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One strategy to develop both accurate and computationally tractable models of jointed
structures is reduced order modeling through hyper-reduced representations of the inter-
faces in contact. Hyper reduction refers to reduction techniques that result in a Reduced
Order Model (ROM) that is complete by itself, i.e., all displacements and forces are fully
described in the ROM coordinates directly. Focusing primarily on applications involving
small relative displacement contacts, two fundamentally different approaches are formu-
lated and compared for merits and limitations in applicability. The first is an adaptation
of the stiffness-preserving RBE3 constraint elements, and the second is an interpolation
approach based on remeshing the interface. Although RBE3 is extensively used in the liter-
ature, the current formulation derives stiffness preserving elements that are specifically
useful for contact dynamics applications. Transformations are developed to express
force–displacement relationships in the ROM coordinates that are congruent (in the sense
of using the same contact models) as well as consistent (in the sense of being faithful to the
quantities involved) with a high-fidelity model of the same structure. These approaches are
applied to study a three-bolted lap-joint structure (the Brake-Reuß Beam (BRB) bench-
mark) that has been observed to demonstrate characteristic contact non-linearities.
Multiple strategies for the hyper reduction are evaluated, including graph partitioning,
finite element coarsening, and homogenization of field objectives, some of which involve
an extra step of remeshing/choosing patches based on a field objective (e.g., contact pres-
sure). The performances of the ROMs are assessed by conducting nonlinear modal analysis
and computing a posteriori error metrics.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

The study of mechanical joints, and interfacial mechanics more broadly, has been a topic at the forefront of advances in
efficiency and design within the aero-turbine, aerospace, automotive, and naval industries. Much of the recent research
efforts in joint mechanics can be attributed to the efforts of Prof. Lothar Gaul who helped consolidate the state-of-the-art
following SD2000 [29]. For this special issue dedicated to the late Prof. Gaul, the authors wish to express their gratitude
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for all of his efforts in establishing the presently flourishing research community, and the collaboration for this research in
particular.

One major challenge within computational structural mechanics is model size reduction for systems with frictional and
contact nonlinearities in order to make computationally tractable models. For systems with localized non-linearities (such as
a jointed structure), linear reduction techniques (such as component mode synthesis approaches [20,28,19,9,52]) are typi-
cally employed to reduce the linear regions of the structure. Further reduction of the Degrees-of-Freedom (DoFs) of the
non-linear regions (contacting interface in a jointed structure) forms the primary focus of the current work.

Even for relatively simple jointed structures, the representational requirements, as well as the amount of nonlinear eval-
uations necessary, can make the resulting system of equations both large as well as very costly for simulation. Contact non-
linearities are usually modeled using non-linear models that offer amplitude-dependent stiffness and hysteretic damping
[25]. In the case of bolted joints, fine interfacial discretizations are usually necessary in order to capture the potentially com-
plex stick–slip interactions, which arise due to the highly inhomogeneous pressure distribution. These interactions are often
termed ’microslip’ as part of the interface is sliding and part of the interface is stuck (as opposed to ’macroslip’, defined as
gross sliding, in which the entire interface is in slip, a condition rarely seen in bolted joints). While the main purpose of
bolted joints is to align two sub-components together, these joints have been known to have significant influences in the
dissipative characteristics of the structure.

Classical linear projection-based reduced order modeling approaches [22,17,50,36] alleviate the first issue above (repre-
sentational requirements) by constructing reduced systems of equations that represent the complete model in a reduced
form (using linear bases) through a projection [51]. More recently, there have also been some studies that have considered
the second challenge (nonlinear evaluation overhead), namely ‘‘hyper-reduction” approaches [53,31]. First coined in [55],
the term ‘‘hyper-reduction” refers to the reduction of a system of equations in such a way that it yields a Reduced Order
Model (ROM) that is a complete description of the full order model, i.e., no evaluations in the original coordinates are nec-
essary to obtain the forcing terms for the ROM. These methods result in the system evaluation cost scaling with the size of
the ROM, which is a claim that may not be made for projection-based approaches.

There have been several recent approaches, such as in [54,32], where the projection ROMs are trained based on the forc-
ing on the original model for the hyper-reduction step. This would involve expensive (one-time) full order model simulations
for the training. Further, such approaches suffer from data-dependency and are known to extrapolate poorly in the general
case for forcing amplitudes outside of the training regime. Although there have been improvements with regards to the first
drawback (e.g., [30]), where manifold mapping has been successfully employed to do this without expensive simulations, the
second drawback still remains. The current work, however, seeks to develop a hyper-reduction approach that is not training-
based, and hence would not suffer from the drawbacks mentioned above.

The rest of the paper is organized as follows: section 2 details the mathematical formulations of the patch (in section 2.1)
and the remeshing (in section 2.2) reduction approaches; and section 3 presents numerical applications of the developed
strategies for a linear case ( section 3.1) and a non-linear bolted joint case (section 3.2). In section 3.1 the developed tech-
niques are applied for reduced representations of a surface that is a part of a linear elastic beam, and is mainly intended to
highlight various aspects of the ROM strategies that can be observed using linear analyses, while section 3.2 conducts non-
linear contact analyses, which form the primary purpose of the current effort. Finally, section 4 concludes the paper with a
summary of contributions, key takeaways, and possible directions for future research.
2. Interface reduction approaches

One main challenge with modeling structures with interfaces in contact is the sheer number of discretizations necessary
for interfacial representation, as previously mentioned. In usual practice, standard Component Mode Synthesis (CMS) pro-
cedures (a popular example being the Hurty/Craig-Bampton (HCB) CMS [28,19]) are applied to represent the ‘‘linear por-
tions” of the structure using component modes, while retaining the non-linear DoFs without any reduction (specifically,

the contact nodal DoFs). For many tasks, O 101
� �

fixed interface modes (in HCB-CMS) are sufficient, while O 102 � 103
� �

nodal DoFs are involved for the interfacial representation. While these models (sometimes referred to as substructured mod-
els) are smaller in size than the original model, these are still large for computational purposes in practice. The interfacial
Degrees-of-Freedom (DoFs) need to be reduced further in order to make the system more tractable for analysis (see [36]
for a review of some classical approaches). Some of these methods seek to represent the interfacial DoFs as a linear combi-
nation of additional component modes by projection resulting in the introduction of generalized coordinates, which do not
have readily apparent physical meanings (see [50] for a recent example). The approaches in the current paper, on the other
hand seek physically meaningful ROMs by construction.

Two approaches, with very different formulations and properties, are formulated and explored here. For an unbiased
comparison, identical contact models are employed across the reference Finite Element Model (FEM) and all of the ROMs.
Unilateral penalty linear springs and coupled-planar elastic-dry friction elements are employed in the interface normal
and tangential directions respectively.

The first method explored here (presented in section 2.1) introduces virtual nodes without any independent dynamics,
which are constrained by their relationships with the interfacial nodal DoFs. This approach is similar but not identical in for-
mulation to the popularly used ‘‘whole-joint” or patch approach [44,12,5,57,43,45] in bolted structures. The idea is to first
2
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divide the interface into several partitions and simplify the kinematic descriptions on each partition to be only first order
accurate (using displacement and rotations only). This does not reduce the system size, but using a substructuring step after
this can make for a reduction that provides a representation with much fewer DoFs. Similar ‘‘elements” are implemented in
commercial finite element software (such as ABAQUS, ANSYS, etc.) and are known by various names such as the RBE3 ele-
ment [44,5], distributing coupling elements [45], etc. In these implementations, a user-defined weighting is introduced to
distribute the forces on the coupling elements to the ‘‘slave” Degrees-of-Freedom (DoFs). In the current work, the implemen-
tation is conducted in a more convenient element-wise fashion using quadrature integration and the weights thereof instead
of the nodes and user-defined weighting functions. Contiguous (path-connected) patches on the interface are chosen for the
ROM based on different criteria such as weighted graph clustering and binning field objectives on level sets. Different num-
bers of graph clusters and level sets are demonstrated to provide progressively better representations. The multilevel graph
partitioning approach in [33] is employed for the graph partitioning and static pressure and modal displacement fields are
used as field objectives for the level-sets partitioning approach (see section 2.1.2 for details).

The second approach (presented in section 2.2) is based on a consistent representation of the interface using a coarser
finite element mesh. Taking inspiration from a Voronoi patch approach for discretizing an interface [40], this paper develops
consistent transformations for a hyper-reduced ROM. Previous efforts in the current direction include [21], where a simpli-
fied ROM formulation that was based on nodal interpolation was used. However, an improved formulation is developed here
that is weak-form consistent. This yields a physically meaningful ROMwith a coarser mesh that may be interpreted similarly
(but not identically) to a finite element mesh. Appropriate transformations are developed to represent the DoFs as well as
forces completely in the reduced domain. Two classes of mesh coarsening are also explored, with one involving uniform
coarsening and the other involving a field objective similar to the ones used in the previous case (see section 2.2.2 for
details).

2.1. Whole-joint reduced order modeling

2.1.1. Formulation
TheWhole-Joint Reduced Order Modeling (WJROM) approach introduces additional DoFs, referred to as virtual node DoFs

or simply virtual DoFs, which is a ‘‘lumped” or ‘‘averaged” representation of the deformation in a particular region. A sche-
matic of a typical application scenario is provided in Fig. 1. There is a region C discretized by the mesh, and a ‘‘virtual” node
placed at location xve 2 R3 with Cartesian coordinates xv ; yv ; zvð Þ. Three translational (uvx ;u

v
y ;u

v
z ) and three rotational DoFs

(hvx ; h
v
y ; h

v
z ) are defined for the virtual node to develop a representation of the kinematics of the meshed region. This is done

by establishing a point-wise relationship between the DoFs at each point on C and the virtual node DoFs. For a point P with
position vector x

�
2 C with coordinates x; y; zð Þ, the DoFs ux;uy;uz are represented as
ux x̂�
þuy ŷ

�
þuz ẑ�

zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{
u xð Þ ¼ uvx x̂�

þuvy ŷ�
þuvz ẑ�

þ hvx x̂�
þhvy ŷ�

þhvz ẑ�

� �
� x� xvð Þ x̂

�
þ y� yvð Þ ŷ

�
þ z� zvð Þ ẑ

�

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
x�xv

� �
: ð1Þ
The unit vectors x̂
�
; ŷ
�
; ẑ
�
represent the basis vector components of the physical space. Expanding the cross product and rep-

resenting the DoFs in component-vector notation, this is equivalently written as
ð2Þ
Using the indicated notations (g : R3 ! R3�6) and a finite element representation for u
�

x
�

� �
through appropriate shape

functions n x
�

� �
and nodal DoFs un

�

n o
, this yields the following point-wise relationship between nodal DoFs u

n

�

n o
and the vir-

tual DoFs u
v

�

n o
:

ð3Þ
3



�θ

θ

θ

Fig. 1. Schematic illustration for a whole joint application. The degrees of freedom and forcing components are denoted using black and red arrows
respectively.
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The matrix-valued function g x
�

� �
is used to represent the point-wise mapping of the virtual node DoFs and the finite ele-

ment DoFs (Eq. 2) throughout the rest of this section.
In order to develop a consistently hyper-reduced formulation, Eq. 3 is substituted into the virtual work expression to yield
1 See
dWv ¼ RC du� x
�

� �T
t
�

x
�

� �
dC

¼ RC g x
�

� �
du
v

�

n o� �
T t
�

x
�

� �
dC fromeq:3ð Þ

¼ du
v

�

n o
T
R
C g x

�

� �
T t
�

x
�

� �
dC;

ð4Þ
where t
�

x
�

� �
¼ tx x

�

� �
; ty x

�

� �
; tz x

�

� �h iT
denotes the point-wise tractions in component-vector form, du

�
x
�

� �
denotes a virtual dis-

placement field, and dWv denotes the virtual work contribution through the region C. Next, the point-tractions are rewritten

using forces (f
v

�
) and moments (m

v

�
) on the virtual node. Considering an infinitesimal area dC on the patch, the following rela-

tionships are used:
ð5Þ
Here, av and Iv denote the total area of the patch and the matrix form of the second moment of area tensor respectively

(observe that Iv ¼ RC Iv x
�

� �
dC). Eq. 5 relates the traction and virtual node forces and moments (virtual forcing terms) on dC

in a manner that is equivalent to the classic bolt-pattern force distribution (see [10]). For the distributing coupling elements
in ABAQUS 1, a similar expression is employed, except that it is applied to relate nodal forces to the virtual forcing terms using
user-defined weighting to define the distribution. The current expression does not involve any user-defined weight distribution
since Eq. 5 is developed at the traction-level.

