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Abstract
Particle morphology, including particle shape and particle size, has significant influence on the shear behavior of granular

soils. The effect of particle shape has been investigated in several studies. However, the effect of particle size has not yet

been paid much attention. In this study, the effect of particle size on the shear strength and the stress–dilatancy behavior of

sands was assessed through a series of drained triaxial compression tests on dense uniform silica sands. The effect of

particle size was analyzed on various aspects of mechanical behavior: the stress–strain response, the shear band formation,

the peak-stress axial strain, the peak dilation angle, the peak friction angle, the critical-state friction angle, and the stress–

dilatancy relations. Furthermore, we noticed that the particle shape of silica sands usually varies with particle size. The

effect of this morphologic characteristic on mechanical behavior was also discussed by comparing the experimental results

on silica sands with those reported on glass beads and Péribonka sand (Harehdasht et al. in Int J Geomech 17:04017077,

2017). The results show that particle size significantly influences the peak friction angle, the peak dilation angle and the

stress–dilatancy behavior. The underlying mechanism for the effect of particle size was discussed from the perspective of

kinematic movement at particle level.
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1 Introduction

The shear behavior of granular soils is an important topic in

soil mechanics and geotechnical engineering. One dis-

tinctive feature of the shear behavior is dilatancy, which

plays a key role in controlling the shear strength. Rowe [2]

pioneeringly developed the stress–dilatancy relation by

applying the principle of energy minimization. Afterward,

De Josselin De Jong [3] proved that Rowe’s stress–dila-

tancy relation is valid. Rowe’s stress–dilatancy relation has

been extensively used in describing the shear behavior of

granular materials [4–7].

The stress–dilatancy behavior is affected by many fac-

tors: external conditions (density, confining stress, strain

history, etc.) [2, 5, 8–11], and particle morphology (gra-

dation, size, shape (measured by roundness, angularity,

aspect ratio, sphericity, etc.), surface roughness and min-

eralogy) [1, 12–16].

About the external conditions, the stress–dilatancy

relation proposed by Rowe [2] cannot capture these

dependencies. To overcome these limitations, Wan and

Guo [6] modified Rowe’s stress–dilatancy relation in a

phenomenological way to account for some of these

dependencies by the introduction of a void ratio factor.

Bolton [17] proposed an empirical equation to quantify the

influences of the density and confining pressure on peak

friction angle (/p) and dilation angle (wp). Both the mod-

ified Rowe’s stress–dilatancy relation and Bolton’s equa-

tion introduced the critical state friction angle (/cv) to
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establish the relation between mobilized friction angle and

dilation angle.

Among the particle morphology factors, particle size

and particle roundness are two most important intrinsic

geometric properties that affect the shear behavior of

granular soils. Researchers are often interested in the

influence of particle size and particle roundness on the

stress–dilatancy behavior of granular soils (i.e., critical

state friction angle /cv, and stress–dilatancy related

parameters such as peak friction angle /p, and peak dila-

tion angle wp). Many experimental research works have

been devoted to particle shape, for example in the critical

state friction angle [12, 13, 18–20], in peak friction and

dilation angles [6, 12, 13, 15, 21–23], and in stress–dila-

tancy relation [1, 13, 15].

On the other hand, for the effect of particle size, the

works are scarce. The available research works are sum-

marized on the following three properties:

(1) critical state friction angle: For critical state friction

angle, particle size has no effect as advocated from a

discrete element analysis of round particles [24–26],

and supported from experiments on glass beads and

Péribonka sand [1].

(2) peak friction and dilation angles: About particle size

effect on peak shear strength of crushable soil,

studied can be found on shear strength of rockfill

[27, 28]. For non-crushable silica sand, on the other

hand, the experimental studies are scarce. The

triaxial test experiments of glass beads and Péri-

bonka sand [1] indicated that the particle size has a

significant influence on both peak friction and

dilation angles. The assembly of small particles

evidently show higher peak friction and dilation

angles than that of the assembly of large particles for

glass beads and Péribonka sand.

(3) stress–dilatancy relation: Harehdasht et al. [1]

showed that there is a significant particle size effect

on the parameters of modified Rowe’s equation and

of Bolton’s equation for glass beads and Péribonka

sand.

Overall, the results reported in the literature have shown

significant effect of particle size on peak friction angle /p

and on peak dilation angle wp. However, the results are

based on limited experimental studies on Péribonka sand

and on glass beads. Thus, it is desirable to have more tests

on a different type of sand to confirm the significance of

size effect on sand.

For this purpose, we selected Pasabahce silica sand,

obtained from the strait of Istanbul, which has an average

roundness of 0.25 compared to 0.44 of Péribonka sand. The

sand was sieved into seven size groups of uniform sand. A

series of drained triaxial compression tests at various

confining pressures were conducted on the dense uniform

silica sands with various particle sizes.

The test results due to the effect of particle size are

analyzed on various aspects of mechanical behavior: the

stress–strain response, the shear band formation, the peak-

stress axial strain, the peak dilation angle and the peak

friction angle, the critical-state friction angle and the

stress–dilatancy relations. In some aspects, the measured

behavior is very different by comparing the results with

those of glass beads and Péribonka sand [1]. The specific

feature of the measured stress–dilatancy behavior will be

discussed.

2 Materials and testing program

2.1 Material and its physical properties

Pasabahce silica sand (herein referred to as silica sand) is

formed as a result of disintegration of magmatic meta-

morphic rocks being rich in quartz. The fluvial trans-

portation brought it to actual deposit in Istanbul, Turkey.

This silica sand was used in this experimental study.

