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Non-Hermitian systems can host topological states with unusual topological invariants and bulk-edge corre-
spondences that are distinct from conventional Hermitian systems. Here we show that two unique classes of
non-Hermitian two-dimensional topological phases, a 2Z non-Hermitian Chern insulator and a Z, topological
semimetal, can be realized by solely tuning staggered non-Hermitian or asymmetric hopping strengths in a
one-dimensional (1D) superlattice. These non-Hermitian topological phases support real edge modes due to
robust P77 -symmetric-like spectra and can coexist in a certain parameter regime. The proposed phases can be
experimentally realized in photonic or atomic systems and may open an avenue for exploring unique classes of

non-Hermitian topological phases with 1D superlattices.
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I. INTRODUCTION

In the past few decades, topological states of matter have
been extensively studied in various physical systems because
of their unusual properties and significant applications in
quantum devices and information processing [1,2]. While
the study has mainly focused on solid-state materials [3],
ultracold atomic gases provide another platform for realiz-
ing topological states with high tunability and controllability
[4-11] . Furthermore, the concept of topology has been ex-
tended to classical systems govern by wave equations such
as photonics [12-18], acoustics [19,20], and electric circuits
[21], yielding many interesting topological states.

One significant feature of ultracold atomic gases and these
classical systems comparing to quantum materials is their
capability of controllably inducing non-Hermiticity (e.g., gain
and loss), which makes them excellent platforms for explor-
ing distinct non-Hermitian physics, such as unidirectional
transportation [22], spontaneous P7T -symmetry breaking with
exceptional points [23,24], fast eigenstate transition [25], and
exotic superfluidity [26,27], etc. In particular, significant ef-
fects and applications have been proposed or demonstrated in
non-Hermitian photonics [28-33].

The combination of topology and non-Hermiticity leads
to the emergence of unusual topological effects, such as
anomalous edge states, non-Bloch waves, non-Hermitian skin
effects, etc. [34-42]. In experiments, photonic [43-51] and
atomic [52,53] systems are leading platforms for realizing
non-Hermitian topological states. Although in most work the
non-trivial topology is attributed to the Hermitian part of the
Hamiltonian, it has been recently proposed that topological
states may be solely induced by non-Hermiticity [47] with a
focus on higher-order topological insulators [51,53,54]. The
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classification of non-Hermitian topological phases has been
proposed through a reduction from AZ classes [55], which
remains incomplete because a random non-Hermitian matrix
belongs to a broader BL class [56]. More recently, a com-
prehensive classification of non-Hermitian systems has been
achieved through introducing the complex AZ" class [57].

In Hermitian systems, it is known that two-dimensional
(2D) topological phases, such as a Chern insulator, can be
simulated using a one-dimensional (1D) lattice with stag-
gered hopping or onsite potential [58] characterized by an
additional periodic parameter. The experimental realization of
such 2D topological phases in momentum-parameter space
could be significantly simpler, comparing to their 2D lat-
tice counterparts. In this context, two natural questions arise
for non-Hermitian systems: (i) Can 2D non-Hermitian topo-
logical phases be realized using 1D lattices with solely
non-Hermitian effects? (2) If so, is there any unique class of
non-Hermitian topological phases that are difficult to realize
in Hermitian systems?

In this work, we address these two important questions by
showing that two unique symmetry-protected non-Hermitian
topological phases can be realized in a 1D superlattice with
staggered asymmetric hopping. Our main results are as fol-
lows:

(1) The 1D superlattice hosts a 2D topological insulator
phase characterized by a 2Z Chern number, which is protected
by certain symmetry that is unique to non-Hermitian systems
[56]. Such a phase is difficult to access in Hermitian systems
because it is absent in the AZ classification and requires a
crystalline symmetry as well as a global Z, symmetry [59].

(i1) A topological semimetal phase hosting complex Dirac
points and zero-energy modes is found to be associated with
a Z, invariant, which is extracted from the normalized Berry
phase for non-Hermitian systems.

(iii)) The system may support edge states with real
energy due to a robust P7-symmetric-like phase. In most
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non-Hermitian systems with onsite gain and loss, the P7T -
symmetric phase becomes fragile with increasing system
size. In contrast, the P7T -symmetric-like phase here is robust
to varying chain length. Furthermore, these two topological
phases can coexist in proper parameter spaces.

