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Abstract 

 Hydrogen tunneling is essential for a wide range of chemical and biological processes. The 

description of hydrogen tunneling with multicomponent quantum chemistry approaches, where the 

transferring hydrogen nucleus is treated on the same level as the electrons, is challenging due to 

the importance of both static and dynamical electron-proton correlation. Herein the nuclear-

electronic orbital multistate density functional theory (NEO-MSDFT) method is presented as a 

strategy to include both types of correlation. In this approach, two localized nuclear-electronic 

wave functions obtained with the NEO-DFT method are combined with a nonorthogonal 

configurational interaction approach to produce bilobal, delocalized ground and excited vibronic 

states. By including a correction function, the NEO-MSDFT approach can produce quantitatively 

accurate hydrogen tunneling splittings for fixed geometries of systems such as malonaldehyde and 

acetoacetaldehyde. This approach is computationally efficient and can be combined with methods 

such as vibronic coupling theory to describe tunneling dynamics and to compute vibronic 

couplings in many types of systems. 
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Hydrogen tunneling plays an important role in many biological and chemical processes.1-3 

A variety of approaches have been developed to describe hydrogen tunneling, such as path 

integral,3-6 multiconfigurational time-dependent Hartree (MCTDH),7-9 and diffusion Monte Carlo 

(DMC)10-12 methods. However, these conventional approaches typically require extensive single-

point energy calculations on Born-Oppenheimer potential energy surfaces and can be 

computationally prohibitive for large molecular systems. The nuclear-electronic orbital (NEO) 

method provides a robust and computationally efficient framework that treats specified nuclei, 

typically protons, quantum mechanically on the same level as the electrons.13-14 This 

multicomponent quantum chemistry approach avoids the Born-Oppenheimer separation between 

the electrons and the quantum nuclei. In the application of the NEO method to hydrogen transfer 

systems, the transferring hydrogen nucleus and all electrons are treated quantum mechanically. 

The description of hydrogen tunneling within this framework is challenging because the nuclear-

electronic wave function tends to localize in one well of a symmetric double-well potential energy 

surface without inclusion of sufficient static and dynamical electron-proton correlation.15-16  

Within the NEO framework, the nonorthogonal configuration interaction (NEO-NOCI) 

approach was developed17 in an effort to obtain the tunneling splittings in molecular systems 

undergoing hydrogen tunneling. This approach constructs ground and excited state bilobal, 

delocalized nuclear-electronic wave functions through linear combinations of two nonorthogonal 

localized wave functions calculated at the NEO Hartree-Fock (NEO-HF) level of theory. The 

corresponding tunneling splitting is obtained from the energy difference between the ground and 

first excited state energies. However, because the NEO-HF method does not include electron-

proton and electron-electron dynamical correlation, which are known to be important, the protonic 

wave functions are much too localized and cannot produce even qualitatively reasonable tunneling 
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splittings. Thus, a multicomponent method that incorporates sufficient correlation effects and 

provides accurate proton densities is needed to compute reliable hydrogen tunneling splittings.  

Density functional theory (DFT) approaches have also been developed within the NEO 

framework. The NEO-DFT method includes dynamical electron-electron correlation using 

standard electronic exchange-correlation functionals while also including dynamical electron-

proton correlation using an electron-proton correlation functional such as epc17-2 or epc-19.18-21 

This approach has been shown to provide accurate proton densities, energies, and optimized 

geometries at relatively low computational cost with scaling of N4, where N is the number of basis 

functions. In this Letter, we present the NEO multistate density functional theory (NEO-MSDFT) 

method, which combines aspects of NEO-NOCI and NEO-DFT and therefore includes both static 

and dynamical correlation. Our applications of this theory show that the NEO-MSDFT method is 

able to provide accurate hydrogen tunneling splittings and bilobal, delocalized proton densities for 

different types of molecular systems.  

The basic scheme of NEO-MSDFT is analogous to the MSDFT developed in the context 

of conventional electronic structure calculations.22-24 Given a double-well potential energy surface, 

two localized nuclear-electronic wave functions, 
IΨ and 

IIΨ , are obtained from the variational 

NEO-DFT solutions with each nuclear wave function centered at the minimum of one well. 