Evaluating the cross product of the relative location of each point with both sides in Eq. 5 yields
‘‘Elements > Special-purpose elements > Distributing coupling constraints” in the theory manual [45] (Section 3.9.8 in the 2014 version)

4
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ð6Þ
This is the relationship between the whole-joint forcing terms and the local contributions to the moment.

Using these, and choosing the centroid of the patch as the location of the virtual node, the term
R
C g x

�

� �T
t
�

x
�

� �
dC simplifies

as:
R
C g x

�

� �T
t
�

x
�

� �
dC ¼ RC

1 0 0
0 1 0
0 0 1
0 � z� zvð Þ y� yvð Þ
z� zvð Þ 0 � x� xvð Þ
� y� yvð Þ x� xvð Þ 0

2666666664

3777777775
tx x

�

� �
ty x

�

� �
tz x

�

� �
8>>>>><>>>>>:

9>>>>>=>>>>>;
dC

¼

R
C

dC
av

�
f vx
f vy
f vz

8><>:
9>=>;þ RC 0 � z� zvð Þ y� yvð Þ

z� zvð Þ 0 � x� xvð Þ
� y� yvð Þ x� xvð Þ 0

264
375dC � I�1

v

mv
x

mv
y

mv
z

8><>:
9>=>;

R
C

0 � z� zvð Þ y� yvð Þ
z� zvð Þ 0 � x� xvð Þ
� y� yvð Þ x� xvð Þ 0

264
375 dC

av
�

f vx
f vy
f vz

8><>:
9>=>;

þ RC y� yvð Þ2 þ z� zvð Þ2 � x� xvð Þ y� yvð Þ � x� xvð Þ z� zvð Þ
x� xvð Þ2 þ z� zvð Þ2 � y� yvð Þ z� zvð Þ

sym x� xvð Þ2 þ y� yvð Þ2

264
375dC � I�1

v

mv
x

mv
y

mv
z

8><>:
9>=>;

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>;

¼

f vx
f vy
f vz
mv

x

mv
x

mv
z

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
, f

v

�

� �
xv ; yv ; zvð Þ is the centroid of Cð Þ:

ð7Þ
Substituting this into Eq. 4 yields the virtual work contribution of the patch C,
dWv ¼ du
v

�

n oT
f
v

�

� �
:

This is identical to the virtual work done by a virtual node’s virtual displacements (translations and rotations) due to the
corresponding virtual forcing terms (forces and moments).

The weak form (interpreted as the principle of virtual work) of a generic finite element model is given, in terms of its

nodal displacement vector u
n

�

n o
2 Rjnj, stiffness matrix K 2 Rjnj�jnj and forcing vector f

�

� �
2 Rjnj as
5
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dW ¼ du
n

�

n oT
K u

n

�

n o
� du

n

�

n oT
f
�

� �
¼ 0 8 du

n

�
2 Rjnj: ð9Þ
The symbol n is used to denote the complete set of DoFs in the system and jnj is its cardinality, i.e., the total number of

DoFs. Denoting the DoF vector as u
n

�

n o
¼ u

NT

�
; u
M

�
T �

T
"

, where N and M denote the sets of DoFs belonging to the interface that will

be reduced and the others respectively (with u
N

�
2 RjNj; u

M

�
2 RjMj), the weak form may be rewritten as:
dW ¼ du
NT

�
du
M

�
T � KNN KNM

KMN KMM

	 
 u
N

�

u
M

�

8><>:
9>=>;� du

NT

�
du
M

�
T �

f
N

�

f
M

�

8>>><>>>:
9>>>=>>>; ¼ 0; 8 du

N

�
2 RjNj; d u

M

�
2 RjMj:

26664
26664 ð10Þ
with KNN 2 RjNj�jNj;KMN 2 RjMj�jNj;KNM 2 RjNj�jMj;KMM 2 RjMj�jMj denoting the corresponding partitions of K; and f
N

�
; f
M

�
denoting

corresponding parts of f
�
. Here, the variational form for the static problem is adopted only for ease of presentation - gener-

alization to the dynamic case is trivial if the stationarity of the corresponding action integral (Hamilton’s principle in Lagran-
gian mechanics) is considered. The development of the reduced order model will be identical.

For a general case with Np patches, the continuous constraint equation is expressed as
N x
�

� �
uN
� � ¼ G x

�

� �
uV
� �

x
�
2
[Np

i¼1

Ci � C; ð11Þ

with;N : C ! R3Np�jNj

G : C ! R3Np�jV j:
ð12Þ
Note that the symbol V denotes the set of virtual DoFs introduced into the model; N x
�

� �
is a matrix representing the finite

element shape functions; and G x
�

� �
is the g x

�

� �
matrix defined above but generalized to accomodate multiple virtual nodes in

the same matrix quantity. The Lagrange multiplier fields for enforcing this constraint, represented henceforward as
k
�
: C ! R3Np (each patch gives rise to three field constraints (Eq. 3), and Np patches gives rise to 3Np field constraints (Eq.

11)), must be discretized for the development of the ROM. The choice of discretization determines how exactly the con-

straints will be enforced in the final dynamic model. This may be done by representing k
�

x
�

� �
in terms of corresponding vir-

tual node contributions or in terms of interface-nodal contributions, mathematically represented as
k
�

x
�

� �
¼ G x

�

� �
k
V

�

� �zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
In terms of virtual nodesð Þ k

V

�

� �
2 RjV j; ð13aÞ

and;

k
�

x
�

� �
¼ N x

�

� �
k
N

�

� �zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
IntermsofFEnodesð Þ k

N

�

� �
2 RjNj:

ð13bÞ
The choice of the approach depends on the purpose of the constraint application, i.e., the former, Eq. 13a, is employed
when the virtual nodes need to be representative of the actual patches, while the latter, Eq. 13b, is employed when the
patches need to be rigidly tied to the virtual node displacements 2. This is identical to the distinction between RBE3 and
RBE2 constraint elements (in ANSYS terminology) or continuum distributing and kinematic distributing elements (in ABAQUS
terminology) in finite element practice [44,5,45]. Since the intention for interfacial modeling is not to constrain the interfaces,
but to develop a reduced representation, the former discretization (Eq. 13a) is employed (this leads to a ‘‘non-stiffening” for-
mulation). The contribution of this constraint to the virtual work becomes,
ð14Þ
implistic, albeit informal, interpretation is possible by visualizing the Lagrange multipliers as ‘‘constraining forces”. Eq. 13a, acting primarily on the
node, has more control over enforcing the constraint on the virtual node rather than on the FE nodes (see weak form in Eq. 14). The converse is true for
, which has sufficient independent forces in order to adjust the FE nodes.

6



Nidish Narayanaa Balaji, T. Dreher, M. Krack et al. Mechanical Systems and Signal Processing 149 (2021) 107249
If a ‘‘stiffening” formulation is desired and Eq. 13b is used instead, the right-hand-side of Eq. 14 will become

du
V

�
T

� �
NTG

 �

T k
N

�

� �
� du

N

�
T

� �
NT

N

 �

k
N

�

� �
, with NT

N

 � ¼ RC N x

�

� �
TN x

�

� �
dC.

Introducing Eq. 14 into the weak form Eq. 10 yields
ð15Þ
Note that the additional term dWV represents virtual work done through virtual displacements through all of the virtual
DoFs directly, and is consistent as shown in Eq. 4.

The unknowns in this system are the displacement-like quantities u
N

�

� �
; u

M

�

� �
; u

V

�

� �
and the virtual-node Lagrange multi-

pliers k
V

�

� �
. In addition to this, variations of the Lagrange multiplier field gives rise to the variational
dW ¼ RC d k
�

x
�

� �n oT
G x

�

� �
u
V

�

� �
� N x

�

� �
u
N

�

� �� �
dC

¼ d k
V

�

� �T R
C G x

�

� �T
G x

�

� �
dC

	 

u
V

�

� �
� R

C G x
�

� �T
N x

�

� �
dC

	 

u
N

�

� �� �
¼ d k

V

�

� �
T GTG

 �

u
V

�

� �
� NTG

 �

T u
N

�

� �� �
:

ð16Þ
Combining this with Eq. 15 and setting the sum to zero yields the governing equations for the static case
KNN KNM 0 � NTG

 �

KMN KMM 0 0
0 0 0 GTG


 �
� NTG

 �T 0 GTG


 �
T 0

266664
377775

u
N

�

u
M

�

u
V

�

k
V

�

8>>>>>>>>>><>>>>>>>>>>:

9>>>>>>>>>>=>>>>>>>>>>;
¼

f
N

�

f
M

�

f
V

�
0
�

8>>>>>>>>>>><>>>>>>>>>>>:

9>>>>>>>>>>>=>>>>>>>>>>>;
: ð17Þ
For a ‘‘stiffening” formulation, the Lagrange-multiplier field variational becomes,
dW ¼ d k
V

�

� �
T NTG

 �

u
V

�

� �
� NTN

 �

u
N

�

� �� �
; ð18Þ
which is exactly satisfied if the nodal DoFs are represented as u
N

�

� �
¼ NTN

 ��1 NTG


 �
u
V

�

� �
. Treating the nodal DoFs as ‘‘slaves”

and the virtual DoFs as ‘‘masters”, and denotingW ¼ NTN

 ��1 NTG


 �
, this relationship can be used to project the original system

to lead to
WTKNNW WTKNM

KMNW KMM

" # u
V

�

u
M

�

8><>:
9>=>; ¼

WT f
N

�

u
M

�

8>><>>:
9>>=>>;: ð19Þ
This is however, not the focus of the current work and will not be pursued further in this paper.
Using Eq. 17 to augment the original dynamical system, represented as
MNN MNM

MMN MMM

	 
 €u
N

�

€u
M

�

8>><>>:
9>>=>>;þ KNN KNM

KMN KMM

	 
 u
N

�

u
M

�

8><>:
9>=>; ¼

f
N

�

f
M

�

8>>><>>>:
9>>>=>>>; ð20Þ
with an appropriately partitioned inertia matrix M, the statically constrained dynamical system is written as
7



3 the

4 The
5 Thi

Nidish Narayanaa Balaji, T. Dreher, M. Krack et al. Mechanical Systems and Signal Processing 149 (2021) 107249
MNN MNM 0 0
MMN MMM 0 0
0 0 0 0
0 0 0 0

2664
3775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
MA

€u
N

�

€u
M

�

€u
V

�

_k
V

�

8>>>>>>>>>>><>>>>>>>>>>>:

9>>>>>>>>>>>=>>>>>>>>>>>;
þ

KNN KNM 0 � NTG

 �

KMN KMM 0 0
0 0 0 GTG


 �
� NTG

 �

T 0 GTG

 �

T 0

26664
37775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
KA

u
N

�

u
M

�

u
V

�

k
V

�

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
¼

f
N

�

f
M

�

f
V

�
0
�

8>>>>>>>>>><>>>>>>>>>>:

9>>>>>>>>>>=>>>>>>>>>>;
: ð21Þ
With the constraint being enforced statically, it must be observed that the inertia matrix of this system is singular (and
hence only positive semi-definite). The spectral description (modal frequencies, mode shapes, etc.) of this system may easily
be shown to be identical to that of the original system (for instance, LaSalle’s invariance principle [35] may be invoked for
static stability results 3 for the autonomous case on the zero-subspace, which can be used to establish relevant spectral prop-
erties). Numerically, this manifests as a singular generalized eigenvalue problem [37].