(iv) Our model is topologically trivial when there are only
Hermitian terms. The topological phases here are induced
by only non-Hermitian asymmetric hopping. This feature
distinguishes our work from previous work studying a non-
Hermitian Aubry-André-Harper model [60], where the model
is topological when the non-Hermitian effects vanish. Our
work reveals that even pure non-Hermiticity in 1D could
generate nontrivial topological phases in 2D.

I1. 2D NON-HERMITIAN TOPOLOGICAL PHASES IN
1D SUPERLATTICE WITH ASYMMETRIC HOPPING

A. Model Hamiltonian

We consider a lattice model with nearest-neighbor hop-
ping, which can be described by a tight-binding Hamiltonian

H, =Y (08¢ + i 60,8+ Viele, (D
J

Here, éj (¢) is the creation (annihilation) operator of local
modes at site j, and the hopping term is asymmetric ¢; ;| #
tj’.* +1,;- For simplicity of the presentation, we assume uniform
onsite potential and staggered hopping terms

tij+1 =1Io + A COS(ZTL’O[j -+ ¢L), )

tiv1,j =1to — A cosQQmaj + ¢r), 3)

where A, @ € R and we choose 7y = 1 as the energy unit.
If we consider only two nearest-neighbor sites j and j + 1
in the chain, the Hamiltonian for the subsystem is o, +
ioy cos(2ma j + ¢ ), where the imaginary unit appears and o
are Pauli matrices.

We consider rational « that can be written as the quotient of
two relatively prime integers « = p/q, p, g € Z. Without loss
of generality, p, g are assumed to be positive and p < [¢q/2].
The corresponding Bloch Hamiltonian H (k, ¢, ) for the super-
lattice is a ¢ x g matrix in the Brillouin zone |k| < 7 /g with
nonzero entries Hj,j = Vj, Hj,j+1 = tj,j+1’ Hj+1,j = tj-H,j for
j+1<agq, H]qq = ll,qe_iqk, and Hq’l = lq,leiqk.

The resulting Bloch Hamiltonian H(k, ¢;) preserves
time-reversal symmetry T H(k, ¢r )Tk_] =H*k,¢p) =
H(—k,¢r) with T, =K and K the complex conjugate,
therefore, the real (complex) part of the band is symmetric
(antisymmetric) about k = 0. Another symmetry reads
as Py, H(k, ¢L)73¢_L1 =H"(k,—¢1), where P, has a
permutation  representation (g, 1)(¢ — 1,2)(g — 2,3)...
in 2-cycle forms.

B. 27 Chern insulator

We start with the simplest case o = %, which represents
a Chern insulator, as shown in Fig. 1(a). The Bloch band
is gapped by its real part in the entire momentum space
for any ¢; and exhibits the symmetry w(k) = w*(—k). We
also plot the open-boundary spectrum with varying ¢ in
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FIG. 1. 2Z Chern insulator phase when o = é (a) 2D band
structure in momentum-parameter space when A = 1. The Chern
numbers for each band are —2, 4, and —2 (from bottom to top).
(b) Open-boundary spectra with respect to ¢, for A =1 and N, =
120. (c) Similar to (b) but plotted with §¢, = 7, which leads to a
Z Chern insulator with odd Chern number. (d) Normalized Berry
phase y,,(¢,) for bulk bands in (b). The dashed vertical lines indicate
inversion-symmetric points.

Fig. 1(b). Since the open-boundary Hamiltonian Hy(¢r) =
HOT (¢r + ), the spectrum is symmetric about ¢, = .
When the lattice size satisfies N./q € Z, the Hamiltonian
on a cylindrical geometry enjoys a sublattice symmetry
CoHo(¢1)Cp' = —Ho(¢r) with Co = Iy, /4 ® o, where I, is
a n x n identity matrix. Thus, the open-boundary spectrum is
symmetric about w = 0, as shown in Figs. 1(b) and 1(c). How-
ever, the spectra shown in Figs. 1(b) and 1(c) may not obey
these symmetries exactly due to numeric errors, which are
significantly enhanced when diagonalizing a non-Hermitian
matrix.

