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Abstract

In manufacturing processes, controlling system responses with uncertain system inputs, e.g., due to variations in material
parameters of critical system sub-components, is a crucial task for performing reliable quality control and verification &
validation (V&V) of system design. As a model for a manufacturing process, we consider the production of drums, that is, thin
elastic membranes, whose properties are modeled via Dirichlet Laplacian eigenproblems with uncertain diffusion coefficients.
Both a quality control and V&V problem are formulated within a data-consistent framework utilizing push-forward and pullback
measures. In both problems, the uncertain diffusion coefficients are parameterized for every instance and the corresponding
eigen-information defines correlated data streams. Subsequently, the quantities of interest required in the solution to the data-
consistent inverse problems are determined by an a posteriori analysis of these data streams using feature extraction techniques.
While the methodology proposed here is quite general, the specific efficacy of the proposed methodology is comprehensively
explored in the numerical results for both the quality control and V&V problems associated with the manufacturing of drums.
c⃝ 2020 Elsevier B.V. All rights reserved.
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1. Introduction

In 1966 Mark Kac famously posed the question [1], “Can one hear the shape of a drum?” He was in fact referring
to the problem of whether the Laplacian operator with Dirichlet boundary conditions could have identical spectra
on two distinct planar regions. It is now known that the answer is negative via counterexamples [2]. The interested
reader is referred to a review article by Driscoll [3].

In this work, we consider a variant of this famous question, and ask rather simply and succinctly, “what is it we
do hear from a drum?” It turns out the answer is quite simple. We hear information. More precisely, by transforming
“notes” into the right types of “chords” (i.e., mixtures of notes), we extract unique quantities of interest (QoI) from
the sound produced by striking a drum that are sensitive to different variations in the material properties used to
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construct the drum. These QoI are subsequently useful for formulating and solving a specific type of stochastic
inverse problem where the goal is to describe what variations in material properties led to the observed variations
in the QoI data.

This type of stochastic inverse problem and the methods we describe for constructing QoI from sets of observed
data are actually quite general. Below, we provide some level of abstraction to further motivate the approaches
taken in this work.

Consider a manufacturing process that is implemented to produce an “ideal” design of some engineered system.
Inputs to this process may include either raw or refined materials used to construct system components and
potentially many sub-systems and sub-components that may be sourced from other manufacturers (which in turn
often rely upon other raw or refined materials). Impurities in raw materials can vary greatly in both composition
and concentration and can rarely, if ever, be completely removed by refinement, e.g., see [4,5] where controls
of impurities in refined materials are discussed and [6] where impurities are deliberately introduced at certain
tolerances to achieve desirable properties. Moreover, sub-systems and sub-components often include machined parts
that vary within some “acceptable” range “most of the time” depending on the technology and quality of machinery
utilized in their construction, e.g., see [7–9] for analyses on general impacts of machining errors. Consequently,
variability in the system outputs related to performance is inevitable. Failure to quantify uncertainties related to
these variabilities can subsequently lead to unreliable or unpredictable system performance, e.g., see [10] for
a comprehensive framework analyzing the impacts of aleatoric and epistemic sources of uncertainty on model
predictions.

Viewing the underlying uncertainty as a random process, we view the parameters (i.e., system inputs) of the
engineered system as well as system outputs as random variables/fields with some “exact” or “true” distributions.
In other words, variability in system outputs is expected due to variability inherent to the system itself and not
necessarily due to the imprecision of measurement equipment used to observe system outputs (i.e., measurement
errors). In the language of uncertainty quantification (UQ), we are concerned with uncertainties that are aleatoric
(i.e., irreducible) in nature not epistemic (i.e., theoretically reducible). For both quality control purposes and to
ensure that the system performs within specifications under a variety of scenarios, it is imperative that these
distributions be determined. A first step in solving quality control problems often involves subjecting a sampled set
of manufactured systems to a finite number of controlled experiments (e.g., in a laboratory setting) to generate a
finite amount of observable data. Then, this data may be used to infer properties related to parameter variability.

Such problems also arise naturally when the simulation model of a manufactured system requires verification
and validation (V&V) [11,12]. The V&V process may involve determining the probability of compliance of the
manufactured system response within some pre-determined “industry” standards. Such standards may be defined,
for instance, using the responses of previously validated simulation models subjected to various input conditions.
However, if manufacturing processes or materials are proprietary or involve new technologies and methods, initial
descriptions of uncertainty in parameters may be limited to specifications of sets of physically plausible values.
Subsequently, a useful first step in V&V is to separate sets of probable parameters from those that are merely
physically plausible.

In this work, we make these problems less abstract by formulating them in the context of manufacturing thin
elastic membranes that are cut and stretched over a rigid frame. That is, we consider the manufacturing of “drums”
where the “tension” of the drums varies spatially and no two drums are exactly alike. Both a quality control and
V&V problem are formulated as stochastic inverse problems involving push-forward and pullback measures. The
solutions to these stochastic inverse problems are obtained using a recently developed uncertainty quantification
(UQ) method based on the disintegration of measures [13]. This method re-weights an initial probability density
on parameters in directions informed by the observations. This updated density on parameters is then guaranteed
to reconstruct the observed density. We therefore refer to this updated density as a data-consistent solution. This
is, in a certain sense, a type of probabilistic calibration. However, this approach completely avoids the perturbation
analysis and weak nonlinearity assumptions in the QoI map often required by other UQ calibration methods, e.g.,
see [14]. While a comparison of this type of inverse problem and its solution to other formulations and solutions
of inverse problems is provided in [13] using a computationally simple algebraic QoI map, we summarize some
key differences with respect to Bayesian-inspired methods [15–17] here since they are some of the most popular
means of inferring probabilistic descriptions of model parameters from QoI data.

In typical Bayesian frameworks, a common assumption is that uncertainty in the QoI data is described by an
additive noise model. Conceptually, variations in QoI data are then viewed as the result of epistemic rather than
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leatoric uncertainty so that it is at least theoretically possible to reduce uncertainty using improved instrumentation
o collect more precise data. The Bayesian posterior is given by a conditional density proportional to the product
f a data-likelihood function and prior distribution prescribed on the parameters. The posterior can be interrogated
o assess the relative likelihoods that different fixed estimates of the parameters could have produced all of the QoI
ata. Subsequently, a common use of the posterior is to generate point-estimators such as the maximum a posteriori
MAP) or the conditional mean (CM) estimate to describe the Bayes estimator (i.e., the solution) of the inverse
roblem as a single fixed estimate of the parameters [18]. Given the assumptions of epistemic uncertainty in typical
ayesian frameworks, viewing a single point estimate of the parameters as the solution is actually quite reasonable.

n fact, as more data are collected, the formulation of the data-likelihood function used to create the posterior will
ften cause the posterior to become “spiked” around a single parameter. This phenomenon is explained by the
ernstein–von Mises theorem [19].

