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A gradient-based Markov chain Monte Carlo method for full-waveform

inversion and uncertainty analysis

Zeyu Zhao' and Mrinal K. Sen’

ABSTRACT

Traditional full-waveform inversion (FWI) methods only
render a “best-fit” model that cannot account for uncertainties
of the ill-posed inverse problem. Additionally, local optimi-
zation-based FWI methods cannot always converge to a geo-
logically meaningful solution unless the inversion starts with
an accurate background model. We seek the solution for FWI in
the Bayesian inference framework to address those two issues.
In Bayesian inference, the model space is directly probed by
sampling methods such that we obtain a reliable uncertainty
appraisal, determine optimal models, and avoid entrapment
in a small local region of the model space. The solution of
such a statistical inverse method is completely described by
the posterior distribution, which quantifies the distributions for

parameters and inversion uncertainties. To efficiently sample
the posterior distribution, we introduce a sampling algorithm
in which the proposal distribution is constructed by the local
gradient and the diagonal approximate Hessian of the local
log posterior. Our algorithm is called the gradient-based Markov
chain Monte Carlo (GMCMC) method. The GMCMC FWI
method can quantify inversion uncertainties with estimated
posterior distribution given sufficiently long Markov chains.
By directly sampling the posterior distribution, we obtain a
global view of the model space. Theoretically speaking, statis-
tical assessments do not depend on starting models. Our method
is applied to the 2D Marmousi model with the frequency-
domain FWI setting. Numerical results suggest that our method
can be readily applied to 2D cases with affordable computa-
tional efforts.

INTRODUCTION

An important application of the geophysical inverse theory is
seismic full-waveform inversion (FWI), in which seismic data re-
corded at the surface, seafloors, or in boreholes are used to estimate
subsurface compressional wave and shear wave velocities,
anisotropy parameters, attenuation parameters, etc. In FWI, seismic
waveforms are exploited to update subsurface model parameters by
trying to match the recorded data/observed data with estimated data.
Since the early development of the theory (Lailly, 1983; Tarantola,
1984), FWI has been successfully demonstrated in recovering sub-
surface structures and images at different scales (Pratt and Shipp,
1999; Fichtner et al., 2008; Brossier et al., 2009; Tape et al., 2010;
Zhu et al., 2012; Vigh et al., 2014; Operto et al., 2015).

There are two critical issues often related to the traditional FWI
problem. First, most optimization-based FWI methods are designed
to only find the “best-fit” model. Nevertheless, FWI problems are

often ill-posed, observed data can be noisy and incomplete, model-
ing methods can be inaccurate, prior knowledge can be insufficient,
and model parameterization strategies can be inappropriate. All of
these factors introduce uncertainties into the inversion results
(Scales et al., 1992; Sen and Stoffa, 1996; Sambridge and Mose-
gaard, 2002; Sen and Stoffa, 2013). Multiple plausible solutions
might explain the observed data equally well. In such cases,
obtaining the unique “best” solution is not sufficient to fully de-
scribe the underlying problem. Instead of trying to find the actual
values of model parameters that explain the data (a deterministic
fashion), one might need to infer information on model parameters
provided by the observed data and to estimate the uncertainties as-
sociated with the inference (a probabilistic fashion) (Tarantola,
2005). Second, in traditional local optimization-based FWI meth-
ods, an objective function, which measures the misfit between ob-
served data and estimated data, is minimized with respect to model
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parameters (Santosa et al., 1987; Pratt et al., 1998). The commonly
used L2-norm objective function can have multiple local minima
because of the highly nonlinear forward mapping. Hence, the
inversion is very likely to be trapped into one of the local minima
(Virieux and Operto, 2009). Alternative objective functions and
multiscale inversion strategies have been proposed to mitigate the
issue with varying degrees of success (Luo and Schuster, 1991;
Bunks et al., 1995; Ravaut et al., 2004; Sirgue and Pratt, 2004; Eng-
quist and Froese, 2013; Fichtner et al., 2013; Wu et al., 2014;
Métivier et al., 2016; Warner and Guasch, 2016; Xue et al., 2016;
Zhu and Fomel, 2016; Zhao and Sen, 2019). As argued by Fichtner
and Trampert (2011) and Ray et al. (2017), however, the conver-
gence to geologically meaningful models is not always guaranteed
for local optimization-based methods if the starting point of the in-
version is obtained from very uninformative prior information.

Variants of Bayesian inference methods have been adopted in geo-
physical inverse problems to quantify uncertainties for the inversion
(Duijndam, 1988; Sen and Stoffa, 1996; Ulrych et al., 2001; Petra et al.,
2014; Menke, 2018). By combining prior information with observed
data and modeling errors, the result of the inference is described by the
posterior distribution, which accounts for inversion uncertainties. Most
of the current implementations of Bayesian inference for FWI are lim-
ited to linearizing the forward mapping. The approximate posterior
probability density (PPD) is then estimated by fitting a normal distri-
bution around the maximum a posteriori model, which is obtained by
local optimization methods (Gouveia and Scales, 1998; Bui-Thanh
et al., 2013; Fang et al., 2014; Zhu et al., 2016; Fang et al., 2018).
PPDs obtained by this strategy would be affected by the starting point
of the inversion, and they may not represent the complete possible sol-
utions (Sen and Stoffa, 1996; Fichtner et al., 2018).

Alternatively, one can take the Bayesian inference approach to
frame FWI to be a statistical inverse problem using Markov chain
Monte Carlo (MCMC) sampling methods, in which the posterior
distribution is estimated by directly probing the model space,
usually according to certain proposal distributions (Mosegaard and
Tarantola, 1995; Mosegaard and Sambridge, 2002; Mosegaard and
Tarantola, 2002; Sen and Stoffa, 2013). Early studies of Monte
Carlo (MC) methods to geophysical inverse problems are pioneered
by Keilis-Borok and Yanovskaja (1967) and Press (1968). Recent
applications of MCMC methods can be found in Bodin and
Sambridge (2009), Sen and Stoffa (2013), Sajeva et al. (2016),
Stuart et al. (2016), Aleardi and Mazzotti (2017), Ray et al. (2017),
Sen and Biswas (2017), Ely et al. (2018), Hunziker et al. (2019),
and Stuart et al. (2019). One of the difficulties of implement-
ing MCMC methods for large-scale inverse problems is the high
computational cost for sampling the posterior distribution in high
dimensions. Traditional sampling methods might require solving
the forward mapping more than billions of times before converging
to the target posterior distribution. Efficient sampling strategies can
help to address the “curse of dimensionality” issue for MCMC
methods. The Hamiltonian Monte Carlo (HMC) method (Neal, 2011),
using derivatives, can make large independent jumps, at the same time
maintaining a high acceptance ratio when sampling the posterior
distribution, which promotes its application to geophysical inverse
problems (Biswas and Sen, 2017; Fichtner and Simute, 2018).