Two pairs of “chiral” surface waves emerge in each gap
[Fig. 1(b)] for varying ¢;. When o = %, similar results with
two or four pairs of edge modes in any of the four gaps
are observed. In general, the number of the pair of edge
states is always even, as expected for a 2Z Chern insulator
phase. The Hamiltonian satisfies H(k, ¢) = HT (—k, ¢r +
), which leads to H(k, ¢;) = H'(k, ¢ + ) when com-
bined with time-reversal symmetry, yielding the 2Z Chern
insulator phase. When an extra term 8¢, € R is added
in the asymmetric hopping #+; =1 — A cosQrai + ¢ +
8¢y ) that breaks this symmetry, only one pair of surface waves
are observed in each gap, as shown in Fig. 1(c). We remark
that the 2Z and the Z Chern insulator phases are distinct. The
corresponding topological phase transition is demonstrated in
Appendix A.

The above 1D physics mimics the 2D integer quantum Hall
effect in the (k, ¢;) momentum-parameter space. The band
topology can be characterized by the Chern number

1
c*= o / dk depy (R AL — 3, AP, @)
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where a,b=L,R, the Berry connections are de-
fined as AL = —i,(y(k, o)W (k, ¢))p, and AL =
—iq (Y (k, ¢1)]0g, W (k, d1))p, and the right and left eigenstates
are defined as H(k, ¢o)|V (k, p))r = w(k, pL)|V (k, d))r
and  H'(k, o) ¥ (k, ¢p))L = w*(k, ¢)|W (k. ¢1))r. The

four Chern numbers C are equivalent [39] and CRL is
numerically found to be —2, 4, and —2 from bottom to
top bands in Fig. 1(a). Thus, the bulk topological invariant
agrees well with the edge states through usual bulk-edge
correspondence. The Chern numbers are also consistent with
the 2Z Chern insulator and a mathematical proof of exact 27
quantization of Chern number can be found in Appendix B.

The edge states are also closely related to the 1D topol-
ogy. When combining the Py, symmetry with H(k, ¢p) =
HT(—k, ¢, + m), we obtain an inversion (glide) symmetry
along k (¢1), TH (k, ¢1)I; ' = H(—k, —¢ + 7). Such a
symmetry leads to high-symmetry points ¢, = 5 and %n, at
which the edge states are degenerate and the corresponding
1D normalized Berry phase

1
Valdr) = — f dk AT 5)
T

is quantized. Here, A} = %(AfL + ALR) and n represents
band index (see Appendix B for details). We plot the Berry
phase at different ¢, in Fig. 1(d) and the color for each band
is the same as in Fig. 1(a). The top (green) and bottom (blue)
bands have the same normalized Berry phases, so only the
green one is visible.

We note that the normalized Berry phase is also quantized
at ¢; = 0 and 7, which is not a coincidence, but a result of a
symmetry QH (k, ¢;)Q~" = H' (—k, —¢) with Q = Po, Tr
(see Appendix B for details). A close observation reveals that
Vu(¢r) shows a period m and is antisymmetric to ¢, = 7.
Note that Fig. 1(d) also demonstrates a charge pumping pro-
cess with respect to ¢;, where the accumulation of Berry
phases from ¢;, = 0 to 27 gives the Chern numbers of three
bands, which is consistent with the 27 Chern number. This
also provides a different way to understand the 27 quan-
tization. In Fig. 1(d), we observe that the Berry phase for
each band has a m period, which is proved in Appendix B.
Due to the quantization of Berry phase at ¢; = 0 and 7, the
accumulation of Berry phases must also be quantized in [0, )
and this is further doubled in the parameter space [0, 27),
leading to a 27Z classification.

Finally, we remark that the summation of the normalized
Berry phase always vanishes (for both odd and even ¢), which
suggests that the global Berry phase used in studying similar
1D non-Hermitian systems [47,61] does not apply here. The
topological invariant (Chern number and the following Z, in-
variant) always sums to zero as the non-Hermiticity here does
not affect the additivity in sum rule [62]. This is a well-defined
2D non-Hermitian topological insulator characterized by a 27
Chern number and could be realized in a 1D lattice with only
non-Hermitian modulations.

