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Robustness of networked systems to unintended interactions

with application to engineered genetic circuits

Yili Qian and Domitilla Del Vecchio

Abstract—A networked dynamical system is composed of
subsystems interconnected through prescribed interactions. In
many engineering applications, however, one subsystem can
also affect others through ‘“unintended” interactions that can
significantly hamper the intended network’s behavior. Although
unintended interactions can be modeled as disturbance inputs
to the subsystems, these disturbances depend on the network’s
states. As a consequence, a disturbance attenuation property of
each isolated subsystem is, alone, insufficient to ensure that the
network behavior is robust to unintended interactions. In this
paper, we provide sufficient conditions on subsystem dynamics
and interaction maps, such that the network’s behavior is
robust to unintended interactions. These conditions require
that each subsystem attenuates constant external disturbances,
is monotone or ‘near-monotone”, the unintended interaction
map is monotone, and the prescribed interaction map does
not contain feedback loops. We employ this result to guide the
design of resource-limited genetic circuits. More generally, our
result provide conditions under which robustness of constituent
subsystems is sufficient to guarantee robustness of the network
to unintended interactions.

I. INTRODUCTION

A networked system is the interconnection of input/output
(I/0) subsystems through a prescribed interaction map. Many
properties of networked systems can be determined using I/O
properties of the constituent subsystems and the specified
interaction map [1-7]. Here, we consider the case where
a networked system, which we refer to as the “nominal
network”, is perturbed by unintended interactions among
subsystems (Fig.1). These unintended interactions often arise
from one subsystem physically perturbing the environment
that comprises all other subsystems, thereby indirectly affect-
ing their dynamics. For example, in close formation control
of aerial vehicles, the vortex created by the propulsion force
of the leading vehicle can severely affect the dynamics of its
neighbors, creating instability [8—11]; in a wind farm with
multiple turbines, the wake effect of one turbine alters the
surrounding air flow, which, in turn, affects adjacent turbines,
reducing efficiency [12, 13]; in building temperature control,
the temperature difference between neighboring rooms in-
duces thermal conduction, which results in deviation of each
room’s temperature from its set point [14]; in genetic circuits,
increased expression of one gene decreases the amount of
resources available to express other genes, unintentionally
reducing their expression levels [15, 16].
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Fig. 1. Schematic of a perturbed network N. It is composed of N
subsystems interconnected via prescribed interaction map G and unintended
interaction map A.

To retain the prescribed function of a network despite unin-
tended interactions, one approach is to co-design all subsys-
tems and their interactions monolithically [8, 12, 13, 16]. A
different approach, taken in networked systems research, is to
allow each subsystem to be designed independent of others,
thus allowing scalable network analysis and design [1-7, 17—
21]. Specifically, work in this direction has been concerned
with deriving conditions on subsystems’ I/O dynamics and
interaction map for network stability, performance, and/or
robustness to state-independent disturbances. In this paper,
we take the networked systems research approach. In partic-
ular, we obtain conditions for robustness to an unintended
interaction map (A in Fig. 1), rendering state-dependent
disturbances. Our earlier work [22] has studied a simplified
version of this problem where the subsystems are modeled
as static I/O maps.

Here, with reference to Fig. 1, we provide mathematical
conditions on the subsystems and interactions under which
the behavior of the perturbed network (with unintended
interactions) is arbitrarily close to that of the nominal net-
work (without unintended interactions). Specifically, we are
interested in the network’s steady state behavior and thus we
define a network disturbance decoupling (NDD) property, by
which the steady state outputs from all subsystems become
essentially independent of the unintended interactions. We
prove that if (i) each constituent subsystem is monotone
or near-monotone and it can asymptotically attenuate the
effect of a constant external disturbance on its output, (ii)
the prescribed interactions do not contain a feedback loop,
and (iii) the unintended interaction map is cooperative, then



the NDD property of a network can be entirely determined
by the static I/O characteristics of the subsystems. We apply
our theoretical results to guide the design of robust genetic
circuits in living cells, where unintended interactions arise
from resource competition and disrupt network behavior [16].
While solutions have appeared recently to make a single
genetic subsystem robust to constant disturbances [23-28],
it remains unclear the extent to which such solutions can
be scaled up to enable robustness of a network of genetic
subsystems to unintended interactions.

The organization of this paper is as follows: In Section II,
we present a motivating example. In Section III, we formulate
the NDD problem. Section IV studies networks composed of
monotone subsystems and states conditions for NDD. Section
V extends the result to non-monotone subsystems that can be
reduced to a monotone system through timescale separation.
Finally, in Section VI, we revisit the motivating example.

II. MOTIVATING EXAMPLE

This paper is motivated by the problem of engineering
robust genetic circuits (i.e., networks) in living cells [29-33].
These circuits allow to control the way in which a cell senses
and responds to its environment, thereby offering tremendous
opportunities in a number of applications, such as bioman-
ufacturing [34], drug delivery and therapeutics [35], and
regenerative medicine [36]. Although genetic circuits have
been built and used in a number of settings already, lack of
robustness remains a major hurdle hampering progress [32].
Among known causes of lack of robustness, competition for
shared gene expression resources has appeared as a major
player [15, 16]. In this example, we illustrate how this
problem can be cast within the formulation of Fig. 1.

A genetic circuit is composed of N genetic subsystems.
Each genetic subsystem contains a series of biochemical
reactions that express gene ¢ to produce a protein p; as
output. In particular, the gene is first transcribed to produce
mRNA m; at rate r;, which is then translated to produce
protein p; at rate T;. Using m; and p; (ifalic) to represent the
concentrations of species m; and p; (roman), respectively, the
state of a genetic subsystem is z; = [m;, p;] T and its output
is y; = p;. Based on mass-action kinetics, the dynamics of
subsystem ¢ can be written as [37]:
pi = T;(m;) — op;, (1)
where dg and § are decay rate constants of the mRNA and
the protein, respectively, and T;(m;) is the translation rate
increasing with mRNA concentration m;. The transcription
rate of a gene ¢, r;, can be modulated by the concentration
of other proteins in the network, a process called transcrip-
tional regulation [37]. These prescribed interactions are often
modeled by r; = G;(y), where y := [y, ,yn]' and
G;(-) is a nonlinear function called Hill function [37]. The
above descriptive framework has become standard practice to
design G and to tune parameters in each genetic subsystem to
obtain prescribed circuit behavior, such as genetic oscillators,
toggle switches, and logic gates [38—40].

M = 13 — 00My,

A major challenge in engineering genetic circuits is the
omnipresence of unintended interactions, which severely
hamper a circuit’s function [41]. One contributor to unin-
tended interactions is resource competition [33]. In particular,
translation of mRNA relies on the cellular resource ribosome,
which is demanded by all mRNAs in the cell for translation.
When mRNA m; is transcribed in genetic subsystem j,
it binds with free ribosome, reducing its availability to
translate m;, thus unintentionally decreasing the output of
subsystem ¢. Accounting for N subsystems competing for a
conserved pool of ribosome, the translation rate of each gene
becomes (see [22] for derivation):

a; - (mi/Ki m;

T; = Ti(mg, w;) = W, w; = ; ?;7 (2)
where «; is the translation rate constant, x; is the dissociation
constant that decreases with the affinity of m; with the ribo-
some, and w; is the ribosome demand by all other subsystems
in the circuit. Because translation rate 7; decreases with
w;, by substituting (2) into (1), we observe that the output
y; = p; now decreases with m;. These create unintended
interactions and give rise to unexpected circuit behavior [16].
Hence, a genetic circuit with ribosome competition can be
regarded as a perturbed network with subsystem dynamics
(1) with T; = T;(m;,w;), with prescribed interaction (i.e.,
transcriptional regulation) map G(-), and with unintended
interaction map A(\): w; = >, ; d;, where d; = m;/k;
is the disturbance output of subsystem ¢.

To reduce the dependence of each subsystem’s output
y; on disturbance w;, an additional molecule, called small
RNA (sRNA), was introduced into each genetic subsystem
to create a biomolecular feedback control mechanism [24].
The dynamics in such a feedback-regulated subsystem can be
described by the following mass-action kinetic model:

1 1
m; = —T3 — — X\ S; — 6oy,
i €i
1 1
8; = —Bipi — —Aimys; — 0054, 3)
& E;

pi = Ti(m;, w;) — 0p;,

where s; is the concentration of SRNA, \;, 3; are constant
parameters, and ¢; is a small design parameter that can be
decreased experimentally (see [24]). When w; is a constant,
state-independent disturbance, it has been shown that the
steady state output of (3) satisfies lim., ,o+y; = 7;/Bi,
which is independent of w;. This asymptotic static distur-
bance attenuation property is attained if the constant refer-
ence input takes value in an admissible set R = {0< ;<
«;/f;} [42]. The situation r; > «;/8; physically corresponds
to a scenario where the desired output cannot be reached even
with all available ribosomes translating m;.