Alternative Bayesian formulations exist to address problems where uncertainty in the parameters is viewed as
leatoric instead of epistemic. Perhaps the most popular are hierarchical Bayesian methods [20] that begin with
pecifying prior distributions from a parametric family (e.g., normal distributions). Hyper-parameters refer to the
calar quantities parameterizing the prior distribution (e.g., means and variances). After assuming additional prior
istributions on the hyper-parameters, the Bayesian paradigm is used to generate estimates of the hyper-parameters.
ome non-parametric, hierarchical Bayesian methods for modeling aleatoric uncertainty also exist such as those
eploying Dirichlet Processes [21,22]. While these are an active research area within the machine/statistical learning
ommunity, they are currently more expensive and complex to implement.

In [13], the data-consistent UQ method utilized in this work implicitly assumes that the QoI, defined as the
bservable system outputs for which data are collected, are specified a priori. A contribution of the current work
s the utilization of feature extraction techniques based on principal component analysis to multivariate data that
llows us to define an “optimal” QoI map relating system parameters to system outputs. In other words, we learn,
posteriori, what QoI are present within the predicted data. Moreover, these QoI possess more optimal geometric

roperties (compared to the raw observed data) in terms of the both the relationships between QoI components and
he subsequent directions in parameter space informed by each component of a QoI map. In the recent work of [23],
imilar feature extraction techniques are used to streamline model validation. However, in that work, the focus is
ntirely on validation of the predictive capabilities of a model so that only a metric between predicted and observed
oI distribution functions is considered. This is in contrast to this current work that utilizes discrepancies between
redicted and observed QoI distributions to aid in the determination of physically probable sets of parameters in
he V&V example. Moreover, we utilize a diagnostic from the UQ method to analyze the feasibility of various
escriptions of initial parameter uncertainties. This subsequently allows for the specification of the “best” initial
esign in terms of the capacity of the design to reproduce observable variations in data.

The rest of the paper is organized as follows. Section 2 summarizes the theoretical foundation of the PDE
igenproblem used to model the drums. The formulation and solution of stochastic inverse problems within a data-
onsistent are then discussed in Section 3. In the interest of scientific reproducibility, the computational framework
sed to generate all of the subsequent numerical results is briefly summarized in Section 4. The numerical results
or both problems are then summarized in Section 5. Concluding remarks follow in Section 6. Finally, for the
nterested reader, Appendix A discusses system requirements for executing the supplemental documents containing
ll data sets and scripts that reproduce the relevant figures and table data presented in Section 5 along with additional
umerical results omitted in the interest of space.

. Preliminaries

In this section, we briefly outline the theoretical foundation of the PDE eigenproblem used to model the drums.
or a through overview of the subject we refer the read to Boffi [24]. The actual eigensolver and details of the

hp-discretization are documented in [25].

.1. Laplace eigenvalue problem

Let α = 5/9 be a cut parameter used to parametrize the computational domain, a cut disk Ω = D(x, r ∈

0, 1], θ ∈ [0, π/α]) centered at the origin x = (0, 0), and consider the Laplace eigenvalue problem:
− ∆ψ = λψ in Ω , ψ = 0 on ∂Ω . (2.1)
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Fig. 1. Two eigenmodes.

Fig. 2. Drum design. Strongly graded hp-mesh with detail close to the origin.

he eigenvalues and vectors are known explicitly, and are doubly-indexed for m, n ∈ N by

ψm,n = Jσn ( jm,nr ) sin(σnθ ), λm,n = j2
m,n , (2.2)

here σn = αn, Jσn is the first-kind Bessel function of order σn , and jm,n is the mth positive root of Jσn . In Fig. 1,
contour plots of two different modes are illustrated.

In the simulations, we consider the generalized problem

− ∇ · (a(r )∇ψ) = λψ in Ω , ψ = 0 on ∂Ω , (2.3)

where we let the diffusion parameter a(r ) vary on the radial direction only. The problem is solved using hp-FEM
on a strongly graded mesh (see Fig. 2) with high polynomial degree p = 8. With this setup, it is guaranteed that
the assumptions of the Babuska–Osborne theorem are satisfied and no mixing of modes occurs when a(r ) = 1, that
is, in the reference problem (2.1).
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(a) Reference case: a(r ) = 1. (b) One sample: a(r ) = 1 + r + r2.

i mi ni λi i mi ni λi i mi ni λi i mi ni λi

1 1 1 10.4 11 1 8 65.9 1 1 1 20.5 11 2 4 141
2 1 2 15.8 12 2 4 76.0 2 1 2 31.3 12 1 8 145
3 1 3 22.2 13 1 9 76.9 3 1 3 44.6 13 3 1 157
4 1 4 29.3 14 1 10 88.7 4 1 4 60.1 14 2 5 169
5 1 5 37.3 15 2 5 89.6 5 2 1 72.1 15 1 9 171
6 2 1 40.5 16 3 1 90.4 6 1 5 78.0 16 3 2 187
7 1 6 46.1 17 1 11 101 7 2 2 92.4 17 2 6 199
8 2 2 51.5 18 2 6 104 8 1 6 98.0 18 1 10 200
9 1 7 55.6 19 3 2 107 9 2 3 115 19 3 3 220
10 2 3 63.3 20 1 12 115 10 1 7 120 20 1 11 230

2.2. Mode detection

As we let the diffusion parameter a(r ) vary, it is clear that the eigenmodes are not exactly those given by (2.2).
However, if the perturbations of a(r ) are sufficiently small, it is reasonable to consider what is the closest mode
in the original set to the observed one. The exact eigenmodes have a tensor structure which simplifies the mode
detection task considerably. Let ψ̂ be an approximate eigenmode and thus a solution of (2.3). The two indices
(m, n) represent oscillations in the radial and angular directions, respectively. Let us discuss the angular index n
first. We evaluate the mode ψ̂ at two random radii r1 and r2 over the whole interval of θ and compute the wave
number n using Fourier transformation. If the wave numbers agree, we stop, otherwise a third radius r3 is selected
or tie-breaking. (This happens very rarely.) In the radial direction, m is detected similarly. Since there is no direct
ubstitute for the Fourier transform, we project the mode to a set of admissible Bessel functions and choose the
losest one in the L2-sense.

