experiment and to
correctly extract the probability of n — 71 oscillations, it is of
fundamental importance to know the values of the scatter-
ing lengths b;, of the 71 on the nuclei of the material of the

walls of the n/n guide walls. As there are no direct
experimental measurements of b;4, these values must be
obtained from theory. An uncertainty in evaluating anti-
neutron-nuclear scattering lengths contributes a systematic
uncertainty in estimating the sensitivity of such an experi-
ment and also can preclude the full optimization of the
design of the experiment.

If the observation time 7, of the n/n superposition in a
horizontal cold neutron guide is noticeably shorter than its
lifetime in the guide, the impact of the present significant
uncertainty in the knowledge of b;, can be quite limited, as
we will show below by explicit examples. The lifetime is
determined by the annihilation of the 7 in the walls of the
n/n guide and the phase shift between the n and the 7 when
they are reflected from the walls of the n/n guide. Since the
characteristic lifetime due to annihilation of 7 inside the n/7
guide is 7; ~ 2 s [53], the observation time should be a few
times shorter than this value. This condition can be met for
the case of a new experiment now under discussion to search
for n — 71 oscillations at European Spallation Source (ESS),
Lund, Sweden [55]. With a neutron guide length of L. ~
300 m and a mean neutron velocity of v, ~750 m/s,
the mean observation time will be 7, ~ 0.4 s. This value
is smaller than the characteristic lifetime by a factor of
T/ Tobs ~ 5

We will show in Sec. V that, for a typical uncertainty
of the imaginary part of the antineutron scattering length
Almb;, /Imb;, = Almag, /Ima;z, ~ 0.1, the uncertainty
for estimating 7,; is ~0.5%. As usual, we denote a
scattering length on free and 5 on bound nucleus
A%lb, A being the nuclear atomic weight. Even if this
knowledge was an order of magnitude worse, it would not
lead to an unacceptable loss of experimental sensitivity.
Still, the analysis of the knowledge of b;, should be carried
out in the most conservative manner possible to completely
exclude the possibility of incorrect interpretation of results
of such a fundamental experiment.

Measurements of b;, values are available only for hy-
drogen and helium. The experimental data on antineutron-
nucleus interaction at low energies are scarce and possibly
(perhaps probably) contradictory, and there is no generally
accepted theoretical model able to describe the whole set of
experimental data. We evaluate the limits on the imaginary
part of the antineutron-nucleus scattering lengths (Ima;;4)
from theory in this paper. There are two ways to obtain
information about Ima;, values.

(1) To extract them directly from experimental data as
done for nA interaction. The data on 7ZA interaction
are poor, and their interpretation is model dependent.
Only 7A annihilation cross sections for some nuclei
have been measured down to energies corresponding
to 70 MeV/c of 7 momentum in the laboratory
frame. This is not sufficient to make a partial wave
analysis and extract the scattering length. There
seems to be no possibility of direct experiments
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in the foreseeable future, as one cannot produce
extremely low-energy 71 beams.

For very light nuclei (A = 14), more experimental
data are available on a;, which can be used to
calculate aj4. One must correct for isospin sym-
metry violation (the nuclear interaction is the same
for p and 7 only for symmetric N = Z nuclei) and
for the Coulomb interaction, which drastically
modifies the p — A cross section behavior at low
energies.

(i) To develop a theoretical model which describes pA
experimental data and switch off the Coulomb
interaction to obtain a;4. Most of the data consist
of antiprotonic atom data and total annihilation cross
sections for 10-100 MeV antiprotons. Unfortu-
nately, no existing model describes all experimental
data, as we will show.

In this paper, we analyze theoretical models which
describe the existing experimental data to understand
how accurately Ima;, values can be extracted. We do
not discuss pp and 7ip, where experimental information
and theoretical calculations are more abundant but not
suitable for our purposes. We consider deuterium (?H) for
which the scattering length can be extracted from exper-
imental data and light nuclei with A ~ 10-20, in particular
C, for which there are some data both on pA and nA
interaction from antiprotonic atom, annihilation cross
section, and differential elastic cross section measurements.
Heavier nuclei are not discussed in this paper. With heavier
nuclei, more partial waves are present even near zero
energy, and it becomes impossible to separate them. For
heavy nuclei, it is also necessary to take into account
relativistic effects.

In addition to the main application to antineutron mirror
reflection, our results are also of interest for the analysis of
coherent neutron and antineutron propagation in gas [56],
which is another recently discussed option for future
neutron-antineutron oscillation experiments. In this case,
it is coherent forward scattering rather than mirror reflec-
tion which is involved, but the same neutron potential and,
therefore, the same scattering lengths are of relevance.

The article is organized as follows. Section II analyzes
particular case of 722H, which is of interest, as deuterium is a
candidate component material for a n/n guide. Section III
presents briefly the existing optical model approaches used
to describe heavier nuclei and discusses the 7C system.
Section IV discusses the quality of description of atomic
and elastic scattering data by these models. Section V gives
estimations for future experiments on n — 71 oscillations.