Note here that for this whole joint representation, there is no model reduction (the augmented system is larger than the
original system) unless a substructuring is conducted to develop a ‘‘reduced representation” of the parts of the DoF vector

other than those corresponding to the virtual node (u
V

�
). Therefore whole joint models will only be considered in a substruc-

tured fashion. In this study, a HCB CMS reduction [28,19] of the system in Eq. 21 is conducted, yielding a ROM that is
expressed only in terms of the virtual DoFs and generalized coordinates. After reordering the system appropriately, this
reduction may be expressed as
u
V

�

u
N

�

u
M

�

k
V

�

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
¼ IjV j 0

UC UN

	 

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

THCB

u
V

�

u
g

�

8><>:
9>=>;; u

g

�
2 Rjgj ð22Þ
where the ‘‘fixed-interface” component modes 4 UC 2 Rjgj�jV j are calculated as the solution of the linear system
KNN KNM � NTG

 �

KMN KMM 0

� NTG

 �T 0 0

264
375 UC

264
375þ

0
0

GTG

 �

264
375 ¼

0

	 

; ð23Þ
and UN is the matrix of chosen eigenvectors for the ‘‘fixed” system as per Eq. 21, solving the eigenproblem,
KNN KNM � NTG

 �

KMN KMM 0
� NTG

 �

T 0 0

264
375�xi

N
2

MNN MNM 0
MMN MMM 0
0 0 0

264
375

0B@
1CA/i

N
�

¼ 0
�
; ð24Þ
with /i
N
�

denoting the ith column of UN (ith eigenvector) and xi
N
2, its eigenvalue. Since the weight matrix of this problem is

singular, this is treated as a singular generalized eigenproblem and there exist several techniques 5 for the solution (see [37]
for an early reference). The reduced equations of motion (following the corresponding Galerkin projection) in terms of the vir-
tual DoFs and the generalized DoFs are
TT
HCBMATHCB

h i
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

MA

€u
V

�

€u
g

�

8>><>>:
9>>=>>;þ TT

HCBKATHCB

h i
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

KA

u
V

�

u
g

�

8><>:
9>=>; ¼ TT

HCB

f
V

�

f
N

�

f
M

�
0
�

8>>>>>>>>>>><>>>>>>>>>>>:

9>>>>>>>>>>>=>>>>>>>>>>>;
¼ f

V

�
0
�

8><>:
9>=>;þ

f Vgen
�

f ggen
�

8><>:
9>=>;;

ð25Þ
set R ¼ u�;
_u�

� �
: _u�

N
n o

¼ 0; _u�
M

n o
¼ 0

n o
is a superset of the set over which _u�

V
n o

¼ 0.

term ‘‘fixed-interface” has nothing to do with interfacial mechanics, but is just a commonly adopted terminology in CMS
s is not a major concern as long as the eigenproblem is well-posed, since almost all modern numerical software come pre-equipped to handle this.

8
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where the subscripts A are used to denote the augmented matrices in Eq. 21. The model in Eq. 25 allows for the application of

interfacial forces in two ways: through the original finite element nodes f
N

�
and through the virtual nodes f

V

�
. Although this may

be seen as notational redundancy (having f N
�

in addition to f
V

�
), this has its own practical utilities 6. Presently, however, the

contact laws are completely represented through the virtual nodes alone This is a hyper-reduction formulation in the sense that
the model is now self-contained, i.e., the nonlinear forces that must be evaluated can be fully described in the reduced coordi-
nates in terms of reduced DoFs. The generalized force vector at the end of efeq:wjsseom represents the ‘‘carried-over” terms that
could come from some initial load-step in the model such as a prestress that could have been applied in the original coordinates.
In the present study, however, f gen

�
is fully set to zero.

The above development, while similar, is not identical to the RBE3 element in [44]. Where RBE3 begins with constraints
applied on a node-by-node basis for a weighted least-squares representation of the nodal forces in terms of the virtual node
forces and moments, the current formulation seeks a consistent representation of the lumped DoFs. The current implemen-
tation is more convenient since it is built on a traction-based formulation instead of nodal forces. Moreover, since the inter-
pretations for the virtual DoFs, as well as the forces, are established using the underlying interfacial physics, no arbitrariness
is introduced as in the weighted least-squares in RBE3. Possible extensions of the formulation include the incorporation of
higher order terms (the current approach is first-order consistent), considering stresses and 3D regions for the reduction, etc.
2.1.2. Patch selection
Following the development of the substructured model in Eq. 25, it becomes necessary to have a consistent way of defin-

ing the interfacial patches. Two methods are explored in the current work:

Graph Clustering: There have been several studies, mostly in the parallel programming community, that have explored
the concept of constructing graphs from a finite element mesh to produce partitions based on some objective. The current
study employs what is commonly referred to as a dual graph [59], where each element of the mesh is considered as a
graph node and two graph nodes are connected if their corresponding elements share at least two nodes in the original
finite element mesh. This graph is then clustered into the required number of components 7, and the corresponding par-
titions of the underlying mesh are recovered by recalling the elements corresponding to each graph node. Fig. 2 provides a
schematic illustration of this.
In the current work, the mesh partitioning binary mpmetis from the serial graph partitioning tools Metis [34,1] is employed
to partition the interfacial mesh. The element areas are provided as graph node weights so that the produced partitions are
approximately of equal size. Details of the implementation may be found in [33]. More generally, however, several tech-
niques exist for graph clustering (see, for instance, [56]), which are very attractive for whole joint applications, but a com-
prehensive assessment of these is beyond the scope of the current work.
Field Objective Binning: The second method uses the contour level sets of scalar field objectives from non-linear simu-
lations (e.g., the contact pressure field) to form patches on the interface. Suppose the field objective is denoted by

P x
�

� �
(x
�
2 C), the objective is first split into a set of discrete levels Pmin ¼ P0 < P1 < . . . << PNlev

¼ Pmax. Elements are

then labeled based on which of these intervals the field objective at its centroid evaluates to. For instance, an element
with element scalar Pe 2 Pi�1;Pi½ Þ is labeled ‘‘i”. Following this, adjacency matrices of the nodal graph (with FE nodes
as graph nodes 8) are built for each level ‘‘i” and the elements that constitute the nodes in the disconnected trees are defined
as discrete patches. Off-the-shelf MATLAB routines are employed for the graph operations here.

In both of the above, contiguity (path-connectedness) of the resulting patches is enforced by requiring each patch to be a
connected tree. Convexity, however, is not explicitly enforced since the influence of convexity on the developed ROM is cur-
rently unclear.
2.2. Re-meshing reduced order modeling

2.2.1. Formulation
The Re-Meshing Reduced Order Modeling (RMROM) approach is based on re-discretizing the interface using a coarser

mesh for the ROM. The re-meshed representation of the interface develops a model that is of smaller size in the interface
while at the same time minimizing the loss of system-level accuracy. The initial parts of the formulation are motivated sim-
ilar to that of the whole joint formulation - developing a representation of the displacement vector in the reference mesh
6 An as-yet unpublished work of the authors [14] involve a constitutive modeling strategy that involves a fully discretized representation of the interface-
normal DoFs and a reduced representation of the planar tangential DoFs.

7 An interesting recent work in these lines that may be of interest for some readers is [58], where the graph clustering problem has been shown to converge
to the partitioning of a ‘‘continuum domain” in the variational sense as the number of nodes goes to infinity.

8 Contrast this with the dual graph employed before.
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Fig. 2. Schematic illustration of the partitioning of a Finite Element (FE) mesh through the construction and clustering of its dual graph.
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with respect to the reduced mesh in a point-wise fashion. The crucial difference here is that the remeshing is not intended to
produce an exact model (with respect to the DoFs) - instead, a weighted/projection-based representation of the original
nodal DoFs in terms of the re-meshed DoFs is sought. Distinguishing the original and new (reduced) mesh using subscripts
o and r respectively (with the sets of DoFs in each represented by no and nr respectively), the point-wise and weighted resi-
due integral may be written as
ð26Þ
Here, r
�

x
�

� �n o
represents the residue function and w

�
xð Þ

n o
represents the weighting function. Since the ‘‘unknowns” here

are uN
o
�

� �
2 Rjno j (being the finer mesh), the Galerkin weight function can be expressed as interpolations of nodal quantities

using the corresponding shape functions (No x
�

� �
in the finer mesh, without loss of generality since this spans the solution

space), whereby the Galerkin form yields
ð27Þ
In Eq. 27, the first matrix (
R
C No x

�

� �
TNo x

�

� �
dC

h i
) may be computed using (element) piece-wise integration on the original

mesh. The calculation of the second matrix (
R
C No x

�

� �
TNr x

�

� �
dC

h i
), however, involves the shape functions of the original

mesh as well as those of the reduced mesh. Here, this is carried out numerically through 2D Gauss–Legendre quadrature.
In constructing the relationship matrix Ror , element-search routines for each quadrature location in the corresponding

meshes are used. In order to maintain the accuracy of the integrals (accounting for some points missed out on the boundary),
both of the integrals are performed using quadrature points placed in the original mesh (and searched for in the reduced
mesh). An alternative approach would be to use a nodal collocation method [21], wherein the shape functions of the reduced
mesh are evaluated at the locations of the nodes in the initial mesh. This approach, however, is inconsistent with the weak
form since it does not ensure the consistency of the displacement over the whole region C, and is thus not used here.

Using the same notation as in section 2.1.1, the DoFs are reordered and represented using the above transformation
matrix as
10
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uN
o
�

u
M

�

8><>:
9>=>; ¼ Ror 0

0 IjMj

	 
 uN
r
�

u
M

�

8><>:
9>=>;: ð28Þ
Substituting this transformation into the standard second order equations of motion
MNN MNM

MMN MMM

	 
 €u
N

�

€u
M

�

8>><>>:
9>>=>>;þ KNN KNM

KMN KMM

	 
 u
N

�

u
M

�

8><>:
9>=>; ¼

f
N

�

f
M

�

8>>><>>>:
9>>>=>>>;; ð29Þ
yields the reduced form
RT
orMNNRor RT

orMNM

MMNRor MMM

" # €uN
r
�

€u
M

�

8><>:
9>=>;þ RT

orKNNRor RT
orKNM

KMNRor KMM

" # uN
r
�

u
M

�

8><>:
9>=>; ¼

RT
or f

N
o
�

f
M

�

8>><>>:
9>>=>>;: ð30Þ
The forces at this level may be linear or non-linear. The term f Nr
�

¼ RT
or f

N
o
�

does not yet have any direct physical interpre-

tation, and additional relationships need to be established in order to complete the formulation. In the Zero-Thickness Ele-
ment (ZTE) formulation followed here [47,26,11,8], traction constitutive laws are evaluated at quadrature locations within
each element. Since the purpose of the hyper-reduction is to reduce the number of nonlinear function evaluations, it is nec-

essary to establish a method of evaluating f No
�
using quadrature locations in the reduced mesh. The force-traction relationship

in the original mesh is given by
f No
�

� �
¼
Z
C
No x

�

� �
T t
�

x
�

� �
dC: ð31Þ
The conventional way of evaluating this integral is by first evaluating the tractions t
�

x
�

� �
at all of the quadrature locations,

pre-multiplying them by the matrix No x
�

� �T
(evaluated at the quadrature points), and then summing them up using the

quadrature weights. In a practical implementation, the last two steps may be conducted together as the product of the 2
matrices involved, simplifying the procedure. Denoting the quadrature weights and locations as wi and xi

�
respectively (with

i ¼ 1; . . . ;Nq, from, e.g., 2D Gauss–Legendre quadrature), the number of quadrature points as Nq, the total number of ele-
ments as Ne (yielding a total of NqNe quadrature points) and the element Jacobi integrals at each quadrature point organized

as a diagonal matrix J xi
�

� �
(see below), this may be expressed as the sum 9
f No
�

� �
u

XNqNe

i¼1

wiNo xi
�

� �
T J xi

�

� �
t
�

xi
�

� �
; ð32Þ

with; J xi
�

� �
¼

J1 xi
�

� �
J2 xi

�

� �
. .
.