.3. Parameter-dependent mixing of modes

As outlined above, the reference eigenmodes (2.2) have a tensor structure that can be identified with high
eliability. In the perturbed case, the eigenvalues naturally change, but also the order of the modes changes. This is
eferred to as mixing of modes. This effect is demonstrated in Table 1, where the first twenty modes are tabulated
or the reference case with a(r ) = 1 and another perturbed one with a(r ) = 1 + r + r2. It is clear that not

only are the eigenvalues roughly twice as large in the perturbed case, but also the modes with stronger radial
oscillations are brought forward in the spectrum. In fact the factor of two is to be expected since in the perturbed
case a(r ) = 1 + r + r2 and thus

∫
[0,1] a(r ) dr = 11/6. In Section 4, we discuss how this mixing of modes is

addressed in the analysis of the data (see Fig. 3).

3. The stochastic inverse problem

We summarize the terminology, notation, and (both the explicit and implicit) assumptions for solving the
stochastic inverse problem considered in this work that is originally explored in [13]. For consistency, we use
the notation from the drum problem above although it is relatively straightforward to map this to the notation used
in [13]. Then, the stochastic inverse problem and its solution are defined. Finally, we briefly summarize the theory
of existence, uniqueness, and stability, as well as some computational approaches for interrogating the solution.

3.1. Terminology and notation

Denote by A the space of all physically possible inputs to the model, which we refer to as parameters. A quantity
(or quantities) of interest (QoI) refer to the functional(s) applied to the solution space of the model corresponding
to physically meaningful scalar (or vector-valued) outputs that are sensitive to perturbations in the parameters.
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Fig. 3. Two approximated eigenmodes.

Depending on the problem, a QoI map may correspond to either output values we wish to predict or values
computed from observable (or simulated) data, e.g., for the purpose of model validation, calibration, or design.
The parameter-to-QoI map (often referred to simply as the QoI map) is denoted by Q(a(r )) : A → Q to make
explicit the dependence on the diffusion parameter a(r ). Here, Q denotes space of all physically possible output
data that the QoI map can predict.

Since we are interested in solutions to problems defined as densities, assume that (A,BA, µA) and (Q,BQ, µQ)
are both measure spaces. Here, BA and BQ denote the Borel σ -algebras inherited from the metric topologies on their
respective spaces, and µA and µQ denote the dominating measures for which probability densities (i.e., Radon–
Nikodym derivatives of probability measures) are defined on each space. It is implicitly assumed that the QoI map is
a measurable map between these measure spaces. A practical assumption implicitly made by computations involving
finite sampling of the QoI map and standard density approximation techniques is that the QoI map is also piecewise
smooth.

3.2. The forward and inverse problems

The stochastic inverse problem we consider involves the construction of pullback measures. In other words, this
is the direct inverse of a stochastic forward problem involving push-forward measures. At a high-level, the forward
problem involves quantifying uncertainties in predictions of QoI data using some initial information to describe
uncertainties on parameters. Below, we formally define the forward problem and the subsequent inverse problem
that is the focus of this work.

Definition 3.1 (Forward Problem and Push-forward Measure). Given an initial (i.e., initially specified) probability
measure P init

A on (A,BA) the forward problem is the determination of the push-forward probability measure

P Q(init)
Q (E) := P init

A (Q−1(E)), ∀E ∈ BQ

on (Q,BQ).

We often refer to the push-forward of the initial measure as the predicted measure.

Definition 3.2 (Inverse Problem and Consistent Measure). Given both an observed probability measure Pobs
Q on

(Q,BQ) and an initial probability measure P init
A on (A,BA), the inverse problem is to determine an update to the

initial probability measure, denoted by Pupdate
A , on (A,BA) that is consistent with the observed data in the sense that

Pupdate
A (Q−1(E)) = Pobs

Q (E), ∀E ∈ BQ. (3.1)
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From the above two definitions, it is clear that the consistency criterion of (3.1) implies that the push-forward
f the updated measure, denoted by P Q(update)

Q , matches the observed measure on (Q,BQ), i.e., Pupdate
A is a pullback

f the observed measure. In other words, if we solve a forward problem using Pupdate
A and the same QoI map, then

e will “predict” what was in fact observed. In this sense, we may interpret the solution to the inverse problem
s solving a type of probabilistic calibration problem. Any subsequent forward problem that utilizes this updated
easure with a different QoI map is then interpreted as forming a data-consistent prediction. This describes a

ommon workflow in engineering design where validation of design parameters using data from a limited set of
aboratory experiments is used to predict system performance under different conditions than can be replicated in
he laboratory.

.3. Inverse solutions: Theory and numerical interrogation

We assume that the probability measures are absolutely continuous with respect to the dominating measures and
dmit densities (i.e., Radon–Nikodym derivatives). Let π init

A , πQ(init)
Q , πobs

Q , and πupdate
A denote the densities corre-

ponding to P init
A , P Q(init)

Q , Pobs
Q , and Pupdate

A , respectfully. With this notation, we make the following predictability
ssumption that ensures the solvability of the inverse problem.

ssumption 1. There exists C > 0 such that for a.e. q ∈ Q, πobs
Q (q) ≤ CπQ(init)

Q (q).

At a conceptual level, we refer to this as a predictability assumption because it ensures that QoI data we observe
o be likely are also predicted to be likely by the push-forward of the initial density. It is important to note that
his is an assumption on both the initial density and the QoI map. In other words, violation of this assumption may
e due to either an initial density that is too restrictive in its support (i.e., physically possible parameters are not
onsidered initially likely) or because of model inadequacy (i.e., missing physics or computational errors make it
mpossible to predict certain ranges of observable data).