II. ANTINUCLEON-DEUTERON SYSTEM

There are no experimental data for the 7°H system, but
the 71°H scattering length can be estimated using the p’H
one which can be extracted from the experimental data with
minimum assumptions. Both atomic shifts and widths [57]

and annihilation cross section at low energies [58] of the
p’H interaction were measured in Low Energy Antiproton
Ring (LEAR) experiments with good precision. The p’H
scattering length can be extracted [59] from these data. The
results from atomic measurements

ags(sz) =[(0.7+£0.2) —i(0.4 +0.3)] fm
and annihilation data
Imags(iazH) = —i(0.62 +0.05) fm

are in agreement. The imaginary part is measured more
precisely in the second experiment, so one can give the
following estimation for the scattering length:

ag* (p*H) = [(0.7 +£0.2) — i(0.62 + 0.05)] fm.

The relation between the scattering lengths with ag’
(corresponding here to the p’H system) and without
Coulomb &} forces (corresponding to 7i°H) was intensively
studied in the 1990s, in particular, for the antinucleon-
nucleon system. The most general solution was found in a
series of works by Popov et al. [60,61]:

B re\ B T, .
a_ssz (1—2b1§>a—6—2(ln§+60+61§>

Here B =4-_Jic is the Bohr radius, r, is the pp

effective range, r. is the so-called Coulomb range,
co =2y +1n2, y =0.5772 being the Euler constant, and
¢y and b, are some numerical constants depending on the
given form of the potential. These parameters cannot be
extracted from experiment. This is the reason why a simple
phenomenological approximation

B—B+C (1)
ags_a(s)

with an adjustable constant C was proposed in Ref. [62] to
describe the antinucleon-nucleon system.

For antiproton-proton system, this formula works within
1% precision. The precision of this expression decreases as
the Bohr radius B increases. Nevertheless, it is expected to
work quite well for the antinucleon-deuteron system where
the Bohr radius is still large enough with respect to all other
nuclear length parameters.

Unfortunately, there are no theoretical calculations in the
literature which allow a comparison of p*H and 7#’H
scattering lengths. To estimate the precision of this formula
for the deuteron, we made a simple calculation of these
scattering lengths in a complex Woods-Saxon potential
with the same geometry (R =2 fm, Ry =0, 5 fm, and
ay = ay = 0, 2 fm inspired by the Kohno-Wise potential
[63]) but corresponding to two different physical situations.
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We first choose the parameters of the Woods-Saxon
potential to reproduce the case of strong annihilation:
U =20 MeV, W = 3000 MeV, to give a scattering length
close to that observed in the atomic experiment:

ag® = 0.67 — i0.62 fm.

The corresponding scattering length without Coulomb
forces is very similar:

aj = 0.72 —i0.78 fm,

which implies a precision of the formula (1) of 1.5%. Next
we choose the parameters of the potential (U = 138 MeV,
W = 60 MeV) corresponding to a very light annihilation
and for which the interaction between atomic levels and
nuclear levels is very strong [60]. It is known that, in this
case, higher-order corrections are very important. One
obtains
af’ = 0.61 —i0.69 fm, ay = 0.70 — i0.79 fm.

which implies a precision of the formula (1) of ~10%. Thus
we justify that this formula works with a few percent
precision, which is comparable to that of experimental data.

By using the same constant C = 7.17 4 i1.46 as in the
pp system, one obtains

a(PH) = [(0.7 £ 0.2) — i(0.79 £ 0.07)] fm,

which is a promising value for antineutron guides made
from deuterated materials.

This is the spin-averaged amplitude. The experimental
data do not allow one to extract separately doublet and
quartet scattering lengths, and the existing theoretical
estimations [64—67] do not provide any important differ-
ence between these two amplitudes.

Unfortunately, this approach does not work for heavier
nuclei due to the presence of higher partial waves near
threshold, which make the S-wave scattering length inac-
cessible from experimental data.

III. ANTINUCLEON-NUCLEUS OPTICAL
POTENTIAL APPROACH

To describe the existing data and to calculate the
scattering length, we use the most popular approach
allowing us to extrapolate theoretical calculations to zero
energy and to calculate the scattering length, which is
the optical model. Let us discuss the different optical
potential models developed in previous work to describe
antinucleon-nucleus data.

Batty et al. conducted a systematic study of pA, kaon,
and hyperon interactions in a series of articles (see [68—70],
and references therein) which was initially developed to
describe energy shifts and widths of the levels in exotic

atoms due to the strong interaction. They introduced a
phenomenological optical potential proportional to nuclear
density with a complex-valued fitting parameter describing
the strength of the potential and adjusted to describe the
shifts and width of heavy antiprotonic atoms. For heavy
elements, one deals with the levels with nonzero orbital
angular momentum.

For light symmetric nuclei within this approach, the
interaction of p with the nucleus is described using the
optical potential V(z) from Ref. [71]. We consider the one-
dimensional case (dependence on z only):

4rh?
V(e)=-—2" (1
2

+ 1%%) bo(pu(2) +pp(2),  (2)

where p is the reduced mass of the pA system, M is the p
mass, A =Z + N is the mass number of the nucleus,
and by is the scattering length parameter equal to by =
1.3 4+ 1.9/ fm according to Ref. [71]. This choice of b,
gives the depth of the imaginary part of the potential for
C ~ 200 MeV. For simplicity of analysis we have omitted
relativistic effects important for heavy nuclei as well as
other corrections like nuclear folded density used by the
authors of this model.