Specifically, 
e p

I I IΨ =Φ Φ  is localized in the left well, and 
e p

II II IIΨ =Φ Φ  is localized in the right 

well from the variational procedure using two different initial wave functions. These localized 

wave functions are products of Kohn-Sham electronic and protonic determinants, 
e  and 

p , 

which are composed of electronic and protonic orbitals, respectively. The ground and excited state 

NEO-MSDFT wave functions are linear combinations of these localized wave functions:  
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The coefficients in Equation (1) are determined by solving the 2 2  NEO-MSDFT matrix 

equation: 

 HD SDE  (2) 

Here H is the effective Hamiltonian given by 
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where the Hamiltonian matrix elements are defined below, and S is the overlap matrix between 

the two localized states: 
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The off-diagonal matrix elements of the overlap matrix are given by 
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where 
e p

I,o I,o/ C C and 
e p

II,o II,o/C C  are the coefficients of the occupied electronic/protonic Kohn-Sham 

orbitals for states I and II, respectively, and Se and Sp are the overlap matrices of the electronic and 

protonic basis functions, respectively.  

 The tunneling splitting for a double well potential energy surface can be represented as the 

energy difference between the ground and first excited vibronic state energies obtained by solving 

Equation (2). The associated analytical expression for this splitting is 
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Moreover, the analytical expression for the vibronic coupling25-26 between the two symmetrically 

orthogonalized localized nuclear-electronic states is  
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For symmetric systems, the vibronic coupling in Eq. (7) is half the magnitude of the tunneling 

splitting in Eq. (6). 

The NEO Hamiltonian NEO
Ĥ  includes the kinetic energies of the electrons and quantum 

nuclei, as well as all of the Coulomb integrals between pairs of electrons, quantum nuclei, and 

classical nuclei. In NEO-MSDFT, the diagonal matrix elements of the effective Hamiltonian given 

in Equation (3) are simply the NEO-DFT energies of the corresponding NEO Kohn-Sham (NEO-

KS) determinants. Thus, NEO-DFT e p

I,I I I I
, H E      and NEO-DFT e p

II,II II II II
, H E      , where e p

I I
 / and

e p

II II
 / are the electronic/protonic densities for states I and II, respectively, obtained from the 

NEO-KS determinants. The off-diagonal matrix elements can be obtained from wave function-

based methods such as NEO-NOCI in a straightforward manner. In the Kohn-Sham DFT 

framework, however, the off-diagonal matrix elements are not well-defined.23 

Analogous to the conventional electronic structure MSDFT approach of Gao and 

coworkers,23 the off-diagonal elements can be approximated by 
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In this first equality of Equation (8), 
I NEO II

H ˆ  is the energy computed at the NEO-HF level 

with the NEO-KS determinants, 
I,IIS  is the overlap between the two NEO-KS determinants as 

defined in Equation (5), and the correlation energy corr

I
E or corr

II
E  is calculated as the difference 

between the NEO-DFT and NEO-HF energies for state I or II, respectively: 
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 (9) 

In the second equality of Equation (8), which assumes a closed-shell electronic and high-spin 

protonic system, h, J, and K represent the core Hamiltonian, Coulomb, and exchange terms, 

respectively, for electrons and protons, and e

I,IIP and p

I,IIP  are the transition density matrices between 

states I and II defined by 
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
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 (10) 

The parameter  in Equation (8) is used as a correction of the correlation energy and can be 

parametrized by fitting experimental data.23, 27 In this work, we use 1   in all NEO-MSDFT 

calculations. This form of the off-diagonal matrix elements ensures that the vibronic coupling 

given in Equation (7) is the same as the NEO-NOCI coupling using the NEO-KS determinants. 

An alternative form of the off-diagonal Hamiltonian matrix element developed in the 

context of conventional electronic structure theory uses the symmetrized transition density matrix 

to evaluate the exchange-correlation energies.28 We also employed this alternative strategy, which 

we denote as NEO-MSDFT2. The symmetrized electronic and protonic transition density matrices 

are defined as  
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In the multicomponent extension of this approach, the off-diagonal element is expressed as 
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Here Eexc, Epc, and Eepc are the electronic exchange-correlation, proton-proton correlation, and 

electron-proton correlation functionals, respectively, assuming full proton-proton exchange with 

high-spin protons. The parameter a is determined by the selected electronic exchange-correlation 

functional. Note that the transition density is not positive definite, and therefore utilizing it as the 

argument of the exchange-correlation functionals could be problematic, although we did not 

encounter difficulties in the calculations presented herein.   