In [13], the predictability assumption, a Disintegration Theorem [26], and Bayes’ rule on generalized contours
re used to derive the following closed form expression for the updated density (which we write using the notation
f this work):

π
update
A (a(r )) = π init

A (a(r ))
πobs
Q (Q(a(r )))

π
Q(init)
Q (Q(a(r )))

, a(r ) ∈ A. (3.2)

his updated density solves the inverse problem (i.e., it defines a consistent measure) of Definition 3.2. Moreover,
p to the choice of an initial density, by the Disintegration theorem it is also unique. Stability (in the total variation
etric [27]) with respect to perturbations in either the initial or observed densities also follows. An important

akeaway is that the inverse solution is formally determined once the predicted density, πQ(init)
Q , is constructed. In

ther words, constructing the density associated with the push-forward measure solving the forward problem in
efinition 3.1 provides sufficient information for solving the inverse problem. Moreover, since the predicted density
oes not depend on the observed density, it is trivial to construct solutions to multiple inverse problems defined by
onsidering various observed densities on the QoI (under the constraint that any such additional observed densities
atisfy the predictability assumption). The interested reader is directed to [13] for a thorough discussion.

To make the algorithmic approaches self-evident, we rewrite the updated density as

π
update
A (a(r )) = π init

A (a(r ))R(a(r )), with R(a(r )) :=
πobs
Q (Q(a))

π
Q(init)
Q (Q(a))

. (3.3)

he ratio denoted by R(a(r )) has several practical uses that we outline below.
First, we observe that

1 =

∫
A
π

update
A =

∫
A
π init
A (a(r ))R(a(r )) = Einit(R(a(r ))). (3.4)

ote that the expectation operator is taken with respect to the initial probability measure. Thus, the expected value
f the random variable given by R(a(r )) defined on the initial probability space of parameters should be 1 if the

predictability assumption holds. This is turned into a numerical diagnostic as follows. First, replace πQ(init)
Q with a

numerical approximation constructed using a finite number of QoI samples associated with a finite set of parameter
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samples drawn from the initial density. Such an approximation may be obtained, e.g., by standard Gaussian kernel
density estimation (GKDE) that have well-established rates of convergence [28,29]. Compute and compare to 1
the sample average of R(a(r )) using this approximation to πQ(init)

Q . As shown in [13] as well as in the numerical
xamples of Section 5, this is a useful numerical diagnostic for verifying that both the predictability assumption
olds and that the approximation of πQ(init)

Q is sufficiently accurate.
Second, the computation of R(a(r )) on QoI samples provides several algorithmic approaches for interrogating

update
A . One approach is to use this to re-weight parameter samples coming from the initial density and compute
eighted density estimates on the parameter space directly (this is pursued in the first numerical example of
ection 5). Alternatively, standard rejection sampling can be performed to sub-select initial parameter samples into a
et of independent identically distributed (i.i.d.) samples from the updated density as described in [13]. Specifically,
e can generate a set of i.i.d. samples from the initial density, propagate these samples to the output space using

ny fixed QoI map to define a set of proposal samples in the QoI space, and perform rejection sampling using the
arget observed density. The accepted samples, viewed in the QoI space, are i.i.d. samples from the observed density.
ubsequently, the accepted samples, viewed in the parameter space, are i.i.d. samples from a consistent solution.
ince these are clearly an update to the initial sample set, the motivation for the terminology is now self-evident.
inally, we can simply sort the scalar array of R(a(r )) values and visualize sets of parameters that meet various

hreshold conditions involving their relative updated likelihoods (this is pursued in the second numerical example
f Section 5).

. A computational framework

In the interest of scientific reproducibility, we provide a high-level overview of the computational framework
sed to generate and analyze the data for the numerical results presented in the following section. The numerical
xperiments for generating data related to the drum problem described in Section 2 were run on the Aalto University
riton cluster with the hp-FEM eigensolver implemented in Mathematica 12 [25,30]. The analysis of the data
ithin the data-consistent framework described in Section 3 was carried out using Python scripts that utilize the
odule, DrumAnalysis, developed specifically for managing the format of the data sets as well as consolidating

he functionality necessary for performing data-consistent inversion. These data sets, Python scripts, and the Python
odule are provided as supplementary material to this document. In Appendix A, we describe the minimal necessary

equirements for running the scripts to re-create the relevant figures and tables presented in Section 5 along with
ome additional numerical results that are omitted in the interest of space.

.1. Model computations: Implementation and fingerprinting

In the experiments, observed data are generated using two different models for the diffusion coefficient: (a) linear
f the form a(r ) = a0 + a1r , and (b) quadratic a(r ) = a0 + a1r + a2r2. In the linear case, the parameters ai were
ampled from the prescribed distributions using the routines provided in Mathematica. In the quadratic case, the
dmissible coefficients were sampled by first interpolating sampled values at three distinct points in the interval
0, 1] and then verifying that they satisfied the given geometric constraints, for instance, that the graphs of the
oefficients stayed within given bounds.

The predicted data associated with the linear case are generated from the same linear model but using different
rescribed distributions as discussed in the quality control example of Section 5. The predicted data associated with
he quadratic case are generated using several models defined by continuous piecewise-linear splines for a(r ) as
iscussed in the V&V example of Section 5.

Once the eigenmodes had been computed, each mode was analyzed using techniques described in Section 2.2.
very mode was identified and stored in the data sets using a triple (λ,m, n), where λ ∈ R is the eigenvalue, and
∈ N and n ∈ N are the radial and angular wavenumbers, respectively.

.2. Uncertainty quantification: Implementation and QoI construction

The Python module, DrumAnalysis, has functions for managing the eigenmode data sets, constructing QoI maps
rom this data, performing density estimation, and constructing/analyzing R(a(r )). Here, we summarize some of

mix utilizes the fingerprinting to ensure that the indices for arrays
he key features of this module. The function un
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f eigenvalues, λ, are aligned with the same indices of wavenumbers, (m, n), appearing across all sampled diffusion
oefficients. The function QoI xform transforms the un-mixed eigenvalue data into QoI data (this is discussed in

the context of the numerical results) for which density estimation can be applied. The function compute r then
ses the observed and predicted density estimates to evaluate R(a(r )) on the sampled QoI data. The module is
ell-documented for the interested reader who wishes to explore other built-in functionality not discussed here or
tilized by the provided scripts.

. Numerical results

We formulate and solve the inverse problem for two examples motivated by distinct engineering problems
nvolving the manufacturing of drums of the shape shown in Fig. 1. Both problems fundamentally involve
uantifying uncertainties in the diffusion parameter a(r ) related to the tension of the drumheads (i.e., the elastic
embrane that is stretched and tightened along the top of the drum frame). Such uncertainties may be attributed,

or instance, to variations in the elastic material properties of individual membranes or to the amount of force
sed in stretching/securing the membrane to the drum. For simplicity, we ignore any uncertainties due to potential
eviations from the drum shape. This is reasonable, for instance, if we assume that either a highly machined and
igid cast is used to construct the drum frames or different membranes are tested upon the same drum.