Proton and neutron densities in the nucleus are described
using a two-parameter Woods-Saxon shape:

— pl’ovno
1+ exp(—z_R”‘”)

Apn

Ppn(2)

where

471/ py(2)2dz = Z, 4ﬂ'/ pu(2)22dz = N.
0 0

Here R, =R, =2.0005fm and a,=a,=0.523 fm
according to Ref. [72].

To understand the main features of this model, we
perform some numerical calculations for '>C by using
the Schrodinger equation with potential (2) and a pointlike
Coulomb interaction including calculations both a;, and
az, parameters.

This model has a very large imaginary part of nuclear
potential (imaginary part of b)) and produces results which
have a quite simple geometrical interpretation. The strong
annihilation practically “kills” the wave function inside the
nucleus, and the results are, therefore, mostly sensitive to
the periphery of potential. The real part has a pure A'/3
dependence corresponding to a black sphere. We will refer
to this approach as a model with strong annihilation.
For the scattering length without Coulomb interactions,
Rea) = (1.54 £ 0.03) - A®3!11#095 fm The imaginary part
is practically A independent and proportional to the
diffuseness of the potential: Imaj = (1.00 £ 0.04) fm.
Such dependence is typical for the case of a potential with
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very strong annihilation [73] and similar results were also
found for other hadronic-nucleus systems.

As shown in Ref. [74], the imaginary part of the scattering
length is related to the complex optical potential with an
exponential-like tail U(r) ~ exp(—r/a) which tends to

Ima) - —a(x — ). 3)

where ¢ is the phase of complex potential. For the potential
[71] with by = 1.4+ i1.8 fm, one obtains the ratio of
imaginary part to diffuseness to be equal to 2.23 in agree-
ment with numerical calculations:

ay =3.22 - 1.16i fm. (4)

A. Antinucleon-nucleus annihilation cross section

The antinucleon-nucleus annihilation experiments for
nuclei with A > 12 corresponding to the antinucleon
momenta > 100 MeV/c and kinetic energy 5.3 MeV were
performed mainly at LEAR. The review of antinucleon-
nucleus interactions can be found in Ref. [75]. These data
were enriched recently by some of new measurements at
the antiproton decelerator machine at CERN.

In a series of articles, Friedman et al. [71,76,77] have
developed optical models using the discussed above poten-
tial, to describe the atomic data. However, the same model
can also be used to describe antinucleon-nucleus annihi-
lation and elastic scattering reactions. Unfortunately, this
potential systematically underestimates the 7A annihilation
cross section and the pA one at low energies. We present
the pC annihilation cross section in blue in Fig. 1 and the
nC annihilation cross section in Fig. 2.

Since we are interested in very low energies in pA and
nA systems, let us recall some important modifications in
the behavior of nuclear cross sections, which appear in the
presence of Coulomb forces, especially for an inelastic
(annihilation) cross section at very low energies. First of all,

o, barn

4F |0

0 ‘ ‘ ‘ : ‘ —— p,MeV/c
0 100 200 300 400 500 600

FIG. 1. Annihilation cross sections of p on C as a function
of momentum (sum of 25 partial waves). The optical potential
calculations with usual diffuseness correspond to the solid line; the
potential model with double diffuseness calculations are given by
the dashed line. Experimental data are used from Refs. [78,79].

o, barn

20t

1.5}

05}

0.0 - - . . p,MeV/c
0 100 200 300 400

FIG. 2. 7C annihilation cross section as a function of momen-
tum. The optical potential calculations with usual diffuseness
correspond to the solid line; the potential model with double
diffuseness calculations are given by the dashed line. Exper-
imental data are from Ref. [80].

the famous 1/v behavior of the inelastic cross section at
low energy is replaced by 1/v% Second, all partial
annihilations cross sections have the same kinematic
behavior, and they can be present at very low energies.
The scattering lengths without aj and with ai* Coulomb
forces are not equal even for the same nuclear potential, as
we mentioned in the previous sections.

The partial cross section of inelastic scattering (annihi-
lation in our case) for neutral particles with angular
momentum / is

oq) = 5 @1+ (= ISP)

where S,(q) = ¢*%14) for elastic scattering in the presence
of inelastic processes is complex with a modulus smaller
than one. This simple expression can be generalized
for charged particles. We discuss here the case of
Coulomb attraction. Following the approach developed
in Refs. [61,81], the starting point to obtain the scattering
length approximation is the relation between the K matrix
for a given orbital momentum / and the strong interaction
phase shift in the presence of Coulomb forces 6{*:

1
I 9i(m)g**[C5(n) cot 67 — 2nh(n)].
where ¢ is the center-of-mass momentum, n = 1/¢B,
go(n) =1,
] 7]2
atm =1] (1 +—2>, I=1.2,..,
m=1 m
27n
i) = ——Fr——,
o) 1 —exp(—2an)
1, .. , 1
h(n) = 3 [W(in) + ¥(=in)] - Eln .

with the digamma function W.
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The K matrix is related to the S matrix by

Q265 1+ igi(m)g*™ ' w(nKi*(4%)
1—igi(mg* ™ wn)Ki*(q*)

with w(n) = C§(n) + 2inh(n).

