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ABSTRACT

With the help of quantum entanglement, quantum dense metrology (QDM) is a technique that can make joint estimates of two conjugate quantities
such as phase and amplitude modulations of an optical field, with an accuracy beating the standard quantum limit simultaneously. SU(1,1)
interferometers (SUIs) can realize QDM with detection loss tolerance but is limited in absolute sensitivity. Here, we present a QDM scheme with a
linear or SU(2) interferometer nested inside an SUI. By using a degenerate SUI and controlling the phase angle of the phase-sensitive amplifiers in the
SUI, we can achieve the optimum quantum enhancement in the measurement precision of an arbitrary mixture of phase and amplitude modulation.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0012304

It is well-known1 that the phase uncertainty of an interferometer
with classical sources is bound by the standard quantum limit (SQL)
that scales as 1=

ffiffiffiffi
N

p
, with N being the photon number sensing the

phase. This total number N is viewed as classical resources. This is
why strong power of light is employed inside the Laser Interferometer
Gravitational-Wave Observatory (LIGO)2 for the highest absolute sen-
sitivity. However, high power causes various problems such as thermal
effects. In the field of biological imaging, light toxicity of the probe
field is a huge issue.3 A possible way to reach a high absolute sensitivity
of phase measurement, but at a relatively low light level, is to place the
unused input port of the interferometer in a squeezed state of light in
order to reduce the injected vacuum fluctuation.1,4–8

A quantity that is equally important at the fundamental level but
relatively less in practical applications is the amplitude of a field, whose
noise can also be reduced by the squeezed states.9 An example is the
radiation pressure noise in LIGO induced by light intensity fluctua-
tions.1 However, because of the Heisenberg uncertainty principle, it is

impossible to beat SQL with a single-mode squeezed state in the mea-
surement of the phase and amplitude simultaneously. In recent years,
with the help of quantum entanglement, two-mode squeezed light has
been demonstrated to be capable of embedding two or more non-
commuting observables in information with their measurement preci-
sion beyond the SQL simultaneously. This is so-called quantum dense
coding in quantum information science10 or quantum dense metrol-
ogy (QDM) in quantummetrology.11–15

An alternative way to achieve quantum-enhanced sensitivity is to
amplify noiselessly the signal,16–18 achieved in the so-called SU(1,1)
interferometer (SUI),19–24 which is first proposed by Yurke et al.25

some thirty years ago. SUIs, while achieving a quantum-enhanced
phase measurement, possess a number of advantages26 over the con-
ventional squeezed state interferometers especially the property of
detection loss tolerance.20,23,27,29 Recently, it was demonstrated that an
SUI is also capable of splitting quantum resources for measuring mul-
tiple noncommuting parameters and beating the standard quantum
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limit simultaneously.14,15 In spite of so many advantages over the con-
ventional interferometers, SUIs suffer low phase sensing photon num-
bers (Ips) due to saturation of parametric amplifiers. Thus, the absolute
sensitivity of such a type of interferometer is still not comparable to
that of classical interferometers. Moreover, resources can, in principle,
be all devoted to the measurement of one parameter such as the phase
or amplitude to achieve optimum sensitivity. However, so far, there
was only report of phase measurement that achieves full use of the
available resources for optimum sensitivity.14,30,31 The reported
scheme is not suitable for the amplitude measurement.30

In this paper, we consider a more practical scheme, embedding a
linear interferometer [also known as an SU(2) interferometer25] inside
an SUI. Although the linear interferometer has a strong injection for
increasing the absolute sensitivity, it operates in the dark fringe mode
so that the SUI basically works with no injection and, thus, a low pho-
ton number inside. We will demonstrate that the scheme is suitable
for the simultaneous measurement of the phase and amplitude, thus
realizing QDM, but without the limitation on the phase sensing pho-
ton number. Its degenerate version can be used to measure either the
phase or amplitude modulation signal or any arbitrary mixture of the
two, with an optimum sensitivity that is achieved by full use of both
classical and quantum resources.

Before discussing QDM, let us first define the phase (PM) and
amplitude (AM) measurement. A phase modulation signal d can be
added to an incoming probe field âin by a phase factor: eidâin without
adding extra vacuum noise. However, since amplitude modulation �
changes the intensity or energy of the probe field, which is equivalent
to a loss, we need to model it with a beam splitter,

â ¼ tâin þ râ�; (1)

with t ¼ e�� and r ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
. Here, â� is the vacuum field coupled

in through loss. However, if the modulation signal � is very small, � �
1 so that t � 1� �; r �

ffiffiffiffiffi
2�

p
, we can neglect the vacuum contribution

because the noise hD2Xi ¼ t2hD2Xini þ r2hD2X�i � ð1� 2�ÞhD2Xini
þ2�hD2X�i � hD2Xini. With this in mind, we will drop the vacuum
term in Eq. (1) in all treatment of amplitude modulation later.
Therefore, for small d; �ð� 1), we have the modulated field as
â0 � eide��âin � ð1þ id� �Þâin.