In general, solutions to either type of problem are theoretically complicated by the fact that A is nominally
nfinite dimensional since it describes a function space for the potential diffusion parameters a(r ). Moreover, while
t may be possible to accurately simulate or experimentally observe many potential eigenmodes, it is not clear which
nes form the most useful QoI maps due to high correlation in both their values and sensitivities to perturbations
n the parameters. In the context of each of the examples below, we discuss practical constraints placed on A that

ake the space finite-dimensional and amenable to computational approximations.

.1. Example 1: Quality control

Here, we assume that the manufacturing process is setup to stretch elastic membranes over the drum shape in
uch a way that the resulting diffusion parameter a(r ) should linearly increase from r = 0 to r = 1. In other words,
he manufactured drums should have diffusion parameters of the form a(r ) = a0 +a1r . For simplicity in discussing
he numerical results, we refer to the pair (a0, a1) as the actual parameters in the model and seek a properly defined

⊂ R2 for which uncertainties are quantified.

.1.1. Defining the parameter space
Suppose that the ideal drum is given when a0 = 1 and a1 = 0.15, but the tolerances in the manufacturing process

an only be controlled to guarantee that a0 ∈ [0.80, 1.20] and a1 ∈ [0.10, 0.20]. Using only this information, we
hoose π init

A (a0, a1) associated with a uniform probability measure on A, i.e.

(a0, a1) ∈ A := [0.80, 1.20] × [0.10, 0.20], and π init
A (a0, a1) ≡ 4.

uppose that the true variability in the parameters is described by the tensor product of densities associated with

a0 ∼ Beta(2, 4) and a1 ∼ Beta(3, 1),

.e., the true variability of (a0, a1) is described by independent random variables with different Beta distributions.
hese particular Beta distributions are chosen to exhibit significantly different qualitative behaviors both compared

o each other and compared to the initial uniform distribution.

.1.2. Learning the QoI
Suppose that we can observe up to the first 20 eigenmodes associated with this type of drum, which we simulate

sing numerical solutions to (2.3). In this problem, we begin with two samples of observable eigenmodes. First, we
enerate 1E4 i.i.d. samples from π init

A and compute the associated 1E4 samples of 20-dimensional vectors defined
y these eigenmodes. Second, we generate 5E3 i.i.d samples from each of the Beta distributions described above
nd compute the associated 5E3 samples of the eigenmodes. However, only the eigenmode data associated with
hese Beta distributed parameter samples are ever used to solve the inverse problem. In other words, we have access
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Fig. 4. Representative results of high correlation present between eigenmodes (after standard scaling) as parameters are varied. Blue dots
are predicted values and orange squares are observed values. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Fig. 5. The eigenmode data is effectively summarized by two principal components as illustrated by the combination of spectral gap
magnitude and percent of variation (rounded to three places) explained by these principal components.

to three sample sets: (1) the uniform samples from π init
A , (2) the predicted eigenmodes associated with the uniform

amples, and (3) the observed eigenmodes associated with the true distribution of parameters.
In Fig. 4, we provide two representative scatter plots that illustrate the significant positive correlation that

xists between the eigenmodes. Given the strong linear relationship between eigenmodes, we choose to apply a
rincipal component analysis (PCA) to this eigenmode data following a standard scaling of the data using the
unction QoI xform in the DrumAnalysis module. Fig. 5 illustrates that the first principal component explains
pproximately 99.96% of the variation present in the eigenmode data while the addition of the second principal
omponent effectively accounts for the remaining variation in this data. In fact, there is approximately a 6.10 order
f magnitude drop between the percent of variation explained by the second and third principal components, which
erves as further evidence that, geometrically speaking, the 20-dimensional eigenmode data is accurately described
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Fig. 6. (a) QoI #1 is defined (approximately) by a simple scaled average of all observable eigenmodes. Since this is the first principal
component, it illustrates the significant correlation between all eigenmodes. (b) QoI #2 shows the complex linear combination of eigenmodes
necessary to describe the orthogonal direction to the first QoI and explain the remaining small amount of variation (see Fig. 5) in the
eigenmode data not explained by the first QoI.

Fig. 7. The reduction in correlation between the QoI is significant compared to individual eigenmodes (compare to Fig. 4). Blue dots are
predicted values and orange squares are observed values. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

as existing inside of a 2-dimensional manifold embedded in R20. It should be noted that we expect this to happen
ince the response of each of the eigenmodes is determined by exactly two parameters and the model is deterministic.
e take these two principal components as the QoI and label them QoI #1 and QoI #2, respectively.
The weighting vectors defining these QoI are illustrated in Fig. 6. Here, we see that QoI #1 is defined by almost an

qual weighting of all the eigenmodes, which is perhaps obvious given the high correlation between the eigenmodes
s discussed above. However, QoI #2 is defined by a more complicated linear combination of eigenmodes that is
ot immediately obvious from any visual inspection of the data. In Fig. 7, we illustrate the predicted and observed
amples in the data space defined by these two QoI. Comparing this to the plots in Fig. 4, we observe significantly
ess correlation between these QoI than between any pair of eigenmodes.
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Fig. 8. The R(a(r )) we obtain on parameters a0 (horizontal axis) and a1 (vertical axis) if only using (a) QoI #1, (b) QoI #2, or (c) both
oI. The diagnostics Einit(R(a(r ))) are approximately 1.00, 1.00, and 1.03, respectively. Here, the QoI numbering is consistent with the

labeling in Fig. 6.

5.1.3. Solving the inverse problem: Qualitative and quantitative results
We formulate and solve three inverse problems using QoI maps defined by QoI #1, QoI #2, and by using both

QoI #1 and QoI #2 to illustrate the geometric relationship between the parameters and each QoI. Using both
standard and weighted Gaussian kernel density estimators (GKDE) provided in the stats subpackage of scipy
(with a simple wrapper function provided in the provided module DrumAnalysis for convenience), we construct
the predicted and observed densities for each QoI map, and compute the corresponding R(a(r )). The plots of the
updated weighting of the initial samples are in Fig. 8 and of the approximate marginals of the associated updated
densities are in Figs. 9–11. Note that the diagnostic, Einit(R(a(r ))) (refer to the discussion around (3.4)), is close to

.00 for each inverse problem solution (see the caption in Fig. 8), which verifies both the predictability assumption
or each map as well as the quality of the approximation of the associated predicted densities.