An example of contributions of different partial waves to
the annihilation cross section calculated for the strong
annihilation model is shown in Fig. 3. As we can see from
this example, P-wave contribution to the annihilation cross
section is more important that the S-wave one even at zero
momentum. In this situation, an extraction of S-wave
parameters from the experimental data becomes quite a
difficult task.

The scattering length approximation used at low energies
is equivalent to the replacement of K matrix:

Si*(q) =

1 1 ret

G = ~om oy told)) (5)
K{'(q%) a2

by a constant, the first term in the expansion. Within this

approximation, the partial annihilation cross section oy,
takes the form [62,82]

91 g* C5(n)Im(=af*)
11+ ig(m)g*  w(n)as®|?

G*olm = (21 + 1)4x

In the limit ¢ — 0, all partial annihilation cross sections
multiplied by ¢ tend to a constant value.

Recall that for pp annihilation the scattering length
approximation works up to almost 100 MeV /¢ antiproton
momentum within a few percent accuracy. It also works
reasonably well for light nuclei (°H, He). Unfortunately,
this is not so for the pC system. The reason is the large size
of the correction from the effective range, the next term in
the expansion (5). Here we give the following values of
scattering length and effective range for S wave without the
Coulomb potential:

ospprf°, mb
121

10} T
.
8t R
~ '// -
/7
6 PR
T Rt
! A
/ J
2 - v 7
- /,/'
ol = ‘ ‘ ‘ . b MeV/e
0 50 100 150 200 250
FIG. 3. S, P, D, and F partial cross section ¢, multiplied by the

square of velocity > are represented, respectively, by solid,
dotted, dashed, and dash-dotted lines.

ap = 3.22 —1.16i fm,
ry = 2.09 —0.837 fm,

and with the Coulomb potential:

ay’ = —0.24 —2.27i fm,
rg’ = 3.56 —3.70i fm.

This approximation works within the same precision for
higher partial waves.

B. Choice of parameters in optical potentials

The choice of parameters in these potential models is not
unique. As noted in the literature, there are different ways
to choose the depth of complex potential of Woods-Saxon
form to fit experimental data. For instance, Ashford et al.
[83] proposed another choice of the depth of the potential
with the imaginary part for C~ 100 MeV instead of
~200 MeV in Ref. [71]. This choice gives practically
the same behavior of annihilation cross sections as red
curves in Figs. 1 and 2.

Wong et al. in 1984 [84] proposed an even smaller
imaginary part of the nuclear potential of ~30 MeV. To
reproduce the data, the authors increased the real part of
potential. This kind of potential is shallow in contrast to the
initial choice of deep potential corresponding to very strong
annihilation. These shallow potentials also described the
experimental atomic data and the data on pA annihilation
available at that time. Batty et al. [85] argued that the strong
annihilation model was favored if one included additional
antinucleon data and observed that the y? surfaces in
Ref. [84] depend strongly on the choice of experimental
data included in the fit.

In all these potentials, the radius and diffuseness are
practically the same and very close to the size of the
corresponding nucleus and its experimentally measured
diffuseness.

In 1986, Janouin et al. [86] conducted a systematic
analysis of a six-parameter Woods-Saxon optical potential
(depth, range, and diffuseness for real and imaginary parts
of the complex potential) and revealed a strong correlation
between different fitting parameters needed to describe pA
elastic differential cross sections. This phenomenon, known
in nuclear physics as the Igo ambiguity, was discovered in
the optical potential models applied to the a-particle
scattering [87]. As noted in this study, it is very difficult
to find a potential describing at the same time the data from
all nuclei at all energies: The authors even proposed a
model with diffuseness depending on A, Z, and N without
success.

To illustrate the main difference between models with
strong and weak annihilation, we present in Fig. 4 the
imaginary part of the scattering length calculated for a
complex Woods-Saxon potential with equal radii and
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Sn ~138

—116
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—0.69

116

—138

—1.61

=138

=116

=0.92

—0:69

10 20 30
FIG. 4.

diffusenesses for the real and imaginary parts of potential as
a function of two parameters: real and imaginary depths of
the potential. The lines on this figure represent constant
equal values of Imay,. For very weak annihilation close to
the abscissa axis, one can see a very strong variation of
Imaj, due to bound states appearing in this potential with
the increase of the real part of the potential, as expected for
any attractive real potential. With increasing annihilation,
these states (poles of scattering amplitude) are washed out
and lose [88] their simple interpretation as resonance states.

Imaj, map as a function of the real and imaginary depths of the Woods-Saxon potential.