Samples were prepared by the following 7 grades of

‘‘uniform’’ sands: No.16-No.18, No.18-No.30, No.30-

No.50, No.50-No.80, No.80-No.100, No.100-No.120,

No.120-No.200. Each uniform sand is named by the upper

sieve number and the lower sieve number. The particle

sizes and specific gravities of these seven uniform sands

are listed in Table 1. A qualitative look at the shape and

surface texture of the individual sand grains is shown in

Fig. 1, which reveals that the sand grains are mostly sub-

angular.

In soil mechanics and engineering geology fields,

roundness is the most commonly used measure for quan-

tification of particle shape characteristics. Roundness (RW),

as defined by Wadell [29], is the ratio of the average radius

Table 1 Properties of the uniform silica sands of seven different

particle sizes

Uniform sand* d50 (mm) emax emin Roundness Gs

#16-#18 1.086 0.901 0.632 0.36 2.624

#18-#30 0.775 0.907 0.64 0.35 2.625

#30-#50 0.424 0.999 0.698 0.26 2.64

#50-#80 0.232 1.102 0.786 0.17 2.646

#80-#100 0.164 1.128 0.768 0.19 2.654

#100-#120 0.137 1.108 0.778 0.18 2.652

#120-#200 0.096 1.099 0.717 0.23 2.654

*the uniform silica sand is artificially graded using two adjacent

sieves. # No.- # No. is the upper sieve number and the lower sieve

number, respectively, for a uniform sand
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of curvature of the particle edges to the radius of the

maximum inscribed circle:

RW ¼
1
n

Pn
i¼1 ri

rins
ð1Þ

where n is the total number of corners, ri is the radius of

circle fitting the i-th corner, and rins is the radius of

inscribed circle as shown in Fig. 2. A corner for a sand

particle was defined by the following procedure: a two-

dimensional projected image of the particle was obtained

by using a microscope. Then, the outline of the particle was

traced. Each corner along the outline was readily identified

using intuition and fitted with a circle. For each uniform

sand sample, approximately 50 sand particles were selected

to determine the roundness using Eq. (1). The calculated

roundness for uniform sand samples of seven size-classes

are listed in Table 1.

The minimum void ratio (maximum index density) and

the maximum void ratio (minimum index density) of the

sand samples were determined according to Method 2A of

ASTM D4253 [30] and Method B of ASTM D4254 [31],

respectively. The minimum and the maximum void ratios

of samples are tabulated in Table 1.

2.2 Experimental program

A conventional triaxial test apparatus was used to study the

drained shear behavior of the seven uniform sands. Each

test was performed under 3 confining pressures, i.e., 100,

200 and 400 kPa. A total number of 21 drained triaxial

compression tests were performed using the conventional

triaxial test apparatus on cylindrical specimens (50 mm in

diameter and 100 mm in height).

Since our aim is to study stress–dilatancy behavior of

the samples compacted at very dense condition, wet com-

paction is preferred to dry compaction for preparing the

samples. Thus, we prepared the samples by wet com-

paction (total five layers for each sample).

Note that the minimum and the maximum void ratios of

the samples were obtained by using dry sand (according to

ASTM D4253 [30] and ASTM D4254 [31]). The initial

void ratios e0 of all samples after preparation using wet

compaction are plotted in Fig. 3, compared with the

Fig. 1 Micrographs for Pasabahce silica sand of different particle sizes

Fig. 2 Determination of particle roundness Fig. 3 The initial void ratios e0 of all silica sand samples
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measured values of emin and emax. As shown in Fig. 3, the

value of e0 for all samples is nearly the same as that of emin,

which indicates that all samples have initial relative density

Id of around 95%.

The procedures of the drained triaxial compression test

consisted of three steps. First, pouring and tamping pre-

determined sand mass into the cell so that a series of dense

samples were prepared to similar relative densities. The

initial void ratios of each sample are listed in Table 2.

Then, the prepared sample was consolidated under a given

confining stress. After consolidation, the sample was

sheared until failure by compressing the sample with a

constant vertical displacement rate of 0.2 mm/min. During

the course of shearing, the sample was allowed to drain.

The drained triaxial compression tests for each sample

were performed under three different effective confining

stresses of 100 kPa, 200 kPa, and 400 kPa. Particle

breakage was not observed in all tests. The results of the

triaxial tests are summarized in Table 2.

In this paper, major and minor principal effective

stresses are denoted by r
0
1 and r

0
3. Axial and volumetric

strains are denoted by ea and ev. Contractive strains are

considered as positive and dilative strains are considered as

negative.

3 Test results

3.1 Stress–strain and volume change responses

Figure 4 shows deviatoric stress q (i.e., q ¼ r
0
1 � r

0
3) and

volumetric strain (ev) versus axial strain (ea) relationships
for the 7 uniform sands under three different confining

stresses (100, 200, 400 kPa). As shown in Fig. 4, all

samples after peak exhibit softening behavior in the stress–

strain curves, and exhibit dilative behavior in the volu-

metric strain curves. Following the initial slight contraction

at a small axial strain, dilation then commences. The

dilation continues during shearing until the deviatoric

stress q mobilizes to the peak value. After the peak devi-

atoric stress, the stress decreases and approaches to a

stable value, and the sample reaches to the critical state.