Below, we provide a mixture of qualitative and quantitative analyses of the updated solutions in terms of the
arginal PDFs obtained for each parameter. The qualitative analysis is based upon plots of the various marginal
DFs. The quantitative analysis is based upon the distance between various marginal PDFs using the total variation
TV) metric [27], denoted by dT V , which metrizes a space of probability measures defined on a common measurable
pace. This metric is sometimes computed by the L1-distance between the Radon–Nikodym derivatives (i.e., PDFs)
ssociated to the individual probability measures. Specifically, if (Ω ,F , µ) denotes a measure space for which a
amily of probability measures, denoted by P , is defined and absolutely continuous with respect to dominating
easure µ, then the TV metric between P1,P2 ∈ P is given by

dT V (P1,P2) :=

∫
Ω

|π1 − π2| dµ,

here π1 and π2 denote the Radon–Nikodym derivatives of P1 and P2, respectively. Note that

dT V : P × P → [0, 2].

he TV metric computations use the built-in quadrature function available in the integrate subpackage of
cipy with maximum iterations chosen to ensure a relative tolerance of at least 1.49E−08 is reached in each case.

In both the figures and tables involving the TV metric, we include a standard KDE approximation of the exact
arginal PDF for each parameter computed on the set of 5E3 parameter samples used to generate the observed

igenmode data. This provides some perspective on the impact of finite sample error in the observable data on the
pdated solutions.

Fig. 8 illustrates that QoI #1 is primarily sensitive to changes in the a0 parameter whereas QoI #2 is primarily
ensitive to changes in the a1 parameter. Subsequently, the updated solutions associated with either using QoI #1
r QoI #2, exclusively, only appears to approximate the true distributions on a0 or a1, respectively, with only minor
pdates to the initial distributions on a1 or a0, respectively (see Figs. 9 and 10). This is further evidenced by the

uantitative results obtained by the TV metric between various marginal PDFs as discussed below.
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Fig. 9. Results using only QoI #1 from Fig. 6. Exact (in blue) and weighted kernel density estimates (KDEs) of the updated (in orange)
ensities for a0 (a) and a1 (b). The weighted KDEs are computed using a Gaussian kernel and weights given by R(a(r )) evaluated at the

predicted QoI samples (see Fig. 7). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Fig. 10. Results using only QoI #2 from Fig. 6. Exact (in blue) and weighted kernel density estimates (KDEs) of the updated (in orange)
ensities for a0 (a) and a1 (b). The weighted KDEs are computed using a Gaussian kernel and weights given by R(a(r )) evaluated at the

predicted QoI samples (see Fig. 7). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

From Table 2, we see that the marginal updated PDF for a0 obtained by using only QoI #1 is closer to the exact
PDF and its KDE estimate than the initial PDF (compare 0.203 and 0.163, respectively, to 0.615). However, the
distance of this marginal updated PDF for a0 from the exact PDF and its KDE estimate is more than we would expect
from just a KDE estimate of the exact PDF (compare 0.203 and 0.163, respectively, to 0.045). Simultaneously, from
Table 3, we see that the marginal updated PDF for a1 obtained by using only QoI #1 appears to be much closer to
the initial PDF than the exact PDF and its KDE estimate (compare 0.052 to 0.769 or 0.733, respectively). Moreover,
the distance of this marginal updated PDF for a1 to the initial PDF is comparable to the distance expected from a
KDE estimate of an exact density (compare 0.052 to either 0.068 in this table or to 0.045 in Table 2).



14 T. Butler and H. Hakula / Computer Methods in Applied Mechanics and Engineering 370 (2020) 113228

t
H
P
a
r
K

s
f
o
u
b

w

Table 2
The total variation (TV) metrics between different marginal PDFs for a0 using QoI
#1. Each row fixes a PDF π1 and each column fixes a PDF π2 in the computation
of dT V (P1,P2).

π
update
a0 π exact

a0
KDE of π exact

a0

π init
a0

0.615 0.694 0.679
π

update
a0 — 0.203 0.163
π exact

a0
— — 0.045

Table 3
The total variation (TV) metrics between different marginal PDFs for a1 using
QoI #1. Each row fixes a PDF π1 and each column fixes a PDF π2 in the computation
of dT V (P1,P2).

π
update
a1 π exact

a1
KDE of π exact

a1

π init
a1

0.052 0.770 0.734
π

update
a1 — 0.769 0.733
π exact

a1
— — 0.068

Table 4
The total variation (TV) metrics between different marginal PDFs for a0 using
QoI #2. Each row fixes a PDF π1 and each column fixes a PDF π2 in the computation
of dT V (P1,P2).

π
update
a0 π exact

a0
KDE of π exact

a0

π init
a0

0.142 0.694 0.679
π

update
a0 — 0.561 0.552
π exact

a0
— — 0.045

Table 5
The total variation (TV) metrics between different marginal PDFs for a1 using
QoI #2. Each row fixes a PDF π1 and each column fixes a PDF π2 in the computation
of dT V (P1,P2).

π
update
a1 π exact

a1
KDE of π exact

a1

π init
a1

0.757 0.770 0.734
π

update
a1 — 0.072 0.061
π exact

a1
— — 0.068

Almost the opposite is quantitatively observed when using QoI #2 to update the initial PDFs. From Table 4, we
see that the marginal updated PDF for a0 obtained by using only QoI #2 is significantly closer to the initial PDF
han either the exact PDF or its KDE estimate than the initial PDF (compare 0.142 to 0.694 or 0.679, respectively).
owever, this distance from the initial PDF is more than we would expect from a KDE estimate of the initial
DF. Simultaneously, from Table 5, we see that the marginal updated PDF for a1 obtained by using only QoI #2
ppears to be much closer to the exact PDF and its KDE estimate than the initial PDF (compare 0.072 and 0.061,
espectively, to 0.757). Moreover, the distance of this marginal updated PDF for a1 to either the exact PDF or its
DE estimate is similar to other distances observed in these tables of KDE estimates of specified densities.
To summarize the results presented above, QoI #1 produces an updated PDF with a marginal for a0 that is

ignificantly closer to the exact PDF than the initial, but is still farther away from the exact PDF than expected
rom a KDE estimate. This QoI #1 also fails to provide any meaningful updates to the initial PDF for a1. On the
ther hand, QoI #2 provides a very reasonable update to a1 in terms of matching the exact PDF while slightly
pdating the a0 parameter. As we see below, the simultaneous use of both QoI produces the best updated PDF to
oth parameters.