To tackle the computational issue of MCMC methods related to
FWI, we propose here a gradient-based Markov chain Monte Carlo
(GMCMC) sampling method for FWI in the framework of Bayesian
inference. We tailor the method proposed by Geweke and Tanizaki

(1999) and Martin et al. (2012) in which the first- and second-order
derivative information is used to construct a proposal distribution
to sample the posterior distribution through the Metropolis-Has-
tings (M-H) algorithm. The method is originally discussed in the
low-dimensional model space with less computationally demanding
problems. The application of similar MCMC methods to large-scale
inverse problems is rarely studied and reported. Here, we propose
to use the local gradient and the diagonal approximate Hessian of
the log posterior distribution to construct a proposal distribution.
Because the local geometric information of the model space is
considered, the proposal distribution is expected to be a good local
approximation of the underlying posterior distribution. As a result,
high posterior probability regions tend to be more frequently visited
and samples drawn from the proposal distribution are more likely to
be accepted. It helps the Markov chain to more efficiently sample
the posterior distribution. Additionally, MCMC sampling methods
provide the global view of the model space; hence, the inversion
avoids the entrapment in a local region. In theory, the GMCMC
method can accurately estimate the posterior distribution given suf-
ficiently long Markov chains with arbitrary starting points.

In the following sections, we first briefly review the Bayesian
inference framework. Based on the local approximation for the log
posterior distribution, we introduce the GMCMC sampling method
and its implementation for frequency-domain acoustic FWI. The 2D
Marmousi model is used to demonstrate the feasibility of the pro-
posed method for an inverse problem where the number of model
parameters is approximately 2 X 10*. We show that the proposed
method achieves approximate convergence with different starting
models. Geologically meaningful statistical assessments are pro-
duced to account for the inversion uncertainty.

METHODOLOGY
Bayesian inference framework

Given a model parameter set m € R?, the “forward problem”
predicts the data d.,; € R" generated by the system d ., = f(m).
The forward mapping operator f depicts the linear or nonlinear
relationship between m and d.;. In the “inverse problem,” we
are provided with actual measurement/observed data d,,, € R"
to infer m. In the Bayesian inference framework, we combine the
prior knowledge of the unknown model parameter m with the in-
formation provided by the measurement d,, to define the posterior
distribution 705 (mM|d,p ),

”post(m|dobs) & ﬂprior(m)ﬂlike (dobs‘m)’ (1)

where 7,0,(m) is the prior probability density, which describes
a priori information on m, and 7 (d,,,m) is the likelihood func-
tion, which describes the conditional probability of d, given m.
The posterior distribution 7, (m|d,p,), often written as 7z, (m),
describes the conditional probability of m given the observed data
d,,.- The term zzpost(m) is the solution to the Bayesian inverse prob-
lem consisting of all the information inferred from our prior knowl-
edge and observed data. Such a solution takes the prior information,
noise, discretization errors, and errors in modeling theory into con-
sideration and provides statistical assessments to quantify the inver-
sion uncertainties. In this research, a priori information and ambient
noise are accounted for; we ignore the discretization errors and
theoretical errors present in the forward mapping operation.
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Under the assumption that the noise and the model prior can be
represented by multidimensional normal distributions, we have

1 —_
E (m - Pnor) Fpr}or( - mprior)) ’

(@)

”prior(m) & eXp <_

1
~ (dcal - dobs) F]‘T()me(dcal - dobs)> )

Tiike (dobs /M) ¢ exp (‘ 2

3)
where the superscript T represents the matrix transpose, Mo, € R”
is the prior mean model and [, € R and Ty € R™" are
covariance matrices of prior model and data noise, respectively.
Then, we obtain

1 _
Tpost (mldobs) & exXp (_ 5 ((m - prlor) Iﬂpr{or( mprior)
+ (dcal - dobs)TrrTolise (dcal - dobs))) . (4)

Note that, for problems in which f(m) is nonlinear, 7y, (m) is
not Gaussian. Directly computing 7z, (m) according to equation 4
requires evaluating f(m) for every possible m in the model space.
For applications in which the numbers of model parameters are
large and the forward mapping is governed by computationally ex-
pensive partial differential equations, directly computing 7z (m)
poses tremendous challenges to current computational resources.
To efficiently approximate 7o, (m), sampling techniques such as
MCMC methods are developed to generate samples y € R” from
the posterior distribution with the M-H algorithm (Metropolis et al.,
1953; Hastings, 1970; Tierney, 1994; Kaipio and Somersalo, 2006).
Here, a sample is drawn from a proposal distribution g(my, y) at the
current model m; € R”. The generated sample y is then subjected
to be accepted or rejected according to the M-H criterion. In this
way, a chain of samples can be obtained, and the ensembles of the
samples from multiple chains are used to estimate 7oy (m).

The mismatch between g(my, y) and 7, (m) has a great impact
on the performance of an MCMC method (Tierney, 1994; Chib and
Greenberg, 1995; Gilks et al., 1995; Roberts et al., 1997). A pro-
posal distribution that is not a good approximation of the underlying
posterior distribution might lead to poor MCMC performance,
especially in high dimensions. To efficiently estimate 7,y (m), a
proposal distribution that well represents the underlying 7o, (m)
becomes critical. In addition, sampling from the proposal distribu-
tion should be easy to achieve so that the computational cost for
drawing samples is acceptable. In the following sections, we exploit
the local approximation of the log posterior distribution and derive a
new proposal distribution.