Given that each subsystem can asymptotically reject dis-
turbance w; to reach set-point r;/(;, it is tempting to use
multiple such feedback controllers, one in each genetic
subsystem, to ensure that the output of multiple feedback-
regulated subsystems become independent of w;, that is, of
ribosome usage. This approach, however, can fail depend-
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Fig. 2. Network disturbance decoupling for feedback-regulated genetic
subsystems with independent reference inputs. (a) The nominal network
N (shaded in blue) consists of three feedback-regulated genetic subsystems
(3), each taking an independent but identical reference input r; = 7o.
The subsystems are coupled through unintended interactions arising from
resource conservation (w; = A;(d)), leading to the perturbed network A/
(b) Steady state error (vector co-norm) between the outputs of the perturbed
and the nominal networks as €; = € varies. For every €; = € and r; = ro,
the trajectory converges to an asymptotically stable equilibrium. Subsystems
have identical parameters: o;; = 100 nM/hr, A\; = 1 (nM - hr)~1, § = 1
hr1, Bi=1 hr— 1, and k; = 1 nM for all 5. Based on these parameters
and for all r; levels chosen, we find 7; € R; and hence each subsystem in
isolation can asymptotically attenuate a constant disturbance as €; decreases.

ing on the value of reference input r; to each subsystem.
Specifically, we simulated the network in Fig.2a, which is
composed of 3 feedback-regulated genetic subsystems with
the dynamics in (3) but no prescribed interactions among
them (i.e., ;(t) = ro for all 7). We chose simulation param-
eters such that r; € R;, hence each subsystem in isolation
can asymptotically reject any constant disturbance as ¢; is
decreased. However, as shown in Fig.2b, we found that
decreasing ¢; for all subsystems fails to decrease the tracking
error for large reference input values despite 7; € R;.
These simulation results demonstrate that even if all con-
stituent subsystems of a network can attenuate constant,
state-independent disturbances in isolation, this robustness
property may be lost when disturbances are state-dependent
through an unintended interaction map w = A(d). Specif-
ically, in this case, the problem occurs because d; reflects
the “control effort” of the feedback regulation mechanism in
subsystem i. Hence, when ¢; — 0% to improve disturbance
attenuation of subsystem %, depending on r; level, disturbance
output d; may grow unbounded, leading to w; — oo, which
cannot be compensated by the control effort in subsystem
7. The result in this paper allows us to place sufficient
conditions on subsystem dynamics, A, and G such that this

problem does not occur.
III. PROBLEM FORMULATION

After introducing some notations, we present our system
setup. Specifically, We describe mathematical conditions
that restrict the class of subsystems we consider. We then
formally define the NDD problem.

Notations: For a vector v € R™, we denote |v| := max; |v;]
for vector oo-norm. For a signal v(¢) : R — R", its co-norm
is denoted as ||v]| := sup,~ |v(t)|. For a closed set .A and a
vector , dist{z, A} = minge 4 |z — s|. For a time-dependent
function xz(t), we will use the following notations:

tlim dist{z(t), A} =0 & z(t) = A,
Jim dist{z(t), A} <p = () 5 A

The comparison operators <, <, as well as min and max
operations are defined component-wise. The set [a,b] :=
{z € R" : a < z < b}, where a < b, defines a box in
R"™. Concatenation of N a-dimensional vectors x1,--- ,xn
is written as z = [z{, - ,2%]" € RN, Similarly,
given N vector-valued functions fi(z1), -, fv(xn) with
fi : R* — R® for all 4, we write the stacked function as
f@) = [f' (x1), -, fy(zn)]" : RNV — RPN For sets
A, -, Ay, we write A := Hf\il A;. A scalar continuous
function a(x) with a(0) = 0 is of class Ky (K) if it is non-
decreasing (strictly increasing) with x. For a n X m matrix A,
sign(A);; = 1 if A;; > 0 and sign(A4,;) = —1 otherwise. A
function f(x,y) is said to be Lipschitz continuous in z € X
uniformly in y € Y if there exists a constant L > 0 such that
forally € Y, |f(zt,y) — f(z~,y)| < L|z™ — 2| for any
x, 2t e X. v

With reference to Fig.1, a perturbed network N is a
tuple (X,G,A), where ¥ = (£4,---,¥y) is a set of
N subsystems, and G and A describe the prescribed and
unintended interaction maps, respectively. Each subsystem
3; = 3;(g;) is parameterized by a positive parameter ¢; and
follows the dynamics:

@ = filwi,ri,wisei), yi =Li(2:), di = pi(zi), (4
where z; is the state variable evolving in X; C R"™. Signals
r; and w; are reference and disturbance inputs, respectively,
taking values on sets R; and WW; that contain the origin; y;
and d; are prescribed and disturbance outputs, respectively,
taking values on ); and D;. For each fixed ¢;, we assume
the function f; is differentiable and locally Lipschitz on
X; x R; x W;. The output functions [;, p; are assumed to
be differentiable and locally Lipschitz on &;. For simplicity,
we consider I/O signals r;, w;,y; and d; to be scalars, and
write u; := [r,w;]" and ¢; := [y;,d;]". Because of this,
with slight abuse of notation, for any function f(-) with
vector argument u; = [r;,w;]", the notation f(u;) is used
interchangeably with f(r;,w;) for convenience.

Assumption 1. (Subsystem stability). There exists ] > 0
such that for each fixed (r;,w;) € R; x W; and 0 < ¢; <
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€7, system (4) has a globally asymptotically stable (GAS)
equilibrium ¢; (r;, w;; €;), that is, for all initial conditions
x? € X, iy o0 74, 74, wis €4) = @i(rs, wis €4). \Y

If Assumption 1 is satisfied, o;(-,-;&;) is called the static
input/state (I/S) characteristic of ;. The corresponding
static I/0 characteristic for the prescribed output is:

Yi = hi(ri, wi i) =l 0 @i(ri, wis &) (5)
Assumption 2. (Subsystem disturbance attenuation). There
exists class K functions a;(-) and af(-), a non-empty com-
pact set R; C R, a constant €7 > 0, and a bounded function
H;(r;) such that

|hi(ri, wised) — Hi(ri)| < ou(e)|wi] + al(e:)  (6)
for every fixed (r;,w;) € R; x W; and 0 < ¢; < &}. \Y

We call H;(r;) the nominal static I/O characteristic because
it is independent of w;. According to Assumption 2, for
any bounded and fixed disturbance input w;, the steady state
prescribed output y; = h;(r;, w;; ;) deviates at most O(e;)
from H;(r;). The set R; is the admissible reference input
set, where (6) holds.

The subsystems are connected through a static intended
interaction map

r=Gy). (N
In a perturbed network, the disturbance output of subsystem ¢,
d;, perturbs subsystem j through a disturbance input w;. The
dependence of w; on d; gives rise to unintended interactions
among subsystems, which we model using a static unintended
interaction map

w = A(d). (8)
We assume that both maps G(-) and A(:) are globally
Lipschitz. We use y(¢; &, A) to represent the stacked outputs
of the perturbed network consisting of (4), (7), and (8), and
write y(t;€,0) for the stacked outputs of a nominal network
No = (2,G,A = 0) consisting of (4), (7), but without
disturbance input (i.e., w = 0).

Definition 1. (NDD). Given p > 0 and a fixed &, the
perturbed network N'(e) = (X(g), G, A) is said to have the
p-network disturbance decoupling (u-NDD) property if

limsup |y(t; e, A) — y(t;€,0)| < p
t—o00
for all initial conditions z° € X. v

For small g, the output of N becomes close to that of
the nominal network ANp. The u-NDD property therefore
quantifies network robust performance with respect to the
unintended interaction map A. In general, asymptotic static
disturbance attenuation of the subsystems is insufficient to
guarantee pu-NDD for arbitrarily small p. For example, the
unintended interactions may result in lim._.qo+ |w(t;e)| —
00, as shown in the motivating example of Section II, or
they may de-stabilize the network.

Problem Statement. Given a perturbed network N(g) =
(3(e), G, A) consisting of subsystems with the asymptotic
static disturbance attenuation property (6), determine condi-

tions on ¥;(g;), G, and A such that given any p > 0, 4u-NDD
can be achieved if ¢; is sufficiently small for every 1. v

Solution to the NDD problem identifies a class of perturbed
networks that are robust to unintended interactions, in the
sense that any effect arising from unintended interactions can
be mitigated by simply improving disturbance attenuation
of the constituent subsystems (i.e., decreasing ¢;). As we
demonstrate next, one class of such networks are those with
certain monotonicity properties.

IV. NETWORK DISTURBANCE DECOUPLING WITH
MONOTONE SUBSYSTEMS

After introducing background on monotone systems, we
provide mathematical conditions to solve the NDD problem
for networks composed of monotone subsystems.

A. Technical background: Monotone systems

We present some basic concepts on monotone systems
theory and mixed-monotone functions. A more complete and
in-depth treatment of these topics can be found in [43—47].

Definition 2. ([46]). A function f : X — )Y is mixed-
monotone if there exists a function f X2 5 Y, called a
decomposition function of f(-), such that for all z, 1, z2,2 €
X the following are satisfied: (i) f(z) = f(x,x), (ii)
v < 19 = flx1,2) < flax,2), and (iii) 21 < 2o =
Flziws) < f(z21). v
According to the above definition, take any z~ < z < z™,
we have f(z~,21) < f(z) < f(at,27). A differentiable
function f : R™ — R™ has sign-stable partial derivatives
if there exists a matrix A € R™ ™, whose elements A;;
take values in {1,—1} and satisfy A;;(0f;/0x;) > 0 for
all 4,7 and z. If f has sign-stable partial derivatives, then
one decomposition function of f can be found through A. In
particular, let

A™ = —min(0,A), At =14, A", 9)

define a vector function f(zT,z~) : RZ™ — R™ whose i-th
element is:

f@®,27) = fi (diag(AT) -2 + diag(A]) -27), (10)
where Aj (or A;") is the i-th row of AT (or A™, respectively).
Then, f is a decomposition function of f. In particular, we
call f the canonical decomposition function of f.

Example 1. Given a constant matrix A, the function f(z) =
Az is mixed-monotone. Its canonical decomposition function
is f(zT,27) = ATzt + A=z~ where

_ Aij, if Aij <0,
Aij = )
0, otherwise,
For any z~ < x < zT, it can be verified that f(x_,sr:+) =

Ate~ + A7zt < f(x) = Az < Afat 4 A7 =
flzt,z7). v

AT =A- A",

Lemma 1. Let f and g be two mixed-monotone functions
with decomposition functions f and g, respectively. Then



h := f og is also mixed-monotone and Wy, 20) =
f(g(x1,x2), g(x2,21)) is a decomposition function of h. V

Now we consider a system with input «(¢) and output ¢(¢):
'Cb:f(x’u)7 q:L(I)v (11)
where f : R®" x R™ — R™ and L : R” — R’ are
differentiable and their partial derivatives with respect to
x and u are sign-stable. We review the notion of (orthant)
input/state (I/S) monotone systems [45].