The effect of sample variability on the stress–strain

curves in Fig. 4 is carefully evaluated by repeating several

Table 2 Summary results of drained triaxial compression tests on uniform silica sand samples

Uniform

sand

Void ratio Shearing

Initial Consolidation onset of

dilatancy

peak

stress

critical

state

confining

stress

strain at peak stress Friction angle at

onset of dilatancy

Peak

friction

angle

Peak.

dilation

angleAxial Volumetric

e0 ec ef ep ecs r’3 (kPa) ea
(%)

ev (%) /f (�) /p (�) wp (�)

#16-#18 0.664 0.656 0.653 0.699 0.761 100 6.8 -2.6 26.0 37.6 11.4

0.637 0.621 0.617 0.663 0.719 200 9.5 -2.6 28.6 38.0 10.9

0.644 0.614 0.608 0.641 0.697 400 11.8 -1.7 29.6 37.5 9.1

#18-#30 0.676 0.668 0.665 0.709 0.771 100 7.3 -2.4 27.2 37.2 10.1

0.683 0.667 0.663 0.701 0.741 200 8.0 -2.1 28.2 37.6 10.1

0.664 0.638 0.633 0.668 0.711 400 12.0 -1.9 29.2 36.8 7.7

#30-#50 0.706 0.701 0.698 0.753 0.824 100 7.2 -3.1 25.4 38.7 13.3

0.711 0.700 0.696 0.746 0.789 200 9.4 -2.7 28.2 39.0 11.7

0.697 0.677 0.671 0.706 0.755 400 11.3 -1.7 30.3 38.3 8.9

#50-#80 0.776 0.771 0.768 0.825 0.892 100 7.3 -3.1 28.1 40.4 13.8

0.767 0.756 0.752 0.812 0.876 200 9.2 -3.2 29.2 40.0 12.3

0.782 0.762 0.754 0.797 0.851 400 12.0 -2.0 31.0 38.9 10.3

#80-

#100

0.779 0.775 0.773 0.832 0.886 100 6.5 -3.2 27.1 42.1 16.1

0.782 0.771 0.766 0.808 0.861 200 8.6 -2.1 30.2 39.3 11.5

0.787 0.769 0.763 0.801 0.838 400 9.4 -1.8 32.1 40.3 11.5

#100-

#120

0.79 0.787 0.785 0.843 0.889 100 6.5 -3.1 29.8 43.4 17.1

0.794 0.784 0.780 0.829 0.870 200 7.8 -2.0 30.3 39.9 12.6

0.815 0.797 0.791 0.822 0.847 400 10.3 -1.4 30.9 38.6 9.1

#120-

#200

0.76 0.755 0.753 0.787 0.831 100 4.9 -1.8 29.0 40.3 15.8

0.744 0.734 0.730 0.770 0.796 200 7.0 -2.1 30.6 41.1 13.3

0.710 0.695 0.690 0.735 0.764 400 10.8 -2.4 29.7 39.7 11.3
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tests under the same testing conditions. A set of typical

repeated tests for the uniform sand #50-#80 with a con-

fining pressure of 200 kPa is shown in Appendix A. The

variability of the stress–strain curves is small as shown in

Fig. 24. In Appendix A, the effect of sample variability on

various interpreted mechanical properties is found to be

reasonably small and would not affect the conclusion of

this study.

The effect of confining stress on the stress–strain

behavior and dilation can be observed by comparing the

test results of the three different confining stresses in

Fig. 4. An increase in the confining stress leads to an

increase in the deviatoric stress and a decrease in dilation.

In addition, both the onset of dilation and reaching to peak

stress require more axial strain under a higher confining

stress.

As shown in Fig. 4, peak deviatoric stress and dilation

are affected by the particle size of specimen. In general, the

specimen with smaller particles tends to have higher peak

deviatoric stress and higher dilation. The effect of particle

size on strength and dilation will be discussed in the later

section.

It is noted that for some specimen with small particle

size (e.g., d50 = 0.14 and 0.1 mm) in Fig. 4, the deviatoric

stress decreases rapidly after the peak value, then approa-

ches to a stable value. The rapid decrease in the deviatoric

stress was expected to be caused by the occurrence of shear

band, which will be discussed later.

Fig. 4 Stress–strain curves of the drained triaxial compression tests on uniform sand samples of various particle sizes

Fig. 5 The failure patterns for samples of various particle sizes at 20% axial strain under the confining stress of 400 kPa. (Large particle samples:

#16-#18, #18-#30, and #30-#50; small particle samples: #50-#80, #80-#100, #100-#120, and #120-#200)
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3.2 Shear band

Shear bands were observed in some samples during

shearing. It was found that particle size and confining

pressure have influence on the formation of shear band.

Compared to large particle samples, the smaller particle

samples are more likely to have visible shear band for-

mations. As shown in Fig. 5 at large axial strain (e.g., ea-
= 20%), the larger particle samples (1.09 mm, 0.78 mm

and 0.42 mm) did not have visible shear bands, while for

the smaller particle samples (0.23 mm, 0.16 mm, 0.14 mm

and 0.1 mm), the evidences of shear bands are obvious at

the 20% axial strain level. In other studies on shear band,

similar phenomenon was also found that the shear band

occurs at lower axial strain and the band width is narrower

for small-particle samples [32–34].

The experimental results show that confining stress

suppresses the occurrence of shear band. As shown in

Fig. 6, for large particle samples (#30-#50), the shear band

occurs for confining stress 100 kPa, but not for 400 kPa.

For small particle samples (#80-#100), shear band occurs at

17% axial strain for confining stress 100 kPa, whereas it

occurs at 20% axial strain for confining stress 400 kPa.

3.3 Axial strain at peak stress

Figure 7 shows the axial strain at peak deviatoric stress

versus particle size for three confining stresses. Evident

effects of particle size and confining stress were observed.

To compare with our results, we extracted the data of

round glass beads and Péribonka sand of various sizes from

Harehdasht et al. [1]. These data are also plotted in Fig. 7.

As shown in Fig. 7, for uniform silica sand, the sample

with larger particle size requires a larger axial strain to

reach the peak stress. This general trend is consistent with

the results of uniform glass beads and Péribonka sand. The

axial strain at the peak stress is significantly lower for glass

beads than that of silica sand. This may be caused by the

difference in surface roughness and the roundness of par-

ticles [1, 12].