Local approximation for the posterior distribution

Several nomenclatures are summarized in Table 1 to make the
derivations easy to follow.
We rewrite equation 4 as

—E(m)), )

ﬂpost(m|dobs) & exp(

with

1 - _
E(m) - E ((m - mpﬁor) Fpr:or<m - mprior)

-1
+ (dcal - dobs) Fnoise (dcal - dobs))~ (6)
Equation 6 can be regarded as the regularized L2 misfit function for
the deterministic inverse problem where matrices Fprior and I L
represent weighting matrices for the model regularization and the
data regularization, respectively. For any given m;, we can approxi-
mate E(m) with the Taylor series and retaining up to the quadratic

term as

E(m) = E(m; + Am) ~ E(m)
1
= E(my) + Am’g + EAmTHAm + o(|am|*), (7)
where Am = (m —m;) € R?, and g € R? and H € RP*? are the

gradient and the Hessian of E(m) at my, respectively. We have

g= VmE(Ink) JTFnollseAd(mk) + F;:r%()r (m - Ii'lprior)»
®)
and
H = V3E(m) = H, + R+ T, )
with
Tr-1 aJT
- J FnulseJ R= amT nolse(Ad(mk) . Ad(mk))’
(10)

where J € R™? is the Jacobian matrix representing the partial
derivatives of wavefields with respect to the model parameters,

that is, J;; =0d,/om;i=(1,2,...,n);j=(1,2,...,p).

Table 1. Nomenclature.

Symbol Type Description

m Vector Model parameter

Mo Vector Prior mean model

E(m) Scalar Log posterior/objective function

E(m) Scalar Local approximation of the log
posterior/objective function

F;r]mr Matrix Covariance matrix of the prior model

L. Matrix Covariance matrix of data noise

H, Matrix JIr; L

R Matrix Aol (Ad(my) ... Ad(my))

H Matrix H +R+ F;mr

m* Vector —H"'g, local minimizer for E(m),
assuming positive-definite matrix H

K Matrix Diagonal approximation of H,

H Matrix K+,
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The data misfit vector Ad(my) = (dey(my;) —dy,) € R”,
H, = J'T;L J € RP*P represents the approximate Hessian, and
R =0J"/om'T;} (Ad(m;) ... Ad(my)) € RP*? represents terms
related to the second-order partial derivatives (Pratt et al., 1998).

Because E(m) is the local quadratic approximation of E(m),
it can be written in quadratic form as

E(m) = - (Am —b)"A(Am - b) + ¢, (11)

N | —

where ¢ represents a constant number and b and A are the vector
and the matrix that need to be determined. By expanding equa-
tion 11 and matching terms with equation 7, we have

E(m) ==(Am-m*)"H(Am -m*) + ¢,  (12)

N —

where A=H, b=m* = —H!g, and m* € R” is the stationary
point where V, E(m*) = 0. Assuming that H is positive-definite,
m* minimizes £(m). Substituting Am and m* into equation 12,
we have

(m — (my —H"'g))"H(m — (m, —H"'g)) +c.
(13)

N —

Substituting equation 13 into equation 5, we obtain the local
approximation to 7, (m) as

(14)

Note that 7(m) is a multidimensional normal distribution A/ (m;, —
H-'g, H™!) when H is positive-definite. For cases in which H is not
positive-definite, Martin et al. (2012) propose to use the low-rank
approximation of H, in which small and negative eigenvalues of H
are replaced with a positive threshold value. The posterior distribu-
tion at the vicinity of m; is now approximated by z(m) with the
local gradient and the local Hessian information. The mean value
of the proposal distribution is equivalent to the model after a New-
ton’s update from m;. When the forward mapping f(m) is linear or
weakly nonlinear, 7(m) approximates the underlying 7., (m).
When f(m) presents high nonlinearity, as in the case of FWI,
7(m) is a local approximation to 7z, (m). Qi and Minka (2002),
Geweke and Tanizaki (2003), Martin et al. (2012), and Robert and
Casella (2013) suggest using 7(m) as a proposal distribution to
draw samples from the posterior distribution. Nevertheless, directly
drawing samples according to equation 14 poses great computa-
tional challenges in high dimensions due to the high computational
cost related to the Hessian computation and manipulations (inverse
and square-root operation).

GMCMC sampling method

In this section, we propose a new proposal distribution that
is easy to construct and is computationally efficient for drawing
samples. The exact Hessian H (i.e., equation 9) consists of three

parts. (1) The term H, represents the correlations for two partial-
derivative wavefields with respect to the parameters. Partial-
derivative wavefields are generally uncorrelated if the two model
parameters are far away from each other, and they are perfectly
self-correlated (Pratt et al., 1998). Therefore, H, is mostly di-
agonally dominant. (2) The term R represents the changes of
partial-derivative wavefields with respect to the changes of model
parameters weighted by the data misfit. As pointed out by Tarantola
(2005), R is in general small if the data misfit is small or if changes
in model parameters cause few changes in the partial-derivative
wavefields (the second-order scattering effect is weak). (3) The term
Fl;‘ior contains a priori information without taking into account the
observed data.
Here, we approximate H with the diagonal of H,,

H~xH=K+TI!

prior? (15)
where K € RP*? is the diagonal matrix of H,. Covariance matrix
FErlior is positive-definite, K has nonzero positive terms on diagonal
terms because of the autocorrelation, and H € RP*? is also positive-
definite. With the information encoded in K provided by the ob-
served data, we add more knowledge into the inference, leading
to reduced uncertainties compared to the prior. If the data provide
little information for the parameters, we gain no additional knowl-
edge in the model space.

With the diagonal approximate Hessian, we now define a new
proposal distribution based on equation 14. Because H is only
an approximation to the full Hessian, —I:I_lg does not give a full
Newton update. We scale -H! g with a to act as a step length along
the negative gradient direction from m;. With the same argument,
we scale H with 1 /B to obtain the covariance matrix for the pro-
posal distribution. Therefore, we have the new proposal distribution
defined as

) =exp (=3 = (m T ) 3 (my —ofi”'g) ).

(16)

which is a normal distribution A (my — aH 'g, pAH! ). Consider-
ing the decomposition of H™! = H™'/2(H™"/?)T we can draw sam-
ples from the multivariate proposal distribution according to Gentle
(2009),

y=my —aﬁ_lg +ﬂﬁ_1/2r, a7
where vector r € R? is a random vector drawn from N (0,I).
Equation 17 indicates that a sample is obtained by adding —aﬁ_lg
and ﬁﬁ_l/ ’r on the current model m;. It can be interpreted as a
model update using the preconditioned gradient (i.c., —aI:I_lg) plus
a constrained random perturbation term (i.c., ﬂfl*l/ ’r). The precon-
ditioning and constraining terms come from H: large H values
would lead to low variances or more constraints, and small H values
would lead to high variances or fewer constraints. Drawing samples
with equation 17 can also be interpreted in the framework of the
Langevin MC method (Grenander and Miller, 1994; Roberts and
Tweedie, 1996; Stuart et al., 2004) or the one-step HMC method
(Neal, 2011). In Appendix A, we give a short comparison between
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the proposed sampling method and the Langevin MC and HMC
methods.