Finally, for a deep imaginary potential depth (> 100 MeV),
annihilation completely “kills” the wave function inside
nucleus. According to Eq. (3), Imay depends only on the
relative phase ¢ of the complex potential. The potential
models with strong annihilation are thus quite stable with
respect to parameter modifications in contrast to models
with weak annihilation.

Recently, Wong and Li proposed [89] a new many-
parameter potential which describes well the existing
experimental data on antinucleon-nucleus annihilation.
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No comparison with other energy level shifts and widths of
atomic levels and differential elastic cross section was
presented in the article. To describe the data, the authors
were forced to choose a very shallow imaginary part
for this potential with a quite large value of diffuseness
aw = 1.050 fm, which is practically twice the experimen-
tal value [72].

We will reproduce the Wong and Li good description of
the experimental data in a simpler way with fewer param-
eters and try to understand the consequences of this kind of
model for the atomic data and elastic cross section. We
propose another choice of parameters in Eq. (2) with a
shallower potential, diffuseness scaled by a factor of 2.2,
and the imaginary part of the potential scaled by a factor of
0.3. The results for this potential with double diffuseness
presented by purple lines in Figs. 1 and 2 show quite
impressive agreement with experimental data.

IV. ATOMIC AND ELASTIC
SCATTERING DATA

Let us discuss other experimental observables.

A. Atomic data and scattering lengths

There is only one experimental result of pC atom
measured for D and F levels on natural carbon [90] which
gave

AEsp =—4410 eV,
[ = —0.03670017 eV.

I3p = —42+ 18 eV;

By use of the Trueman formula [91] generalized for higher
partial waves in Refs. [92-94], one obtains for D- and
F-scattering parameters

Reas*(pC) = 0.5 + 1.3 fm’,

Ima$* (pC) = —(5.4 +£2.3) fm’;

Ima$* (pC) = —(8.6158)fm’. (6)
In our numerical calculations for strong annihilation and

usual diffuseness, these D- and F-scattering parameters aj*
appear to be equal:

as*(pC)yy = 1.14 — 6.39i fm’,
a5*(pC)yy = —0.90 — 3.12i fm’.

For the potential with double diffuseness, these values are
quite different:

a$$(pC)gg = —33.2 — 57.2i fm’,
ags(]_?C)dd - _72 - 371 fm7

and disagree with atomic data (6). Indices sd and dd refer to
simple and double diffuseness of the imaginary part of
potentials, respectively.

These models give quite different values for the scatter-
ing length

a(c)'s(l—)c)sd = —0.24 —2.27i fm,
a(c)'y(pc)dd = —0.40 - 0.73i fm.

One observes the same important difference for the
scattering length parameters without Coulomb forces
corresponding to the 7C system. The scattering lengths
aj_ are equal:

a(iC)y = 3.22 — 1.16i fm,
a3 (iC) gy = 5.36 — 3.57i fm.

The imaginary part of a,(7C) is 3 times larger in the double
diffuseness model that for the simpler model. Ashford
et al.’s model [83] (with weaker but quite strong annihi-
lation and usual diffuseness) gives the imaginary part of
a$(nC) very close to 1 fm:

B. Elastic scattering

Both approaches with simple and double diffuseness can
be compared to the existing data on elastic scattering. The
measurement of the elastic differential cross section done
by Garreta et al. extended down to antiproton momentum
just below 300 MeV/c (p energy 46.7 MeV) [95]. A
comparison of the two analyses of the experimental data is
presented in Fig. 5. The shallow potential model fails
completely to reproduce the experimental data: Both
differential and total elastic cross sections are wrong.
The strength of annihilation is too weak to reduce the
elastic cross section to its experimentally observed value. It
would be very interesting to measure this observable at
lower energies to better constrain parameters of the model.

do/dQ, mb/sr

100
104

100

0.01

: : : 0, grad
50 100 150

FIG. 5. pC elastic differential cross section as a function of
scattering angle @ for p =296 MeV/c for simple diffuseness
(solid line) and double diffuseness potential (dashed line) models.
The data are taken from Ref. [95].
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do/dQ, mb/sr

10°

1000

6, grad
50 100 150

FIG. 6. Elastic differential cross section as a function of
scattering angle 6 for p = 100 MeV/c¢ for simple diffuseness
(solid line) and double diffuseness potential (dash-dotted line)
models. The pure Coulomb contribution is shown by a dashed line.

As seen from Fig. 6, the difference between the two
models is also important at lower energies, here for
p =100 MeV/c, and it would be very important to
measure the differential cross section at this energy to
definitely rule out the double diffuseness model. However,
at lower energies the contribution from Coulomb scattering
becomes more and more important (red dashed line), and
the required statistical sensitivity for the differential cross
section may be difficult to reach. The very strong inter-
ference between Coulomb and nuclear scattering ampli-
tudes may lead to a more sensitive approach. If the required
statistical accuracy in this regime can be reached, one can
learn about both the real and imaginary parts of the
amplitudes. If at 300 MeV/c the Coulomb amplitude is
dominant only in the very forward direction (6 < 5°), it
starts to hide the nuclear amplitude at lower energies. The
relative contributions of these two interactions—Coulomb
(purple) and nuclear (khaki)—as well their sum with clear
interference effects are presented in Fig. 7, where the pA
elastic differential cross section in the model of strong

do/dQ, mb/sr
105 F
10* ¢
1000 ¢

100 f

6, grad

50 100 150

FIG. 7. Elastic differential cross section as a function of
scattering angle 0 for p = 50 MeV/¢, solid line; pure Coulomb
contribution, dashed line; and pure nuclear contribution calcu-
lated for the strong annihilation model, dash-dotted line.

annihilation is calculated for p=50MeV/c. At 50 MeV/c
we are still working with three complex amplitudes for the
three lowest partial waves. One of them can be determined
independently from atomic data.