Definition 3. ([44, 45]). System (11) is I/S monotone if there
exists vectors ¢% € R™ and ¢% € R™, whose elements take
values in {1, —1}, such that

for all indices ¢ # j, k, and for all x,u. Specifically, the
system is said to be I/S monotone with respect to the partial
order pair (o%;0%). v

If for each fixed u, the I/S monotone system (11) has a
GAS equilibrium = = ¢(u), then (-) is called the static
I/S characteristic of (11). The static I/S characteristic of an
I/S monotone system has sign-stable partial derivatives [44].
In particular, the sign pattern of (9p/0u) is A = 0% (c*) 7,
and the canonical decomposition function of ¢ can then be
found according to (10). An important property of I/S mono-
tone systems is the following convergent-input-convergent-
state/output property.

Definition 4. ([44, 45].) System (11) is convergent-input-
convergent-state if there exists a function ¢(-,-) : R*™ —
R?", called an I/S gain function of (11), such that
for any w—,ut, if u(t) — [uT,u’], then z(t) —
[p(u™,u"),¢(ut,u™)]. Similarly, it is convergent-input-
convergent-output if there exists a function (-, -) : R?™ —
R?’ called an I/O gain function, such that for any u~, u*,
if u(t) — [u™,u™], then q(t) = [Y(u™,ut),Y(ut,u™)]. v

A graphical representation of a convergent-input-convergent-
output system with I/O gain function v is shown in Fig.3. If
the input u(t) eventually enters the box [u™, u™], output q(#)
will eventually converge to the box [t (u™,u™), v (u™,u™)].

Lemma 2. Suppose that (11) is monotone with a static
I/S characteristic + = (u), then it is convergent-input-
convergent-state. Additionally, if the output function L(z) is
mixed-monotone with a decomposition function ﬁ(n}:*7 x7),
then (11) is convergent-input-convergent-output. Specifi-
cally, let ¢ be the canonical decomposition function of
o, then an I/O gain function of (11) is ¢(ut,u~™) =
L(p(ut,u ), @(u,ut)). v

Proof for convergence of x(t) can be found in [45] (Lemma
2). Convergence of ¢(t) is a consequence of Lemma 1. I/S
monotonicity of system (11) can be determined by simple
graphical conditions [48]. Specifically, the incidence graph
induced by f is a signed digraph. Each element in the
(n+m)-vector & = [z 7,u"]T is a node. There is a directed
edge (&;,x;) from &; to x; if sign(0f;/9¢;) # 0 for some

h q+
&= f(z,u)
q=L(x) S~ ~q(t)
¢ = latu) o
g =v,ut) —

Fig. 3. A graphical representation of the I/0 gain function v for
system (11). If the input u(t) ultimately enters the box [u~,ut], the
output g(¢) ultimately converges to the box [¢»(u™,u™T), ¥ (ut,u™)]. This
schematic assumes system (11) is cooperative, that is, (c%;0%) = (1; 1),
and OL/0x > 0 for all .

€. Bach edge (&;,z;) is associated with a sign defined as
sign(0f;/0&;). An undirected cycle is a sequence of nodes
Eeyy oy &, suchthat ., = &, and foreach 1 <i < (k—1),
either edge (&,,&.,,,) exists or edge (&, ,,&c,) exists. The
sign of this cycle is the product of the signs of all edges
constituting the cycle.

Lemma 3. ([48, 49]). System (11) is I/S monotone if and
only if the incidence graph induced by f does not contain
an undirected negative cycle. \Y

B. Conditions on subsystems and interaction maps

Here we provide a set of sufficient conditions on the
subsystem dynamics and prescribed/unintended interaction
maps for NDD. These conditions are centered around the
subsystems having the I/S monotonicity property, which we
assume to hold on boxes &, R;, W;, )V;, and D;. These boxes
are Cartesian products of (possibly unbounded) closed real
intervals. Additionally, we assume that for all (r;(¢),w;(t))
taking values on R; x W; and for all €; > 0, the set A& is
positively invariant under the subsystems dynamics (4). For
example, in biomolecular systems, X;, R;, W;,V;, and D;
can be chosen as the non-negative orthant, because the state
variables and I/O signals represent species concentrations and
are thus non-negative.

Assumption 3. (Subsystem monotonicity). For every ¢; €
(0, 7], each subsystem X; in (4) is I/S monotone with respect
to the partial orders (c*; o). The partial derivatives of output
functions /; and p; are sign-stable. v

Due to Assumptions 1 and 3, the subsystem I/S characteris-
tic ; is mixed-monotone. Let @; (u;", u; ;¢;) and p; (z, z;)
be the canonical decomposition functions of ¢;(u;;e;) and
pi(x;), respectively. We follow Lemma 2 and define the

disturbance I/O gain function of ¥; as:

Vi(u uise) = piiu ug s e0), giluy ufsei)). (12)

We assume that increasing disturbance output from >; does
not decrease disturbance input to ¥;. This is a mild assump-
tion satisfied in many scenarios, including our motivating
example in Section II, as we will show in Section VI.

Assumption 4. (Unintended interactions). The unintended
interaction map A(-) is cooperative, that is, A;(d;) <

Ai(df) for all 7,5 and dj < d. v



The prescribed interaction map is assumed to have a simple
structure.

Assumption 5. (Intended interaction). The intended interac-
tion map r = G(y) does not contain any feedback loop, that
is, 0G;/0y; =0 for all j > 1. v

Given Assumptions 1 and 5, because G does not contain
feedback loops, equation » = G o H(r) has a unique solution
r* = [rf,---,ry]". We call r* the nominal reference
input to the network, since r* is computed using G and
the subsystem nominal static I/O characteristic y; = H;(r;),
which is independent of w;. We use

13)
to represent a subsystem’s disturbance I/O gain function
for a fixed rf. If w; — [w;,w]] and r; = 7}, then
the disturbance output d; is ultimately bounded in the box
(W7 (w7 sl eq), 47 (w wysrf, )] We will use 7 to
elicit conditions for NDD and use v* to represent vector
concatenation v* := [(v™)T, (v*)T]T. Finally, we impose
the following technical assumption on each subsystem’s static
characteristic and disturbance I/O gain function.

z/;f(wj,w;;r%eﬂ = wi(rjvw;rﬂrfvw;;gi)

Assumption 6. (Subsystem Lipschitz conditions). The static
I/O characteristic h;(r;,w;;e;) is Lipschitz continuous in
r; € R; uniformly in (w;,&;) € W; x (0,&7]. The distur-
bance I/0 gain function ;(r;", w;™, 7, ,w; ;e;) is Lipschitz
continuous in r; ,r;" € R; uniformly in w; ,w;” € W; and
g; € (0, €f]. In addition, )} is sub-linear in that there exists a
non-negative function a;(r;) such that |1} (wj, w; 3T E) —

PI(0,0;rF,¢;)] < ai(r;“)\wﬂ uniformly in R; x (0,€f]. v

*

C. NDD for networks composed of monotone subsystems

With reference to Fig.1, the perturbed network N can
be regarded as a feedback interconnection of Ny and A.
The nominal network Ny, with input w and output d,
has the convergent-input-convergent-output property. Specif-
ically, its I/O gain function can be approximated by ¥* :=
[5,--+ 9% ", which is composed of subsystem I/O gain
functions, as the next Lemma shows.

Lemma 4. Consider Ay under Assumptions 1-3,5,6, and
suppose that the nominal reference input r* satisfies r; €
int(R;) for all i. Then, there exists functions P,Q : R>q x
R-¢ — R>g, such that if w(t) — [w™,w"], then
d(t) = W (w™,wh;r* ) — P(JwF|;e),
Y (wh w7 e) + P(lwF|;e)], (14a)
y(t) = [H(r") = Q(w™|;e), H(r*) + Q(w™|;¢)]. (14b)
Particularly, the functions P, () can be decomposed as
P(lw*];e) : = pa(e)|w®| + po(e),
Q(uw™lse) - = qu(e)[w™] + aole),
where p1,po,q1,qo are non-negative scalar functions with
the following property: for each ¢, given any pu > O,
there exists e = &*(u,€i41,---,en) > 0, such
that pi(e),po(e);qi(e),qo(e) < p if 0 < & <
e (ty€ig1, -+ ,en) for all 4.

15)

The proof of Lemma 4 is in Appendix Section VIII-A.
Essentially, this property holds because each subsystem has
the disturbance attenuation property (Assumption 2) and is
monotone (Assumption 3). Equation (14a) allows us to ap-
proximate the disturbance I/O behavior of network Ay using
the disturbance I/O gain functions (1)) of the subsystems
>; with a constant reference input ;. In addition, by (14b)
and (15), for a constant |w¥|, the effect of disturbance input
w on the prescribed output y can be arbitrarily diminished
by decreasing each ¢;. Yet, for the perturbed network N, we
need to prove that w = w(e) does not grow as ¢ is decreased.
To this end, we need some results on boundedness of discrete
time systems. Specifically, consider

x(k+1) = F(x(k)), (16)
where z € R", and without loss of generality, we assume that
F(0) = 0. System (16) is said to be ultimately bounded [50]
in a box [z, ,zf] if, for any initial condition z(0), there
exists a k. > 0 such that z(k) € [z, ,z]] for all k& > k..
We use z(k) — [z, 2] to denote that z(k) is ultimately
bounded in [z}, x]]. We next introduce a Lyapunov charac-
terization of the ultimate boundedness property that is robust
to perturbations.