The values of @ and f determine how far to go along the negative
gradient direction and how much the model is randomly perturbed.
They can be used as tunable parameters to adjust the acceptance
rate. We normalize H™'g and H'r to bring all values into the
range [—1, 1] km/s so that the values of a and f can be easily tuned.
Tuning parameter a controls the step length for the preconditioned
gradient. Its value should be large enough to make the gradient con-
tribute meaningful information to the model update, but small
enough so that the sampling process is not dominated by the deter-
ministic information. Tuning parameter f controls the maximum
magnitude for the random walk. Its value should be large enough
to make sufficient jumps from the current position, but small
enough so that the gradient information is not completely masked
by the random walk. In fact, if # = 0, equation 17 becomes the pre-
conditioned gradient-descent update. However, if a =0, equa-
tion 17 simulates a random walk MCMC algorithm with some
constraints given by H. The proposal distribution equation 16
clearly shows the connection between deterministic problems and
statistical problems. For acoustic waveform inversion, our experi-
ences suggest that @ = 0.05~0.15 and g is Sa~ 10a, or § is
20 ~ 30, where o is the expected standard deviation of the posterior
distribution, are good starting values for tuning the GMCMC.
Further analysis related to the tuning parameters can be found in
the “Discussion” section.

In the traditional MCMC methods, no local

sufficiently explore the model space and accurately estimate the pos-
terior distribution. We demonstrate such a workflow in Algorithm 1,
and we call the proposed sampling method GMCMC.

Algorithm 1. GMCMC algorithm to sample 7, (m|d,ps)-

Choose my, a, and S
Compute ”post(mo)’ g(m)()’ and H(m())
for k=0, ..., N—1 do
Define g(my,y) = 7(y) as in equation 16

Draw sample y from the proposal distribution g(my, ¢) with
equation 17

Compute 7y (y). g(y). and H(y)
Compute y(my,y) = min 1,%)
Draw random number u ~u([0, 1])
if u < y(my,y) then
Accept: Setmy, | =Yy
else
Reject: Set m; | = m;,
end if
end for

geometric information is used in constructing the a) 12 b) 12

proposal distribution, which might lead to a large L 1

mismatch between the proposal distribution and 08 08

the posterior distribution, resulting in low accep- 0.6 0.6

tance rates and an inefficient sampling process. 0.4 0.4

In contrast, GMCMC exploits the derivative in- Y 02 Y 02

formation to obtain the proposal distribution. The 0 0

proposal distribution carries a good local repre- ~02 —02

sentation of the underlying posterior distribution. 04 04

In this way, the sampling process can focus on 06 . o6 @
sampling regions matched closely with the pos- o5 5

terior distribution, leading to high convergence "-1-08-06-04-02 0 02 04 06 08 1 "1.08-06-04-02 0 02 0.4 06 08 1
rates and improved MCMC performance. In Fig- X X
ure 1, we plot three proposal distributions over- c) 12 d) 12

laid with the Rosenbrock function where the red 1 1t

contours represent high-probability regions of 08 08

the target distribution. The random walk MCMC 06 06!

proposal distribution would explore the target od -

distribution in a very inefficient fashion. The pro- Y on ¥ 55

posal distributions with local geometric informa- ’ ’

tion match the target distribution well. Note that 0 of

the proposal distribution with only the diagonal R —0.2¢

Hessian (Figure 1d) shows no correlations. In -04 —04 ¢

other words, each parameter is independently -06 -06|

perturbed. However, the proposal distribution -0.8 —

with the full Hessian (Figure 1c) contains corre-
lation information.

With H™' and H™'/? defined, we can draw a
sample y from the proposal distribution. The
sample is then subjected to the accept/reject
M-H criterion. Given that an MCMC chain is
long enough, the sampling process is able to

"21-08-06-04-02 0 0.2 0.4 06 0.8 1

"1-08-06-04-02 0 0.2 0.4 06 0.8 1
X X

Figure 1. (a) Rosenbrock function f(x,y) = (1 —x)> + 100(y — x?)?, the black dot
represents the current point in the model space, (b) proposal distribution of the random-
walk MCMC method, (c) proposal distribution of the stochastic Newton MCMC
method, and (d) proposal distribution of the GMCMC method. The blue contours
represent o, 20, and 3¢ of the proposal distribution. The red squares in (c and
d) are the point after the preconditioned gradient updates.
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FREQUENCY-DOMAIN SEISMIC WAVEFORM
INVERSION

In this section, we briefly describe several necessary components
for implementing the proposed GMCMC method in the frequency-
domain acoustic FWI settings. Only the velocity v is treated as the
model parameter for the inversion.

In the frequency domain, the constant-density acoustic wave
equation is (Pratt et al., 1998)

w? )
_(vz(x) +V )u(xs,x, ) = f(0)5(x — x,), (18)

where  is the angular frequency, v is the velocity, V2 represents the
Laplacian operator, f is the source term, X; is the source location,
and x is the model parameter location. The gradient of the misfit
function is given by

(S St

o X; X

G(x,x,,0)G(X,X,, ®)

X l—‘Il()llSe (XS’ Xr’ a))Ad* (XS’ Xr’ 0))

+ Z pnor (X/) - vpﬁor("j))) ) (19)
where I';l (x,.X,,®) can be regarded as the weight,
Ad(Xg,X,, ) = dgps(Xg, X, @) — deg (X, X, @), the superscript *

represents the complex conjugate, and G(x, X, w) and G(x,X,, ®)
are the source- and receiver-side Green’s functions, respectively.
Equation 19 is often implemented by the adjoint-state method. One
can also use the plane-wave domain gradient computation method
proposed by Zhao and Sen (2017) to improve the computational
efficiency.

The approximate Hessian H, can be computed by

Hsx) = (2 S oto)

0 X, X,

)G*(x;, X, @)

1
X G(X). Xy, 0) e (%, X, )
X G*(x;.X,, 0)G (X}, X,, ). (20)
Taking the diagonal part of H, and combining it with l"pmr,
obtain H as
Distance (km)
0.0 2.0 4.0 6.0 8.0
4.5
359
£
=
Z
8
2582
15

Figure 2. The 2D Marmousi velocity model.