In the 20-50 MeV /¢ momentum range, the contributions
from two higher partial waves (D and F) represent small
corrections to S- and P-partial waves and can be calculated
and subtracted from the data by using the scattering length
approximation. The F wave is practically negligible.
However, it seems that there is no hope in the near future
to measure the nuclear contribution below 20 MeV/c.

In summary, based on a comprehensive analysis pre-
sented above, the predictions of the strong annihilation
model with usual diffuseness are likely to be correct as
compared to the model of weak annihilation and double
diffuseness. Even if the strong annihilation model fails to
describe some experimental points (not yet confirmed by
independent experiments) at low positive energy, it works
quite well below threshold (Coulomb states) and for
slightly higher energies where one has no doubts on the
precision of experimental data. Moreover, the diffuseness
used in this model corresponds perfectly to experimentally
observed one. However, in order to disregard definitely
alternative models with double diffuseness, the experimen-
tal measurement of the elastic cross section at low-energy
experiments should be performed.

Nevertheless, as the analysis of the (n — 1) oscillation
time 7,; should be carried out in the most conservative
manner possible to completely exclude the possibility of
incorrect interpretation of results of such a fundamental
experiment, we will use in our estimations the largest
possible value of Ima;,, which corresponds to the less
realistic model of weak annihilation and double diffuseness
potential. We will thus obtain an upper limit on the
uncertainty on 7.

V. CONSEQUENCES FOR THE
FUTURE ESS EXPERIMENT

A. General expression for antineutron flux

To better understand the impact of uncertainties in
our knowledge of the scattering lengths to future neutron
oscillation experiments, we start with a general expression
for the probability of n— 7 oscillations P,_;(t) as a
function of the observation time 7., based on the first-
order Born approximation on the & mixing parameter and
has the form [52]

Pn—n‘z (Tobs)
2
= zg—rge‘rﬂ%m {1 4+eTarn —2e o coswryy ), (7)
w+

where I’y is the inverse neutron f-decay lifetime (very
long with respect to all other characteristic times, so the
exponential term will be replaced by 1 in all further
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discussions), I', the 7 annihilation width, ¢ the mixing
parameter, and @ a parameter describing the phase shift
difference for n and 7 wave functions accumulated in the
n/n guide surface. T, =T, (7;Ima;, ) and w=w,(v;Reaz, )
depend on 7 velocity ¥ and are proportional to, respectively,
the imaginary and real parts of the scattering length a;,
[53]. For instance, the width induced by annihilation of
antineutrons on the bottom of the guide, representing the
main part of 7 losses, is related to Fermi potential of the
guide U; = V; +iW; by

9V €vert

r,=W,>>2.
Uyert Vr‘l/

(8)

Here e, and 7, are vertical energy and vertical velocity
of i averaged over the neutron spectrum, respectively, and
g 1s gravitational acceleration. The Fermi potential U; =
[(2772)/m](p/p)bs4 is directly proportional to b;4, with p
the mass density of material and y the atomic mass.

Note that a phase shift difference for n and n wave
functions in itself does not destroy the coherence between n
and 7 as evidenced, for instance, by the spectacular
preservation of the coherence of polarized neutron spin
components in neutron spin-echo spectroscopy [96]. The
point is that, like the neutron-antineutron system, polarized
neutron reflection is also a two-state quantum mechanical
system, and so the optical behavior should be the same.

The total number N; of 7 counts in the detector can be
evaluated using (7) by integration over all neutron veloc-
ities weighted by the distribution function f (%) of neutron
speeds used in the experiment:

n— /Pn—ﬁz(’[obs)f(a)d3”-

To be able to keep the mirror-reflected neutrons in the
quasifree limit, f(7) must be shaped so that the maximum
transverse velocities v | are low enough compared to the
critical velocities v, of the n/n guide material. This case is
discussed in the following subsection. Let us analyze the
general expression for the probability of n — 71 oscillations
P,_;(t) as a function of time #:

2

P,_:(1) e T {1 +e Tl — 2e~ % cos wt}.  (9)

0+

We search for maxima of this expression as a function of
time ¢ with respect to two parameters @ and I',. We can

rewrite (9) as P,_; = %ze‘rlf’P(T,R) with an auxiliary
function
P(T,R) = {1 +e2"—2eTcosRT},  (10)

1+ R?

where T =T,7/2 and R = 2w/T",. This function is pre-
sented in Fig. 8. T plays the role of “effective time.” R is a

P(T,R)

07}
06}
05} -
04} G

03} 4
02f o

otf  / N e

FIG. 8. Probability of nn oscillations (10) for R = 0.6 (solid
line), R = 1 (dashed line), and R = 3 (dash-dotted line) as a
function of time.

parameter which we can vary by an appropriate choice of
element and its isotopic composition. Let us note that, for
R =0, this function P(T,0) = 4e~" sinh?Z has no maxi-
mum and is an increasing function of 7.