Definition 5. System (16) is said to be exponentially ulti-
mately bounded if there exist positive constants cy, ¢z, c3, g
and a function V'(-) : R™ — R such that

alz|* <V(z) < colzf?, (17a)
[V(@1) = V(x2)| < csloy — wa| - (lza| + [22]),  (17b)
V(F(x)) = V(x) < —cqlz|?, forall [z] >ro.  (17c)

Specifically, if (17) is satisfied, system (16) is exponentially
ultimately bounded in [—r,, 7], where 7, := c179/ca.  V

If (17) is satisfied with rg = 0, system (16) has an expo-
nentially stable equilibrium point at x = 0. The boundedness
property of an exponentially ultimately bounded system is
robust to perturbations. In fact, consider a perturbation of
the nominal system (16):

x(k+1) = F(x(k)) +p-d(x(k)), (18)
where p is a constant parameter and [0(z)| < Li|z| + Lo
for all z. Assume that F'(x) is sub-linear, that is, there exists
Lp > 0 such that |F'(z)| < Lp|z|, then we can prove the
following robust boundedness result for the perturbed discrete
time system (18).

Lemma 5. Suppose the nominal system (16) is exponentially
ultimately bounded in [—7., r.], then there exists p.,x > 0,
such that for all p € [0,p.], system (18) satisfies (k) —
[T« — Kp, T« + KD]. v

The proof of Lemma 5 can be found in Appendix Section
VIII-B. Now we are ready to state our first main result. It
uses the monotonicity properties of A and the convergent-
input-convergent-output of Ay in Lemma 4 to provide an e-
independent bound on w(t; €), which allows each subsystem
to decrease ¢; for disturbance attenuation.

Theorem 1. Consider the perturbed network (4), (7), and



(8) under Assumptlons 1-6. Suppose that there exists a set
Ra C ]_[z ! R; and a positive constant vector £y < £* :=
[e7,--+ ,en] " such that for each fixed 0 < & < g, w(t;€) is
bounded for all ¢ and that the discrete time dynamical system
w™(k+1) = Aoy (w (k),w" (k);r",e),
k1) = Aoy (wh (k) w (k)" <)

is exponentially ultimately bounded in an &- independent set
[wy (r*), w (r*)] forall 0 < e < g¢ and for every 7* € R .
Then, there exists a positive function *(p, €41, ,EN),
such that for any u > 0, A has the u-NDD property if
r* € int(Rpr) and if 0 < g; < &f* for all 4. v

19)

Proof. By Lemma 2, Ny has the -convergent-input-
convergent-output property. Since A is cooperative (Assump-
tion 4) and w(t) is bounded for all ¢, a small-gain theorem
for convergent-input-convergent-output systems (Appendix
Section VIII-D) shows that w(t) — [wy,,w,] if the discrete
time system

F41) = Ao [ (wh,w;r%,e) + P(lwE(k)];€)],
“(k+1) = Ao [ (w,whirt,e) — Plw* ()] e)),
(20)
is ultimately bounded in [w;,,w],]. To show that w,, and

w], can be chosen independent of &, we treat (20) as a
perturbation of the nominal discrete time system (19). By
Lemma 5 and with reference to (15), there exists a p* > 0,
such that if (19) is exponentially ultimately bounded in
an e-independent set [w;,w]]| and |pi(¢)|, |po(e)] < p*,
then [w,,,w},] is e-independent. Therefore, if 0 < ¢; <

**7 **]
min{&o, e *(p*, €i41, - ,en)} for every i, we can apply

Lemma 4 to find
y(tie,A) = [H(r*) — qu(e)lwi] — qo(e),
H(r*) + qu (&) lwi] + go(e)],

y(t;€,0) = [H(r") — qo(e), H(r") + qo(e)]-
Hence, limsup, .. [y(t:2,0) — y(tie, A)] < qu(e)|wk] +
2qo(¢), where wZ, is e-independent. This implies that, given
any 4 > 0, u-NDD can be achieved if each ¢; is taken

sufficiently small such that q; (¢)|wE.| + 2q0(e) < p. [ ]

Under the conditions of Theorem 1, NDD of the (nN)-
dimensional continuous time system N can be certified if
the (2V)-dimensional discrete time system (19) is ultimately
bounded in an e-independent set. This discrete time system
can be constructed using the static disturbance I/O gain
functions of the constituent subsystems and the unintended
interaction A. It provides an upper bound for the “steady
state amplification” of disturbance signals in the perturbed
network. If the trajectory of (19) is ultimately bounded in an
e-independent set, then NDD can be achieved if each ¢; is
sufficiently small. We call R s the network admissible refer-
ence input set because if the subsystems and the prescribed
interactions are designed such that r* € R, then u-NDD
can be achieved for arbitrarily small p by decreasing ¢;.

Remark 1. The discrete time dynamical system (19) does
not explicitly involve the prescribed interaction map G.
Instead, one can first compute r* assuming no unintended

interactions, and then substitute 7* into (19) to check if it
leads to an ultimately bounded, e-independent w(k). v

Remark 2. Note that €] is a function of €;41, - ,en.
This implies that the requirement on disturbance attenuation
for an upstream subsystem ¢ is generally stricter than its
downstream subsystems j > ¢+ 1 to diminish propagation of
the regulation error via prescribed interactions. In the special
case where G(y) = r* (i.e., no prescribed interactions), €}
can be chosen independent of €;1,--- ,&n. v

Remark 3. The requirement for w(t; ) to be bounded for all
t for each fixed ¢ is often satisfied in physical systems with
nonlinear dynamics. For example, in biomolecular systems,
the state variables represent molecular concentrations, which
are often bounded above by conservation laws. If an e-
independent bound for w(t;e) can be easily found for A,
then there is no need to check the boundedness of (19). V

While many engineering subsystems have I/S monotone
dynamics, the presence of controllers is often required for
them to achieve asymptotic static disturbance attenuation.
When a dynamic negative feedback controller is used to
regulate a subsystem, the resultant dynamics of the regulated
subsystem is often not monotone.

Example 2. Suppose that a plant has I/S monotone dynamics

T, = —x; + u; + w;, y; = x;, where u; = z; is a control
input arising from a dynamic feedback controller 2, = —z; +
(r; —x;)/€;. It is easy to show that the regulated subsystem

T =~ + 2 Fwi, Z = =2+ (ri — 1) /e (21)
has the asymptotic static disturbance attenuation property
with a nominal static I/O characteristic H;(r;) = r;. How-
ever, the incidence graph induced by

—T; + 2 +w;
—zi+ (ri —)/e
contains a negative cycle x; — z; — x;, indicating that it is
non-monotone according to Lemma 3. v

fi(fEi,Zu?”i,wi;&) =

Motivated by this example, in the next section, we seek con-
ditions for networks composed of non-monotone subsystems
to achieve NDD. In the context of Example 2, we show that
if the dynamics of the feedback controller z; is sufficiently
fast, then (21) behaves like an I/S monotone system, thus, the
results developed in this section hold with similar conditions.

V. NETWORK DISTURBANCE DECOUPLING WITH
TWO-TIMESCALE NON-MONOTONE SUBSYSTEMS

Certain non-monotone systems can have dynamic prop-
erties similar to those of monotone systems [51, 52]. In
particular, for autonomous systems, if the “non-monotone
dynamics” in a two-timescale non-monotone system evolve
at a sufficiently fast rate, certain convergence properties
for monotone systems are preserved [51]. Based on similar
reasonings, we provide conditions for NDD of networks
composed of non-monotone subsystems.



A. Two-timescale subsystem setup

We consider subsystem X; parameterized by an additional
small positive parameter v, which induces a timescale sepa-
ration in the subsystems. For simplicity, we use the same v
for all subsystems, although the results are not restricted to
this case. We now write 3; = ¥,(g;,v) as:

@i = filwi, ziyuisei),  yi = li(g)

vz = gi(®i, 2iswis€i),  di = pi®i, i),
where z; € X; C R”, z; € Z; C R™ and the I/O signals
u; = [ri,w;]" and ¢; = [y;,d;]T are defined as before
in Section III. We assume that the prescribed output y; is
a function of the slow state x; only, but the disturbance
output d; may depend on both z; and z;. Subsystem (22)
is singularly perturbed by v. In particular, in the fast time
scale 7 = t/v, the boundary layer dynamics [50] of (22) are:

(23)

(22)

dz;/dT = gi(xs, 2, uis &),
where z; and u; are treated as fixed parameters.

Assumption 7. (Subsystem boundary layer). For every fixed
(xi,u;) € X x (Ry x W;) and €; € (0,¢]], system (23) has
a GAS equilibrium Zi = Pi(.’l,'i,ui;&'i) € Z;. Y

Substituting z; = I';(x;, u;; €;) into (22), a candidate reduced
model of (22) is:

T = fi(@i,ue), di = pi(Tiwises), Ui = Li(Z;), (24)
where f,-(a_ci,ui;ei) = fi(a_:i,Fi(a_ci,ui;ai),ui;&:i) and
pi(Ti, ui;€5) = pi(Zi, Ti(Ti, us; €;)). We denote system (24)
by ¥; and require it to have similar stability, disturbance
attenuation, monotonicity, and Lipschitz continuity properties
as specified for the subsystems in Section IV. These condi-
tions are summarized below.

Assumption 8. Each X, satisfies the following:

(i) It is I/S monotone with respect to the partial orders
(o%;0%) for all e; € (0,ef]. The output functions p;
and [; have sign-stable partial derivatives.