We start by first considering how to make simultaneous AM and
PMmeasurements with a classical coherent state. The simplest scheme
is by the direct homodyne measurement, as shown in Fig. 1(a), and a
simultaneous measurement is achieved by splitting the modulated field
with a beam splitter. An alternative way is by a linear or SU(2) inter-
ferometer, as shown in Fig. 1(b) with similar signal splitting. Both

schemes have been shown29 to achieve optimum sensitivity in the joint
measurement by a classical field. However, the interferometric scheme
is advantageous to the direct homodyne detection scheme because the
former can operate at the dark port without a large coherent compo-
nent and it is especially suitable for increasing the intensity of the
probe field for higher sensitivity. To prepare the discussion on QDM
with SUIs, we analyze in detail the interferometric scheme next.

For the interferometric scheme in Fig. 1(b), we can find the out-
put field by using the following beam splitter relations [refer to Fig.
1(b) for notations]:

Â ¼
ffiffiffiffiffi
T1

p
âin þ

ffiffiffiffiffi
R1

p
b̂in; B̂ ¼

ffiffiffiffiffi
T1

p
b̂in �

ffiffiffiffiffi
R1

p
âin;

âout ¼
ffiffiffiffiffi
T2

p
Â �

ffiffiffiffiffi
R2

p
B̂e��eiu;

b̂out ¼
ffiffiffiffiffi
T2

p
B̂e��eiu þ

ffiffiffiffiffi
R2

p
Â:

(2)

The outputs are related to the input by

âout ¼
ffiffiffiffiffiffiffiffiffiffi
T1T2

p
þ

ffiffiffiffiffiffiffiffiffiffi
R1R2

p
e��eiðuþdÞ

� �
âin

þ
ffiffiffiffiffiffiffiffiffiffi
R1T2

p
�

ffiffiffiffiffiffiffiffiffiffi
T1R2

p
e��eiðuþdÞ

� �
b̂in

b̂out ¼
ffiffiffiffiffiffiffiffiffiffi
T1R2

p
�

ffiffiffiffiffiffiffiffiffiffi
R1T2

p
e��eiðuþdÞ

� �
âin

þ
ffiffiffiffiffiffiffiffiffiffi
R1R2

p
þ

ffiffiffiffiffiffiffiffiffiffi
T1T2

p
e��eiðuþdÞ

� �
b̂in; (3)

where u is the phase added to field B to account for the overall phase
difference in the interferometer.

For simplicity without loss of generality, we assume identical beam
splitters: T1 ¼ T2 � T;R1 ¼ R2 � R. Note that whenu ¼ 0, the inter-
ferometer without modulations (d ¼ 0 ¼ �) acts as if nothing is there:
âout ¼ âin and b̂out ¼ b̂in. This is the so-called dark fringe operation.
We will work at this point throughout this paper. Now, let input field
âin be in a coherent state jai and field b̂in be in vacuum. Using small
modulation assumption (d; � � 1), we obtain for the dark port output,

b̂out � b̂in þ âin
ffiffiffiffiffiffi
TR

p
ð�� idÞ: (4)

Here, we only keep the first non-zero order terms. Since the coherent
state has the same noise as a vacuum state and d; � � 1; b̂out has fluc-
tuations dominated by that of b̂in and also contains information about
modulations d; �.

Without loss of generality, we assume a ¼ real for the input
coherent state jai at âin. Then, the homodyne measurement of quad-

rature phase amplitudes X̂ bout � b̂out þ b̂
†

out ; Ŷ bout � ðb̂out � b̂
†

outÞ=i
gives signals and noise, respectively, as

hX̂ bout i ¼ 2a�
ffiffiffiffiffiffi
TR

p
; hŶ bout i ¼ 2ad

ffiffiffiffiffiffi
TR

p
;

hD2X̂ bout i ¼ 1 ¼ hD2Ŷ bout i;
(5)

leading to the signal-to-noise ratio (SNR) for the measurement of
phase and amplitude modulations,

SNRd � hŶ bout i
2=hD2Ŷ bout i ¼ 4TIpsd

2

SNR� � hX̂ bout i
2=hD2X̂ bout i ¼ 4TIps�2;

(6)

where Ips � Ra2 is the photon number for the probe field to the mod-
ulations, which can be considered as the overall classical resource for
the measurement. Optimum SNRs26 of 4Ipsd

2; 4Ips�2 are achieved for
a very unbalanced interferometer with T � 1;R ¼ 1� T � 1.