Fig. 11 shows that using both QoI concurrently produces an updated density that exhibits excellent agreement
ith the true distributions for both parameters.
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Fig. 11. Results using both QoI from Fig. 6. Exact (in blue) and weighted kernel density estimates (KDEs) of the updated (in orange)
densities for a0 (a) and a1 (b). The weighted KDEs are computed using a Gaussian kernel and weights given by R(a(r )) evaluated at the
predicted QoI samples (see Fig. 7). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Table 6
The total variation (TV) metrics between different marginal PDFs for a0 using both
QoI. Each row fixes a PDF π1 and each column fixes a PDF π2 in the computation
of dT V (P1,P2).

π
update
a0 π exact

a0
KDE of π exact

a0

π init
a0

0.642 0.694 0.679
π

update
a0 — 0.064 0.040
π exact

a0
— — 0.045

Table 7
The total variation (TV) metrics between different marginal PDFs for a1 using both
QoI. Each row fixes a PDF π1 and each column fixes a PDF π2 in the computation
of dT V (P1,P2).

π
update
a1 π exact

a1
KDE of π exact

a1

π init
a1

0.729 0.770 0.734
π

update
a1 — 0.072 0.013
π exact

a1
— — 0.068

We summarize the TV metric between various (marginal) PDFs for a0 in Table 6 and for a1 in Table 7. It is
vident that the updated PDFs are both significantly different from the initial PDFs and the distance from the exact
DFs are about what we would expect from a KDE estimate of such PDFs for each parameter.

.2. Example 2: Verification & validation

Suppose a manufacturer of drums seeks verification & validation that their drums are compliant with designs that
roduce continuous diffusion parameters a(r ) within the large convex-shaped region shown in Fig. 12. We refer to
his as the V&V region below. Here, we assume that the manufacturing process stretches elastic membranes over
he drum shape in such a way that the resulting diffusion parameter a(r ) is a quadratic function generated in the
arker shaded sub-region of Fig. 12, which we refer to as the quadratic region below. It is further assumed that
he third-party performing the verification has no knowledge of this quadratic region nor that the curves (along
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Fig. 12. The V&V region for the diffusion parameter is illustrated by the large orange convex set. The quadratic region containing the true
diffusion parameters is illustrated by the blue non-convex subset of the V&V region. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

with their distributions) for the diffusion parameters should be quadratic at all. However, it is straightforward to
show that under the sup-norm metric that piecewise-linear continuous splines are dense in the space of continuous
diffusion parameters contained within the lightly shaded region. Thus, we assume that the third-party has access
to either experimental or simulation data for families of canonical designs involving piecewise-linear continuous
splines.

5.2.1. Learning possible canonical designs from observed data
As in the previous example, we assume that we can observe up to the first 20 eigenmodes for any drum.

However, in contrast to the previous example, we begin with an analysis of observed (not predicted) eigenmode
data. Specifically, we use simulated data from 5E3 randomly generated quadratic a(r ) functions in the quadratic
region of Fig. 12. Performing the standard scaling followed by a PCA on the associated observed eigenmode data,
we find that there are three principal components in this data (see Fig. 13). Since any potential QoI is simply a
function of the diffusion parameter a(r ), this implies that variations in a(r ) can be summarized by three variables,
which we denote by a0, a1, and a2.

Canonical designs are then restricted to splines with at least three knots. However, in the interest of parsimony,
we restrict possible canonical designs to families of splines defined by three knots located at k0 = 0 < ki < k1 = 1
where ki is chosen to be either 0.25, 0.5, or 0.75. In other words, two of the three knots are fixed at r = 0 and r = 1
and the location of the interior knot, ki , defines which of the three canonical designs are being considered. Since
the large lightly shaded region shown in Fig. 12 is convex, the variations of diffusion parameters that belong to any
particular canonical design are then described completely by the range of physically allowable values for a(k j ) for
j ∈ {0, i, 1}, which is simply determined by evaluation of the lower- and upper-bounds for the large lightly shaded
region. In the interest of space, we present results only for the canonical designs where ki = 0.5 or ki = 0.75,
which prove to be the “best” and “worst” of the three designs, respectively. However, the interested reader can
regenerate all these results along with the results for the design with ki = 0.25 using the provided supplemental
Python scripts.

5.2.2. Learning the QoI from each canonical design
For each of the canonical designs, we construct a family of 1E4 piecewise-linear splines by generating

independent uniform samples over the each of the physically allowable ranges for a(k ) for each j ∈ {0, i, 1}.
j
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Fig. 13. Identifying the existence of three QoI using principal component analysis on the observed data set.

Fig. 14. Different QoI defined by all two canonical design sets with different “gaps” in information present in the principal components.

Since the designs can only produce approximations to the true a(r ) variability, we observe slight differences in the
CA for the associated first 20 eigenmodes of each design (see Fig. 14) both between designs and compared to

he PCA of the observed data shown in Fig. 13. However, the PCA still leads to the same conclusion that there
re three associated QoI defined by the first three principal components associated with each design prediction of
igenmode data.

It is important to note that the QoI maps we learn from the predicted data associated to different canonical
esign exhibit different capacities to predict the observed data. This is best illustrated by Figs. 15 and 16 where
catter plots show the three different pairs of predicted and observed QoI components associated with the ki = 0.5
nd 0.75 designs, respectively. In these plots, it is evident that the QoI learned from the design with ki = 0.75
ill lead to a violation of the predictability assumption (Assumption 1). However, such qualitative analyses are not

lways available especially in higher dimensional QoI spaces. Thus, we proceed with solving the inverse problems
ssociated with each design, compute the diagnostic for the inverse problem, and visualize parameter curves to

nalyze the impact and quality of solutions obtained using either design.
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Fig. 15. Predicted (blue dots) and observed (orange squares) pairs of QoI data using learned QoI with ki = 0.5 design.

Fig. 16. Predicted (blue dots) and observed (orange squares) pairs of QoI using learned QoI with ki = 0.75 design.