(i) It is endowed with a well-defined I/S characteristic
@i(ui;e;). The /O characteristics h;(u;;e;) satisfies
Assumption 2. v

By this assumption, the functions @;(u;;¢;) and ﬁl(m“zi)
have canonical decomposition functions  @;(u;, u; ;e;)
and p;(z;,ul,Z;,u; ;e;), respectively. The decomposition
functions can be composed according to Lemma 1 to obtain

the disturbance I/O gain function

1/)1(17 7,7

Similar to (13), we write
T W s E)

w(w-i_ w7,7z7 ) wl( 2’17 (25)
for the subsystem static dlsturbance I/0 gain function for a
fixed reference input ;. Under mild technical conditions, the
conditions to guarantee NDD in Theorem 1 for networks with
monotone subsystems are also sufficient for networks com-
posed of two-timescale subsystems (22). To show this, we
extend the convergent-input-convergent-state/output results
for monotone systems in Lemma 2 to singularly perturbed

systems with monotone reduced dynamics. This requires an
additional technical assumption as follows.

Assumption 9. There exists M;(¢) > 0, independent of v,
such that |u(t)| < Mj(e) for all ¢. In addition, there exists
Ms(g) > 0, independent of v, such that ||| < Ma(e). ¥

Lemma 6. (Approximate convergent-input-convergent-
output for singularly perturbed monotone systems). Consider
system (22) and suppose that Assumptions 7-9 are satisfied.
Then, given any e > 0, there exists v*(e; 5) such that for a
ﬁxeds,if0<1/<1/* and w;(t) — [u; ,u;], then

4i(®) S [rlum s en) i)l @26

Proof. See Section VIII-C in the Appendix for details. W

Remark 4. If g; is not a function of w;(t), the requirement
|li;|| < My in Assumption 9 can be removed. v

B. NDD for networks composed of two-timescale subsystems

Using Lemma 6, we can determine conditions for NDD
of a perturbed network composed of two-timescale non-
monotone subsystems.

Theorem 2. Consider the perturbed network (7), (8), and
(22) under Assumptlons 4-9. Suppose that there exists a set
Ra C ]_[2 L Ri and a positive constant £y < €* such that
for all 0 < ¢ < g¢ the discrete time system (19), where ¢* is
the I/O gain function of the reduced system defined in (25),
is exponentially ultimately bounded in an e-independent set
[wy,w}]. Then, given any p > 0, u-NDD can be achieved
if r* € 1nt(RN) and if for all ¢

0<e <e™(w,eix1,-,en), 0<v <v*(p,e), (27)
where €7** and v** are both positive functions non-increasing
with p. v

Proof. (Sketch). The proof is similar to that of Theorem 1
but we need to keep track of the model reduction error arising
from applying Lemma 6 to the subsystems. In particular,
for a perturbed network composed of singularly perturbed
monotone subsystems, there exists v**(uy;¢e) such that for
all 0 < v < v**, the convergence result in (14) can be
replaced by

d(t) 25 [* (w™,wh;r*,e) — P(lw;e),
O (w,wr*e) + P(jlw;e)],
y(t) 5 [H() - Q(lw*:e), Hr™) + Q(lw o)),
where P and ) have the same form as those in (15).

&) = pi(Pis(uf ulul e, u; + o pilur u, T,&),U{;éi)lf the discrete time system (19) converges to [w; ,w;],

the small-gain theorem for approximate convergent-input-
convergent-output systems (Lemma 11 in Appendix Section

VIII-D) leads to w(t) RGN [wg,, w),], where «a(:) is
a class Ko function, and wj, and wg, are e-independent.
The rest of the proof is similar to that of Theorem 1. One
can take, for example, e;** := *(1/2,€;41, -+ ,en) and

v = v (p/2,€). ]

In summary, in addition to the conditions of Theorem 1,
to achieve NDD for networks composed of non-monotone



subsystems, Theorem 2 requires that the timescale separation
in each subsystem is sufficiently large (v is sufficiently
small). This ensures that the behavior of 3;, which may be
non-monotone, are sufficiently close to that of >, which is
monotone. Since v** depends on e, when decreasing ¢ to
achieve p-NDD for a fixed p, it is important to ensure that
v < v**(u,e) remains satisfied.

Remark 5. While a small ¢ ensures that the equilibrium
location of A is close to that of Ny, the value of parameter
v does not affect the equilibrium location of (22) and
hence that of the perturbed network. The role of a small
v is to guarantee that A is dynamically “well-behaved”.
This is a consequence of the approximate convergent-input-
convergent-state property for singularly perturbed monotone
subsystems in Lemma 6. v

VI. MOTIVATING EXAMPLE REVISITED

Here we apply Theorem 2 to a network composed of
genetic feedback-regulated subsystems described in Section
II. The feedback-regulated subsystem dynamics in (3) are not
monotone, because the incidence graph induced by the dy-
namics in (3) contains a negative cycle: s; = m; — p; — S;.
However, if the decay rate constant &g of the RNA species m;
and s; can be made much larger than the decay rate constant
0 of protein p;, then the subsystem dynamics can be regarded
as a two-timescale system [53]. In particular, the subsystem
dynamics can be re-written as:

1
I/mi = f?“i — —/\lmzsl — 5mi, (293)
. 1 1
vé; = —Pipi — —Aimis; — 05, (29b)
ar or
pi = Ti(mi, w;) — p;, (29¢)
Vi = pi, di = pi(xs, z:) = m; /K;. (294d)

System (29) is in the form of (22), with fast state variables
2 = |my,s;]", slow state variable x; = p;, reference
input r;, disturbance input w;, prescribed output y;, and
disturbance output d;. In practice, the decay rate constant
(dp) of mRNA and sRNA is often faster than that of protein
(9) [54]. To further increase dy to reduce v, one can (a)
engineer the mRNA sequence to recruit additional RNase
for its degradation or (b) produce an additional mRNA
species m; that can bind and sequester SRNA s; to effectively
enhance its removal rate [53, 55]. The parameter ¢; can
be decreased experimentally by increasing the amount of
DNA that encodes m; and s; [24] and by rational design
of the sSRNA sequence [56]. In order to apply Theorem 2,
the following section verifies Assumptions 4-9.

A. Verification of Assumptions 4-9

Recall from (2) that ribosome competition can be modeled
as unintended interaction
J#i
which satisfies Assumption 4. The prescribed interactions G;
are Hill functions, which are globally Lipschitz. We only

(30)

consider GG that does not contain any feedback loops and,
thus, satisfies Assumption 5. These interaction maps and sub-
system dynamics (29) give rise to the perturbed gene network
N. The non-negative orthant is positvely invariant under the
dynamics of A. Hence, we have X;,R;,W; = R>o and
Z; = R%. The required Lipschitz conditions in Assumption
6 are verified in Appendix Section VIII-F.

To verify Assumption 7, the boundary layer dynamics are:

d 1
—m; = —(r; — \im;si) — omy,
dr =
d 1 @1
5= a(ﬂipi — Xim;s;) — 65;.

For each fixed pair (r;, p;) € R; x X; and positive ¢;, system
(31) has a unique non-negative equilibrium z; = [m;, 5] €

Z;, where
_ A+ JAZ + 4262\
mi(pi7ri;5i) == 260N . Z, (32)
3 3

with Ai(pi7 Ti) =i\ — Bi\ipi — (528?. GAS of z; has been
shown using a Lyapunov function [53, 57].

To verify Assumption 8, we substituteim,» into (29¢) and
(29d), the reduced subsystem dynamics X; follow:

Di = filDisri,wis€s), Ui =Di, di = pi(Pi,ri3€i), (33)
where
fi(Disriswises) = Ti(ma (s, a5 €4), w;) — 6pi,  (34a)
Pi(Pi, 735 €:) = mMy(Di, 133 €4) [ Ki- (34b)
According to (2) and (32), we have:
oT; aT; om; om;
>0 <0, >0, — <0, . (35
om; ’ ow; or; op; (35
ofi _ Ofi  OTi = Omy ofi _ Oofi 9Ty
Hence, aq{i = aﬂ “om: " arn > 0and aii = a%» Cows <

0. Consequently, ¥; is I/S monotone with respect to the
partial orders (o",0";0%) = (1,—1;1). Since the output
functions have sign-stable partial derivatives, Assumption 8-
() is satisfied. To verify Assumption 8-(ii), we first show
that the scalar reduced dynamics (33) has a well-defined
I/S characteristic. For each fixed (r;,w;) € R; x W;
and ¢; > 0, the function f;(p;; 7, w;,e;) is monotonically
decreasing in p;. In addition, since f;(0,7;, wi;e;) > 0
and limp, oo fi(Pi, i, wi;e;) = —oo, the scalar reduced
system p; = f;(Pi, i, wi; €;) has a GAS equilibrium. Let
Pi = Pi(ri, wi; &) (36)

be the static I/S characteristic of ¥;, since 4; = pP;, the
subsystem static I/O characteristic is h; = @;. To verify
the static disturbance attenuation property in Assumption 8-
(ii), we show in Appendix Section VIII-E that there exists
constants K}, K? > 0 such that

|hi(rs, wis ) — i/ Bi| < (K lwi| + K2)  (37)
for all (r;,w;) € R; x W; and for &; sufficiently small,
where R; can be taken as any e-independent compact subset
of (0, «;3;/9). Hence, comparing (37) with equation (6), the
nominal static I/O characteristic is H;(r;) = r;/B;, and R;
is an admissible reference input set.

Finally, we verify Assumption 9, which requires r(¢) and
w(t) and their derivatives to be bounded. By (29¢) and the



comparison lemma, for any initial condition, p;(t) is globally
attracted to the set [0, «v; /]. With reference to (29¢), because
T;(m;,w;) is bounded in [0, a;], p; is bounded in [—av;, o).
Because 7, = G;(y) = G;(p) and G(-) is a Hill function,
7;(t) and 7;(t) are both bounded. Similarly, it is possible
to verify from (29) that [0,7;/e;] is a globally attractive set
for m;(t) and hence w;(t) = > ., d; = 32, mj/K; is
bounded by a v-independent constant. We do not need ()
to be bounded by an v-independent constant because the
boundary layer dynamics (31) does not depend on w(t).