FIG. 1. Schematic diagram for (a) direct homodyne measurement; (b) interferome-
ter with the homodyne measurement. VBS: variable beam splitter; HD: homodyne
detection; AM: amplitude modulation; PM: phase modulation.
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The above is for individual d or �measurements alone. For simul-
taneous measurements of d and �, an extra BS (T3, R3) can be used to

split the output but with a split SNR as well: SNRðsÞ
d ¼ 4T3Ipsd

2;

SNRðsÞ
� ¼ 4R3Ips�2, similar to Fig. 1(a). Note that simultaneous mea-

surements of d and � need to share the overall resource of Ips
(T3Ips þ R3Ips ¼ Ips).

29

When a single-mode squeezed state is used to replace the vacuum
state at the unused input port of b̂in, the vacuum quantum noise can
be reduced and the SNR in either the phase1,4,5 or amplitude measure-
ment9 is enhanced, but not in both because only one quadrature is
squeezed at a time. However, with the employment of two entangled
fields, the technique of quantum dense metrology (QDM) is capable of
measuring two non-orthogonal quadratures simultaneously.13 SUIs,
which possess the property of detection loss tolerance, also have the
ability to measure simultaneously multiple quadrature-phase ampli-
tudes at arbitrary angles with quantum enhanced precision.14,15

However, despite their advantages over traditional interferometers,
SUIs have limited absolute sensitivity due to practical issues. Here, to
circumvent these problems, we study a variation of the SUI, which
combines a traditional linear or SU(2) interferometer with an SUI for
QDM and inherits the advantages of both interferometers.

Consider the scheme shown in Fig. 2. It is a Mach–Zehnder
interferometer (MZI) nested in an SUI, which was shown recently32 to
possess all the advantages of the SUI for the phase measurement but
without the limit on the intensity of the probe field. To achieve QDM,
we perform the homodyne measurement on both outputs of the sec-
ond parametric amplifier (PA2), one for the phase (d1) and the other
for amplitude (d2). If the MZI works at the dark fringe point, we have
the input-output relation in Eq. (4). Since b̂out � b̂in as if MZI were
not there, the overall performance of the SUI is not affected by MZI
and it does not have any injection at its inputs (â0; b̂0), but the modu-
lation signals d; � are contained in b̂out for the SUI to measure.

Using the input–output relation for PA1 and PA2,

b̂in ¼ G1b̂0 þ g1â
†
0; Ĉ ¼ G1â0 þ g1b̂

†

0;

d̂1 ¼ G2Ĉei/ þ g2b̂
†

out ; d̂2 ¼ G2b̂out þ g2Ĉ
†
e�i/;

(7)

we obtain the outputs of the SUI for QDM as

d̂1¼ðG1G2ei/þg1g2Þâ0þðg1G2e�i/þG1g2Þb̂
†

0þg2
ffiffiffi
R

p
ð�þ idÞâ†in

d̂2¼ðG1G2þg1g2e�i/Þb̂0þðg1G2þG1g2e�i/Þâ†0þG2

ffiffiffi
R

p
ð�� idÞâin;

(8)

where / is a phase to account for the overall phase of the SUI. Here,
we used Eq. (4) with T � 1 for optimum performance of the MZI.

With input fields â0 and b̂0 in the vacuum state, R ! 0, and
small modulations (d; � � 1), it is straightforward to calculate the
noise of the outputs of the SUI as

hD2Ŷ d1i ¼ hD2X̂ d2i
¼ jG1G2 þ g1g2e

�i/j2 þ jg1G2 þ G1g2e
�i/j2

¼ ðG2
1 þ g21 ÞðG2

2 þ g22 Þ þ 4G1G2g1g2 cos/; (9)

where Ŷ d1 ¼ ðd1 � d†1Þ=i; X̂ d2 ¼ d2 þ d†2 . The noise is minimum
when/ ¼ p, corresponding to dark fringes. The signals are calculated as

hŶ d1i ¼ 2g2d
ffiffiffiffiffi
Ips

p
; hX̂ d2i ¼ 2G2�

ffiffiffiffiffi
Ips

p
; (10)

with Ips ¼ Ra2. So the SNRs for simultaneous measurements of d and
� are

SNRSUIðŶ d1Þ ¼ 4g22 Ipsd
2

ðG2G1 � g1g2Þ2 þ ðG1g2 � G2g1Þ2

SNRSUIðX̂ d2Þ ¼
4G2

2Ips�
2

ðG2G1 � g1g2Þ2 þ ðG1g2 � G2g1Þ2
:

Both reach optimum values when G2 � g2 � 1,

SNRðopÞ
SUI ðŶ d1Þ ¼ 2Ipsd

2ðG1 þ g1Þ2

SNRðopÞ
SUI ðX̂ d2Þ ¼ 2Ips�2ðG1 þ g1Þ2:

(11)

When ðG1 þ g1Þ2=2 > 1, the measurement of both d and � beats
simultaneously the classical sensitivity expressed in Eq. (6) by the
same factor of ðG1 þ g1Þ2=2, thus achieving QDM. Note that the total
resource of IpsðG1 þ g1Þ2 is shared equally, satisfying the quantum
resource sharing law.29,31 The resource now consists of photon num-
ber Ips and quantum entanglement characterized by ðG1 þ g1Þ2.

Since the resource is shared equally between phase and amplitude
measurements, when SUIs are used for the phase or amplitude mea-
surement alone, only half the optimum sensitivity is realized. Recently,
a variation of SUI30 has employed a dual beam to sense the modula-
tions for taking all the resource for the phase measurement and
achieving optimum sensitivity. However, the scheme is not suitable for
amplitude. In practice, the information embedded may not be purely
in the phase but could be in amplitude or something of a mixture of
phase and amplitude. To achieve optimum sensitivity for these,
we consider a variation to the SUI. We use a degenerate parametric
amplifier (DPA) instead of the regular non-degenerate PA, as shown
in Fig. 3. Benefiting from the degenerate PA, which can be regarded as
a phase-sensitive amplifier, we can selectively distribute all resource to
any mixture of phase and amplitude for optimum measurement sensi-
tivity, as shown next.

FIG. 2. QDM with non-degenerate SU(1,1) interferometry. PA1 and PA2: parametric
amplifier; HD: homodyne detection.

FIG. 3. QDM with degenerate SU(1,1) interferometry. DPA: Degenerate parametric
amplifier.
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Referring to the notations in Fig. 3, we write the input–output
relations of DPA as

b̂in ¼ G1b̂0 þ g1eih1 b̂
†

0;

b̂1 ¼ G2b̂out þ g2eih2 b̂
†

out ;
(12)

where phase h1ð2Þ is for DPA1(2). Using Eq. (4) with T � 1 for b̂out ,
we find the output of DPA2 as

b̂1 ¼ G2 G1b̂0 þ g1e
ih1 b̂

†

0 þ âin
ffiffiffi
R

p
ð�� idÞ

h i

þ g2e
ih2 G1b̂

†

0 þ g1e
�ih1 b̂0 þ â†in

ffiffiffi
R

p
ð�þ idÞ

h i

¼ GTb̂0 þ gT b̂
†

0 þ
ffiffiffi
R

p
G2ð�� idÞâin þ

ffiffiffi
R

p
g2e

ih2ð�þ idÞâ†in�;
(13)

where GT � G1G2 þ g1g2eiðh2�h1Þ; gT � g1G2eih1 þ G1g2eih2 are the
overall gains of the degenerate SUI. Since b̂0 is in vacuum, the signal
part of the output is then

hb̂1i ¼ a
ffiffiffi
R

p
G2ð�� idÞ þ g2e

ih2ð�þ idÞ
� �

¼ a
ffiffiffi
R

p
eih2=2 �ðg2eih2=2 þ G2e

�ih2=2Þþidðg2eih2=2 � G2e
�ih2=2Þ

h i
:

(14)

If we measure X̂ � b̂1e�ih2=2þ b̂
†

1e
ih2=2;Ŷ �ðb̂1e�ih2=2� b̂

†

1e
ih2=2Þ=i,

we find that the signal becomes

hX̂ i ¼ �2ðG2 þ g2Þ
ffiffiffiffiffi
Ips

p
c�

hŶi ¼ �2ðG2 � g2Þ
ffiffiffiffiffi
Ips

p
cþ;

(15)

where c� � �� cos h2
2 þ d sin h2

2 ; cþ � � sin h2
2 þ d cos h2

2 are two

orthogonal modulation signals. Therefore, the measurement of X̂ ; Ŷ
gives orthogonal quantities c7 with c� amplified by G2 þ g2 but cþ
de-amplified by G2 � g2.