 The NEO-MSDFT approach includes dynamical correlation in the localized nuclear-

electronic wave functions 
IΨ and 

IIΨ  with NEO-DFT and static correlation through the two-

state NEO-NOCI expansion. As discussed elsewhere,15-16 typically the variational solution for a 

single configurational nuclear-electronic wave function in a symmetric double-well potential 

associated with hydrogen transfer is localized in one well rather than delocalized over both wells. 

This behavior is opposite to that observed for electronic wave functions in electron transfer 

systems, where the wave function tends to delocalize and requires constraints to localize the charge 

or spin. This qualitatively different behavior for nuclear-electronic wave functions is mainly due 

to the attractive electron-proton Coulomb interaction in contrast to the repulsive electron-electron 

Coulomb interaction.15-16 For this reason, the localized nuclear-electronic wave functions 
IΨ and 
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IIΨ  can be obtained using NEO-HF without any constraints. However, our previous work on 

systems in which the hydrogen moves in single-well potentials, such as HCN and FHF‒, has shown 

that the nuclear wave function is much too localized at the NEO-HF level.19-20 This previous work 

illustrated that the inclusion of electron-proton dynamical correlation with NEO-DFT using the 

epc17 functionals significantly delocalizes the nuclear wave function and improves the agreement 

with numerically exact results for these types of systems.19-20 On the other hand, the NEO-

DFT/epc17-2 approach still produces nuclear-electronic wavefunctions that are localized in a 

single well of a symmetric double-well potential associated with hydrogen transfer, presumably 

mainly due to the lack of static correlation.  

 Thus, the use of NEO-DFT to provide suitably delocalized nuclear-electronic 

wavefunctions within each well in conjunction with NEO-NOCI to produce a bilobal, delocalized 

wave function over both wells for hydrogen transfer systems combines dynamical and static 

correlation in a physically reasonable manner. In general, dynamical and static correlation are not 

strictly separable, and therefore double counting of these correlation effects29 could be problematic 

with certain density functionals. Nevertheless, the physical properties of the nuclear-electronic 

wave functions produced using NEO-DFT/epc17-2 and the simple two-state CI expansion, as well 

as the accuracy of the hydrogen tunneling splittings given below, indicate that such double 

counting is not a significant problem for this implementation of the NEO-MSDFT approach. 

The steps of a NEO-MSDFT calculation for a given molecule with fixed geometry are 

summarized in Figure S1 of the Supporting Information (SI). The transferring hydrogen nucleus 

is represented by two proton basis function centers each containing both electronic and protonic 

basis functions. In the first step, the positions of the proton basis function centers are optimized at 

the NEO-DFT level by performing two separate optimizations, each with a single basis function 
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center corresponding to the hydrogen on either side. Note that all classical nuclei remained fixed 

during these basis function center optimizations. For a symmetric double-well system, only one 

optimization is required because the other position can be determined according to symmetry. The 

remainder of the calculation includes both basis function centers fixed at these optimized positions. 

In the second step, two single-point NEO-DFT calculations are performed with the hydrogen 

localized on each side. In the third step, the NEO-KS determinants from these NEO-DFT 

calculations are used for the NEO-MSDFT calculations as described above.  

We implemented the NEO-MSDFT method in a development version of the Q-Chem 5.3 

package.30 Tests were carried out by calculating tunneling splittings and proton densities for the 

following molecular systems: FHF‒, OCHCO+, benzyl/toluene, malonaldehyde, and 

acetoacetaldehyde. For FHF‒ and OCHCO+, the potential energy curve along the proton transfer 

coordinate at their equilibrium geometries is either a single-well potential or a double-well 

potential with a low barrier.31-32 To investigate the applicability of NEO-MSDFT for hydrogen 

tunneling systems, however, we selected different nonequilibrium geometries corresponding to 

larger F‒F or C‒C distances and calculated the tunneling splittings at these fixed nonequilibrium 

geometries. For each geometry of each molecule, the reference tunneling splitting and proton 

densities were obtained with the Fourier grid Hamiltonian (FGH) method,33 where the three-

dimensional (3D) Schrödinger equation was solved for a proton moving on a 3D potential energy 

surface computed on a grid. The FGH method is numerically exact for electronically adiabatic 

systems and can be treated as an accurate reference for the systems studied herein. Additional 

computational details about the NEO-MSDFT and FGH calculations, as well as the Cartesian 

coordinates of the five molecules, are given in the SI.  
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Figure 1. (A-B) Tunneling splittings (cm-1) for the FHF‒ molecule at different fixed F‒F distances 

calculated with the (A) NEO-MSDFT, NEO-MSDFT2, and reference FGH methods and (B) NEO-