H(xl’xj) K( ) + l—‘pnor(xi’xj)7 (21
with
Kixex) =93 X 3ot P(0)6 (vux0)
® X, X,
X G(x;,X;, o)k (X, X, )
X G*(x;,X,, 0)G(X;,X,, a))6”> (22)

where 6;; is the delta function; it is nonzero only at locations i = j.
Hence, K is a diagonal matrix. Computing K according to equa-
tion 22 can be computationally expensive when the number of
sources and receivers is large. Plessix and Mulder (2004) suggest
several approximations of K. We implement the “type 3™ approxi-
mation (i.e., K5 in Plessix and Mulder, 2004) in the waveform in-
version. The off-diagonal terms of K5 are zeros, and the diagonal
terms of K; can be written as

(X, X;) <22w4f2 VG*(x;, X;, ) G(X;, X, @)

X 1/2(Tp e (%5 X7 (%,). @) + T (%, 27 (%) @)

X <asinh<w> - asinh(m%;‘i(ﬂ)))’

where xM*(x,) and xM"(x,) are the maximum and minimum
receiver locations for shot x;, respectively, and x;(x) and x;(z)
are the horizontal and vertical location of x;, respectively. Here,
we take the average of ;L. for weighting.

Of note, H=K + l"pnlor generally contains off-diagonal terms
due to Fpnor, drawing samples with such H requires large matrix
manipulations, which can be computationally expensive in high
dimensions. Therefore, we drop the Fpmr term for the covariance
matrix of the proposal distribution. As a result, a sample drawn from
the proposal distribution contains no correlation information from

the prior.

NUMERICAL EXAMPLES

We demonstrate the proposed GMCMC FWI method on the 2D
Marmousi model (shown in Figure 2). In the examples, the ob-
served data and estimated data are generated using different mod-
eling methods on different computational grids. The source wavelet
is assumed to be known for the inversion.

Inversion setup
Observed data generation

The grid size for generating the observed data is 460(nx,) x 150
(nzp), with grid spacing of 0.02 X 0.02 km. We use the time-domain
rapid expansion method (Pestana and Stoffa, 2010) to generate the
shot gathers. The spatial derivatives are computed by the pseudo-
spectral method. A Ricker wavelet with the peak frequency at 10 Hz
is used as the source. We simulate 92 shots with a 0.1 km shot
interval; each shot is recorded by 460 receivers with a 0.02 km
receiver interval. Noncorrelated Gaussian white noise is added to
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the observed data. One of the observed shot gathers is shown in
Figure 3.

Model parameterization and computation

The model parameters are set to be on a 245(nx) X 79(nz) regular
grid, with grid spacing of 0.0375 X 0.0375 km. So, there are 19,355
model parameters in total. The same grid is used to estimate d,, g,
and H. The top 0.15 km of the model is replaced with the ground
truth, assuming that we have accurate shallow subsurface velocity
estimations. This part of the model is kept unchanged during the
inversion. The frequency-domain finite-difference method (Chen
et al., 2013) is used as the modeling engine in the inversion. We
simultaneously invert data for six frequencies ranging from 5.0 to
7.5 Hz with a 0.5 Hz interval. We use six cores on an Intel Xeon
E5-2690 CPU to run the numerical tests where each core processes
a single frequency. Each iteration, including computing the gra-
dient, the approximate diagonal Hessian, and drawing a sample,
takes approximately 1.1 s wall clock time. We run several chains
with 200,000 iterations, and each chain can finish running within
61 h.

Likelihood and prior information

With the noncorrelated Gaussian white noise, the likelihood
function is defined as

1
Tlike (dobs |m) & eXp <_ E (dcal - dobs)TF;olise (dcal - dobs)) ,

(24)
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Distance (km)
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~
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Frequency (Hz)

Distance (km)

Frequency (Hz)

where 1 represents the complex conjugate transpose and the noise
covariance matrix ;1 is a diagonal matrix with constant vari-
ance ¢ = 0.06.

We assume the model parameters to be smooth and specity as
little a priori knowledge as possible. The prior distribution is de-
fined as

1! i in: .
ﬂpﬁor(m) « {exp( sm I“priorm) if vmin; < m; < vmax; VI, (25)
0 otherwise,

where [ = i X nz+ j, i and j indicate the horizontal and vertical
locations, respectively, vminj and vmax; are the minimum and
maximum velocity values for given j, respectively, and the
vmin; and v max; values can be found in Figure 5b. The matrix
l"l;}or is defined as the second-order differential operator to penalize
the roughness of a sample.

Tuning parameters « and g

We first demonstrate the effect of @ and f on generating a sample.
In Figure 4, we plot H, aﬁ_lg, ﬁljl_%r, and aﬁ_lg +ﬂI:I_%r for
a homogeneous model with v = 2.25 km/s. Figure 4a shows H,
which is also recognized as the illumination compensation. The
cold colors, corresponding to small values, represent poorly illumi-
nated areas. Hence, applying H'and 0 to g and r means that a
proposal sample takes the illumination compensation into consid-
eration. As a result, a new sample has mostly smaller updates for
small variance areas than that for large variance areas, as shown in
Figure 4c. In Figure 4d, we plot the total model update.

0 2 4 6 8

d) o

Distance (km)

Figure 3. (a and b) Clean and noisy data in the time domain. (c and d) The corresponding data in the frequency domain.
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Starting from different models

We use four models shown in Figure 5a as the starting models to
test the behavior of Markov chains with different starting points.
Here, we set a=0.08,#=0.8. The models are: Vg ,oom,» a
smoothed version of the true velocity model; Vg ngani, @ constant
velocity model with v = 2.25 km/s; Vgragien» @ 1D velocity model
in which the velocity values increase linearly with a small gradient;
and V ,ndom» @ random velocity model drawn from the defined prior
bounds. In Figure 5b, we plot vertical profiles at four locations for
the starting models versus the true model. Three of the four starting
models are deliberately chosen to be far away from the true model.
The V onstant and V gragiene models overestimate the shallow parts of
the model and largely underestimate the deep parts of the model,
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Figure 4. Plots | of (a) ﬁ, (b) ﬁ_lg, (©) I:I_%r, and
(d) aH™'g + pH?r, where a = 0.08 and f = 0.4.

although the Vg, gien model is closer to the true model in the shallow
parts. The V 45om model overestimates most parts of the model,
especially the shallow parts, by more than 2 km/s.