For the noise of the degenerate SUI, since R � 1, it is governed
by GT and gT with b̂0 in vacuum, and we have

hD2X̂ i ¼ jGTe
�ih2=2 þ g�Te

ih2=2j2

¼ ðG2 þ g2Þ2jG1 þ g1e
�iDj2

hD2Ŷi ¼ jGTe
ih2=2 � g�Te

ih2=2j2

¼ ðG2 � g2Þ2jG1 � g1e
�iDj2;

(16)

where D � h1 � h2 is the total phase of the SUI. With D ¼ p for dark
fringes (destructive interference), we have

hD2X̂ i ¼ ðG2 þ g2Þ2ðG1 � g1Þ2

hD2Ŷi ¼ ðG2 � g2Þ2ðG1 þ g1Þ2:
(17)

So the SNRs for the measurement of X̂ ; Ŷ are

SNRX ¼ 4Ipsc2�ðG1 þ g1Þ2

SNRY ¼ 4Ipsc2þðG1 � g1Þ2:
(18)

Because there is only one output for the degenerate SUI, we cannot
make simultaneous measurements of the orthogonal quantities c6,
and so the degenerate SUI is not suitable for QDM. However, a homo-
dyne detection of X at the output of the degenerate SUI will give the
measurement of c� ¼ �� cos h2=2þ d sin h2=2, an arbitrary mixture
of AM (�) and PM (d) signals, depending on h2 with a quantum
enhancement of ðG1 þ g1Þ2. Setting h2 ¼ 0 gives the full amplitude
modulation (�), whereas h2 ¼ p gives the full phase modulation (d).
The measurement reaches the optimum measurement sensitivity,
making full use of the quantum resource of IpsðG1 þ g1Þ2 of the probe
field.

The physical meaning of the output signal in Eq. (15) and noise
in Eq. (17) for the degenerate SUI is illustrated in the phase space rep-
resentation of the state evolution in Fig. 4 at each stage of the SUI: (a)
shows the initial input vacuum state (circle); In (b), DPA1 squeezes
the vacuum state and amplifies the vacuum noise in the selected direc-
tion (h1=2) but de-amplifies in the orthogonal direction; In (c), the
SU(2) linear interferometer encodes weak signals of phase ad and
amplitude að��Þ to the probe beam; In (d), DPA2 un-squeezes in the
selected direction h2=2 and noiselessly amplifies the mixed modulation
signal ac�. The actions of the two degenerate PAs are represented by

FIG. 4. State evolution of degenerate SU(1,1) interferometry. (a)–(d) show the phase-space (X-Y) representation of the evolved state at the corresponding position of the inter-
ferometer shown in (e), where jvi represents the vacuum state and jai represents the coherent state.
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two ellipses. Note that h1;2=2 gives the direction of maximum amplifi-
cation ðG1;2 þ g1;2Þ2 of the phase-sensitive DPA1,2. The orthogonal
orientations of the two ellipses are due to the dark fringe operation
condition: ðh1 � h2Þ=2 ¼ p=2 for the SUI. When G1¼G2, the noise
in Eq. (17) becomes vacuum noise of one (circle) at the output because
the actions of DPA1,2 are opposite but equal to each other (squeezing
and then un-squeezing), leading to vacuum noise output, but at the
same time, DPA2 amplifies the modulation signal ac�, leading to sen-
sitivity enhancement of ðG1 þ g1Þ2.

Different from the non-degenerate SUI whose optimum sensitivity
is achieved when G2 � g2 � 1, the degenerate SUI reaches optimum
sensitivity at any gain G2 for DPA2. On the other hand, to fully utilize
the detection loss-tolerant property of the SUI,20,27,28 we need to have
G2 � G1 so that Eq. (17) gives output noise hD2X̂ i ¼ ðG2 þ g2Þ2=
ðG1 þ g1Þ2 � 1. In this way, any vacuum noise (size of 1) added
through detection losses will be negligible compared to hD2X̂ i.

In summary, we have demonstrated that an SUI with a linear
interferometer nested inside can make phase and amplitude mea-
surements simultaneously with precision beating SQL, thus achiev-
ing quantum dense metrology. The phase and amplitude
measurements share equally the overall resource of the photon
number and quantum entanglement. The degenerate version of the
SUI can devote all resources to one measurement of an arbitrary
mixture of phase and amplitude with optimum measurement sen-
sitivity. This should be particularly useful if the signal is encoded
in both phase and amplitude such as the LIGO interferometer
where both phase and intensity fluctuations play important roles.
In fact, we noticed a recent work from LIGO Collaboration33 in
which they experimentally demonstrated quantum enhancement
in a joint measurement of the phase of laser beams and the posi-
tion of mirrors by choosing a proper squeezed angle of the initial
squeezer (similar to h1 in our work).
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