26666664

37777775�
1 0 0
0 1 0
0 0 1

264
375 2 R3Ne�3Ne ; t

�
xi
�

� �
¼

t1x xi
�

� �
t1y xi

�

� �
t1z xi

�

� �
t2x xi

�

� �
..
.

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>;

2 R3Ne :
Note that Je xi
�

� �
and teq xi

�

� �
denote the Jacobi determinant and traction ‘‘q” of element e evaluated at xi

�
, and� denotes the

Kronecker product. Expressing the tractions at the quadrature locations (t
�

xi
�

� �
) as elements of a column matrix tQPr

�

� �
and

the summation operation using a block-diagonal matrix
presented formulae (Eq. 32) are just for representation. More efficient representations of quadrature is followed for the actual implementation.
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Wor ¼

w1No x1
�

� �
T J x1

�

� �
0

0 w2No x2
�

� �
T J x2

�

� �
0

0 . .
.

26666664

37777775; ð33Þ
the discretized form of the integral in Eq. 31 becomes the matrix–vector product,
f No
�

� �
¼ Wor tQPr

�

� �
; ð34Þ
where the superscript QP and the subscript r on the vector of tractions indicate that it stores the tractions evaluated at the
quadrature points of the reduced mesh. Substituting this back into the Galerkin projection in Eq. 30 yields the final form of
the ROM,
RT
orMNNRor RT

orMNM

MMNRor MMM

" # €uN
r
�

€u
M

�

8><>:
9>=>;þ RT

orKNNRor RT
orKNM

KMNRor KMM

" # uN
r
�

u
M

�

8><>:
9>=>; ¼

RT
orWor tr

QP

�

f
M

�

8>>><>>>:
9>>>=>>>;: ð35Þ
Additional substructuring strategies (similar to the one presented in the end of section 2.1.1) to restrict the ‘‘M-DoFs” that
are not involved in the nonlinear interface can be further employed at this point.

By saving the matrix product RT
orWor , the formulation looks near-identical to that of a finite element model with the

reduced mesh native to it. The only difference is that such a model would use integration matrices constituted by its own
nodal shape functions and weights, but the present formulation first integrates the tractions on a different mesh, then pro-
jects that force vector onto the ROM basis. Therefore, the reduced mesh, in the strictest sense, must not be confused as a
finite element mesh in and of itself. Integrals on the reduced mesh do not have a natural meaning in the current formulation,
although displacements and tractions still retain their meanings.

2.2.2. Mesh reduction
Two different approaches employed to develop reduced meshes are explored here:

Uniform Mesh Coarsening: Fundamentally, this can be done by using any coarser mesh on the surface that needs to be
reduced. In the present work, the reference mesh is used as a starting point. Adjacent elements are combined to coarsen
the mesh based on the required level of coarsening. All of the nodes of the reduced mesh coincide with nodes of the orig-
inal mesh. This simple algorithm can be carried out for cases where the reference surface meshes consists only of quadri-
lateral elements (such as enforced in the numerical studies for the present work). When this is not so, more general 2D
meshing techniques may be followed for generating a coarse mesh.
Field Objective Method: The second reduction method aims for better consideration of the salient physics for the reduc-
tion by considering field objectives representative of the interfacial physics. Contours of the chosen field objective are
used to place new nodes on the interface. The number of contour lines and the density used to place nodes on each con-
tour line is determined through an iterative process, depending on the target number of elements for the reduced mesh. It
is ensured that the produced elements are of nearly equivalent areas (biased meshes are prevented). The newly placed
nodes are re-meshed using triangular and quadrilateral elements. To ensure that elements with a fair quality are gener-
ated, an upper limit of 0.75 is set for the equi-angular skewness of the elements (see [5] for more details on the metric).
section C provides a step-by-step description of remeshing for the bolted joint interface considered in section 3.2.

2.3. Metrics for error analysis

Quantitative assessment of the solutions from the developed ROMs is conducted by comparing it with the reference finite
element solution for this study in the spirit of a posteriori error analysis. A priori approaches will not be explored here since
this can be highly non-trivial for nonlinear hysteretic systems and is beyond the scope of the current work.

Consider a solution in the original finite element space u
ref

�
2 Href Xð Þ (taken as ‘‘reference” solution), and its approximation

in the reduced-space u
red

�
2 Hred Xð Þ (representing the reduced order model solution). Here, X 	 R3 denotes the problem

domain (body of the structure of interest), andHref Xð Þ andHred Xð Þ denote appropriate function spaces with domain X (with

Hred Xð Þ#Href Xð Þ). Let the discretized representations of the two be denoted as u
d;ref

�
2 Rjd;ref j and u

d;red

�
2 Rjd;redj respectively,

related through the matrix Trom 2 Rjd;ref j�jd;redj by the approximation,
12
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u
d;ref

�

 bu � d; ref ¼ Trom u

d;red

�
: ð36Þ
Here, d; reff g and d; redf g are used to denote the sets of discretized DoFs in the reference and reduced representations
respectively, and the term bu � d; ref denotes the approximation from the ROM. The discretization in Href Xð Þ is taken to
be expressed using appropriate shape functions n : X ! Rjref j�jd;ref j (with ref denoting the set of DoFs in the reference-
space) through
u
ref

�
x
�

� �
¼ n x

�

� �
u

d;ref

�
: ð37Þ
Using the ROM approximation (Eq. 36), the effective discretization of the ROM is
u
red

�
x
�

� �
¼ n x

�

� �
Trom u

d;red

�
: ð38Þ
The L2-norm in Href Xð Þ of the deviation between u
ref

�
and u

red

�
scaled by the density of the structure10 (denoted q x

�

� �
) will be

employed as the a posteriori error metric. Numerically, denoting the deviation as ~u
�
¼ u

red

�
� u

ref

�
(and its discretized counterpart as

~ud
�

¼ u
d;red

�
� u

d;ref

�
), this can be shown to be
ð39Þ
where Md;ref 2 Rjd;ref j�jd;ref j is the discretized reference mass matrix. Denoting the reduced order mass matrix

Md;red 2 Rjd;redj�jd;redj (numerically written as TT
romM

d;redTrom

h i
through the Galerkin projection), this may be simplified further

(assuming symmetric mass matrix) to
err u
d;red

�

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u

d;ref

�

� �T

Md;ref u
d;ref

�

� �
þ u

d;red

�

� �T

Md;red u
d;red

�

� �
� 2 Trom u

d;red

�

� �T

Md;ref
h i

u
d;ref

�

� �s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jj u

d;ref

�
jj2d;ref þ jj u

d;red

�
jj2d;red � 2Trom u

d;red

�
; u
d;ref

� d;ref

r
:

ð40Þ
with jj � jjd;ref and jj � jjd;red denoting mass-weighted 2-norms in the discretized reference and reduced spaces respectively and
�; �d;ref denoting the mass-weighted inner product in the discretized reference space. The relative error norm is defined by
relerr u
d;red

�

� �
¼

err u
d;red

�

� �
jj u

d;ref

�
jjd;ref

: ð41Þ
Since the primary focus of the current effort is on dynamics, deviations in linear/non-linear mode shapes is of interest. In

these cases, the deviation in the discretized mode-shape from the ROM, /
d;red

�
2 Rjd;redj with respect to the reference /

d;ref

�
2 Rjd;ref j,

assuming both are mass-normalized (jj /
d;ref

�
jjd;ref ¼ jj /

d;red

�
jjd;red ¼ 1) becomes
dev /
d;red

�
; /
d;ref

�

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� Trom /

d;red

�
; /
d;ref

�
d;ref

� �s
: ð42Þ
Recognizing the similarity with the modal assurance criterion [3] (MAC; specifically the Weighted MAC (WMAC) with the
mass matrix as the weighting), a MAC-Deviation, or MACDEV criterion will be used throughout the paper for comparing
mode shapes. The MACDEV is defined as,
MACDEV /
d;red

�
; /
d;ref

�

� �
¼ 1� Trom /

d;red

�
; /
d;ref

�

� �
d;ref : ð43Þ
s is done so that the mass matrix can directly be used, see Eq. 39
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3. Numerical illustrations

In what follows, the application of the developed reduced order modeling strategies is illustrated numerically. The first
case study is focused on the linear behavior of the reduced order models applied to reducing the representation of a surface,
while providing appropriate comparisons with corresponding procedures implemented in ABAQUS; and the second case
study focuses on the behavior of the reduced order model for a non-linear finite element model of a bolted joint. see Fig. 3.

3.1. Solid beam with holes – A linear case study

The first case study is conducted on the reduced order modeling of a linear elastic solid beam with three holes, as shown in
Fig. 4. The goal of this example is to demonstrate the fact that the hyper-reduction is consistent with the modal properties of
the system (in the absence of any non-linearities). The geometry 11 is chosen so as to provide a sufficiently complicated geometry
while at the same time being simple enough to be intuitive. The density, Young’s modulus, and Poisson’s ratio are set as 7800 kg m�3,
200 GPa, and 0.3 respectively. The natural frequencies of the first five elastic modes in the fully-free boundary configuration are tab-
ulated in Table 1. A reduced representation of the 120� 25:4 mm surface (with the three holes) is pursued for the investigations.

A meshed model is generated in ABAQUS to serve as the reference (see Fig. 5). Both the ROM strategies will be pursued in
order to make key observations about their behavior in relation to established procedures. The WJROMs will be compared
with models constructed with distributed coupling elements in ABAQUS; and the RMROMs will be compared with models
uniformly meshed in a coarse fashion. Linear C3D8R elements [45] are used everywhere unless otherwise specified.

Fig. 6 depicts the first five elastic mode-shapes of this structure in the fully-free boundary configuration (see Table 1 for
frequencies). As can be observed, the top surface (with the holes) undergoes significant strains in all of these modes, neces-
sitating the developed representations to be sufficiently consistent in order to yield to acceptable ROMs.

3.1.1. Whole joint reduced order modeling
The first aspect that must be considered for a numerical implementation of the WJROM is conditioning. The stiffness

matrix of the augmented system (Eq. 21) has the terms corresponding to the constraint enforcement. In practice, it is found
that the conditioning of this matrix is critical for a numerically well-behaved reduced order model. In the current paper, the
constraints are scaled by a conditioning coefficient n, leading to an augmented stiffness matrix Kc

A parameterized by n
through
suc

11 It m
Kc
A nð Þ ¼

KNN KNM 0 �n NTG

 �

KMN KMM 0 0
0 0 0 n GTG


 �
�n NTG

 �

0 n GTG

 �

0

26664
37775: ð44Þ
For each case, a three-point quadratic search is conducted (in log10-scale) to determine the critical n� that minimizes the
condition number of Kc

A. For all the studies in this paper, three values of n; n1 ¼ 100; n2 ¼ 1015 and n3 ¼ 1030 are used as ini-
tialization for this search. Denoting the corresponding condition numbers as j1;j2, and j3 respectively, a local quadratic fit
is established (in log-scale) as follows:
a0
a1

a2

8><>:
9>=>; ¼

1 log10 n1ð Þ log10 n1ð Þ2
1 log10 n2ð Þ log10 n2ð Þ2
1 log10 n3ð Þ log10 n3ð Þ2

264
375

�1
log10 j1ð Þ
log10 j2ð Þ
log10 j3ð Þ

8><>:
9>=>; ð45Þ

h that; log10 jð Þua0 þ a1log10 nð Þ þ a2log10 nð Þ2:
From this, the optimal coefficient is estimated as n� ¼ 10�a1= 2a2ð Þ. Although one could potentially iterate on this, conduct-
ing just a single estimate was found to be sufficient for all the studies here.

For a whole-joint model with five patches, as shown in Fig. 7a. The element sets have been chosenmanually and the virtual nodes
have been placed at the centroids of each patch. Fig. 7b depicts the trend of the conditioning number ofKc

A for different n values, along
with the initialization and critical value. As can be seen, while the conditioning of the critically conditioned system is only slightly
more than that of the reference unconstrained system, a poor choice of this could lead to highly ill-conditioned systems.