.2.3. Solving the inverse problems
Here, we present results for the solutions of the two inverse problems using the learned three-dimensional QoI

aps from the designs with ki = 0.5 and ki = 0.75, respectively. As in the previous example, this requires applying
tandard density estimation (provided within the module DrumAnalysis) to construct the associated predicted and
bserved densities for each QoI map associated with each design. The associated Einit(R(a(r ))) values are estimated
o be 0.99 and 0.89 for the solutions associated with the ki = 0.5 and ki = 0.75 designs, respectively. This diagnostic
mmediately indicates that the predictability assumption is violated by the QoI and initial density associated with
he k + i = 0.75 design. Thus, that design cannot provide verification that the manufacturer is producing a(r )
urves completely within the V&V region since it cannot explain all of the observed data. However, the other
esign with ki = 0.5 can explain all of the observable data and can verify the manufacturer’s design. We illustrate
he importance of using this diagnostic in making that conclusion since further analysis of the solutions associated
ith either design is otherwise mostly similar.
Fig. 17 (resp., Fig. 18) show all design diffusion curves in the 80th percentile (left) and all design curves deemed

somewhat” likely (1st percentile) as determined by normalized R(a(r )) values for the design with ki = 0.5 (resp.,
i = 0.75). Clearly the design with ki = 0.5 produces more diffusion curves in the 80th percentile compared to the
esign with ki = 0.75 and does a better job overall of producing likely diffusion curves that belong or track the
uadratic region quite closely. However, the ki = 0.75 design still does a reasonable job of describing the quadratic
egion with its likely curves.

To further quantify the performance of these designs, we define the distance of a diffusion curve a(r ) from the
uadratic region (R) as follows:

d(a(r ),R) := inf
∫

|a(r ) − b(r )| dr.

b(r )∈C([0,1])∩R [0,1]
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Fig. 17. Likely parameters from cpl3 set with r ≥ 0.8 (left) and r ≥ 0.01 (right).

Fig. 18. Likely parameters from cpl3-right set with r ≥ 0.8 (left) and r ≥ 0.01 (right).

Fig. 19. Statistics on a metric of design fit of likely samples (those with R(a(r )) ≥ 0.01) from actual set of a(r ) values. The metric is
efined as d(x, A) where A is the actual set of a(r ) values and d is the integral metric on continuous functions.

his distance function is approximated using a uniform regular grid of [0, 1] and tracking when a given a(r ) (defined
y a spline) is either above or below the bounds defining the quadratic region. Then, we compute d(a(r ),R) for

all spline approximations to a(r ) in each design with R(a(r )) ≥ 0.01. In other words, we compute this distance
n all “likely” diffusion curves determined by each inverse problem solution. Histograms and statistics of this
nalysis are shown in Fig. 19. We see that the likely diffusion curves associated with design ki = 0.5 are, on
verage, approximately 70% closer to the quadratic region compared to the likely diffusion curves associated with
esign ki = 0.75, with the median distance roughly an order of magnitude less as well. The standard deviations
re comparable. However, these types of analyses are not possible when the quadratic region is unknown, which
s usually the case in a V&V study such as this. What these analyses do suggest is that even if the predictability
ssumption is violated, it may still be useful to follow through with the inverse solution for an incorrect design.
he analysis of results may lead to insights into choosing different canonical designs that may appear to fit the

eatures that are partially explainable by the incorrect design. The problem of iteratively or adaptively constructing
anonical designs is outside the scope of this work though, and we leave it to a future study.
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6. Conclusions

The manufacturing of drums and the associated quantification of uncertainties has served as the model process
throughout our discussion here. The quality control problem has been loosely defined as the process of discovering
the distributions of the uncertain inputs, and the V&V problem as the process of separation of sets of probable
parameters from those that are merely physically plausible. Both problems have been formulated as stochastic
inverse problems, where the system inputs have been discovered by interrogating the outputs using a data-consistent
UQ framework based on the disintegration of measures.

The effectiveness of the proposed method has been demonstrated with two examples, where the manufacturing
process is modeled via a Dirichlet Laplacian eigenproblem. The diffusion coefficient is parameterized for every
instance and the corresponding eigen-information is used in the solution of the inverse problems. Specifically,
quantities of interest required in the solution of data-consistent inverse problems are constructed from the correlated
eigenvalue data using principal component analysis to extract the information content in each problem. In the V&V
example, this is also used to determine the nominal dimension of the parameter space used to define the spatially
variable diffusion coefficients. The results from the numerical experiments are exactly aligned with the theoretical
considerations and show that the salient aspects of the model are captured accurately.

Indeed, even though we may not hear the shape of the drum, it appears that we can hear the make of the drum.
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Appendix A. Software dependencies for generating numerical results

The supplemental material allows the interested reader to re-create all of the figures and table data presented in
this article. The data files and scripts are available here [31] and the most up-to-date scripts, modules, and data are
available at https://github.com/CU-Denver-UQ/drums-supplemental-material. Here, we provide a brief description
of the data formats and software dependencies required to run the scripts.

All eigenmode data associated with solutions to (2.3) are stored in .mat formats containing descriptive variable
names for the various arrays of data in each file. The Python module, DrumAnalysis, and scripts provided as
supplemental material to this article were developed using Python 3.7.3 and the following libraries

• scipy (version 1.2.1)
• numpy (version 1.16.2)
• sklearn (version 0.20.3)
• matplotlib (version 3.0.3)

The instructions below assume an installation of Python with the appropriate dependencies as described above
and that all supplemental material are located within the same path (directory). Then, from a terminal or command
prompt, navigate to the appropriate path containing all the files. Use the python command to execute either the
Example-1.py or Example-2.py script to generate all of the figures and table data for Sections 5.1 or 5.2,
respectively. Running the Example-1.py script will prompt the user to enter a maximum number of iterations
for the adaptive quadrature used to compute the various TV metrics reported in Section 5.1 Setting this to 1500
will recreate the results in this work, but it may take several minutes to execute. Setting this to 100 will give results
leading to the same general conclusions despite the increase in numerical error, but it should execute in a matter
of seconds. Of note is that Example-2.py will generate additional figures and data that were omitted in this work
that use the third design set of parameters mentioned in Section 5.2. This script should take under a minute to run.
However, depending on machine specifications and user-edits to either script, they may both take several minutes

to execute.
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