MSDFT', NEO-MSDFT2', and reference FGH methods. (C-D) One-dimensional slices of the 

ground and first-excited state proton densities of FHF‒ along the proton transfer axis with the F‒F 

distance set to 2.66 Å as obtained with the NEO-NOCI, NEO-MSDFT, and reference FGH 

methods. The 3D proton wave functions obtained with the NEO-MSDFT method are also plotted 

in each panel.  

 

Figure 1A shows the tunneling splittings of FHF‒ with different fixed F‒F distances 

calculated with the NEO-MSDFT, NEO-MSDFT2, and reference FGH methods. The NEO 

calculations were performed at the NEO-DFT/B3LYP/epc17-2 level of theory with electronic 

basis sets aug-cc-pVDZ for the classical nuclei and aug-cc-pV5Z34 for the quantum proton, as well 

as the protonic basis set PB5-G.35 The aug-cc-pV5Z basis set for the quantum proton was chosen 

based on previous studies indicating that relatively large electronic basis sets are required to obtain 

accurate proton vibrational excitation energies.36-37 Basis set convergence tests are provided in 

Figures S2 and S3 of the SI. The 3D grid potential for the FGH method was generated from 
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DFT/B3LYP/aug-cc-pVDZ single-point energy calculations. As the F‒F distance increases, the 

tunneling splitting decreases monotonically due to the increasing barrier height of the double-well 

potential. However, neither NEO-MSDFT nor NEO-MSDFT2 quantitatively reproduces the 

correct tunneling splittings compared to the reference values. This discrepancy arises mainly from 

slight over-localization of the two protonic wave functions, p

I and p

II , leading to an overlap 

between these two wave functions that is somewhat too small. As shown previously19-20 and in 

Figure S4, the proton densities associated with the NEO-MSDFT/epc17-2 method, which includes 

electron-proton correlation via the epc17-2 functional, are significantly improved compared to 

those associated with the NEO-NOCI method, which treats the nonorthogonal localized wave 

functions at the NEO-HF level. In principle, the protonic wave functions could be further improved 

by using a more accurate electron-proton correlation functional, but such a functional is not 

available at this time. 

To account for this limitation of the electron-proton correlation functional and the resulting 

inaccuracies in the overlap between the two localized nuclear-electronic wave functions, we 

applied a simple correction to the overlap 
I,IIS . The corrected overlap is of the form 

 
corr

I,II I,II( )S S   (13) 

where 0.0604  and 0.492  for NEO-MSDFT and 0.1534  and 0.628   for NEO-

MSDFT2. The corrected tunneling splitting was calculated using this corrected overlap term in 

Equations (6), (8) and (12), although it was not used in the transition densities given by Eq. (10). 

The values of  and   were determined by fitting the calculated tunneling splitting data for the 

FHF‒ molecule with different F‒F distances to the reference FGH data. These parameters can be 

modified when different electron-proton correlation functionals are used. Throughout this Letter, 

these parameters remain unchanged in order to test the transferability of the NEO-MSDFT method 
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across different molecules. The modified NEO-MSDFT and NEO-MSDFT2 methods for 

tunneling splittings computed with the corrected overlap term are denoted NEO-MSDFT' and 

NEO-MSDFT2', respectively. As shown in Figure 1B, the resulting tunneling splittings agree very 

well with the FGH reference data for both the NEO-MSDFT' and NEO-MSDFT2' methods.  

The one-dimensional (1D) proton densities along the proton transfer axis and the 3D proton 

wave functions for the ground and excited states of FHF‒ with an F‒F distance of 2.66 Å are 

depicted in Figures 1C and 1D. In addition to these NEO-MSDFT proton densities, the 1D proton 

densities calculated with the NEO-NOCI method are also shown for comparison. For both the 

ground and excited states, the NEO-MSDFT method produces significantly delocalized proton 

densities over the two wells and agrees reasonably well with the FGH reference results. However, 

the ground state proton density is too small in the central region, mainly due to insufficient overlap 

between the two localized proton densities. Nevertheless, the NEO-MSDFT results are shown to 

be a significant improvement over the NEO-NOCI results, where the proton densities are highly 

overlocalized and shifted outward. This improvement arises from the additional electron-proton 

dynamical correlation included in the NEO-DFT/epc17-2 method compared to the NEO-HF 

method (Figure S4).19-21 The 3D plots of the protonic wave function in Figure 1 also confirm that 

the ground state proton wave function delocalizes over the two wells and that the first excited state 

proton wave function exhibits a node at the midpoint.  