B. Application of Theorem 2

Because Y; is I/S monotone with respect to (o7, 0%; 0%) =
(1, —1;1), the canonical decomposition function of @;, which
we denote as gbz, is

Giri i vy wised) = @il (38)

For the dlsturbance output function p;, since dp;/dp; <
0,0p;/Or; > 0, the canonical decomposition function p; of
pi 18s:

wz 751)

ﬁi(pjarjvpi_vri_;gi) = ﬁi(pi_vr;_;gi)' (39)
Given (38)-(39), and according to Lemma 1, a static distur-
bance /O gain function of ¥; is 1;(r; j‘,rt_,wi_;si) =
pi(@i(r; :r’E ), :rwsZ) = mi(@i(r; :rvgz)v j;gi)/"{i'
Because of this and by equation (25), for a fixed input 77,
we have:

’(/} (w+ w; 5 szl) ml((ﬁl(rjij )7 Tis€ )/’%1 (40)
On the other hand, when (33) reaches steady state, m;
necessarily satisfies

= (7 (¥ +.

; 7mi(jpi(7az”wz 751)’ 1751)/’% _ 6952’(74;“7

I+ mi(‘pi(rf7wi+; €:),75€)/Ki + w;r
Substituting into (40), the disturbance I/O gain function of
(33) can be written alternatively as:
0@i(rf, wised) (1 + wih)

041*5@1(1‘7 3_,61) .

With Assumptions 4-9 satisfied, we can apply Theorem
2 to determine if NDD can be achieved for genetic circuits
composed of subsystems (29). Specifically, we find that the
discrete time dynamical system (19), where ¢¥* is given by
(41), is exponentially ultimately bounded in an e-independent
set for some r* values, and hence NDD can be guaranteed
for some r* according to Theorem 2.

¢ (er wz ’ 1752)_

(41)

Proposition 1. Let R be an e-independent compact subset
of
<1,Vi

Ry=({rfeRi:y ——1— (42)

7 ﬂj — 57“
Given any p > 0, the perturbed network (7), (29), and (30)
has the p-NDD property if 7* € R and v and each ¢; are
sufficiently small. v

Proof. With all assumptions in Theorem 2 satisfied, we
only need to verify that the discrete time system (19) is
exponentially ultimately bounded in an e-independent set.
Given the form of 9] in (41), we find that the dynamics of
w™t and w~ in (19) will be completely decoupled. Hence, it

w:r;si).

is sufficient to show that the trajectory of the following N-
dimensional discrete time system is exponentially ulitmately
bounded in an e-independent set:

k1) =Aso g e)

_Z&pj rj,w]

7€) (1 + w;(k))

(43)
i 5S0] (T_]7w] (k‘),E])
To this end, we define
6pi(ri, wi; €i) ey . O
(T wis €3) = a; = 0¢; (1, wis &) i (ri) = ;i — ori’

and note that for all (r;,w;;e;) € R; x Wi x (0,e7],
the followings are satisfied: (i) 7;(r;,w;;e;) > 0, (i)
T]i(T’i, Wy EZ‘) < T]i(’f’i, 0; 51‘), and (iil) o; — (WL,(’I‘“ Wi, 67;) is
bounded away from 0, and thus by (37), there exists constant
k; > 0 such that |n;(r;,0;&;) —nF(r;)| < kie;. Using these
properties, we consider V (k) := |w(k)|* as a candidate
Lyapunov function, which satisfies

2

V(k+1) =Y ni(ry,wi(k);e;) (1 + w;(k))
J#i
2
< @+ w®))? |y (ry) + kie; (44)
J#i
Because * € Ry and € € (0,¢]], there exists an e-

independent constant 0 < ¢ < 1, such that .. (n; (r}) +
kje;) <1 —49 for all ¢. Thus, we have V (k + 1) V(k) <
(1=9)(1+ |wl|)? \w|2 < —w2+2(1-9)|w|+(1-9) <

—Jwl|?/2 if |w| > w, := max{1,6(1 — 9)/9}, where
w, is e-independent. This proves that (43) is exponentially
ultimately bounded in [0, w]. |

Therefore, if G and X; are designed such that * € R s, then
the network behavior can be made independent of A (i.e.,
NDD is achieved) by making ¢; sufficiently small in each
subsystem. Our result thus provides an analytical robustness
performance limit for genetic circuits composed of feedback-
regulated genetic subsystems.

Remark 6. According to (42), because is positive

a; B —ory
for 7; € R;, as the number of subsystems increases, the
reference input each subsystem can take for the network to

maintain NDD decreases.

C. Example: Network without prescribed interactions

We first consider a network consisting of three identical
feedback-regulated subsystems with reference input r; = rg
for all ¢ (see Fig. 2a). Recall that in Fig.2b, our simulations
show that NDD can only be achieved for certain reference
input levels. To explain this, we apply Proposition 1 and find
that any compact subset of Ry := {0 < 7 < 100/3} is
a network admissible input set, which we denote by Rs.
In accordance with the simulation in Fig.2b, NDD can be
achieved by decreasing ¢; if r* € Rus. On the other hand,
decreasing ¢; does not improve the network’s robustness to
unintended interactions if r* ¢ 7%/\/, indicating that our result
is not conservative. The value of v does not affect NDD
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Fig. 4. Network disturbance decoupling for a cascade of feedback-
regulated genetic subsystems. (a) Schematic of a genetic circuit composed
of five feedback-regulated subsystems connected in a cascade topology. (b)
Simulation results for the network when r} € Rs. (c) Simulation results
for the network when 7} ¢ R as. Simulation parameters are identical for all
subsystems: «; = 70 nM/hr, A; =5 (nM - hr)*l, §=05h""t B =1
hr1, k; = 10 nM, and e; = ¢ for all . The prescribed interactions follow
equation (45) with parameters: n; = 4, k; = 6 nM, and and r7 = 10
nM/hr. For panel (b) B; = 10 nM/hr for all ¢ > 2 and for panel (c)
B; = 10 nM/hr for ¢ = 2 and B; = 50 nM/hr for ¢ = 3,4, 5.

property of N. In fact, local stability of this network can
be shown for any v > 0 through linearization [58]. Thus,
with reference to Remark 5, there is no need to decrease
v to ensure network stability and the requirement for v to
be sufficiently small in Proposition 1 is conservative in this
special case.

D. Example: Network with cascade-like prescribed interac-
tions

We study another network A composed of five genetic
feedback-regulated subsystems connected in a cascade topol-
ogy through prescribed interactions, that is, through tran-
scriptional regulation (see Fig. 4a). In particular, we model

prescribed interactions as Hill functions [37]:

i—1/ki)™ i

ri =Gi(yi-1) = :%’ le 7
T, if i =1,

where B; quantifies the maximum transcription rate from
gene i, k; is a dissociation constant whose value decreases
with the binding affinity between protein p,_; and the pro-
moter of gene 7, and n; is describes the binding cooperativity.
Using (45) and the subsystem nominal static I/O characteris-
tic y; = r;/B;, we can compute the nominal reference input
r*. Simulation results for network A with different (v,¢)
pairs are shown in Fig. 4b-c. For the simulations in Fig. 4b,
we choose parameters for the subsystems and the prescribed
interaction map such that r* € Ry. We therefore apply
Proposition 1 to claim that for arbitrarily small p, p-NDD
of NV can be achieved by decreasing both ¢ and v, which is
consistent with simulations in Fig. 4b. In contrast, when the
parameters are chosen such that r* ¢ R, as shown in Fig.
4c, decreasing € and v does not lead to NDD.

(45)

VII. DISCUSSION AND FUTURE WORK

In this paper, we have studied networked dynamical sys-
tems, in which unintended interactions among subsystems
perturb the prescribed network’s behavior. We have provided
conditions on subsystem dynamics, the intended and the
unintended interaction maps to achieve network disturbance
decoupling (NDD), where the steady state outputs from all
subsystems become essentially independent of the unintended
interactions. While NDD may be addressed by designing the
entire network monolithically, we find that, under certain
conditions, NDD can be obtained by simply improving
each subsystem’s robustness to a constant, state-independent
disturbance. Specifically, these conditions require that (i)
all subsystems are I/S monotone, (ii) the prescribed inter-
actions among subsystems do not contain feedback loops,
and (iii) the unintended interactions are cooperative. When
the subsystem dynamics are non-monotone, the same result
holds with similar conditions if the subsystem dynamics
have a timescale separation property, such that each reduced
subsystem dynamics are monotone. We apply our theoretical
result to guide the design of genetic circuits that are robust to
context. In particular, we show that a recently implemented
biomolecular feedback controller [24], which enables a single
genetic subsystem to asymptotically attenuate a constant
disturbance, can theoretically be used to regulate multiple
genes in a network to reach NDD.

Experimental validation of the results in Section VI is
underway. In the future, we plan to consider NDD problems
for a larger class of unintended interactions A, including, for
example, A that contain dynamics. We also plan to extend
this study to multi-stable networks and to consider intended
interaction maps that contain feedback loops. These studies
may provide guidance to engineer networked systems to
function robustly in different contexts.



VIII.
A. Proof of Lemma 4

APPENDIX

To prove Lemma 4, we note that the I/O gain function of
each subsystem has the following property.