It is noted that the axial strain, corresponding to peak

stress, is less than 12% for all test samples. However, for

all test samples, the shear band occurrence become visible

after axial strain is beyond 20% as shown in Fig. 5.

Therefore, at peak stress state, the shear band formation is

just at the beginning of forming stage, and the sample is

relatively in a uniform strain condition.

For a given particle size, the higher the confining stress,

the larger strain the sample requires to reach the peak

stress. This trend is consistent with experimental results of

uniform sand commonly reported in the literature.

4 Analyses of measured results of /p, /fp,wp
and /cv

4.1 Stress–dilatancy relation

The stress–dilatancy relations are plotted in Fig. 8 for

seven uniform sands under three confining stresses. Prior to

the peak dilation, all stress–dilatancy relations show a

consistent increase in the stress ratio R ¼ r
0
1=r

0
3 with the

dilatancy factor D ¼ 1� dev=dea. Once D reaches a peak,

the curves naturally reverse, giving a ‘‘hook’’ in the curve

as D drops to the critical state. It was found that Dmax and

increasing confining stress

#30-#50
(0.42 mm)

#80-#100 
(0.16 mm)

100 kPa 200 kPa 400 kPa

100 kPa 200 kPa 400 kPa

εa = 20% εa = 20% εa = 20%

εa = 17% εa = 20% εa = 20%

Fig. 6 The failure patterns for samples of two different particle sizes

at large strain (about 20%) under different confining stresses

Fig. 7 The axial strain at peak stress versus particle size for samples

under three different confining stresses (the data of glass beads were

extracted from Harehdasht et al. [1])
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the corresponding Rmax on a stress–dilatancy relation

decrease with an increase in confining stress and decrease

with an increase in particle size, which is consistent with

results of round glass beads reported by Harehdasht et al.

[1]. The value of R when D = 1 (i.e., onset of dilatancy)

rises with an increase in confining stress for each particle

size.

Based on Fig. 8, a typical stress–dilatancy relation is

given in the schematic Fig. 9. The ratio R/D increases with

deformation from the ratio (R/D)f at the onset of dilatancy

to the ratio (R/D)cv at critical state. The ratio (R/D)p at peak

state is near to the ratio (R/D)f. Both of (R/D)p and (R/D)f
are functions of confining stress and current void ratio [6].

Rowe’s stress–dilatancy theory is used to analyze the

test results. According to [2], the stress–dilatancy relation

is given by

R ¼ K 1� dev
dea

� �

¼ KD;where K ¼ tan2 p=4þ /f =2
� �

ð2Þ

where K (= R/D) is a material constant. The angle /f refers

to an equivalent friction angle which reflects the influence

of sliding, rolling and rearrangement of particles. In Fig. 9,

Eq. (2) represents a straight line connecting a point on the

stress–dilatancy plot and the coordinate origin. All data of

R versus D are located between the line of R ¼ KcvD and

the line of R ¼ KlD. Herein, Kcv and Kl correspond to the

critical state friction angel /cv and the inter-particle friction

angle /l, respectively. Note that, /f is not a constant,

which varies between /l and /cv with deformation history

and density [2, 6]. In the pre-peak stage (i.e., hardening

stage), variation of /f is small. In the post-peak stage (i.e.,

softening stage), variation of /f is large.

An alternative form of Rowe’s equation (Eq. 2) can be

derived by introducing a mobilized Coulomb friction angle

/m, defined as sin/m ¼ r
0
1 � r

0
3

� �
= r

0
1 þ r

0
3

� �
, and invok-

ing a dilation angle w defined by Vermeer and de Borst

[35] (see Appendix B). Rowe’s equation can then be

expressed in the following alternative form

sinw ¼
sin/m � sin/f

1� sin/m sin/f

ð3Þ

4.2 Determination of friction and dilation angles

(1) Peak friction angle /p and peak dilation angle wp.

0
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R
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2
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4

5
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=
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2
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3

4
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R
=
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1/ σ
' 3

D = 1 - dεv/dεa

100 kPa
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#50-#80

0

1

2

3

4

5

0 0.5 1 1.5 2

R
=
σ'

1/σ
' 3

D = 1 - dεv/dεa

100 kPa
200 kPa
400 kPa

#80-#100
0

1

2

3

4

5

0 0.5 1 1.5 2

R
=
σ'

1/ σ
' 3

D = 1 - dεv/dεa

100 kPa
200 kPa
400 kPa

#100-#120
0

1

2

3

4

5

0 0.5 1 1.5 2

R
=
σ '

1/σ
' 3

D = 1 - dεv/dεa

100 kPa
200 kPa
400 kPa

#120-#200

Fig. 8 The stress–dilatancy relations for samples of various particle sizes under three different confining stresses

Fig. 9 A schematic plot of stress–dilatancy relation
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As shown in Fig. 9 for a triaxial test, the peak point on

the stress–dilatancy curve can be identified and then the

corresponding set of Rmax and Dmax can be found. This

point generally coincides with the maximum deviatoric

stress in the stress-axial strain curve shown in Fig. 4. The

peak friction angle /p was calculated from the value of

Rmax based on the definition of mobilized Coulomb friction

angle. The peak dilation angle wp was calculated from the

value of Dmax based on the definition of dilation angle

defined by Vermeer and de Borst [35] (i.e., Eq. (11) in

Appendix B). The obtained values of /p and wp for the 21

tests are listed in Table 2.

(2) The friction angle at the onset of dilation /f and the

equivalent friction angle at peak state /fp.