We first initiate one chain for each starting model and test 50,000
samples for each chain. The L2 error curves for the tests are shown
in Figure 6. All curves reach the steady state and fluctuate approx-
imately 0.4-0.5, although with a different number of iterations. The
Vsmooth Case has the smallest initial misfit, and it reaches the steady
state very fast. Because V. 18 very close to the true model, this
chain starts sampling high-probability regions of the posterior dis-
tribution at the early stage in this case. The Vgqgiene reaches the
steady state at approximately 3000 iterations, which is slower than
the Vinoom case. Because the shallow parts of the Vgpgien, model
approximate the true model, it is easy for the chain to find the re-
gions of high posterior probability for the shallow parts. However,
the deep parts of this starting model are far away from the true
model, which makes the chain take more steps than the Voo case
to reach the same steady state. The V. model is a very unin-
formative starting model. As a result, the initial error is higher, and it
takes 6000 iterations for this chain to reach the steady state. The
V andom case has the largest initial error, and it takes more than
20,000 iterations for the chain to reach the steady state, suggesting
that the V ,450m model is located in a very low probability region
in the model space due to the very large deviations from the true
model. The chain spends a very long time exploring the model
space before identifying regions of high posterior probability.

We discard the first 10,000 samples for each chain after it reaches
the steady state because they are still at the early stage in the chains.
For each chain, we use the following 10,000 samples to generate the
mean model for each chain as shown in Figure 7. Note that we have
not shown the convergence for the chains, and likely they have not
converged, at least not for all of the locations. However, even
though the chains have not formally converged, by plotting the
mean models, we see that the mean models for the four chains
are overall close to each other and they all resemble the true model.
This indicates that all chains have reached the high posterior prob-
ability regions.

Final results

As demonstrated in the previous section, the initial model V ,4om
lies in the very low probability region of the model space, which
makes the chain spend too much time before sampling the high pos-
terior probability regions. Thus, the V ,,4om model is excluded in the
following test. We keep the other three chains running to 200,000
iterations, and we initiate one more chain for each of the three mod-
els. Each new chain is set to run 200,000 iterations as well. A total
of 1,200,000 samples are tested for the six chains, and the accept
ratio is approximately 50%. The L2 error curves for the six chains
are plotted in Figure 8. All chains reach the same steady state.

We discard the first 20,000 samples in each chain, treating them
as the burn-in samples. Post burn-in samples are used to generate
the mean model and standard deviation map shown in Figure 9. We
also include an absolute difference map between the mean model
and the true model in Figure 9. Note that the mean model is mostly
close to the true model, with some differences at the edges and the
bottom of the model. The standard deviation map, which is very
similar to the inverse of the illumination map, suggests small devi-
ations (approximately 0.0-0.3 km/s) in the shallow parts of the
model, where we have good data coverage and good illumination.
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This can be verified by examining marginal PPDs, shown in
Figure 10, at x = 3.00, 4.31, 5.62, and 6.94 km. Small deviations
indicate that velocity values are well constrained in these areas and
the inversion results have less uncertainties. In contrast, the deep
parts and the edges of the model, especially the lower left and lower
right corners, have the largest variations (0.8 km/s and above) due to
poor data coverage and poor illumination, for example, marginal
PPDs at x = 1.12 km and x = 8.06 km in Figure 10. Inverted velocity
values are less constrained and are spread out over a wider range of
values, suggesting large uncertainties for the inverted values. Exam-
ining the marginal PPDs, we find that the mean model generally
predicts the true model very well, especially in areas with good data
constraints. In most parts of the model, the true velocity values fall
in the 90% probability intervals of marginal PPDs.
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Convergence analysis

Here, we examine several characteristics of the chains to diag-
nose the convergence of the tests. We first plot marginal PPDs at
several locations at different stages in the chains after the burn-in
phase. Locations at the shallow, middle, and deep parts of the model
are selected, and their corresponding marginal PPDs are shown in
Figure 11. We see few differences in marginal PPDs at the same
location while increasing numbers of samples are included, an in-
dication of convergence to the stationary distributions for the se-
lected locations. Similar behavior is observed for marginal PPDs
at other locations as well. We examine the potential scale reduction
factor (PSRF) R, an MCMC convergence diagnostic tool proposed
by Brooks and Gelman (1998), at different locations. PSRF
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Figure 5. (a) Four starting models for the inversion: a smoothed version of the true model, V;,0m; homogeneous velocity model with
v = 2.25 km/s, V ggan; @ velocity model in which the velocity increases with depth, Véradiem; and a random starting model drawn from

the lower and upper bounds, V ,,4om- (b) Vertical profiles comparing the four starting mo

els with the true model and the lower and upper

bounds. The red, magenta, blue, yellow, and green curves represent the true model, Vmooms Veonstant> Vgradient- @04 Viangom» respectively. The
solid black lines are the prior information, that is, the lower and upper velocity bounds.
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Figure 6. The normalized L2 error curves for the 11 ! ! T T —
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DISCUSSION

mixed chains for a parameter. Its value should be close to one if the

parameter is close to its posterior distribution. Often in practice,
one can consider the convergence for parameters of interest when
R<1.1 (Brooks et al., 2011). The formal definition of R can be
found in Brooks and Gelman (1998). We select one well-illumi-
nated area and one poorly illuminated area, indicated by the white

lines in Figure 12a, to generate their R values,
shown in Figure 12b. The R values for the shal-
low part drop below the threshold value 1.1 very
quickly, whereas it takes a while before R values
for the deep part become smaller than 1.1. It
takes more steps to achieve the stationary distri-
butions for poorly illuminated areas. This is due
to the nature of the surface seismic data inver-
sion, where shallow parts of a model tend to have
better data coverage and illumination, hence
better constraints than deep parts of the model.
Therefore, it usually takes fewer iterations for
the well-illuminated areas to reach stationary dis-
tributions. If poorly illuminated areas are of little
interest, one might be able to run shorter chains.
If the formal convergence for the entire model is
desired, however, longer chains are necessary.
The multivariate potential scale reduction fac-

tor (MPSRF), a convergence diagnostic tool for multiple parameters
(Brooks and Gelman, 1998), is used here to analyze the conver-
gence for a greater area. MPSRF compares within-chain covariance
matrix W with the pooled sample chain covariance matrix V, esti-
mated from all of the chains. It summarizes all PSRF sequences of
interest in a single sequence, which can be used to assess the con-
vergence for all interested parameters (Martin et al., 2012; Stuart