C. Z, topological semimetal

We now consider o = % and the corresponding 2D band

structure in momentum-parameter space is shown in Fig. 2(a).
The spectrum obeys the symmetry w(k) = w*(—k) and is
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FIG. 2. Z, topological semimetal phase when o = 1. (a) 2D
band structure in momentum-parameter space when A = 1.1. Open-
boundary spectrum with respect to ¢, for (b) weak A = 0.8 and
(c) strong A = 1.2 non-Hermitian modulations. We set N, = 120 in
the spatial direction. (d) Normalized Berry phase y,(¢.) for bulk
bands in (b). (e) The Z, invariant computed from (d). The dashed
vertical lines indicate inversion-symmetric points.

symmetric about w = 0. The latter results from an additional
sublattice symmetry C =1I,» ® o, with C'H(k, ¢)C =
—H(k, ¢) when q is even. Such a symmetry allows a finite
band gap at zero energy and is well known for supporting
zero-energy modes in 1D Hermitian systems (also known
as chiral symmetry in Hermitian system). The spectrum is
gapped everywhere in the momentum-parameter space except
at a few high-symmetry points, where Dirac fermions emerge.
This naturally makes the system a semimetal. These complex
Dirac points are nontrivial and can be characterized by the
normalized Berry phase % $, dk dpL A} # = 1, where L is a
loop encircling the complex Dirac point.

The open-boundary energy levels with respect to ¢, are
given in Figs. 2(b) and 2(c). The spectrum is real for a weak
modulation strength A and the twofold-degenerate edge modes
have exact zero and purely real energy despite the underly-
ing non-Hermiticity of the system. The gap-closing points at
certain inversion-symmetric points of ¢, and k = 0 are the
complex Dirac point in Fig. 2(a) and represent topological
phase transition in the 1D picture.

The topological invariant associated with these zero modes
comes from the normalized Berry phases y,(¢.) that are
computed numerically in Fig. 2(d). Only the quantization of
Berry phase at inversion-symmetric points survives because
it does not require a gapped bulk (see Appendix B for de-
tails). The two bands Re(w) > O (the particle branch) have
the same Berry phases as the two with Re(w) < 0 (the hole
branch). We define the Z, invariant y,(¢r) =Y i Vni(@L)
mod 2, where the summation runs over the hole branch and
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FIG. 3. (a) Open-boundary spectrum with respect to A for @ = %
¢ =0, and Ny, = 10. (b) Similar to (a) except N, = 120. (c) Bulk
bands when o = é, A =1, and ¢, = 0.1x. (d) Flat bands at high-
symmetry points ¢, = m /4. Other parameters are the same as (c).
(e) Coexistence of chiral surface wave and zero modes at @ = é and
A=1.

ys(¢r) = 1/0 corresponds to the topological or trivial phase.
We find y;(¢r) = 1 in the region %7[ < ¢ < %n’ and %7‘[ <
oL < %n, and 0O otherwise [see Fig. 2(e)], which agree with
the edge states and gap closing in Figs. 2(a)-2(c). Since the
bulk bands could be degenerate at high-symmetric points, we
apply an infinitesimal ¢, in the hopping term 7,4, ; to break
the degeneracy so that both the Berry phases and Z, invariant
can be well defined (see Appendix C). Such a small perturba-
tion does not break the sublattice symmetry, therefore, it does
not affect the topological properties discussed in this section.

Finally, we remark that an alternative definition of the Z,
invariant is to use the normalized non-Abelian Berry phase
and take partial trace over the hole branch. This does not
require the gap-lifting term but leads to the same result as that
in Fig. 2(e).

D. Robust P 7T -symmetric-like and mixing phases

The open-boundary spectrum is surprisingly real when the
Bloch bands in the Brillouin zone are imaginary, which is very
different from most non-Hermitian systems and is a result of
the robust P7 -symmetric-like phase. The P7T symmetry is
generally fragile in the sense that the critical value of driving
term becomes very small when the system size is very large
[63] (see also Appendix D ). In contrast, the P77 -symmetric-
like phase here is robust and cannot be spontaneously broken
when A < 1 regardless of the chain length N;. As an example,
we show the spectrum of an open chain with different length
Ny, in Figs. 3(a) and 3(b). The spectrum becomes complex
at a fixed modulation strength A = 1 for both Ny = 10 and
120. This notable feature of robust P77 -symmetric-like phases
ensures the reality of both bulk spectrum and edge modes in
an extended parameter space.