The mobilized Coulomb friction angle at the onset of

dilation /f is corresponding to the value Kf in the stress–

dilatancy relation (Fig. 9). The obtained values of /f for

the 21 tests are listed in Table 2. The equivalent peak

friction angle, denoted by /fp, is corresponding to the value

Kp in the stress–dilatancy relation (Fig. 9). The value of /fp

is near to that of /f . Frequently, Kp is considered to be

same as Kf in the range of R prior to and nearly up to the

peak value, which is supported by experimental data pre-

sented by Rowe [2] and others [15, 36].

(3) The friction angle at critical state /cv.

The critical state friction angle / cv is mobilized at large

strain when the sample is sheared at a constant volume.

The value of / cv is independent on initial density and

confining pressure [37]. According to the suggestion by

Nova [38], stress ratio q=p0 and dilatancy ratio depv=de
p
q

have the following relationship:

depv
depq

¼ ðM � q

p0
Þ=ð1� NÞ ð4Þ

where M;N; p0 and eq are the critical state stress ratio,

volumetric coupling coefficient, mean effective stress, and

deviatoric strain, respectively. The superscript ‘p’ stands

for plastic. p0 ¼ r
0
1 þ 2r

0
3

� �
=3 and eq ¼ ea � ev=3.

At post-peak stress, depv=de
p
q � dev=deq since the mag-

nitude of elastic strain is negligible. All tests for a given

soil in the post-peak stage can be represented by Eq. (4)

using the critical state stress ratio M and volumetric

coupling coefficient N. The optimal critical state M for

each uniform sand can be calculated by the following

minimization:

M ¼ argmin
M;N

XTn

i¼1

Xn

j¼1

1� Nð Þ � dev
deq

þ q

p0
�M

� �2
" #

ð5Þ

where Tn is the number of tests for each uniform sand

(Tn = 3 for this study, i.e., three different confining stres-

ses); and n is the number of points evaluated along each

stress path (with equal Dea ¼ 0:1% intervals, from the peak

stress up to the end of the test).

The corresponding critical state friction angle /cv can be

obtained from

sin/cv ¼
3M

6þM
ð6Þ

The obtained /cv are listed in Table 3.

Fig. 10 Size-roundness correlation for natural sands

Table 3 The determined / cv for the uniform silica sands of seven

different particle sizes

Uniform

sand

#16-

#18

#18-

#30

#30-

#50

#50-

#80

#80-

#100

#100-

#120

#120-

#200

/ cv ( Æ ) 32.4 32.7 34.2 34.8 35.1 35.2 35.3
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5 Discussion of test results of /p; /fp,wp

Herein, we are interested to investigate the influence of

particle size and particle roundness on the measured peak

friction angle, equivalent peak friction angle and dilation

angle for silica sand. The experimental results of silica

sand will be compared with those of round glass beads and

Péribonka sand.

When the particle size and particle roundness are two

independent variables (i.e., uncorrelated), their effect can

be evaluated using multi-variable regression analysis.

However, if the two variables are strongly correlated, then

the regression analysis cannot attain a stable solution due to

a notorious problem called ‘‘multi-linearity,’’ thus it is not

feasible to separate the influence of each variable. Inter-

estingly, such problem occurs for the Pasabahce silica

sand.

5.1 Size-roundness correlation of fluvial sand

Pasabahce silica sand, from the view of geological origin,

is a fluvial transport sand. Studies in sedimentology have

shown that the size-roundness correlation is strong for

sands with same genesis and transport history (shown in

Fig. 10) [39–44]. The larger size particles of this type of

sand are much better rounded than the smaller grades. This

morphologic characteristic was also observed in geotech-

nical investigations [45–49]. The measured roundness for

the silica sand used in this study confirms its strong cor-

relation with particle size (see Fig. 10). The data points of

Pasabahce silica sand is among the group of fluvial sands

or beach sands.

Because of this special feature, it is difficult to change

one variable by keeping another constant. The roundness

and size tend to change in unison. Thus, the measured

mechanical properties plotted against particle size do not

reflect the effect of particle size alone, and rather, it

includes the joined effects of particle roundness and par-

ticle size. Thus, this strong correlation makes it unfeasible

to determine the role of each variable for fluvial sand.

In order to assess the influence of size and roundness for

fluvial sand, it is not only necessary to investigate sepa-

rately the relationship between mechanical properties ver-

sus particle size, and the relationship between mechanical

properties versus particle roundness, but also needed to

compare these effects with other type of materials such as

glass beads and Péribonka sand, which do not have cor-

relation between size and roundness.

5.2 Peak friction and dilation angles

5.2.1 Influence of particle size

Figure 11 shows the values of /p and /fp, versus particle

size for various confining stresses for silica sand. For

comparison, the values of /p and /fp for glass beads and

Péribonka sand are also plotted. For all three materials, the

values of /p decrease substantially with an increase in

particle size. The values of /fp, however, are nearly inde-

pendent of particle size for both silica and Péribonka sand,

and show small variation with respect to particle size for

glass beads.

Figure 12 shows that the value of wp decreases signifi-

cantly with an increase in particle size for silica sand. The

results, extracted from the data of glass beads and Péri-

bonka sand [1], also show the same trend.

Both Fig. 11 and Fig. 12 evidently show significant

influence of particle size on peak friction and dilation

angles.