et al., 2019). MPSREF is defined as

n—1

m+1
+

a a’Wa n m

where n is the number of iterations, m is the number of chains, and
Ay is the eigenvalue of the matrix W-'B /n. Definitions for W, \7,
and B can be found in Brooks and Gelman (1998). The value of R?
should approach one as the chains converge. Here, we compute
MPSREF values at different stages in the chains, i.e., Figure 13,
for parameters within the range of x = [1.1258.0625] km and
z =10 2.4375] km. The edges and the bottom of the model are ex-
cluded because they are typically of little interest. When computing
R”, we use every other point on the inversion grid to reduce the cost
of computing the large matrices W, V, and B. Otherwise, it would
be computationally expensive to perform the convergence analysis
for this high-dimensional problem (Brooks and Gelman, 1998).
In Figure 13, RP drops rapidly from large values and it approaches
one as the chains evolve. Because R” is not computed using every
parameter within the target range, we infer that the chains achieve at
least approximate convergence. Of note, we do recommend always
running chains longer than might be necessary to ensure the con-

A1, (26)

In MCMC sampling methods, it is necessary to sample the pos-
terior distribution adequately to sufficiently approximate its dis-
tribution. In large-scale inverse problems, the computational cost
is very high due to the high model dimensions. As shown in the
numerical tests, the computational cost related to implementing

Normalized L2 error
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Figure 8. The normalized L2 error curves for the six chains. Because all chains have
stabilized toward the end of the iterations, we truncate the display at the 100,000th
iteration.
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vergence. Because none of the convergence diagnostic methods is

free of deficiencies, the theoretically full convergence might only be
achieved asymptotically. Here, we believe that our analyses are

adequate for our FWI problem.

Figure 9. The mean model, the standard deviation map for samples
after the burn-in phase, and the absolute difference between the true
model and the mean model. The dashed white lines indicate the
locations for plotting the marginal PPDs as shown in Figure 10.
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GMCMC for 2D frequency-domain acoustic FWI is very high com-
pared to local optimization-based methods that typically run no
more than 1000 gradient updates. However, we do show that it is
still computationally affordable to run the proposed method for a
high-dimensional nonlinear sampling problem with only one CPU.
With faster forward solvers, better code implementations, and faster
CPUs, the computing time of GMCMC FWI can be further reduced,
although it is still very computationally demanding. Realistic 3D
FWI problems will pose challenges to any available MCMC algo-
rithms. Therefore, we recommend several strategies to tackle the
computational challenges, especially for the large-scale 3D prob-
lems. (1) Optimizing code implementations for wave equation solv-
ers can improve computational efficiencies. Etienne et al. (2014)
present several strategies by which the computational cost for
time-domain 3D FWI can be reduced by more than an order of
magnitude. (2) Using fast computing units, for instance, graphic
computing units, can speed up calculations. (3) Using sparse rep-
resentation methods can reduce model dimensions. Several re-
searches (Sajeva et al., 2016; Ray et al., 2017; Hunziker et al.,
2019) show the effectiveness of this dimension reduction strategy
for FWI with different MCMC algorithms. Additionally, one can
carry out MCMC FWI in a layer-stripping fashion to first estimate
the posterior distribution for the shallow parts of a model and then
use the obtained distributions as prior knowledge to constrain the
sampling for the deep parts of the model. (4) Using advanced sam-
pling methods can improve the efficiency for sampling the posterior
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Figure 10. Selected marginal PPDs at the six locations labeled in
Figure 9. Marginal PPDs at the locations 1.12 and 8.06 km represent
poorly illuminated areas, whereas other marginal PPDs represent
areas with better illumination. The blue, green, and red curves re-
present the mean, median, and the true values, respectively. The
darker and lighter colors of the cloud plots correspond to the high
and low probability densities, respectively. The black dotted curves
represent the 5% and 95% probability interval bounds. The solid
black lines are the lower and upper velocity bounds.

distribution, for instance, the full HMC method. Well-designed
sampling methods can efficiently explore the model space, resulting
in improved convergence rates.

The a priori knowledge has a significant impact on inversion
results. Too general a priori information providing little useful in-
formation can significantly increase the computational effort. Too
restricted prior knowledge might lead to inversion results biased
toward specific information. In the numerical examples, we delib-
erately make the inversion difficult by using uninformative prior
knowledge and poor starting models. As shown in the Vg .om case,
starting with an accurate background model helps to sample the re-
gions of high posterior probability from the early stage, resulting in
very short burn-in phases. Furthermore, informative and geologi-
cally meaningful prior constraints also help in regularizing samples
that resemble plausible earth models. In real applications, models
representing subsurface velocity trends, tomography results, and
existing wells are good prior knowledge for constructing the starting
point and the prior distribution.
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Figure 11. From left to right are the marginal PPDs at different
stages in the chains for (x = 3.975, z = 0.375) km, (x = 3.975,
z = 1.5) km, and (x = 3.975, z = 2.625) km: (a) 40,000 samples
per chain, of the total 240,000 samples, (b) 50,000 samples per
chain, of the total 300,000 samples, (c) 60,000 samples per chain,
of the total 360,000 samples, and (d) 70,000 samples per chain, of
the total 420,000 samples. Chains are thinned by jumping over
every other sample to save storage space.
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In the numerical tests, parameters are defined on the same grid as
that used for computing the data residual and the gradient. One
might choose to define parameters on different grid settings.
A sparse inversion grid leads to reduced model dimensions; as a
result, faster convergence rates might be achieved at the expense
of the spatial resolution. From the optimization-based FWI point
of view, changes of velocity values on a sparse grid might have
more impacts on the traveltime for wavefields. A sparse inver-
sion grid might be beneficial for low-wavenumber components/
traveltime update, which might reduce the time to identify regions
with high posterior probability, resulting in a shorter burn-in phase.
On the contrary, when parameters are defined on a very dense grid,
the details of subsurface structures can be better described. How-
ever, the MCMC sampling process would take longer to converge
to the posterior distribution due to the increased model dimensions.
An alternative to the fixed inversion grid, which fixes the number of
parameters, is the transdimensional inversion strategy (Bodin and
Sambridge, 2009; Biswas and Sen, 2017; Ray et al., 2017) in which
the number of model parameters is regarded as an inversion param-
eter. In this way, the number of model parameters is determined by the
observed data and the uncertainty associated with the number of
parameters would also be taken into consideration.