Following this, a HCB reduced model with 50 fixed-interface component modes retained is generated (WJROM). For com-
parison an ABAQUS model is prepared with identical patches and virtual nodes located at the same points, coupled using the
ABAQUS Distributed Coupling elements with ‘‘uniform” weighting (ABAQUS DC). Also, the ABAQUS model is substructured
using 50 fixed-interface modes, like the WJROM.

Table 2 tabulates the natural frequencies of the first five modes along with percentage deviations from the reference
unconstrained system. For the mode-shapes, the MAC-Deviation (MACDEV, defined in Eq. 43) is used to quantify deviations.
ay be noted that the geometry is similar to the Brake-Reuß Beam interface (see section 3.2).
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Fig. 3. Illustration of a re-meshed region.

Fig. 4. Dimensional schematic of the solid beam benchmark (dimensions in mm, not to scale).

Table 1
Elastic modal frequencies.

Mode Frequency (Hz)

1 4014.21
2 7903.23
3 8592.07
4 10,520.13
5 17,398.38

Fig. 5. Reference meshed model for solid beam benchmark.
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Here, Trom denotes the appropriate parts of the recovery matrix for the HCB reduced model (THCB in Eq. 22) in the case of the
WJROM and appropriate rows of the substructure recovery matrix in the case of the ABAQUS DC.

The deviations (both frequency and mode-shape) of the current WJROM and the ABAQUS DC approaches are approxi-
mately identical for the considered example, as shown in Table 2. In order to complete the comparison, Metis (see ‘‘Graph
Clustering” in section 2.1.2) is used to generate different numbers of patches (ranging from 3 to 90) and the convergence of
the current WJROM and ABAQUS DC are compared in terms of the frequency and MAC deviations. Fig. 8 depicts some of
these models along with the coupling nodes.

Fig. 9 depicts the frequency error and MAC-deviation as a function of the number of patches selected for the reduction, Np.
It can be observed that the trends of both of the ROMs seem to be approximately identical. Note here that the present strat-
egy has a fundamentally different derivation, motivated by representation of surface tractions, in comparison with the cou-
pling elements in ABAQUS.
15



Fig. 6. Mode shapes considered for study: (a–e) denote the first five elastic mode shapes. Colors denoted mass-normalized absolute displacement
amplitudes. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. (a) The five-patch configuration for the solid beam benchmark; and (b) The condition number j as a function of coefficient n. Also plotted (in (b)) is
the conditioning of the unconstrained (reference) system, initalization, and the estimated critical point.

Table 2
First five elastic mode frequencies of the reference (xref ) and reduced models (xn); percentage frequency error; and MAC-Deviations. The current approach is
denoted WJROM and the ABAQUS Distributing Coupling elements approach is denoted ABAQUS DC.

Reference WJROM ABAQUS DC

Mode xref (Hz) xn (Hz) Dxn=xref (%) MACDEV xn (Hz) Dxn=xref (%) MACDEV

1 4014.21 4016.94 0.07 6:04� 10�7 4017.15 0.07 6:11� 10�7

2 7903.23 7983.20 1.01 1:04� 10�4 7982.56 1.00 1:01� 10�4

3 8592.07 8633.08 0.48 1:73� 10�5 8633.15 0.48 1:72� 10�5

4 10520.13 10573.00 0.50 2:80� 10�5 10573.21 0.50 2:80� 10�5

5 17398.38 17881.04 2.77 9:87� 10�4 17880.93 2.77 9:77� 10�4
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3.1.2. Remeshing reduced order modeling
In order to investigate the RMROM approach, reduced meshes are constructed for the solid beam using the uniform coars-

ening approach (see section 2.2.2). The interface is composed using linear quadrilateral elements. The objective here is to
compare the presented reduced order modeling strategy (RMROM) with models of the beam that are coarsely meshed uni-
formly. Fig. 10 depicts the different meshes used for finite element analysis. Note that the remeshing procedure outlined
above only generates surface meshes. These are repeated along the thickness to form solid C3D8R elements [45].
16



Fig. 9. Whole-Joint convergence of (a) Mode 1; (b) Mode 3; and (c) Mode 5.

Fig. 10. ABAQUS models of the solid beam meshed with coarser elements. The number of elements along the thickness is fixed by requiring the element
aspect ratios to be approximately constant. (a–f) correspond to 36, 74, 122, 232, 448, and 568 elements on the top surface respectively.

Fig. 8. Whole Joint Models with different numbers of patches generated using metis: (a–f) correspond to models with 3, 9, 21, 30, 50, and 90 patches
respectively.
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This study is mainly conducted in order to understand howmuch improvement the developed remeshing approach offers
in comparison to just using a coarser mesh. Relative errors in natural frequencies are taken as the sole criterion of analysis
since comparing the mode-shapes of the coarsely meshed models with the reference would involve 3D interpolation, and
17



Fig. 11. Converegence of modal frequencies – comparison of the remeshing approach (RMROM) with finite element models with coarser meshes: (a–e)
present results for elastic modes 1–5 respectively. The dashed vertical line indicates the number of surface elements in the original mesh.
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that is not carried out presently.12 Fig. 11 depicts the convergence behavior of the first five natural frequencies (as functions of
the number of elements on the surface). It can be observed that RMROM has a characteristically different behavior in compar-
ison to mesh coarsening. For smaller number of elements the RMROM performs much better, but larger models exhibit lower
improvements, as expected. It is worth recalling here that while the RMROM is developed to converge to the finite element ref-
erence, the finite element meshes are developed to converge to the continuum limit.

Another aspect that is of great relevance for modeling jointed systems is the case where only a substructured model of the
reference is available. This is often the case for non-linear analysis of large-scale jointed systems. Therefore, the convergence
of the RMROMs are assessed between cases where the whole model and a HCB reduced model with 50 fixed-interface com-
ponent modes are employed for the reduction. Fig. 12 shows the frequency convergence trends in these cases. It is evident
that although the ROMs do exhibit convergence in both cases, there seems to be a hard lower bound for the case with the
HCB reduced reference. This is thought to be a relic of the HCB reduction itself (which is based on a truncated modal rep-
resentation of the fixed-interface dynamical system), which restricts the accuracy of the solution with respect to the
reference.

In conclusion, the most important feature of the proposed RMROM approach is that the imposed mesh on the surface
need not be the same type as the underlying mesh – any popular 2D mesh may be employed on the surface independent
of the 3D mesh the body is discretized with. This is particularly useful for substructured analyses of jointed systems wherein
only the joint nodes are readily available and the rest are represented using component modes. Although using the RMROMs
as secondary reductions on substructured models is not ideal, as Fig. 12 demonstrates, the method is still applicable if one is
cognizant of the convergence behavior. The next case study (section 3.2) illustrates one such scenario for a bolted joint where
a substructured model is used as reference.
3.2. Modeling and analysis of bolted structures – a nonlinear case study

The current section applies the developed ROM approaches to the Brake-Reuß Beam (BRB) benchmark [15,13,6], a three-
bolted lap-joint structure. A substructured finite element model with 20 fixed interface component modes and all of the
interfacial nodes retained is used as the reference model, and all ROMs are developed from it. The reference finite element
model is constructed using linear C3D8R elements in ABAQUS [45]. Rayleigh Quotient-based Non-linear Modal Analysis [7]
(RQNMA), a recently developed quasi-static non-linear modal analysis procedure, is used to characterize the amplitude-
12 The mode-shapes and frequencies are, however, not independent quantities but demonstrating convergence in terms of just the frequency is considered
sufficient here.
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Fig. 13. CAD model of the Brake-Reuß Beam.

Fig. 12. Converegence of modal frequencies - comparison of the remeshing applied to reference models with and without HCB Reduction: (a–f) present
results for elastic modes 1–5 respectively. The dashed vertical line indicates the number of surface elements in the original mesh.
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dependent modal characteristics of the systems. The characterizations from the ROMs are compared with the reference sim-
ulations and deviations are presented as a comparative metric for assessment.
3.2.1. Model description
The BRB assembly, depicted in Fig. 13, consists of two ‘‘half-beams” connected through a three-bolted lap-joint. The total

length of the beam is about 720 mm (28.375 in) and the cross-section of the beams is a 25.4 mm � 25.4 mm (1 in � 1 in)
square. Three sets of 5/16-inch bolts, nuts and washers are used for the assembly, which has a 120 mm � 25.4 mm contact-
ing interface (the interface geometry is identical to the solid beam model considered in section 3.1). The exact dimensions
and drawings of the structure may be found in [13,6]. Each bolt is statically pre-stressed to a load of 11,580 N at static equi-
librium, and is considered present throughout the analyses. The density, Young’s modulus and Posson’s ratio are
7857.8 kg m�3, 192.85 GPa, and 0.29 respectively.13
3.2.2. Interface constitutive modeling
In order to maintain consistency, a planar elastic dry friction model and a unilateral linear penalty stiffness (see

[60,24,61]) are used as the constitutive models for the interface in the tangential and normal directions respectively. The
13 Numbers estimated from a physical assembly used in [8].
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current section provides implementational details of the same in the context of the reference ZTE as well as the ROM
implementations.

3.2.3. Traction-constitutive model for the zero-thickness elements
For the ZTEs (both in the reference and remeshed ROMs), the implementation used is identical to earlier works

([26,47,8]). For the contact constitutive model, the formulation is identical to the one in [2], but these are employed in
the traction-level and integrated over the elements by evaluating them at quadrature locations followed by a weighted sum-
mation. In all simulations, 25 2D Gauss–Legendre points are used per element. The traction (tn) displacement (un) relation-
ship in the normal direction is
tn unð Þ ¼ knun un > 0 contactð Þ
0 un < 0 separatedð Þ

�
; ð46Þ
where kn is the normal contact stiffness. The coordinate systems are defined such that when the normal (relative) displace-
ment is positive, the interfaces are in contact and when it is negative, the interfaces are separated.

In the tangential directions, the traction (txt ; t
y
t ) displacement (ux

t ;u
y
t ) relationship is given by
tqt ux
t ;u

y
t

� � ¼
0 tn ¼ 0 separationð Þ

kqt uq
t � uq

t0

� �þ tqt0
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{tqsp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

txsp
2 þ tysp

2
q

< ltn stickð Þ

ltn
tqspffiffiffiffiffiffiffiffiffiffiffiffiffiffi

txsp
2þtysp

2
p otherwise slipð Þ

8>>>>>><>>>>>>:
: ð47Þ
Here, the superscripts q denote the tangential directions x and y, and terms with a subscript 0 denote the terms from the
previous point on the hysteretic curve. Tractions txsp and tysp denote the ‘‘stick-prediction” tractions, i.e., the predicted trac-
tions assuming the point is in the stuck condition (used to check the condition for slippage). As can be seen, the model is
parameterized by a coefficient of friction l and two tangential stiffnesses kxt ; k

y
t . Isotropic friction is assumed throughout,

and therefore kxt ¼ kyt throughout the interface. This model, when implemented on the actual finite element mesh, is taken
as the reference for comparing all of the ROMs.

3.2.4. Force-constitutive model for the whole-joint patches
Most whole joint implementations use a force–displacement constitutive law instead of the traction form discussed

above [57]. However, since the current study seeks to maintain consistency across interfacial representations, phenomeno-

logical relationships are needed between the virtual node DoFs (u
v

�
, consisting of translations and rotations) and virtual node

forcing terms (f
v

�
, consisting of forces and moments), which are equivalent to the traction-constitutive planar elastic dry fric-

tion model described above. Before beginning the development, it is first assumed, for simplicity, that the ‘‘patch” is parallel
to the coordinate xy-plane, and the virtual node lies at the centroid of the plane. There is no loss of generality here for flat
patches since appropriate coordinate transformations may be employed to suit this description.