Fig. 11 Influence of particle size and confining stress on peak friction angle /p and equivalent peak friction angle /fp for silica sand, glass beads,

and Péribonka sand

Acta Geotechnica (2021) 16:2071–2088 2079

123



5.2.2 Influence of particle roundness

In order to assess the influence of particle roundness, we

plotted the values of /fp, /p, and wp versus particle

roundness for silica sand, glass beads, and Péribonka sand

in Fig. 13. Péribonka sand was considered to be sub-

rounded with an average particle roundness of 0.44 and the

particle roundness for glass beads is near to 1. The range of

particle size for the three materials is almost the same

Fig. 12 Influence of particle size and confining stress on dilation angle wp for silica sand, glass beads, and Péribonka sand

Fig. 13 Influence of particle roundness on peak friction angle /p, equivalent peak friction angle /fp, and peak dilation angle wp

Fig.14 Critical state friction angle /cv versus (a) mean particle size and (b) particle roundness
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(0.1 mm-1 mm). The data plotted in Fig. 13 are grouped

for three materials. Thus, from the dimension and distri-

bution of the three data groups, the influence of roundness

can be assessed.

As shown in Fig. 13, particle roundness has significant

influence on /p, which decreases with an increase in par-

ticle roundness. The influence of particle roundness on /fp

is less significant, and the influence of particle roundness

on wp is insignificant.

5.3 Critical state friction angle

5.3.1 Influence of particle roundness

The dependence of /cv on particle roundness of sand has

been found from the experiments by many investigators

[12, 18–20]. In our tests on silica sands, /cv versus particle

roundness is shown in Fig. 14b, which shows a strong

correlation between /cv and particle roundness (R
2 = 0.89).

The regressed relationship is given by

/cv ¼ 38� 14RW ð7Þ

As shown in Fig. 14b, the correlation between /cv and

particle roundness has the similar trend with that obtained

from other types of sands by Cho et al. [18] and with that

obtained from Fujian sand mixtures by Yang and Luo [19].

For comparison, the experimental data for Péribonka sand

and for glass beads are also plotted on Fig. 14b represented

by two points. It shows a general decreasing trend of /cv

with an increase in particle roundness.

5.3.2 Influence of particle size

On the other hand, the correlation between /cv and particle

size has scarcely reported for sands. Figure 14a shows the

influence of particle size on /cv for silica sand, Péribonka

sand and glass beads. It is noticed that the measured values

of /cv for both glass beads and for Péribonka Sand [1] are

independent of particle size as shown in Fig. 14a. In con-

trast, our tested results showed that the measured value of

/cv for silica sand has a strong correlation with particle size

(R2 = 0.94).

The results shown in Fig. 14a reveal that the value of

/cv is independent of particle size for glass beads and

Péribonka sand. Thus, it is reasonable to expect that the

particle size dependence of /cv for silica sand is attributed

to the particle roundness effect, since the particle roundness

and particle size have a strong correlation for silica sand.

This apparent particle size dependence of the value /cv is

typical for fluvial sand, which would lead to a different

particle size effect on stress–dilatancy relation from that of

glass beads.

6 Stress–dilatancy relation

Due to the size-roundness correlation of silica sand, in this

section, we investigate the effects of both particle size and

particle roundness on stress–dilatancy relations of silica

sand, glass beads and Péribonka sand.

6.1 Rowe’s stress–dilatancy relation

At peak state, for the Rowe’s stress–dilatancy relation in

Eq. (3), /m ¼ /p, /f ¼ /fp, w ¼ wp. Then, Eq. (3)

becomes

sin/p ¼
sinwp þ sin/fp

1þ sinwp sin/fp

ð8Þ

This equation couples the peak dilatancy wp to the peak

strength /p. It can be seen from Fig. 9 that the value of /fp

is in the range between /l and /cv. For convenience, Wan

and Guo [6] express /fp in terms of /cv as

sin/fp ¼ asin/cv ð9Þ

where a is a parameter between 0 and 1. The value of a can

be interpreted from experimental results. Figure 15 shows

a plot of sin/cv versus sin/fp for the three types of mate-

rials: glass beads, silica sand and Péribonkas sand. The

range of ‘‘a’’ is between 0.68 and 0.94 as shown in Fig. 15.

The sub-figure shows that the range is 0.79–0.94 for silica

sand.

The measured values of sin/cv and sin/fp are plotted in

Fig. 16 for silica sand, glass beads and Péribonka sand, in

which, the data of glass beads and Péribonka sand were

extracted from Harehdasht et al. [1]. As shown in Fig. 16,

Fig. 15 The relationship between sin/cv and sin/fp for glass beads,

Péribonka sand, and silica sand under different confining stresses
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for Péribonka sand, the curves of sin/cv and sin/fp are two

parallel lines. For silica sand, the curves of sin/cv and

sin/fp are two converge lines, i.e., the difference of the two

values are becoming smaller as particle size increases. But

for glass beads, the curves of sin/cv and sin/fp are two

diverge lines, i.e., the difference of the two values are

becoming larger as particle size increases. These features

make the different patterns of parameter a varying with

particle sizes between silica sand and glass beads or Péri-

bonka sand.

Base on the measured sin/cv and sin/fp, the values of a

are calculated and plotted in Fig. 17 for silica sand, glass

beads and for Péribonka sand. For Péribonka sand, the

value of a is nearly a constant with respect to particle size.

For silica sand, the value of a increases with particle size.

This trend is contrary to the results of glass beads. The

Fig. 16 The equivalent friction angle at peak /fp or the critical state friction angle /cv versus mean particle size

Fig. 17 Particle size effect on the value of parameter a for glass beads, Péribonka sand, and silica sand under different confining stresses
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Fig. 18 Particle roundness effect on the value of parameter a for glass
beads, Péribonka sand, and silica sand under different confining

stresses
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Fig. 19 The overall relationship between ð/p � /cvÞ and wp for silica

sand, Péribonka sand, and glass beads
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opposite trends can be explained by the curves of sin/cv

and sin/fp, shown in Fig. 16.