Lemma 7 Suppose that Assumptions 1,2,6 are satisfied and
let hi(ry,w},r;,w;e;) be the canonical decomposition

functlon of hi(r;,w;; €;), then, for any e; > 0 such that
r; —e;, i +e; € R;, the function h; satisfies:

\hi(ri + e, wiyri — ey w5 e5) — Hi(ry)|
< Lilei| + ai(ea)|wi| + ad(e:),  (46)
where Ly > 0 is the Lipschitz constant of h; . v

Proof. Due to Assumption 3, the static I/O characteristic
yi = hi(ri,w;;e;) is also sign-stable. For s = r,w, define
As := sign(dh;/0s;), and let Af and A, be defined
according to (9). By equation (10), let A, ; be the j-th row
of matrix A,, the canonical decomposition function

hi(ri wi, v wi ) o= hi(pe () po (W) ), (47)
where

pm-(ri) = diag(A+ yrt +d1ag(A ) r, 48

pug(w*) = ding (AL Ju* + diag(Ay Yo,

are the j-th elements of the vector-valued functlons p, and

puw, respectively. Note that (48) satisfies [p, ;(s¥)| < |sT|.
Therefore
|hi(ri, wit i wyses) — Hy(r)| = |ha(ri, po(wi)ie:) — H

< ai(ei)Ipw(w)] + af (e0)

< Oél(El)lwli| + Oé?(&‘l) (49)
On the other hand, by the definition of h; in (47) and the
Lipschitz property of /; in Assumption 6, the decomposition

functlon h; is Lipschitz continuous in Ti € (R:)? uniformly

in w and ¢; Wlth a Lipschitz constant L;. Hence, we have
\h T e, W, T — e, w5 E)— h; (ri, wi, mi, w; &)

< Lples- (50

Combining (49) and (50), we have (46) proven by triangle

inequality. ]

1 b

Proof. (Lemma 4). We prove Lemma 4 through induction.
In particular, given w(t) — [w™,w™], we find the ultimate
bound for each element of d(t) using the disturbance I/O
gain function of each subsystem in (12), the subsystem static
disturbance attenuation property (6), and Assumptions 5 and
6. For 1 = 1, according to Assumption 5, we necessary have
r1(t) = r}, which is independent of the state of all other
subsystems. Since ¥; is I/S monotone and the prescribed
output function [; has sign-stable Jacobian, the static I/O
characteristic h; is necessarlly equipped with a canonical
decomposition function h ( wj' .7, w; ;&) that serves as
the I/O gain function for the prescribed output y. Thus, if
wy (t) — [wl ,w{], then we have

yi(t) =

dl(t) — [7/’1(7"?101_77"?711’;_;51),1/11(Tivw1~_»7’f7w1_;51)]-
&)

[hl(rlawl ’rlvwi_;sl)a hl(rf,wf,r{,wl_;el)],

Let y; := Hy(r7), by Lemma 7, we can write

yi(t) = [yi — Qi(wier), vt + Qi(wisen)),  (52)
where Q) (wi;e1) == ai(e1)|wi| + af(e1). On the other
hand, by the definition of %] in (13), the convergence
result for d;(t) in (51) can be re-written as di(t) —
[WF (wy i, en), ¢5 (wi,wysrf, 1)) Due to Assump-
tion 5, the reference input 7o = Ga(y) to 3o is only a
function of y;. Let r; := G2(y7), let Lo be the Lipschitz
constant of G(-), we have
rat) = [r5 — LaQi(wiier), r3 + Lng(wl ;e1)]. (53)
We use r2 = 13 — LaQi(wiser) and rf = 75 +
L@ (w1 ;€1) to denote the ultimate bounds for ro(t). Since
3 € int(Ry), for sufficiently small ey, 7‘2 € Ro. Similar to
our treatment in (51) for X1, we have
y2(t) - [h2(r27>w27a7d;7w;;52)7h2(rng;>r27’w55€2>]a
da(t) — [’(/12(7“2771027,7”;,10;;52),;/JQ(T;,w;,T;,w;;EQ)].
(54
By the subsystem disturbance attenuation property (6), let
ys = Hy(r3), we have
y2(t) = [y5 — QQ(wéz;ESZ)ay; + Q2(w§2;€§2)]
where
Qa2(wZy;e<a) i= LyLaQi(wise1) + oa(e2)lwy | + af(ea),
according to Lemma 7. Also due to Assumption 6, the
convergence of ds(t) in (54) can be re-written as:

=[5 (wy ,wi5r55e0) — Po, 3 (wy ,wy 5755 82) + Po,

(55)

ilri d/here

Py = Py(witseg) : = Ly(e2) LaQr(wi; 1)
= Ly(e2)[an (e1)|wi| + af(e1)],

and Ly (e) is the Lipschitz constant of 1; for variables r;”
and ;" as stated in Assumption 6. Since we do not assume
the Lipschitz property of ; to hold uniformly in &;, Ly
is in general dependent on ¢;. Note that, for a fixed e,
since « and a? are class K functions, P, can be made
arbitrarily small if £, is sufficiently small. Using (52) and
(55) to determine r?, we can continue the iteration to find
the boxes that bounds r3(t) and ds(t). After k iterations, let
w<g = [wq, - ,wi] " and e<k =1, ,ex] T, we have

di(t) = [ (wy wy i en) —

where y; = Hj(r};)
k

> (LnLe)"

i=1

kawZ(w$7w;;rZ7€k) + Pk]a

Qi(wiyie<k) = (e |wE] + a¥(ey),

W‘

-1

Pr(wZyiek) : Lw(Ek)
1

;€) and P(w™;e) can be arranged as in (15).

Hﬁ

Note Q(w*

Ly VLG (e lwit| + af(ed).



Specifically, let
k—1
prre<k) = Ly(er) D L L ou(e),
i=1
k—1 _ _
pok(e<k) = Ly(er) D Ly ' LE "o (e),
i=1
we have p;(e) = [pj1, - ,pjn]" for j = 0,1. Since «;
and oY are class K functions, for each k, given any p > 0,

p1,k < p, and hence p; < pu, can be satisfied if

-1
_ MLw (ek)
g <ot — =771 | = Gik(Er)
((k—1)L§j R ’
Vi < k — 1, Vk. We can then take
& (s ezip) = k:Hmli’I}”’N’f?}}(#a Ek)-

A similar upper bound £** can be established for pg, g1, qp <
1 to be satisfied. This completes the proof. ]

B. Proof of Lemma 5

Proof. Consider V(z) in (17) as a candidate Lyapunov
function for the perturbed system, then we have
AV =V (F(z)+ pd(z)) — V(z)

=V(F(z) + pé(z)) = V(F(2)) + V(F(z)) - V()

<espd(@)(|F(2)] + | F(z) + pd(2)]) — cala|?, Vx| > g

<(—ca +pa(p))|z* + pb(p)|z| + pe(p), V|z| = o (56)
where a(p) = c3(2L1 L + pL?), b(p) = 2c3Lo(pLy + LF),
and c(p) = c3pL3. By (56), there exists p, > 0, such that
AV < —cqlz|?/2 + p(b(p)|z| + c(p)) for all p € [0, p.]. For
such a fixed p, take r}, := p - max (2L, %,8%)
can verify that pb(p)|z|, pc(p) < c4|z|?/8 for all |z| > 7).
Hence, AV < —cyl|z|?/4 for all |z| > 7o +7r,. By Definition
5, for all p € [0,p.], the perturbed system (18) is expo-
nentially ultimately bounded in [—ci(ro + 7p)/c2, c1(ro +
rp)/C2). [ ]

C. Proof of Lemma 6

We first show that the reduced system is ISS after a
coordinate translation, which allows us to use a singular
perturbation result for ISS systems [59] to compute the model
reduction error for the fast variable z;. This is then used
to compute the model reduction error for the slow variable
x;. Since v is the singular perturbation parameter and ¢; is
treated as a constant, we do not explicitly spell out ¢; in the
sequel. We also suppress the subscript ¢ for simplicity in this
section. For example, we will write x instead of x;.

Recall @(u) is the static I/S characteristic of the reduced
system. We let & := Z—@(0) and write the translated reduced
system as:

, one

&= f(z,u(t) = f(@+(0), u(t)).

Lemma 8. Under the assumptions of Lemma 6, the translated
reduced system (57) is ISS. v

(57)

Proof. To show that (57) is ISS, we first show that it has
the asymptotic gain property (see [60]), that is, there exists a

class Ky function ~y(-) such that limsup,_,  |Z| < v(||u])-
According to Theorem 1 in [60], this asymptotic gain prop-
erty, combined with the fact that (57) is GAS when u = 0, is
equivalent to (57) being being ISS. Given Assumption 8, let
(-, ) be the canonical decomposition function of @(-) and
suppose that I := [u, ). Let u™ (|lul]) := max(—1,[|u|,u),
ut(|Ju]]) == min(1,,||u||, @), where 1,, is an n-vector with all
elements being 1. Therefore, the input u(t) to (57) satisfies
w(t) = [u™(|ul|]),u™(||u|)], and by Lemma 2, we have & —
(5 (llull), & (lJull)], where &= ([[u]l), & ([lul) : R — R"
are defined as:

& (lull) = ™ (lull), w™ (lull)) — @(0),

& (lull) = ¢(u (lul)), u* (Jlull)) - $(0).
Let y(|[ull) = max,<)ymax{|¢*(v),|¢~(v)|}. Since
~(0) = 0 and it is non-decreasing, it is an asymptotic gain of
(57). The GAS property of (57) when u = 0 is a consequence
of the existence of the I/S characteristic for all u € &/. W

Since the convergent-input-convergent-state property we aim
to prove is translation-invariant, we will assume in the sequel
that ¢(0) = 0 and hence the reduced system X is ISS.