Next we used the NEO-MSDFT scheme to compute the tunneling splittings and proton 

densities for other systems. Figure 2 shows the tunneling splittings for the OCHCO+ and 

benzyl/toluene systems for varying C‒C distances, computed with the NEO-MSDFT' and NEO-

MSDFT2' methods as well as the FGH reference method. The tunneling splittings and 1D proton 

densities computed without the corrected overlap term are given in Tables S2-S3 and Figure S5. 
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For OCHCO+, the calculations were performed with the same functionals and basis sets as for the 

FHF‒ molecule. As seen from Figure 2, the tunneling splittings computed with the NEO-MSDFT' 

method agree very well with the FGH reference data for OCHCO+. The results computed with the 

NEO-MSDFT2' method also behave reasonably well. Tests using different electronic functionals, 

including BLYP, PBE, PBE0, and 𝜔B97X-D, were also conducted for both the FHF‒ and 

OCHCO+ molecules (Figures S6-S9), showing reasonable transferability across electronic 

functionals.  

 

 

Figure 2. Tunneling splittings (cm-1) for the OCHCO+ (upper panel) and benzyl/toluene (lower 

panel) systems at different fixed C‒C distances calculated with the NEO-MSDFT', NEO-

MSDFT2', and reference FGH methods. Representative 3D ground state proton wave functions 

obtained with the NEO-MSDFT method are also plotted for each molecule. 
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For the benzyl/toluene system, we used the range-separated hybrid 𝜔B97X-D functional38 

with the electronic basis sets cc-pVDZ for the classical nuclei and cc-pV5Z for the quantum proton, 

as well as the protonic basis set PB5-G. Other hybrid functionals, including B3LYP and PBE0, 

were also tested and exhibit similar behavior (Figures S10-S11). Figure 2 shows the results using 

the 𝜔B97X-D functional as well as the FGH reference results conducted on 3D grids computed at 

the 𝜔B97X-D/cc-pVDZ level of theory. Again, the NEO-MSDFT' method produced hydrogen 

tunneling splittings in very good agreement with the FGH reference data. However, the tunneling 

splittings computed with the NEO-MSDFT2' method are not in good agreement with the FGH 

reference data for the benzyl-toluene system, although the agreement is slightly better for other 

electronic functionals (Figures S10 and S11). Thus, the NEO-MSDFT' method appears to be stable 

and transferable across different molecules using different electronic functionals, whereas the 

NEO-MSDFT2' method appears to be less transferable, although this property may depend on the 

electron-proton correlation functional as well as the form of the correction function. 

We also used the NEO-MSDFT method to compute the tunneling splittings and proton 

densities for malonaldehyde and acetoacetaldehyde, which are more complex molecules. The 

calculation of accurate tunneling splittings comparable to experiments requires the inclusion of 

coupling between the hydrogen and other molecular modes for these molecules.11, 39 For the 

purposes of benchmarking the NEO-MSDFT method, however, we studied hydrogen tunneling 

between the two oxygen atoms for fixed geometries of these two molecules. The NEO calculations 

for malonaldehyde and acetoacetaldehyde were performed at the NEO-DFT/B3LYP/epc17-2 level 

of theory with the electronic basis sets cc-pVDZ for the classical nuclei and cc-pV5Z for the 

quantum proton, as well as the protonic basis set PB5-G. The FGH calculations were performed 

on a 3D grid potential computed at the B3LYP/cc-pVDZ level.  
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The ground and excited state proton densities for malonaldehyde and acetoacetaldehyde 

calculated with the NEO-NOCI, NEO-MSDFT, and FGH methods are presented in Figure 3. As 

shown in Figures 3A and 3B, the NEO-MSDFT ground and excited state proton densities for 

malonaldehyde are qualitatively similar to the FHF‒ case in Figures 1C and 1D. The NEO-MSDFT 

approach produces delocalized proton densities for both ground and excited states, in good 

agreement with the FGH method, while the NEO-NOCI method produces proton densities that are 

much too localized. The acetoacetaldehyde molecule is different from all of the previous examples 

because the hydrogen moves in a slightly asymmetric double well potential due to the molecular 

asymmetry. Figures 3C and 3D illustrate that the NEO-NOCI method cannot even reproduce the 

double peak features of the proton densities. In contrast, the NEO-MSDFT method is able to 

produce asymmetric proton densities across the two wells and is in good agreement with the 

reference FGH results. 