To get insights of the PT -symmetric-like phase, we con-
sider two-level systems with the following two non-Hermitian
Hamiltonians Hy = oy, +iA 0,4, € R and Hy =0, +
iru0y, A, € R. The former one defines the simplest P7T-
symmetric model with balanced gain and loss while the latter
one corresponds to the asymmetric hopping discussed in this
work. It is obvious that Hyy, is equivalent to Hy through ba-
sis rotation o, — 0, 0y, — 0y, and o, — o, which explains
the PT -symmetric-like phase in our system. The robustness,
namely, the site-independent critical gain and loss rate, is
discussed in Appendix D.

The 2Z Chern insulator exists for any g > 2, while the
topological semimetal requires sublattice symmetry and even
q, which suggest that these two distinct phases can mix for
a large even g. We consider o = % and the Bloch band is
plotted in Fig. 3(c), which also exhibits flat band at high-
symmetry points in the parameter space as shown in Fig. 3(d).
The real open-boundary spectrum for the mixed phase is
shown in Fig. 3(e). The topological properties can be similarly
characterized by taking into account of band degeneracy (see
Appendix E for details).

III. DISCUSSION AND CONCLUSION

Our model uses non-Hermitian nearest-neighbor hoppings
on a lattice structure with uniform onsite potential. This could
be realized in platforms like cold atoms in optical lattice
or array of coupled waveguides. Many schemes have been
proposed to realize asymmetric hoppings in both platforms
[53,64]. Here, we briefly illustrate the experimental consider-
ations with photonic crystals.

When the non-Hermitian (or asymmetric) hopping is
turned off, the model can be realized by a 1D array of op-
tical microring cavities with equal spacing. To induce the
non-Hermitian effects, we first evanescently couple the ring
cavities to their nearest neighbors through a set of auxiliary
rings, and then add gain and loss to each side of the auxil-
iary rings, which can be realized through coating or doping
[64-66]. Because the auxiliary rings can be controlled in-
dividually, both the non-Hermitian Chern insulator and the
topological semimetal phases are accessible. In this sense, we
are dealing with bosonic systems and the topological modes
are robust to fabrication imperfections. To observe the topo-
logical modes, we excite the edge modes by controlled laser
source, or we can prompt the topological modes to lasing
modes [45].

A few sites with small period g = 2 or 4 are sufficient for
versatile topological phases (see Appendix C) and it is read-
ily accessible in current experiments. The chiral edge waves
and zero-energy modes have real energies in broad parameter
spaces, therefore, they are free of dissipations and amplifi-
cations over time and are easier to observe in experiments
comparing to imaginary edge modes in many other models
[47,63].

There are many other non-Hermitian topological phases
that could be explored in this system by considering, for
instance, other types of non-Hermitian hoppings, staggered
V;, tilted lattice, and long-range hopping. These ingredients
could bring richer physics as demonstrated already in certain
bipartite superlattice [34,37,38].
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FIG. 4. (a) Band structure for 27 Chern insulator phase shown in
Fig. 1(b). The band Chern numbers are —2, 4, and —2 from bottom
to top. (b) Real gap closing at 8¢, = 0.167. (c) Band structure for Z
Chern insulator phase shown in Fig. 1(c). The band Chern numbers
are —1, 2, and —1 from bottom to top.

In conclusion, we show that two unique non-Hermitian 2D
topological phases, a 27 Chern insulator and a Z, topological
semimetal, can be realized in a 1D lattice with staggered
non-Hermitian hoppings. These phases can be experimentally
realized in photonic or atomic systems and may open an
avenue for exploring unique classes of non-Hermitian topo-
logical phases with 1D superlattices.
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APPENDIX A: TOPOLOGICAL PHASE TRANSITION
FROM 27 TO Z CHERN INSULATOR

As we discussed in the main text, the §¢; term breaks
relevant symmetries protecting the non-Hermitian 2Z Chern
insulator phase, rendering a Z classification. The correspond-
ing topological phase transition is demonstrated in Fig. 4.