Recalling Eq. 1, the displacements at a point x
�
2 Cv is written in terms of the virtual node DoFs as
uxðx�Þ
uyðx�Þ
uzðx�Þ

8>><>>:
9>>=>>; ¼

uvx
uvy
uvz

8><>:
9>=>;þ

hvx
hvy
hvz

8><>:
9>=>;�

x� xv
y� yv
0z� zv

8><>:
9>=>;

0B@
1CA

¼
uvx
uvy
uvz

8><>:
9>=>;þ

0 0 ðy� yvÞ
0 0 �ðx� xvÞ

�ðy� yvÞ ðx� xvÞ 0

264
375 hvx

hvy
hvz

8><>:
9>=>;:

ð48Þ
For a linear traction-displacement constitutive law (the ‘‘stuck” condition of the elastic dry friction model), the corre-
sponding tractions may be expressed as
tx x
�

� �
ty x

�

� �
tz x

�

� �
8>>>>><>>>>>:

9>>>>>=>>>>>;
¼

kxt 0 0
0 kyt 0
0 0 kn

264
375

ux x
�

� �
uy x

�

� �
uz x

�

� �
8>>>>><>>>>>:

9>>>>>=>>>>>;
: ð49Þ
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Substituting this in Eq. 5 and integrating over the patch Cv , assuming that the traction-stiffness coefficients kxt ; k
y
t , and kn

are constant over the whole patch, yields the force–displacement relationship for the virtual node:
14 i.e.,
vanish
Z
Cv

tx x
�

� �
ty x

�

� �
tz x

�

� �
8>>>>><>>>>>:

9>>>>>=>>>>>;
dC ¼

Z
Cv

kxt 0 0
0 kyt 0
0 0 kn

264
375 uvx

uvy
uvz

8><>:
9>=>;þ

0 0 y� yvð Þ
0 0 � x� xvð Þ

� y� yvð Þ x� xvð Þ 0

264
375 hvx

hvy
hvz

8><>:
9>=>;

0B@
1CAdC

)
f vx
f vy
f vz

8><>:
9>=>; ¼

kxtav 0 0
0 kytav 0
0 0 knav

264
375 uvx

uvy
uvz

8><>:
9>=>; using;

R
Cv x� xvð ÞdC ¼ RCv y� yvð ÞdC ¼ 0

� �
;

ð50Þ
with av denoting the total area of the patch. Similarly, by substituting Eqs. 48, into Eq. 6 leads to the moment-rotation
relationship:
mv
x

mv
y

mv
z

8><>:
9>=>; ¼ kn

Ivxx Ivxy 0

Ivxy Ivyy 0
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375þ
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8><>:
9>=>;; ð51Þ
with Ivpq p; q ¼ x; yð Þ denoting appropriate terms of the second moment of area of the patch. Assuming an isotropic surface

(kxt ¼ kyt ¼ kt), the linear phenomenological model may be summarized as,
f vx
f vy
f vz
mv

x

mv
y

mv
z

8>>>>>>>>><>>>>>>>>>:
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: ð52Þ
Since the current work employs applications involving contact-separation in the normal direction and stick–slip in the
tangential directions, this has to be adapted further. The linear model is useful, however, in that the non-linear contact mod-
els, upon linearization, must be consistent with this. Since a thorough treatment of this is beyond the scope of the current
work, a simplified generalization is developed. The terms f vx ; f

v
y , and f vn are written as a direct generalization of Eqs. 46, 47 as
f vn unð Þ ¼ knavð Þun un > 0 contactð Þ
0 un < 0 separationð Þ

�
;

ð53Þ

and;

f vq uvx ; u
v
y

� �
¼

0 f vn ¼ 0 separationð Þ

ktavð Þ uvq � uvq0
� �

þ f vq0

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{f vq;sp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2

q
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f vx;sp
2þf vy;sp

2
p otherwise slipð Þ

8>>>>>><>>>>>>:
:
ð54Þ
Eqs. 53, 54 are nearly identical to the traction constitutive equations, except for the patch area av that multiplies the trac-
tion stiffness coefficients, and upon linearization, this yields the first three equations in Eq. 52.

For the moment terms, the simplest formulation would be to adopt the corresponding part of the linear model in Eq. 52.
However, this will not be consistent across the different kinematic states (separation; stick; slip) the patch can potentially
undergo. Formv

z , it is assumed that the linear relationship above holds when the patch is stuck, and vanishes when the patch
is slipping. Physically, this is reasonable only when the rotational DoF hvz is small enough that the whole patch is either com-
pletely stuck or completely slipped translationally, and the hvz DoF does not influence a change-of-state at any point on the
patch. Making a similar assumption for the in-plane moments (with contact-separation governing the moments) is a possi-
bility 14, but this was numerically found to make the non-linear solvers fail for cases with small-sized patches. Therefore, for the
current study, the in-plane moments mv

x and mv
y are both set to zero at all times and the out-of-plane moment mv

z is related by,
the patch separates or comes into contact ‘‘as a whole” (i.e., all points on it are either in contact or separated), implying that the terms mv
x ;m

v
y both

when the patch is in separated condition
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mv
z ¼ ktI

v
zz

� �
hvz stuck

0 otherwise

(
: ð55Þ
There is considerable scope for improvement here since the linearization of the current phenomenological model is consis-
tent with the linearization of the traction-based relationship only for four of the six forcing terms in Eq. 52. Furthermore, the
constitutive law for the out-of-plane moment is only valid for cases where no point on the patch slips due to rotation alone 15.

3.2.5. Parameter selection
In order to have some physical motivation for the parameters, rough contact results (from [48]) for a surface with asper-

ities assumed to be distributed as a b-distribution are used to fix the contact stiffnesses for the reference model. Mathemat-
ically, the expressions for kt and kn that are used are
kt ¼ 2 1�mð Þ
2�mð Þ

Pavg
r

kt
kn
¼ v 1�mð Þ

2�mð Þ ;
ð56Þ
wherein r is the standard deviation of the interfacial asperity peak heights (taken as 1 lm), m is the Poisson’s ratio of the
material (taken as 0.29), and Pavg is the averaged total pressure in the interface (fixed as total prestress divided by total area
of joint). The multiplier v is fixed to 2:0, following Mindlin [49]. The coefficient of friction, l, is arbitrarily fixed as 0.20.

3.2.6. Analysis procedure
RQNMA is chosen as the simulation technique used for comparing the ROMs here. The RQNMA approach is a quasi-static

non-linear modal analysis procedure that can be used to draw conclusions about the amplitude-modal characteristics of the
system in a consistent manner. The utility of RQNMA is that it is able to calculate the hysteretic response of a nonlinear sys-
tem more accurately than other quasi-static approaches. From the computed hysteresis curves, the non-linear properties of
the system (i.e., the amplitude dependent natural frequencies, damping ratios, and mode shapes) can be directly deduced. A
brief presentation is provided in section A for completeness. The interested reader is referred to [7] for more details.

The reference static (bolt) prestress solution is computed with the HCBmodel described above. Although this ignores pos-
sible nonlinear geometric effects, the magnitudes of displacements from the prestress analysis have been found to be suffi-
ciently small in order not to make geometric effects appreciable. Therefore, the only source of nonlinearity that is considered
is the contact interface itself. Furthermore, for all of the ROM simulations, the prestress solutions are computed completely
using the ROMs. Special emphasis is placed on this since it is common practice in the analysis of jointed structures to lin-
earize these systems about the static solution and conduct the nonlinear dynamic analysis separately, but the present work
does not decouple the static and dynamic portions of the analysis at all. Such a coupled approach, also used in [8] (albeit with
a slightly different analysis technique), is thought to be more consistent than a decoupled approach, especially when no geo-
metric effects need to be considered (see [23,62,8] for further discussions).

For the nonlinear modal studies in the current work, twenty logarithmically spaced modal amplitude levels (denoted qk,
with k ¼ 1;2; . . .) are chosen to calculate the amplitude-dependent properties. RQNMA yields the relevant natural frequency
for each given amplitude level, denoted by xk. For the damping estimates, the solution is evaluated at 10 linearly spaced
integration points (Gauss–Lobatto quadrature is used for this) between each of the above amplitude levels, and the area
under the modal displacement-acceleration curve is estimated. Fig. 14 shows a schematic representation of this, with points
1 through n representing the points along the loading curve corresponding to the chosen displacement amplitude levels.
Denoting the areas below each segment as DDi’s as shown, the cumulative area at any amplitude level qk is given as the par-
tial sum,
Dk ¼
Xk
i¼1

DDi: ð57Þ
Making a computational simplification by assuming that the modal displacement-acceleration curve follows Masing’s
rules [16], the cyclic dissipation and effective viscous damping factor at qk are evaluated by
Dcyc
k ¼ �4q2

kx
2
k þ 8Dk; and ð58Þ

feffk ¼ Dcyc
k

2pq2
kx

2
k

: ð59Þ
The above simplification, in general, introduces systematic errors in the damping estimates, and a more accurate
approach would not assume that Masing’s rules rules hold, such as in [8]. This is, however, not of concern presently, since
the above damping measure16 is only meant to serve as a dissipation measure that is computed consistently across all the mod-
els for making comparative observations.
ial efforts have indicated that a trivial superposition of the contributions of the in-plane forces and out-of-plane moment is not valid for such cases.
ctly speaking, however, the damping factor in Eq. 59 could be referred to as the ‘‘effective Masing dissipation”.
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Fig. 15. (a) Normal pressure distribution at prestressed state, (b) mode 1 deflection shape for one of the interfaces (the other interface, not depicted, sits on
top of this), and the (c) P- and (d) PD- field objectives. The P-objective is Normalized Normal pressure and the PD-objective is the normalized sum of the P-
objective and normalized mass-weighted modal displacement of mode 1.

Fig. 14. Schematic of hysteretic analysis with n modal displacement amplitude levels.
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3.2.7. Reduced order modeling results
The current subsection presents the ROM results for the two approaches in separate subsections, followed by a compar-

ative discussion in the last subsection where key observations are made.
For both of the ROM approaches, at least two types of field-objectives are employed for the ROM setup. The first approach,

assigned the identifier ‘‘P-objective”, uses as field objective the normal traction distribution at the end of static prestress
analysis. The normal traction is evaluated at the nodal locations and normalized to have numerical values in the interval
0;1½ �. The second approach, identified as ‘‘PD-objective”, uses the average of the P-objective and the normalized mass-
weighted mode-shape at the interfacial nodes (normalized, once again, to lie in the interval 0;1½ �) as its field objective.
The first bending mode arising from the linearization of the statically prestressed structure (with the reference mesh,
depicted in Fig. 15b) is employed for the latter case 17. Figs. 15c-15d plot both of these field objectives for the considered case.

The field objectives are passed through a smoothening operator in order to make the ROMs less sensitive to small vari-
ations in the field objective. A kernel-like smoothening operator is employed by resetting as nodal values a weighted average
of a node’s value and its connected nodal neighbour’s values. The weight for its own value is fixed as 1=2 and those for the
17 Note that the asymmetry in the depiction arises from the fact that the inertial loading on the interface is not symmetric (see Fig. 13). The left end in Fig. 15b
is connected to the rest of the corresponding half beam while the right end is free (and hence the larger deflection)
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others are fixed inversely proportional to their distances such that their weights sum up to 1=2. The P-objective, therefore,
looks smoother in Fig. 15c in comparison to the pressure distribution in Fig. 15a. This is a justifiable smoothening step since
this is conducted only for the development of the ROMs and not after/during the non-linear simulations of any of the models.