When defining the proposal distribution, we drop several com-
ponents contributing to the off-diagonal terms of the covariance
matrix, i.e., equation 16, including R, I'7!  and off-diagonal parts

prior?
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Figure 12. (a) The illumination map for the final mean model. The
hot and cold colors represent good and poor illumination, respec-
tively. The white lines indicate a well-illuminated area and a poorly
illuminated area. There arg 10 locations evenly distributed on each
of the white lines whose R values are plotted in (b). (b) The 20 R
curves computed for the locations indicated by the white lines. The
blue lines represent R values at the depth z = 0.6525 km, and or-
ange lines represent R values at the depth z = 2.4375 km. The red
line indicates the threshold R = 1.1.

of H,, to only retain K, which makes the sampling process com-
putationally efficient. As a result, a sample drawn from this proposal
distribution contains no correlation information between different
parameters. This proposal distribution is a good local approxima-
tion to the target distribution in cases in which parameters exhibit
little correlations. However, if strong correlations exist between
parameters, mismatches between the proposal distribution and the
underlying target distribution would increase, which might have
negative impacts on the convergence rate. Therefore, when param-
eters are highly correlated, one might want to include off-diagonal
terms for the covariance matrix to construct the proposal distribu-
tion that better matches the posterior distribution. For instance,
in Figure 14, the proposal distribution constructed with the full
Hessian simulates the positive correlation between the two param-
eters, hence better representing the target distribution than that
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Figure 13. Plot of R”, MPSRF values, at different stages in the
chains. The red line indicates the value one.
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Figure 14. Two proposal distributions overlaid with the target dis-
tribution, Rosenbrock function as shown in Figure 1. The black dot
is the current location. The blue and green contours represent o, 20,
and 3o of the proposal distributions with only the diagonal Hessian
and the full Hessian, respectively. The proposal distribution con-
structed with the full Hessian reflects the positive correlation be-
tween the parameters. It better represents the target distribution
at the current step, whereas the proposal distribution constructed
with only the diagonal Hessian shows no correlation.
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constructed with only the diagonal terms of the Hessian. Sampling
from the proposal distribution constructed with the full Hessian
would improve the convergence rate in this scenario. For FWI
problems in which the off-diagonal terms of H are strong, using
a proposal distribution that considers the correlations between
parameters might speed up the convergence. Nevertheless, one
should also note that sampling from a proposal distribution that con-
tains off-diagonal terms in the covariance matrix might require large
matrix manipulations for large-scale problems, which increases the
computational cost for sampling.

Tuning parameters a and # are important to the performance of
the sampling process. Parameter a acts as the step length in gra-
dient-descent methods. Its value should be similar to the one used
in gradient-based local optimization methods, so that the linearized
Taylor expansion is still locally valid. Parameter § controls the
maximum variance of the proposal distribution. A too small 3
would make the chain move too slowly, whereas a too large  would
make proposed samples be rejected too often. A good initial trial for
choosing f is to set it close to 2¢ or 30, where o is the expected
standard deviation of the posterior distribution. Poorly chosen a
and f values would result in chains that converge too slowly to
the posterior distribution. Good combinations of a and f would
make the chains explore the model space efficiently and sufficiently,
rendering reasonable convergence rates. Indeed, it is difficult, espe-
cially in high dimensions, to manually find the optimal values for o
and f. The adaptive algorithms (Haario et al., 2001; Atchadé and
Rosenthal, 2005; Atchadé, 2006), in which proposal distributions
are automatically adjusted during the sampling process, might be
beneficial to the proposed method.

CONCLUSION

We have presented a GMCMC sampling method based on the
Bayesian inference framework to solve the ill-posed inverse prob-
lem in high dimensions. The main idea of the method is to construct
a proposal distribution that is locally a good approximation to the
posterior distribution. We show that, with the help of the local gra-
dient and the diagonal approximate Hessian information, such a
proposal distribution is easy to construct, and samples can be drawn
from the proposal distribution efficiently. Drawing samples from
such a proposal distribution can be regarded as updating the current
model parameters with the preconditioned gradient plus a con-
strained random perturbation term. The preconditioned gradient
guides the misfit going toward a “better” point, whereas the random
perturbation term explores model space to avoid entrapment in a
local region. The resultant GMCMC method samples the posterior
distribution more efficiently. We implement the proposed method
for the acoustic FWI problem in the frequency domain. In the syn-
thetic example, we demonstrated that the mean and median values
of the inverted statistical results well represent the ground truth even
with different starting points that contain no informative prior in-
formation. It suggests that the proposed GMCMC method has the
potential to make FWI a fully automatic process. Unlike traditional
local optimization-based FWI methods, the results of the proposed
GMCMC FWI provide statistical assessments by which the un-
certainties related to the inversion can be estimated. We showed
that within the 2D frequency-domain acoustic waveform inver-
sion framework, the computational cost of the GMCMC method is
affordable for high-dimensional problems.
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APPENDIX A

COMPARISON BETWEEN GMCMC WITH
LANGEVIN MC AND HMC

Similarity can be drawn between the proposed sampling method
with Langevin MC (Grenander and Miller, 1994; Roberts and
Tweedie, 1996; Stuart et al., 2004) and HMC methods (Neal, 2011).
We rewrite equation 19 as

y =my —aI:I_'ngﬁfi_%r. (A-1)
In Langevin MC, samples are produced according to the reversible

Langevin diffusion process X, that satisfies the stochastic differen-
tial equation

2
dX, = % V log 7, (X)dt + oW, (A-2)

where 7,(X) is the n-dimensional posterior distribution, with
variance o2, and W is the standard independent n-dimensional
Brownian motion. Discretizing the diffusion, the sample of the next
time step can be drawn by (Roberts and Tweedie, 1996; Stuart et al.,
2004)

2

X1 =X, + % Vlog z,(x;) + cW. (A-3)

One can precondition the update by a positive-definite matrix A as
(Stuart et al., 2004)

— 172 -

X, 1 =X, + AVlogz,(x,) + V2A!/2W. (A-4)

We can clearly draw the connection between equations A-1 and A-3

or A-4. Dropping the tuning factors, equation A-1 can be interpreted

as a preconditioned Langevin MC with the preconditioning

matrix H™'.

If we set H”' = I and choose a = \/(2[1’), we recover the first

leapfrog step of HMC. In fact, Neal (2011) recognizes Langevin

MC as a special case of HMC and makes a detailed comparison.
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