Figures 4(a) and 4(c) show, respectively, the real and
imaginary band structures in momentum-parameter space for
Figs. 1(b) and 1(c). While these two phases cannot be contin-
uously deformed from one to the other, a real gap closing is
observed in Fig. 4(b) near §¢;, = 0.167r. This further justifies
that the 2Z Chern insulator phase is topologically distinct
from the Z Chern insulator phase.

APPENDIX B: PROOF OF BERRY PHASE PERIODICITY
AND QUANTIZATION AND THE 2Z CHERN NUMBER

In the main text, a few statements are made based upon
physical considerations and are supported with numerics.
Here, more rigorous proofs are provided for some important
statements. In this section, we denote k, = ¢; to write the

momentum-parameter space (k, ¢p) as kK =
notation.
The right and left eigenvectors are defined as

HEK)[Y(K))r = oK)y (K))g,
H®)' |y (k) = o )|y (k)

with the normalization condition (¥ (K)|y¥(k))g = 1. There
are four different definitions of Berry connection A{® =
—i,(Y|0k¥)p, wWhere a,b=L,R. A natural generalization
from Hermitian systems would be ALR, which is not generally
correct. While Ag“ is always real because (v |0x /), is purely
imaginary due to the normalization condition, Adb g #*b
could be any complex number since the normalization con-
dition only restricts , (¥ |0k ¥ )p + 4 (0¥ |}, = 0. To resolve
this, we consider a normalized Berry connection

= A+ )
which is purely real because

=3 R+ LW 106Y)r + L{OV [V )r +

rR{OKYIV)L) = =50kR(YIV)L + (¥ |Y¥)r) =0 or simply
ALR = (ARLY*. Such a well-defined Berry connection yields a
(normalized) Berry phase y,, = % ¢ dk- Az, which is real and
quantized along a closed loop for any gapped non-Hermitian
systems.

We now show that such a Berry phase y,(k,) =
L dk A} (k,) would have a period T if H(k k)=
H'(ky, ky + T) and the bands are real and gapped (a weaker
condition is that the bands are separable by their real
parts). Starting with the definition of left eigenvector in
Eq. (B1) and applying the aforementioned conditions, we
have H (ky, k)| (ky, ky +T))p = o*(ke, ky + T (ky, ky +
T)). so that ARF(k) = AR(k,+T) and vice versa.
Now, we realize that A} (k) = 1[.ARL(k )+ AL (k)] =
2[.ALR(k +T)+ ARL(k + T)] = A} (ky+T). Integrating
along k., we find the Berry phase has a similar periodicity
vn(ky) = yu(ky + T). Another consequence here is that the
Chern number will be the multiple of some integers due to
the periodicity of Berry connection. We could also define a
normalized Chern number C" based on the normalized Berry
connection so that

(ky, ky) for easy

(BI)

(B2)
A~ Ay =

Cn

1
> f dkxdky(akxAZy — 3, AL)

1/1
= (ﬂ ?ﬁ dkedky (3 AL — 01, ALY

1
+5— 7§ dkdky (3, ALK — ak}_Aﬁf)>

1
— E(CRL +

= C%, (B3)

CLR )

As Cp = 3 fdk, [0 diy(0, AL — 9, A7) must be quan-
tized due to the quantlzed charge pumping along k, demanded
by the periodicity of the Berry phase, it is easy to see C" =
N,C7 belongs to a N,Z class if k, has the period k, =k, +
N,T.
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We also claim that the Berry phase is quantized at
inversion-symmetric points. To show this, we consider
the symmetry ZiH (k. k,)Z, ' = H(—ky, —k, + T). Such
a symmetry dictates H (ky, k)| Ly (—ky, —ky + T))g =
w(—ky, —ky + T)| Ly (—ky, —ky + T ))gr. When the system
is gapped, we have Azx(ky) = A" r,(—ky +T), where the
condition I,f =1 is used. Then, the Berry phase reads
as (k) = £ fdk AL (k) = L fdhk A", (—ky+T) =
_% fdkx.AZ((—ky +T) = —yu(—ky + T). This implies that
valk)) = —ya(k}) if k; =k, —T (ie. the high-symmetry
point), which means it can only take the quantized value
Oorl.