The maximum of this function can be found from
the condition ;% P(T,R) = 0, which gives the equation
to find 7',

COSRT ux + RSINRT = € Tmax, (11)

The solution to the transcendental equation (11) can be
approximated in some limiting cases. Let us start with
R <1 (or 2w <T',) and rewrite it in the form

V1 + R? coS(RT oy — ) = € 1o (12)

R

\/ 1+R?

and the right side of this equation are equal to 1. For
Tax > 0, e Tmx is a rapidly decreasing function, whereas
V1 + R?coS(RT yax — @) Starts to increase to its maxi-
mum value equal to V1 + R> at RT,,, = @ and then
decreases to zero at RT,. = @r+ 7/2. Just before
becoming zero, this function is equal to the value of the
function e 7max,
In this approximation, the first root of Eq. (12) is

with sin g = . For T,.x = 0, the functions in the left

1 rl g
Thiax & —— +—. 1
2R+ R ( 3)

This approximation can be improved by expanding this
function in the vicinity of this point:

@ _ml g R
T Nz —
max ¥R TR Rex&+or) _ |

One can verify that this is a quite small correction. Its
maximal value (for R = 1) is equal to 0.105 to compare to
first contributions equal, respectively, to 5 and %.
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Tinax

4

05 1.0 15 20 25 30 35

FIG. 9. T,. as a function of R.

Let us emphasize that, for usual time variable ¢, this

. 1
maximum corresponds to (13) tgngx o~ %% + rl or

T %Tw + 275, (14)
where we introduced 7, = 27/ w.

Equation (11) for R > 1 (or 2w > I',) can be solved in
an analogous way, by introducing new variables Q =
1/R=T,/2w and T =T/Q = wt. By using the same
conventions, and with the same precision as in (13), one
obtains

mn :
ax < 5 —+ arcsin

~u

1
VI+Q®

In the limit QO — 0, TI(IQX — 7, as expected from the
initial equation (7) for zero annihilation width,

42 T
Pooi(f) =~ e T sin? =, (15)
w 2

The results of numerical solution of Eq. (11) are
presented in Fig. 9.

These general expressions allow one to optimize
the guide length and the choice of materials for future
experiments.

B. ESS experiment

In the proposed ESS experiment, the n/n guide length is
short enough that the observation time 7, ~ 0.4 s is
smaller than 7; =1/T,~2s and 7, =27/w~ a few
seconds for any neutron entering the guide, and we are
far from this optimal value 7,,, < 7op¢ from (14).

In this limit, the expression (7) reduces to

Tobs | 2 I,
Pn—»ﬁ(robs) = (To—b_s) <] _TTobs + - '>, (16)

where we include only the first-order correction in ¢. The
term with @ will appears in the next order.

This expression allows us to determine the relative
uncertainty Art,;/7,; which, in this approximation, is
related to the relative uncertainty on the imaginary part
of the scattering length Alma;;,/Ima;, by

Az,;
Tui 4 ImaﬁA Tn ’

L Almag, 74ps

(17)

Here, we used the fact that I', is proportional to Ima;;, as
can be seen from Eq. (8). Note once more that the
uncertainty on the real part will appear in the next order
of the expansion.

As we noted in the introduction, the most critical
parameter for designing an n — 71 oscillation experiment
using guide reflection is the uncertainty of the knowledge
of the a;,. To minimize the associated uncertainties, one
can use the fact that the predictive power of the present
theory is higher for the light nuclei than for heavy nuclei.
Deuterium is a good material for neutron reflection, and
a;»,, is well known. There are many “H-rich compounds
that can be used to make n/n guides. Since the uncertainty
in a;, increases with increasing A, one should look for
technologically convenient materials containing a maxi-
mum fraction of ?H atoms plus light elements (carbon,
oxygen, etc).

Another option is carbon. With the ~10% uncertainty in
Ima;. provided by the model of strong 7 annihilation, the
corresponding systematic effect on the oscillation proba-
bility is only ~0.5% and can be neglected. Within this
model and for the parameters of the n beam and the
experiment length at ESS, one can assume with a good
accuracy that (nearly) all 7z reach the annihilation detector.

Until the alternative double diffuseness potential model
is completely eliminated in the low-energy limit by new
experimental data as we expect based on our analysis, we
have to use the largest uncertainty. This means that the
lifetime of antineutrons z; in the n/n guide can be as much
as 3 times smaller. In this case, a large fraction of 7 can be
lost in the guide on the way to the annihilation detector, and
a systematic uncertainty in the estimation of z,; increases to
~15% using Eq. (17) and for the mean values for the
neutron velocity, the maximum possible length of the
experiment, and sufficiently low normal components of
velocities so that energy-dependent losses are negligible.
This estimation can easily be done precisely given f(7).
The resulting uncertainty in the estimation of z,; is at the
borderline of acceptability. The higher density of carbon in
a diamondlike coating would make the real part of the
scattering length proportionally larger than that for the
carbon parameters assumed above.