Figure 18 shows the value of a influenced by particle

roundness for silica sand, Péribonka sand and glass beads.

The trend shows that parameter a decreases with an

increase in roundness.

6.2 Bolton’s stress–dilatancy relation

Bolton’s stress–dilatancy relation [17] is an alternative of

Rowe’s stress–dilatancy relation [2].

D/ ¼ /p � /cv ¼ bwp ð10Þ

where b is a parameter implying the contribution of dila-

tancy to the peak strength.

Figure 19 shows a plot of wp versus /p � /cv for glass

beads, Péribonka sand and silica sand. The range of ‘‘b’’ is

between 0.19 and 0.63 as shown in Fig. 19. The value of

b from the 21 silica sand test results is plotted in Fig. 19

with an averaged value of b = 0.42, which is close to

b = 0.48 in the Bolton’s equation for clean sands under

triaxial compression condition [17].

According to Eq. (10), the parameter b is influenced by

the values of /p, /cv and wp. Figure 20 shows the D/ and

wp versus particle size for silica sand, glass beads, and

Péribonka sand. Due to the different behavior of /p and /cv

of three types of materials, D/ ¼ /p � /cv decreases with

particle size for glass beads and Péribonka sand, but is

nearly independent of particle size for silica sand.

For Péribonka sand, the curves of D/ and wp are two

nearly parallel lines. For glass beads, the two lines are

diverged. For silica sand, however, the two lines are

converged.

Fig. 20 Particle size effect on D/ or wp for glass beads, Péribonka sand, and glass beads under different confining stresses

Fig. 21 Particle size effect on the value of parameter a for glass beads, Péribonka sand, and silica sand under different confining stresses
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Fig. 22 Influence of particle roundness on parameter b
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From the behavior of D/ and wp shown in Fig. 20, the

value of b ¼ ð/p � /cvÞ=wp are computed and plotted in

Fig. 21 with respect to particle size for silica sand, glass

beads, and Péribonka sand. The parameter b decreases with

particle size for glass beads and Péribonka sand, but

increases with particle size for silica sand. The opposite

trends of b between silica sands and glass beads or Péri-

bonka sand, are mainly caused by the different patterns of

D/ and wp shown in Fig. 20

The effect of particle roundness on the value of b for the

three types of materials is shown in Fig. 22. Opposite to

Fig. 18 for the parameter a, Fig. 22 does not show a clear

trend of ‘‘b’’ versus particle roundness.

7 The underlying particle-level mechanism
for influences of particle size
and confining stress

The experimental results in this study have confirmed that

particle size has significant influence on the peak friction

and dilation angles, but has no effect on critical state

friction angle. The underlying mechanism is not clear for

the effect of particle size.

Harehdasht et al. [1] attributed it to the difference in

stress chains, which are highly concentrated for a small

particle sample and are diffused for a large particle sample.

Herein, we aim to explain the underlying mechanism for

the effect of particle size from another perspective.

The deformation of a soil sample is a transition process

from homogeneous strain field to a highly non-uniform

strain field [50]. The underlying particle-level mechanism

for the soil deformation can be described as the buildup of

particle columns during the hardening process and the

collapse of particle columns during the softening process

[11, 51].

According to Iwashita and Oda [51], in the hardening

process up to failure, particles are rearranged in chains to

form particle columns aligned in the direction of the major

principal stress axis. The applied load is mainly transmitted

through them in the form of force chains, as shown in

Fig. 23a.

During the loading process, the pre-existing contacts are

lost in the minor principal stress direction, but new contacts

are formed in the major principal stress direction. Conse-

quently, the particle columns bend, and elongated voids are

generated between neighboring columns. This is the

mechanism causing dilatancy before failure.

Due to the formation of particle columns and the elon-

gated void parallel to the major principal stress direction,

the packing structure becomes highly anisotropic as load

increases. Such anisotropic structure becomes gradually

unstable as a result of the loss of surrounding contact

points. Finally, the particle columns are collapsed via

buckling, as shown in Fig. 23b. The buckling is associated

with particle rotation and causes the growth of voids

between buckling columns.

The number of buckled columns increases during the

loading process, eventually, the sample cannot carry fur-

ther load, i.e., the peak stress is reached. The further axial

strain deformation leads to a softening of the sample after

the peak stress failure.

After peak stress, a new packing structure is re-con-

structed during the softening process. The continuing

buckling of particle columns is gradually concentrated in a

narrow shear band, which causes rotation of particles and

the growth of voids in the shear band. Finally, the structure

reaches a dynamically stable condition at the critical state.

At the critical state, buildup and collapse of particle col-

umns keep equilibrium within persistent shear bands. The

dilatancy is balanced with the contraction so that the

overall volumetric strain remains unchanged, resulting in a

constant void ratio.

The effects of particle size can be explained by the

mechanism of particle column buckling. The particle col-

umns formed in a small-particle sample are slenderer than

those formed in a large-particle sample. The slender par-

ticle columns are easier to bend/buckle. Thus, it requires

smaller axial strain to buckle the slender particle columns

in the soil sample.

For a given axial strain increment, there are more

bending of particle columns in a small-particle sample.

Thus, the generated elongated void between two particle

columns results in a higher void ratio and consequently a

higher dilatancy rate. The higher dilatancy rate makes the

packing structure more anisotropic and capable of carrying

higher vertical load than that of a large-particle sample.

Thus, the small-particle sample would result in a higher

peak friction angle /p and higher peak dilation angle wp.

′

′

′ ′

′

′

′′

par�cle column

buckling

large void

shearing to failure

(a) (b)

Fig. 23 A schematic diagram illustrating the mechanism for dila-

tancy: a buildup of particle columns and b buckling particle columns
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The critical state friction angle /cv, on the other hand, is

not associated with particle column buckling. It is mea-

sured under a friction mode of particles at large shear

strain. Therefore, particle size has very little effect on the

value of /cv.