We now go back to the specific model we discussed
in the main text, where T =7 and k, = ¢, has a pe-
riod 27 (N, = 2). This means that the Berry phase sat-
isfies v, (¢r) = yu(¢pp £ ) and the Chern insulator has a
Chern number 27Z which is determined by the symme-
try Htk,¢) = H T(k, ¢, + 7). Another constraint on Berry
phase is y,(¢r) = —yu(—¢r £ ) so that it is quantized
at inversion-symmetric point ¢, = £7. Combining the two
conditions together, we find further y,(¢r) = yu(¢pr + ) =
—¥u(—¢r) and, thus, the Berry phase is also quantized at
¢ = 0 and 7. Note that the last relation is imposed by the
Q symmetry, which can be similarly proved if the bulk band
is gapped in the real part.

APPENDIX C: LIFTING BAND DEGENERACIES
IN TOPOLOGICAL SEMIMETAL

In the topological semimetal phase, there could be band
degeneracy in momentum space, which hinders the compu-
tation of Berry phase or Z; invariant. In the following, we
take the example o = }1 for illustration purpose. The Bloch
Hamiltonian reads as

1 4+ cos(4k) + iA sin(4k) cos(¢yr)
O

H = 2 ® Gx
1 — cos(4k) — iA sin(4k) cos
n (4k) 12 (4k) (¢L)Gy ®0,
sin(4k) 4 iX cos(¢r)(1 — cos(4k))
+ 5 oy Q oy
in(4k) — ik 1 4k
" sin(4k) — i cos(2¢L)( ~+ cos( ))ay ®0,. (Cl)

The bulk bands are

Eiy= i\/z -2+ \/%{8 — 842 + A4[1 — cos(4¢)]}

(C2)
at the high-symmetry point k£ = (0. We notice that when
cos(4¢pr) = —1, ie., ¢p = }Tn, 37,37, I, the band gap
closes in momentum space with Efy _ =FE__, =0 and
E,,=—FE__=./2(2—A2) when A < /2, manifesting the
topological phase transition that was discussed in the main
text. There is always a degenerate point in the top E; 4 =
+4/2 — A% and bottom E_ 4 = —+/2 — A% two bands at k =
7 Such a degeneracy prevents us from computing the topo-
logical invariant in momentum space, while it is irrelevant to
the topological properties since it does not depend on ¢;. To
resolve this, we apply a perturbation term on the asymmetric

a2 bl b2
. (a2) 1.5( ) 0-2( )
= { 3 3
T 0 =0
2 E
_1_5‘ -0.2
n 2n 0 n© 2rm 0 n 2«

oL

FIG. 5. (a) Open-boundary spectrum for varying ¢, with @ =
A =1,and ¢, = 0.27. (b) Similar as (a) but plotted with « =

1
3
1

1

hopping

tiy1,i =1 — A cosQmai+ ¢ +38¢.), dppeR (C3)

which perseveres the sublattice symmetry so that it would
not change the associated topological invariant. It breaks the
degeneracy at k = /4 but preserves the gap closings at topo-
logical phase transition points.

When a finite §¢ is considered, a few interesting points
arise. First, the topological semimetal phase can be realized
in a two-level system, i.e., « =% [see Fig. 5(a)], which
represents some non-Hermitian SSH models that have been
discussed in previous literatures [37,38]. The Z, index re-
duces to the 1D Zak phase of the ground state, which can
correctly characterize the non-Hermitian SSH model with
Hermitian chiral symmetry.

A finite 8¢p would spoil the 2Z Chern number and, thus,
renders a Z-type Chern insulator. Moreover, since it breaks
the degeneracy within the bottom and top two bands at ¢ = }1,
respectively, there would be a gap opening, providing the
possibility of supporting a nontrivial Chern insulator phase.
We demonstrate these two points in Fig. 5(b), where we do
observe one chiral surface wave (for a given propagating di-
rection) residing within each gap. The zero modes naturally
persist but are shifted with the topological phase transition
points. The characterization of the topological properties are
similar and a case study of a mix phase is presented in
Appendix E.