The reference model is transformed into a ‘‘relative coordinate” system and the ROM strategies reduce the relative inter-
facial DoFs, i.e., the difference between the ‘‘top” and ‘‘bottom” interfaces. Denoting the set of top and bottom nodes asT and

B respectively (with corresponding DoF vectors denoted by u
T

�
2 RjTj and u

B

�
2 RjBj), and the set of generalized DoFs as g (with

DoF vector u
g

�
2 Rjgj), the relative coordinate transformation may be mathematically represented as
u
T

�

u
B

�
u
�
g

8>>>><>>>>:

9>>>>=>>>>; ¼
IjTj IjBj 0
0 IjTj 0
0 0 Ijgj

264
375
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�
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B

�
2 RjTj: ð60Þ
The transformation matrix Trel is composed of appropriate identity matrices as shown. This can be done only if the top and
bottom surfaces are identically meshed (implying jTj ¼ jBj). The main advantage with this transformation is that the inter-
facial nonlinearites simplify by using the fact that the forces on the top and bottom nodes are of equal magnitudes and oppo-

site signs at all times ( f
T

�
¼ � f

B

�
). The nonlinear forcing vector in the relative coordinates is expressed as,
f relnl
�

¼
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IjBj IjTj 0
0 0 Ijgj
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If the meshes are not identical, one has to choose either a master–slave formulation or an intermediate surface mesh to
represent both interfaces and appropriate interpolation matrices must be employed to compose Trel. The above projection
can be carried out once this is done. It must also be noted here that relative coordinate transformation may be carried
out only when the relative displacements in the interface are expected to be much smaller than the sizes of the elements.
This is generally found to be reasonable for bolted joint applications [8].

The model resulting from Eq. 60 is first reduced using another HCB step to consist of just Du
�
and generalized coordinates

(using the same number of component modes as before). This is possible since the non-linearities are only expressed in the
first jTj DoFs of the forcing vector, with the rest being zeros, in the relative coordinate representation. All of the reference
calculations are carried out using this representation. The ROM strategies developed are used as secondary reductions on this
model to yield reduced representations of Du

�
. Since all simulations are conducted in a fully-free boundary configuration, the

six ‘‘stuck-interface” rigid body modes are transformed out by projecting the solution onto their null-space (see [8] for the
details). All of the transformation matrices are multiplied in the appropriate order and saved as the recovery matrix so as to
enable the computations of the post hoc error metrics defined in section 2.3 using the mass matrix corresponding to the rep-

resentation in Eq. 60, wherein the DoF vector is Du � T; uB � T;ug � Tf gT , which is a common starting point for all of the
ROMs.
3.2.8. Whole-joint approach
Employing the patching approaches outlined in section 2.1.2, several WJROMs of varying fidelity (number of DoFs) were

produced. Numerical conditioning is dealt with in the same manner as in section 3.1. Indicative patches are presented in
Fig. 16a-16c for the graph-clustering method, the P-objective binning and the PD-objective binning respectively.

The graph clustering approach, identified as the ‘‘U-method” in the ensuing descriptions (section 2.1.2), uses the routine
mpmetis from the software package Metis [34] (version 5.1.0) to partition the dual graph of the interfacial mesh with each
element weighted by its element area. The program computes a k-way partitioning for both the elements as well as the
nodes of the supplied mesh. The element weights act as an additional balancing constraint that ensures that the resulting
partitions all contain approximately the same areas. In general, these partitions need not be contiguous, i.e., path-
connected. Appropriate flags are therefore provided to the program to ensure that the resulting partitions are contiguous.

The other two approaches, P- and PD-objective binning, are carried out in the same manner as described in section 2.1.2
(Metis is not used for these). Unlike the U-method, balancing the element areas is not a constraint here, and therefore the
resulting patches can vary significantly in areas. Considerations on the appropriateness of the constraints and a careful
assessment of different types of constraints are beyond the scope of the current investigation.
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Fig. 16. Different fidelity patches for the Whole-Joint ROMs: (a) Metis graph-clustering based patches (‘‘U” method); (b) P-objective on the reference mesh
and the binned patches; and (c) PD-objective on the reference mesh and the binned patches. Unique arbitrary colors are assigned to each patch.
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3.2.9. Simulation results
Fig. 17 presents the results of the prestress analysis for the different types of WJROMs. Interfacial tractions are plotted for

the reference mesh alongside indicative WJROM patches. Being a prestress analysis, the patches did not develop significant
out-of-plane moments (the in-plane moments are always set to zero presently, see section 3.2.4). This can be seen to be
reflected in Figs. 17b–d where each patch has a constant color under the present color-mapping. Qualitatively, the P- and
PD-objective patches seem to be converging to the general traction distribution of the reference for the largest DoF cases
(22 and 21 patches respectively). For the U-method, on the other hand, such qualitative trends do not seem to be as directly
apparent since each patch is irregularly shaped and (seemingly) arbitrarily positioned.
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Fig. 17. Comparison of the prestress results from the Whole-Joint ROMs (WJROMs) with (a) the reference solution. Results presented for indicative whole-
joint ROMs prepared using (b) U-method, (c) P-objective binning, and (d) PD-objective binning. All the figures share the colorbar in (a).
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Fig. 18 depicts the RQNMA characteristics for each of the WJROMs. In terms of convergence, it can be seen that all of them
demonstrate relatively acceptable convergence to the reference frequency trend. The ROMs however, seem to have more dif-
ficulty in predicting the non-linear damping trends. Particularly, at low amplitudes, the WJROMs predict nearly zero damp-
ing since none of the patches have completely slipped. The damping estimates at these amplitude levels, therefore, do not
appear in the plots (which are in log-scale). At larger amplitudes, however, all of the WJROMs follow the reference closely in
terms of damping too. A crucial detail that has to be mentioned at this point is the fact that unilateral linear-penalty springs
26



Fig. 18. RQNMA characteristics for theWhole-Joint ROMs (WJROMs): comparisons with reference. Results presented for indicative WJROMs prepared using
(a) U-method, (b) P-objective binning, and (c) PD-objective binning. Plotted, in three columns, are the modal characteristics, magnifications of the frequency
characteristics and the mode-shape deviations from the reference low amplitude mode-shape. The figure legends note the total number of DoFs (including
the generalized ones) of the models in each case.
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are employed to model the normal contact here. Most of the past work employing whole-joint models have only used linear
springs in the normal direction (see, for instance [38,27,41,40,18,4]). However, as mentioned already, the way the unilateral
normal contact is employed is not completely consistent since their influence on the in-plane moments are not modeled
here.

Focusing on the low amplitude behavior with respect to both frequency and damping factors (left panels in Fig. 18), it can
be observed that while all of the models seem to converge to the true trend, the PD-objective and U-method binning seem to
converge fastest for a comparable number of DoFs. A few outliers may also be spotted in the damping characteristics. These
outliers are relics of the employment of penalty contact laws on patches that have (in the reference) only a part of its domain
in contact. Due to this, a whole patch may be spuriously ‘‘flagged” as being in contact or fully separated, which may result in
a spurious increase or decrease in overall stiffness.

Also plotted in the right panels in Fig. 18 are the MAC-Deviations (see Eq. 42) of the ROM predictions with the reference
low-amplitude mode-shape at each modal amplitude. This metric is selected in order to make observations on the trend by
which the non-linear mode-shapes deviate from the low-amplitude mode-shape of the reference. At low amplitudes, the
ROMs show slight deviations from the reference, but it can be seen that the overall trend is captured satisfactorily.
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3.2.10. Interface re-meshing approach
The mesh-reduction approaches outlined in section 2.2.2 are used to generate uniform and field-objective weighted

meshes. To guarantee a symmetric reduced mesh, the reduced mesh is developed only on a quarter of the interface, and
reflected twice before application. section C provides a step-by-step example for one particular case.

Fig. 19 depicts the reduced meshes generated. The uniform coarsening approach (identified as the ‘‘U-method”, also fol-
lowed before in section 3.1.2) yields regular meshes (see Fig. 19a), but these do not perform very well near the holes, i.e.,
faceting of the geometry. The P-objective remeshing (see Fig. 19b), due to the nature of the objective, produces skewed ele-
ments. As the number of required elements is increased, some elements are generated that are even smaller than those in the
reference mesh, leading to spurious results (e.g., see the ‘‘304 Element ROM” in Fig. 19b). This indicates that the field objec-
tive employed is critical in determining the nature and applicability of the reduced mesh. The PD-objective remeshing (see
Fig. 19c) does not seem to have similar issues at comparable numbers of elements. Related observations may be observed in
Fig. 19. Depiction of the reduced meshes for studying the Re-Meshing ROMs (RMROMs) for the (a) uniform remeshing (U-method), (b) P-objective
remeshing, and (c) PD-objective remeshing cases. (b)–(c) also contain their corresponding field objectives on the reference mesh and interpolations of the
same on the reduced meshes.
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the interpolations of the field objectives in the corresponding figures above: the PD-objective approach seems to exhibit bet-
ter capacity in interpolating its objective.
3.2.11. Simulation results
Fig. 20 presents the results of static prestress analysis conducted on the RMROMs. Note that since the interpretation of the

traction is preserved across all of the meshes, the traction fields may be compared consistently with the reference. The first
Fig. 20. Comparison of the prestress results from the Re-Meshing ROMs (RMROMs) with the (a) reference normal traction field. Results presented for
indicative RMROMs prepared using (a) U-method, (b) P-objective remeshing, and (c) PD-objective remeshing. All of the figures share the colorbar in (a).
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observation that may be made from the figure is that the U-method and the PD-objective remeshing exhibit much more reg-
ular traction distributions (qualitatively similar to the reference), while the P-objective remeshing seems to show spurious
structures in the high gradient sections. This compliments the observations made from the interpolations and the element
shapes in Fig. 19. Note that the developed procedure was unable to make all of the elements on the meshes for the P-
objective element satisfy the shape regularity requirements.

The RQNMA characteristics of the RMROMs, depicted in Fig. 21, demonstrate convergence in terms of both the frequency
and damping factor characteristics. The P-objective seems to diverge after first converging to the reference for larger element
numbers (see Fig. 21, – possibly due to the poor quality of the elements in such regimes. Looking at the low amplitude
regimes for the frequency, a clear asymptote is visible and convergence is seen for the other two approaches. The damping
factor, save for the very low amplitude regime (corresponding to nearly zero damping), converges almost exactly to the ref-
erence. As in Fig. 18, the third column here shows the trend in mode-shape deviation from reference low-amplitude mode-
shape. Unlike the WJROMs, it can be seen that there are no remarkable deviations in the low-amplitude regimes. For larger
amplitudes, the trends can be seen to be captured satisfactorily. The RMROMs are therefore hyper-reduced ROMs with more
than fourfold size (DoF) reduction, which means that non-linear function evaluations as well as hysteretic variable storage
Fig. 21. RQNMA characteristics for the Re-Meshing ROMs (RMROMs): comparisons with reference. Results presented for indicative RMROMs prepared
using (a) U-method, (b) P-objective remeshing, and (c) PD-objective remeshing. Plotted, in three columns, are the modal characteristics, magnifications of
the frequency characteristics and the mode-shape deviations from reference low amplitude mode-shape. The figure legends note the DoFs of the models in
each case.
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overhead is at least that many times improved, and matrix operations and solve steps can be expected to be 16- (O N2
� �

) and

64-fold (O N3
� �

) faster than the original model.
3.2.12. Discussions
In addition to the error metrics described in section 2.3, relative RMS errors are defined for assessing the frequency and

damping characteristics with the following definitions:
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The trends of the relative static solution errors, mean mode shape deviations, and the above RMS errors are plotted
against the ROM size (model DoF) in Fig. 22. For the WJROMs, it was possible only in the case of the ‘‘U-method” (graph clus-
tering) to develop WJROMs with very large model sizes. For the field objective approaches, increasing the number of levels
resulted in ROMs with one or more patches consisting of just a single element on the interface. Such configurations were
avoided since such a scenario is not a realistic application of a whole-joint reduced model.
. Error trends for the Whole-Joint (WJROM) and Re-Meshing (RMROM) reduced order modeling approaches. Plotted are the (a) Relative static
errors (see Eq. 41), (b mean non-linear mode shape deviation over the range of modal amplitudes, and relative root-mean-squared errors in the

ear modal (c) frequency and (d) damping factor characteristics with respect to the reference characteristics. The quantities are plotted against the
oFs to illustrate comparative trends across the ROMs.
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In terms of the static solution error characteristics (Fig. 22a), it can be observed that small sized WJROMs perform very
poorly but the larger models all seem to converge consistently to some lower limit of about 10�1. The lower bound is rem-
iniscent of trends observed earlier in section 3.1 due to the (fixed-interface modal) truncation errors introduced by HCB. This
is conjectured to be the case for the non-linear results here too.