 

Figure 3. The ground and first excited state proton densities calculated with the NEO-NOCI, NEO-

MSDFT, and reference FGH methods for malonaldehyde (A,B) and acetoacetaldehyde (C,D). The 
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1D slices were obtained along the proton transfer axis, which was chosen as the line connecting 

the optimized positions of the transferring hydrogen on each oxygen from B3LYP/cc-pVDZ 

calculations. The 3D proton wave functions calculated with the NEO-MSDFT method are also 

plotted in each panel. 

 

The tunneling splittings computed with the NEO-MSDFT' and NEO-MSDFT2' methods 

for malonaldehyde and acetoacetaldehyde, as well as for the other three systems at selected 

geometries, are summarized in Table 1. The results for other geometries and the tunneling 

splittings computed without the corrected overlap term are given in Tables S1-S4. The NEO-

MSDFT' and NEO-MSDFT2' methods predict accurate tunneling splittings for the systems 

investigated, although the NEO-MSDFT' method appears to be more stable and transferable. Note 

that the accuracy of the vibronic coupling is the same as the accuracy of the tunneling splitting for 

symmetric systems because they are related by a factor of two. 

 

Table 1.  Tunneling Splittings (cm-1) of Five Systems Calculated with Different Methods.a  

System 

Tunneling splitting 

NEO-MSDFT' NEO-MSDFT2' FGH 

FHF‒ 85.3 81.9 86.9 

OCHCO+  100.9 104.5 98.1 

benzyl/toluene 50.3 74.9 43.7 

malonaldehyde 88.7 88.8 92.0 

acetoacetaldehyde 101.1 92.9 107.4 

a
The results were obtained with a fixed F‒F distance of 2.68 Å for FHF‒, a fixed C‒C distance of 3.06 Å for 

OCHCO+, and a fixed C‒C distance of 2.87 Å for benzyl/toluene. The NEO results were obtained with the NEO-

MSDFT' and NEO-MSDFT2' methods, which include a correction function to the overlap term. Results with other 

geometries and the uncorrected tunneling splittings are given in Tables S1-S4. 

 

This Letter presents the NEO-MSDFT approach, which includes both static and dynamical 

correlation and enables the computationally efficient calculation of accurate proton densities and 
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hydrogen tunneling splittings for molecular systems. In this approach, two localized nuclear-

electronic Kohn-Sham wave functions are obtained with the NEO-DFT method, and a 

nonorthogonal configuration interaction method is used to mix these two states to produce the 

bilobal, delocalized ground and excited states. The inclusion of electron-proton correlation is 

found to be important for the calculation of accurate proton wave functions. To account for 

limitations of the available electron-proton correlation functionals and the approximate form of 

the off-diagonal Hamiltonian matrix element, a correction function was applied to the overlap term 

to produce quantitatively accurate tunneling splittings. The same correction function was used for 

all systems. Such a correction function may not be necessary when more accurate electron-proton 

correlation functionals become available.  

The NEO-MSDFT approach can be applied to a wide range of other systems, including 

those involving multiple protons, such as formic acid dimer and porphycene. Although this work 

shows that the NEO-MSDFT method is able to predict accurate tunneling splittings and proton 

densities for fixed geometries, the calculation of tunneling splittings that are comparable to 

experimental measurements requires the inclusion of the coupling between the hydrogen motion 

and other nuclear motions. For this purpose, the NEO-MSDFT method can be combined with 

approaches such as vibronic coupling theory.40 In comparison to other methods that require a large 

number of single-point energy calculations to compute 3D nuclear wave functions, the NEO-

MSDFT approach is more computationally efficient because it requires only two single-point 

NEO-DFT calculations after identifying the proton basis function center positions. Another 

advantage of the NEO-MSDFT approach is that it provides the vibronic couplings in the adiabatic 

and nonadiabatic limits, as well as the intermediate regime.25-26 Thus, this work provides the 

foundation for a wide range of future directions. 
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