APPENDIX D: PT-SYMMETRIC PHASE
BY GAIN AND LOSS IS FRAGILE

In main text, we state that the usual P77 -symmetric phase
by gain and loss is fragile, therefore, the spectrum cannot
be purely real in the separable regime [63]. To illustrate the
fragile P7T -symmetric phase, we consider a simple model
described by the following tight-binding Hamiltonian:

Hpr =ty (&]ér +He) + (=Diyefe, (D1)

1

where y > 0 is onsite gain and loss rate. The Hamiltonian
is defective at the exceptional point and the system enters
the partially broken regime (part of the spectrum becomes
complex) at the smallest y, satisfying Det(Hpr(y.)) = 0. The
determinant can be solved through the recursive equation
D, = (—1)'yD,_; — t*D,_, with boundary conditions D; =
—iy and D, = y? — t%. The critical values y, for different
chain lengths are shown in Fig. 6, where we see a fast drop
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2 10 18 26 34 42 50
Chain Length

FIG. 6. Critical gain and loss rate for P77 breaking versus the
length of the total chain in real space. The insets show how the
spectrum changes for varying y at given chain length 2 or 10.

of y. when the chain length starts to increase and ultimately
approaches zero. In the insets (a) and (b), we show the spec-
trum for varying y at different chain lengths 2 and 10. This
argument also applies to more general cases such as larger
unit cell, quasiperiodic potential, or higher dimensions. This
explains the complex edge states observed in many models
with onsite gain and loss [47,63].

Such a fragility does not happen when the non-Hermiticity
is introduced by asymmetric hopping as illustrated in
Figs. 3(a) and 3(b), thus, our model enjoys real edge modes
and is more accessible to experimental observation. To get
more insights into the robustness, we simplify our model
by assuming an equal-spacing lattice with non-Hermitian
nearest-neighbor hopping ¢ &+ A, where ¢, A € R. Similar to
the above analyses, we solve the determinant of the system,
which turns out to be D, = 0 and D,, = (y* — t?)"/? for odd
and even n, respectively. The cases with odd n always have
vanishing determinant. We also notice that all the “exceptional
points” collapse to one pair y, = =£¢, which is independent
of n when n is even. Such independence is ascribed to the
robustness of this P77 -symmetric-like phase. We also remark
that a system with odd sites must also have the same crit-
ical points because y, is continuous in the thermodynamic
limits.

0,4; 4 ——

0 /2 n o1 3r/2 2n

FIG. 7. (a) Berry phase y,(¢.) for the coexisting phase shown
in Fig. 3(e). The dashed vertical lines indicate inversion-symmetric
points and the numeric errors are more significant near gap-closing
points. (b) The Z, invariant computed from (a).

APPENDIX E: TOPOLOGICAL CHARACTERIZATION OF
THE COEXISTING PHASE

Although we have studied two topological phases individu-
ally, the coexisting phase can be characterized in a similar way
if the band degeneracy is treated carefully. We still consider a
small perturbation §¢p; when we compute the Berry phase and
the results are shown in Fig. 7(a). Due to the gapless phase, the
Berry phase does not have the periodicity any more. However,
it is still quantized at inversion-symmetric point because a
small §¢, only perturbs the system slightly. In Fig. 3(e), the
chiral surface wave still crosses at the high-symmetry points,
at which the Berry phases are quantized to nontrivial values
[Fig. 7(a)].

We notice that the Chern number is not well defined due
to the topological phase transition point and degeneracies
between top and bottom four bands. While §¢, term allows
computing the Chern number, it breaks the 2Z constraint,
and the Chern numbers are odd for the top and bottom two
bands [see also the charge pumping in Fig. 7(a)]. When d¢y,
is gradually tuned to O, the band Chern number should not
change because there is no topological phase transition. When
3¢ = 0, two bands become degenerate. If we take both bands
as a single band, the Chern number is even and the chiral
surface wave appears in pair in each gap.

In comparison, the zero modes can be directly character-
ized by the Z; invariant, which is shown in Fig. 7(b), and it is
consistent with the zero modes observed in Fig. 3(e).
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