The non-linear mode-shapes are compared by evaluating the meanMAC-Deviation (see Eq. 43) between the mode-shapes
predicted by the reference and the ROM, over the set of modal amplitudes considered. Fig. 22b depicts the trends of this
mean MAC-Deviation, wherein it can be observed that there is a good match between the mode-shapes for all of the ROMs.

From the frequency error characteristics (Fig. 22c), it can be observed that, save for a few outliers, all of the ROMs seem to
have a similar trend of convergence with the model size. All of the models have an initial convergence region, with the errors
saturating at a lower limit for large-sized ROMs (once again strongly reminiscent of the trends seen for the linear case in
section 3.1 due to HCB-truncation). The RMROM model with the P-objective remeshing shows how the error increases at
the last point (for reasons discussed previously). In terms of the damping errors, Fig. 22d shows a trend similar to the fre-
quency errors. In both of these, the ‘‘U-method” ROMs are the most versatile, while at the same time seem to yield models
that are at par with the field-objective approaches. This shows that the pursued field objective approaches do not offer any
advantages over the uniformly reduced models.

Fig. 23 reports the CPU-times taken for reduced order model preparation (Fig. 23 and the RQNMA simulations that were
conducted for the studies before (Fig. 23b). All of the computations were conducted on an intel i7-7700 HQ machine with
16 GB of RAM and 2.5 GHz clock-speed with four physical cores (no explicit parallelization was conducted other than
MATLAB vectorization). For the WJROMs, the U-method can be seen to take significantly less preparation time than the field
objective approaches. This is possibly due to the fact that metis, written primarily in C, is used for generating the patches for
the U-method while MATLAB implementations (invovling graph adjacency matrix computation, connected component
search, etc.) are employed for the field objective approaches. It may also be seen that the RMROM approaches generally take
longer to be set up. The most expensive operations here, apart from matrix–matrix multiplications and linear solves, is mesh
searching to obtain interpolants of the quadrature locations of the reference mesh using the reduced mesh nodal coordi-
nates. Significant improvements may be made in each of these cases through optimized (and parallel) codes.

With regards to the simulation times, it can be seen that all of the models seem to scale identically with the number of

DoFs (asymptote to O N2
� �

). Note that the reported time is for the complete hysteretic calculation, not just a single matrix

solve - so these times include influences of number of iterations for convergence, specific solver employed, etc., and can be
expected to differ from application to application. It can, however, be seen that computational gains of a few orders of mag-
nitude is possible with the proposed ROM techniques.

The main observation that may be made from the convergence plots in Fig. 22 and the CPU times in Fig. 23 is that suf-
ficiently large whole joint models with patches selected using graph partitioning approaches compares favorably among the
other techniques under consideration for finite element interface reductions for the current class of problems. These are
observed to lead to ROMs with accuracy comparable to the remeshing approach even though their descriptions (and setup)
are much simpler than the latter. However, the fact remains that the employed constitutive model is not completely consis-
tent with the reference and more work is necessary here before these ROMs may be used confidently. Moreover, as already
noted, no significant improvement in the performance of the ROMs that employed the adopted field objective approaches are
observed (in comparison to the U-methods). The fact that the U-method ROMs, which have been constructed independent of
Fig. 23. CPU-time taken for (a) ROM preparations (offline costs), and (b) nonlinear simulation (online costs). The O N2
� �

trend-line is shown in (b) using a
dashed line.
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the results from the non-linear simulations or any parameters employed therein, perform well for the non-linear case con-
sidered here is indicative of the fact that it could perform well for other conditions (higher vibration modes, different pre-
stress levels, boundary conditions, geometries, etc.).

4. Conclusions

Two hyper-reduction formulations have been developed and formulated for applications of structures with contact non-
linearities. The physical interpretation of the developed Reduced Order Models (ROMs) is preserved through the formula-
tions so that there will be no necessity for one to shift to and from the reference model for the evaluation of the non-
linear forces. Since the formulations here are not based on data training, neither of these approaches suffer from the draw-
backs related to data extrapolation, and are as accurate as the fidelity of the ROM and the consistency of the constitutive
models allow them to be.

The specific contributions of this paper are,

� A whole-joint constraint formulated specifically for contact applications;
� Initial efforts at developing a whole-joint constitutive modeling approach for a contact interface that is consistent with a
high-fidelity FE representation of the same;

� A hyper-reduced interface remeshing approach that is verified against a reference FE representation;
� Explorations of possible approaches for constructing reduced order representations for both of the above;
� Comparative perspectives on the applicability of the two different types of reduction that are not often seen together in
the literature.

In comparing the results of the two approaches for the provided examples, it is concluded that the employment of the
WJROMs has a great potential for being efficient strategies for bolted joint applications. The main drawback here is that
the available techniques in the literature for contact constitutive relationships for such whole-joint representations is still
not mature enough to consider them completely consistent (up to the first order rotations and moments).

With regards to the RMROMs, the results indicate that consistent ROMs may be constructed using this technique for
bolted joint applications to yield significant size reduction. However, other formulations for the re-meshing must be
explored since a more careful consideration of the expected interfacial physics could potentially lead to a representation that
is more efficient than the U-method (which turned out to perform comparably here). A promising possibility is the use of
classical adaptive mesh refinement strategies (see [42,39], for instance) to conduct the remeshing ‘‘online” with the non-
linear calculations. The ‘‘training-free” spirit of the current investigation is, however, slightly compromised here.
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Appendix A. Rayleigh-quotient based non-linear modal analysis

The current appendix provides an overview of the key steps involved in RQNMA. The interested reader is directed to [7]
for a full presentation along with comparisons.

Given a non-linear dynamical system of the form
M €u
�
þKu

�
þ Fnl

�
u
�
;u0

�

� �
¼ Fs

�
þ Fext

�
tð Þ; ð64Þ
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withM and K denoting the mass and stiffness matrices respectively; Fs
�
being a static load vector; Fnl

�
being a non-linear force

(possibly with hysteretic terms u0
�
); and Fext

�
tð Þ being the external forcing terms. Denoting the solution of the static problem

by u�
�

that satisfies
K u
�
�
þ Fnl

�
u
�
�

� �
¼ Fs

�
; ð65Þ
RQNMA provides governing equations for obtaining non-linear modes as finite perturbations/deviations from u
�
�
. For the

system in Eq. 64, the system of equations
Ku
�
þ Fnl

�
u
�
;u0
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�
�x2M u
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�u�

�

� �
¼ 0

u
�
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�

� �
� q2 ¼ 0;

ð66Þ
have as solutions the Rayleigh-Quotient based Non-Linear Modes (RQNM’s), u
�
qð Þ � u

�
�

n o
and modal frequency x qð Þ, both

parameterized by the modal amplitude q. Solving this for a set of modal displacements allows one to plot the hysteresis
in the modal domain (modal displacement q versus modal acceleration qx2) by updating u0

�
at turning points. In the current

case, however, since the structure is symmetric, the hysteretic loop is expected to be symmetric, i.e., obey Masing’s rules.
Therefore, cyclic dissipation may be estimated based on just the area under the q-qx2 curve using (see [46,6]) for details)
Dcyc Qð Þ ¼ �4Q2x Qð Þ2 þ 8
Z Q

0
Qx Qð Þ2dQ ; ð67Þ
where Q is the maximal response modal amplitude. The integral is evaluated numerically by conducting the analysis at
Gauss–Lobatto quadrature points (quadrature points including ends) and carrying out the weighted summation. The equiv-
alent linear viscous damping factor is calculated by comparing this with the cyclic energy dissipated by a linear viscous
damping term:
feff Qð Þ ¼ Dcyc Qð Þ
2pQ2x2

: ð68Þ
In practice, since the results are needed on a coarse grid Q1;Q2; . . ., numerical integration is conducted (using quadrature
points) between these and accumulated for the total dissipation estimate as described in section 3.2.

Appendix B. Force-traction relationships in the whole joint ROMs

The present appendix provides visual representations of the relationships between the forces and tractions for patches
reduced using the whole joint procedure. The mathematical expressions given in Eq. 5, are plotted for unit forcing along each
component. The five-patch WJROM developed in section 3.1.1 will be used for the illustrations.

The whole joint forces are set as unit forcing in the six components (three forces and three moments) on the virtual node
corresponding to the central patch in the ROM. The area of this patch is 7.0678 � 10�4 m2 and the second moment of area
tensor (in matrix notation) is
IXX IXY IXZ
IYX IYY IYZ
IZX IZY IZZ

264
375 ¼

4:0725� 10�8m4 0 0
0 5:6907� 10�8m4 0
0 0 9:7632� 10�8m4

264
375: ð69Þ
Fig. 24 depicts the traction fields for each of the forcing cases.

Appendix C. Sample re-meshing procedure for the BRB interface

The present appendix provides a step-by-step illustration of the developed approach for generative a mesh based on a
field objective (normalized to have a value from 0 to 1). The algorithm consists of three major steps:

1. Place nodes on appropriate contour lines of the field objective
2. Adjust the nodes to retain key geometric features of the reference mesh
3. Mesh the nodes based on different quality metrics
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Fig. 25. 3D interpolation of objective function.

Fig. 24. Traction fields (all units in Pa) corresponding to (a–c) 1 N forces in the X, Y, and Z directions respectively, and (d–f) 1 Nmmoments in the X, Y, and Z
directions respectively. The positive X and Y directions are across the left–right and bottom-top directions on the plane of the paper respectively, and the
positive Z direction is such that they form a right-handed system.
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Given a reduction level (in terms of required number of elements), the above steps are conducted for different numbers of
contour lines and ‘‘seeding factors” (controlling how nodes are seeded on each contour line) and the appropriate configura-
tion is chosen based on how closely the number of elements in the resulting mesh matches the required reduction level.

Consider the PD-objective remeshing for the BRB interface. Using a biharmonic interpolation (implemented in MATLAB), a
3D surface of the objective function is developed over a quarter of the domain (see Fig. 25). As previously mentioned, the
remeshing procedure is conducted on just a quarter in order to ensure that the resulting mesh is symmetric. Note that this
interpolation defines the field even over the regions where there is a hole in the original domain. Contour lines of this surface
are generated and nodes are seeded on it (step 1). In order to avoid the effects of local extrema on the field objective (arising
due to a non-smooth field, interpolation relics, etc.), contour lines that are much shorter in comparison to others are removed
for this step. A ‘‘seeding factor” is used to control the spacing between the nodes on each contour level. Different combina-
tions of the number of contour levels and seeding factors are considered to determine the right setting that yields a mesh
35



Fig. 27. Meshes generated on the quarter and full (upon reflection) domains. The element coloring is arbitrary.

Fig. 26. Contour lines of the field objective (labels indicate normalized contour levels). The black markers denote the seeded nodes. The dashed circles
indicate the holes in the reference interface that are used for the adjustments.
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close enough to the required reduction level. Next, the nodes within the region of the holes and corners are adjusted so as to
preserve the reference geometry. Fig. 26 depicts the contour lines of the interpolated field above and the seeded (and
adjusted) nodes from steps 1–2. Nodes that were previously seeded within the bolt region (i.e., outside the reference
domain) are adjusted to lie along the boundary. In addition to this, other adjustments are carried out, such as collapsing clo-
sely spaced nodes into a single node, ensuring that there is a node at the corner points, etc.

The above seeded nodes are then meshed using triangular elements using Delaunay triangulation (as implemented in the
MATLAB routine delaunay 18). More nodes are added here to preserve shape regularity of the elements. After this, pairs of
adjoining triangular elements are combined to form a single quadrilateral element if the resulting element is deemed to be
of acceptable quality (based on an upper limit of 0.75 set for the equi-angular skewness). Fig. 27a depicts the meshed surface
from this step. It can be seen that some triangular elements are retained in the final output since it was not possible to combine
them appropriately to produce acceptable quadrilateral elements. Mirroring this mesh twice over the domain yields the mesh of
the total domain (interface), as shown in Fig. 27b.
18 https://www.mathworks.com/help/matlab/ref/delaunay.html.
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