8 Summary and conclusions

In this paper, the effects of particle size on the shear

strength and the stress–dilatancy behavior of sands are

assessed through a series of drained triaxial compression

tests on dense uniform silica sands. The effects of particle

size are analyzed on various aspects of mechanical

behavior: the stress–strain response, the shear band for-

mation, the peak-stress axial strain, the peak dilation angle,

the peak friction angle, the critical-state friction angle, and

the stress–dilatancy equations. The effect of size-roundness

correlation of silica sand is also discussed by comparing

with experimental results on glass beads and Péribonka

sand reported by Harehdasht et al. [1]. Based on this study

the major conclusions can be drawn as follows:

(1) Compared to large particle samples, the smaller

particle samples are more likely to have visible shear

band formation and require a smaller axial strain to

reach the peak stress.

(2) Both the peak friction angle /p and the peak dilation

angle wp decrease with an increase in particle size,

which confirms the experimental findings reported

by Harehdasht et al. [1] on glass beads and Péribonka

sand.

(3) The effect of particle size on peak friction angle /p

and peak dilation angle wp can be explained from a

perspective of particle column buckling. Since

buckling of the particle column is affected by the

slenderness of the particle column, thus particle size

plays an important role.

(4) Critical state friction angle /cv is independent with

particle size as observed in glass beads experiments.

For silica sand, the apparent dependence of critical

state friction angle /cv on particle size is attributed to

the effect of particle roundness which varies with

particle size in unison. The dependence of /cv on

particle size is a common feature for a fluvial sand.

(5) The observed results on silica sand show an

increasing trend with respect to particle size for

either the parameter a in Rowe’s stress–dilatancy

relation or the parameter b in Bolton’ stress–

dilatancy relation. This trend is opposite to that for

Péribonka sand and glass beads. The two opposite

trends are mainly caused by the size-roundness

correlation of silica sand, which results in a particle

size dependent /cv being different from that of glass

beads and Péribonka sand.

Appendix A: Sample variability

See Fig. 24.

The effect of sample variability on the stress–strain

curves in Fig. 4 is carefully evaluated by repeating several

tests under the same testing conditions. A set of typical

repeated tests for the uniform sand #50-#80 with a con-

fining pressure of 200 kPa are shown in this Appendix.

Figure 24 shows the stress–strain curves for two dif-

ferent specimens of the uniform sand #50-#80 under the

same sample preparation method. The initial void ratios for

the two specimens are 0.767 and 0.769. Both specimens

were tested in the same triaxial cell under the same con-

fining pressure (200 kPa).

The curves of these two tests are nearly identical before

the peak stress. After the peak stress, there is small varia-

tion between the curves of the two tests. The variation is

likely due to the difference in the locations of strain

localization, which was initiated randomly in the two dif-

ferent specimens.

Although the variation is small for the stress–strain

curve, we would like to evaluate the possible effect, which
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plotted against axial strain for two specimens of the uniform sand

#50-#80 under the same condition
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may be caused by this small variation, on various

mechanical properties interpreted from the test results, such

as peak friction angle, peak dilation angle, and critical-state

friction angle.

For this purpose, in Fig. 25, the stress–dilatancy curves

is calculated and plotted. Using Fig. 25, the peak friction

angle /p, the friction angle at onset of dilation /f , the

equivalent peak friction angle /fp, and the peak dilation

angle wp are computed for the two tests and listed in the

figure. The critical state friction angle /cv is computed by

Eq. (5) with Tn ¼ 1 from each test result. The critical state

angle is also listed in Fig. 25. For all computed angles from

the stress–strain curves, the difference due to sample

variation is less than 0.5 degree, which is acceptable.

Appendix B: Definition of Dilation angle

The expression of dilation angle (w) has been proposed by

Vermeer and de Borst [35] for triaxial compression and

plain strain conditions, which was derived from concepts of

plasticity theory. The expression of dilation angle (w) is

given by:

sinw ¼ � dev=de1ð Þ
2� dev=de1ð Þ ð11Þ

In plain strain conditions, Eq. (11) leads to the following

expression:

sinw ¼ � de1 þ de3ð Þ
de1 � de3ð Þ ð12Þ

where de1 and de3 are the principal stain increments and

de1 is the axial strain increment dea in triaxial compression

conditions. Equation (11) has been extensively used for

calculating the dilation angle of axisymmetric samples

[12, 13, 21–23].

An alternative expression of the dilation angle for tri-

axial compression conditions has been proposed by Vaid

and Sasitharan [52] and is given by:

sinw ¼ 2

1� 3= dev=deað Þ ð13Þ

This expression has been used for calculating the dila-

tion angle of axisymmetric samples [1, 53, 54]. This

expression was derived from the definition of w for plain

strain conditions originally introduced by Hansen (1958)

given as:

sinw ¼ � dev
dc

¼ � dev
de1 � de3

ð14Þ

where c is shear strain.

For plain strain conditions, Eqs. (11) and (14) are

identical. However, for triaxial compression conditions, the

value of dilation angle (w) calculated from Eq. (11) is less

than that calculated from Eq. (13) because the definition of

dc is different (i.e., dc ¼ de1 � 2de3 in Eq. (11) while dc ¼
de1 � de3 in Eq. (13)).

Thus, it is noted that, for plain strain conditions, there is

a universal and clear definition of dilation angle. But for

triaxial compression conditions, there are two different

definitions of dilation angle (Eqs.11 and 13). In this study,

the definition of Eq. (11) was used.
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