Another option for guide material is deuterated poly-
ethylene or any technologically convenient material which
contains a significant fraction of deuterium atoms plus
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some light elements. In the first approximation, the
scattering length for 7 — ?H interaction can be extracted
nearly directly from experiment. The fact that the scattering
length for two out of three atoms is known quite well means
that the overall uncertainty for the estimation of z; in a
deuterated-polyethylene n/n guide is 3 times smaller. In
this case, the overall uncertainty of estimating z,; is
roughly 5%, all else being equal. This value can be treated
as a simple systematic uncertainty along with the other
systematic uncertainties in this experiment.

We can conclude that at least one type of material can be
used for the construction of a n/n guide for the n —n
oscillation experiment at ESS given the current status of
theory and experiment for antineutron-nucleus scattering
lengths. Neutron guides made of the materials discussed
above have been used successfully in numerous experi-
ments with long storage of ultracold neutrons on specular
trajectories [97,98]. These technologies can be extended to
cold and very cold neutron guides, which do not require so
many consequent reflections so that the parameters can be
even more relaxed.

VI. CONCLUSIONS

We analyzed different theoretical approaches to extract
the imaginary part of the antineutron-nucleus scattering
length. For deuterium, the scattering length can be
extracted almost directly from the experimental data. For
heavier nuclei, one has to use some potential models.
Among the existing potentials describing experimental data
on the antinucleon-nucleus interaction, we conclude that
the model with strong annihilation and simple diffuseness
is favored despite its disagreement with some of the scarce
existing experimental data: one measurement for pC
annihilation and a small number of measurements for
different nuclei obtained by one experimental group. It
would be very interesting to obtain predictions for anti-
neutron-nucleus scattering length in some alternative theo-
retical approaches, for instance, based on chiral effective
field theory proposed recently [99-101].

Further experimental study of the antinucleon-nucleus
interaction at the lowest possible energies would be of vital
importance to understand the existing discrepancies
between some experimental data and the model of strong
annihilation and to better constrain the imaginary part of
the antineutron-nucleus scattering length. In particular,
it would be very important to measure pC differential
elastic cross section at low energies (for 5 MeV p) at the
antiproton decelerator at CERN. A special theoretical and
experimental effort to determine better the real part of the
7’H scattering length would be also very useful.

Within the strong annihilation model, the imaginary part
of antineutron-nucleus scattering length is practically the
same for all nuclei and is equal to ~1 fm. Under the most
conservative assumption using a less realistic model which
describes annihilation data but is not able to describe other

experimental data, this upper limit increases to 3 fm. With
this value of the imaginary part of the antineutron-nucleus
scattering length, one can calculate the most conservative
constraint for the sensitivity of the n — 7 oscillation
experiment.

The relative uncertainty in evaluation of the n — i1 oscil-
lation time is a factor of ~20 smaller than the relative
uncertainty in the value of the imaginary part of the
antineutron-nucleus scattering length in the quasifree limit
and for the materials we considered for the n/n guide [see
Eq. (17) using parameters relevant to the proposed ESS n — 7
oscillation experiment]. This insensitivity to the precise value
of the antineutron-nucleus scattering length shows that one
can perform realistic design of the future experiment despite
the lack of direct measurements of this quantity.

We considered three options for the material of the n and
n guide. For the carbon coating, the most conservative
estimation for the systematic uncertainty in the evaluation
of the n — 7 oscillation time caused by the uncertainty of
knowledge of the nC scattering length is ~15%, slightly
larger when energy-dependent corrections are taken into
account. A diamondlike carbon coating has a larger real
part of the Fermi potential compared to natural carbon
which reduces this uncertainty. The uncertainty in the
estimation of the n — 71 oscillation time for guide material
dominated by *H with all else being equal falls to ~5% due
to the better knowledge of the 7i°H scattering length. Such
an uncertainty might be acceptable for designing such an
experiment. As all these materials have been used success-
fully for ultracold n guides, there are good prospects of
using them also for very cold and cold neutrons. Many
other options for the neutron guide material can be
considered, provided a better knowledge of the antineu-
tron-nucleus scattering length is achieved for this material.

It would also be valuable to conduct a neutron optical
analysis in the other extreme case in which one assumes
that the antineutron scattering lengths are known for all
stable nuclei to some specified precision and take the range
of values predicted by the various potential models. Such
an analysis could help define the envelope of the most
extreme possibilities for this mode of conduct for a free
neutron-antineutron oscillation experiment.

In the future, we plan to analyze quantitatively various
options for designing the proposed neutron-antineutron
oscillation experiment at ESS, which takes into account
neutron extraction from the spallation source (with or without
focusing by supermirrors [102] or/and nanodiamond reflec-
tors [103]), different neutron spectra provided by a source of
cold or very cold neutrons, and different guide geometries.
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