Lemma 9. Under the assumptions of Lemma 6, given any
w > 0, there exists v* = v*(u), such that

limsup |z(t) — T'(x, u(t))| < p (58)
t—o0

for all 0 < v < v*. In addition, the trajectory of (22) is
bounded (by an p-independent constant) for all ¢ > 0. v

Lemma 9 is adopted from [59], according to which the
boundedness condition for ||u| can be removed if ¢ is
independent of u. To show the convergent-input-convergent-
output property in Lemma 6, let y;(¢) := z(t)—T'(x(t), u(t)).
The dynamics of x in (22) can be written as:
&= F(z,yp(t),u(t)) == f(x,T(z,u) + yp, u). (59)
We treat (59) as a perturbation of the reduced system, whose
dynamics follow
&= F(z,0,u(t)) = f(z,T(z,u),u). (60)
Let z(t, yp(t), u(t)) be the trajectory of (59), we aim to show
that it is close to z(t,0,u(t)), the trajectory of (60), as t —
oo for small v. Given that u(t) — [u™,u"], because both
systems are I/S monotone with respect to the input u(t), there
exists u, and u], which are two corners of the box set

* 9

[u™,uT], such that for all ¢
.T(t, yb(t)v u;) < :C(t, yb<t)a u(t)) < LL‘(t, yb(t)v Uj), (613)
x(t,0,u;) < x(t,0,u(t)) < x(t,0,u). (61b)
Specifically, u; = wu; (u",u") and uf = uf(u",u™)
can be found according to (9)-(10). The trajectories of the
nominal system satisfies lim; o, z(¢,0,u;) = @(u™,u™),
and limy 00 z(¢,0,uf) = G(ut,u™). We now show that
lim, o limsup,_,q |(t, ys(t), v, )—x(t,0,u; )| = 0. To this
end, we introduce the following lemma.

Lemma 10. Consider the nominal system & = F(z,0)
with a GAS equilibrium x* and the perturbed system
&p = F(zp,v(t)). Suppose that F' is continuous and locally



Lipschitz, and the trajectory of the perturbed system is
bounded. For any e > 0, there exists 6 > 0, such that if
limsup,_, . [v(t)] < 4, then limsup,_, |z, (t) — z*| < e.
\Y

This lemma can be derived from Proposition 1.4 in [61].
Since the perturbed system is bounded as a consequence
of Lemma 9, we can apply Lemma 10. Because of (58),
we have that for any p > 0, there exists sufficiently small
v such that limsup,_, . |z(t,yp(t), uy) — x(t,0,u;)| =
limsup,_, . |z(t, yp(t),u;) — G(u™,uT)| < p. The same
claim can be made for z(t,y,(t), v ). This shows that for
any given p > 0, z(t) & [p(u—,ut),put,u™)] for
sufficiently small v. Consequently, the disturbance output
satisfies d(t) 2 [w(u~,ut),¢(ut,u")] for sufficiently
small v because the output function p is assumed to be
Lipschitz and sign-stable. ]

D. Small-gain theorem for (approximate) convergent-input-
convergent-output system

We state and prove the small-gain theorem for (approx-
imate) convergent-input-convergent-output (CICO) systems.
For generality, we consider system (11) with input u(¢) and
output ¢(t). This system is interconnected with a cooperative
function v = A(q), where A(:) is globally Lipschitz with
Lipschitz constant L.

Lemma 11. Suppose that system (11) has the following
approximate CICO property: for any u™,u™, if u(t) —
[u™,ut], then q(t) & [(u~,ut),y(uT,u")], where i > 0
isa parameter Assume that there exists ua' and u, such that
u(t) € [ugy ,ug] for all ¢ in the interconnected system. If the
discrete time dynamical system

u”(k+1) = Aod(u” (k),u” (k)),
ut(k+1) = Aoyp(u(k),u” (k).

is exponentially ultimately bounded in [u, ,u}], then there

exists p*,k > 0, such that u(t) =2 [u,u}] for all u €
(0, p*]. v
Proof. The proof is similar to that of Theorem 1 in [45].
Since the closed loop u(t) is bounded in [u~(0),u™(0)] :=
[ug s ug ], we have
a(t) = [$(u(0), u™(0)), (u*(0), u™ (0))],

By the cooperativity and Lipschitz property of A, we have
that u(t) — [u~(1),u"(1)], where

(62)

u™(1) 1 = Aogp(u(0),u’(0)) = Lap,
ut(1) 1= Aotp(u’(0),u(0)) + Lap.
After (k+1)-iterations, u(t) — [u ( +1),u™ (k+1)], where
Wk 1) = Aol (Bt ()~ Lam o
ut(k+1) = Aoy(u’(k),u” (k) + Lap.

To study convergence of the this discrete time iteration, We
treat it as a perturbation of the nominal system (62). Since
(62) is exponentially ultimately bounded in [uj,u]], we
apply Lemma 5 to prove ultimate boundedness of (63). This
provides a bound for the trajectory of the continuous time

interconnected system because u(t) — [u™(k),u™ (k)] for
every integer k > 0. |

Since the singularly perturbed system (22) has the approx-
imate CICO property as shown in Lemma 6, this small-
gain theorem is directly applicable to study its feedback
interconnection with a cooperative function A(:). On the
other hand, if the conditions for Lemma 11 are satisfied with
p =0, then we have u(t) — [u; ,ul].

E. Disturbance attenuation of feedback-regulated subsystems

We show that ‘hi(’f‘i, O, 51‘) — ’I"i/ﬂ1| and ‘hi(Ti, W; 82') -
hi(ri,0; ;)| are both small in the following claims. Inequal-
ity (37) can then be obtained via triangle inequality.

Claim 1. There exists K, > 0, independent of 7;, such that
|hi(r4,05:) — 13/ Bi| < Kfe (64)

for all r; € R, and for ¢; sufficiently small. v

The proof for a constant r; can be foundiin [42], and K
can be chosen independent of r; because R; is compact.

Claim 2. Consider system (33), there exists a positive
constant k7, independent of r;, such that for any fixed pair
(ri,w;) € Ry x Wi,

|hi(ri, wis i) — hi(ri, 05 ;)| < kfei|wi| + Kjei  (65)

for ¢; sufficiently small, where K is as defined in Claim 1.

Proof. To show Claim 2, we prove that limsup,_, . |7:(t) —
hi(ri, 05¢i)| < ek |wi| + K}e;. This is sufficient because
we know ¥; has a GAS equilibrium. We first fix a r; € Ri,
and let y = h;(r;,0;¢;) and §; := §; — y;. The dynamics
of y; follow:

Ui = Ti(Ji, iy wi) — 0(y; + i), (66)
where
ORI PR S Tl T
1 + mz(yz + Y5, T 51)/’12 +w;

and because T;(0,7;,0) — dy; = 0, we have m;(y},r;;€;) =
ki0y; /(i —0y;). Let ki (y)) := f”if;’; -%—‘j, we show that the
trajectory of (66) is ultimately bounded in the set Pi(y) ==
{—kigiw; — Kfe; <; <0} using the Lyapunov function
Vi(5;) = §2/2. For §; > 0, since 9T; /0w, dT;/d7; < 0, we
have V; = §;[T; (§i,wi, r) — 0z} — 03] < :[T3(0,0,7;) —
dy; — 8y;] = —20V;. By Claim 1, y; < r;/B3; + K¢,
and therefore, for §; < —ke;w; — Kfe; < 0, we have
Ui = Ui +y5 < r;i/B;i — kig;w;. We can use this to find
that Om;/0y; < — ﬁ 5 for all §; < —kje;w; — K'e;, and
therefore m; (y; +y“ rl, 51) > (y), risei) (L+w;) by mean
value theorem. Substituting into (66), we obtain

Vi (yp,risei) [ ki
L} (yr s ei) ki
if §; < —kigjw; — K*gz Thus, V = yz[ (yzvruwz) 53/:_
09;) < 9:[T3(0,7r;,0) — dyf — 0g;] = —20V;. Hence, we have
shown that 7, (¢) eventually enters P; for any fixed (r;,w;) €
R; x W;. Since R; is compact, due to Claim 1, y} is also
bounded in a compact set. Thus, there exists k > k;(y}) for
all y?. n

T (i, ri,wi) > oy = T;(0,7;,0)




FE. Lipschitz properties of subsystem characteristics

Since 7/’1( j‘,rz_,wl rei) = pi(@a(ry + €i),Ty 3€i)s
to show Assumptlon 6 is satisfied, we prove that Di and gaz =
h; each satisfies the Lipschitz conditions below.

Claim 3. There are positive functions ¢(-), ¢-(+) such that:
i (P, iy wisei) — pipy s riswises)| < eples)lpy — i |,
|ﬁi(pi7r1+7wi;5i) pl(p’m wl7€l>| < CT( Z)l,'nz+ _T;‘7
V(pi,ri,wise;) € X x Ry x Wi x (0,ef]. In addition,
h;(r;,w;;€;) is Lipschitz in 7; € R; uniformly in (w;,g;) €
Wi X (O,Eﬂ. \V4

Proof. We first show the Lipschitz property of h;(r;, w;;e;).
Since R; is an &;-independent compact subset of (0, a; 3;/3),
we let R; := [0}, a; 8;/0 — 5], where 0 < 9%, 9% < a; 8/
are ¢;-independent constants. Setting the dynamics of (29) to
steady state, the equilibrium m; is the solution to
a;fBi mi/ki
or; €26

SN Aimy * Ai =0
and the equilibrium output y; = p; can be subsequently
determined via

§i(mi, i, w;) == -y

-‘rEZ'(SmZ’
Q; mz‘//‘ii

?1+mi/m+wi'
Using chain rule and the implicit function theorem, we have

Yi = (’Si(miawi) =

oh _ 9B gmi _ _ggzi 05 (7351) , from which we
find 0 < Fr < g+ 55r for all (ri,w;) € Ri x W

To show the Lipschitz propertles of p; are satisfied, we use

(32) to find the following uniform bounds: 0 < 6"“ § 5 5161

and 72{?;1 < %’;f < 0. Since p; = mi(/ﬁn)l-, we can take
_ 1 _ max; (S;

CT(Ei) T 20 min;(k4)e; and Cp(ei) T 2min; (k)0 " u

Claim 3 implies that v; is Lipschitz in (7, 7;) € (R;)? uni-
formly in w; ,w; € W, with Lipschitz constant Ly (g;) =
¢r(&i) + cz(g;)Lyp. The T/O gain function 1/1* is sub-
linear because accordmg to (41), w*(w wy rie) =
ni(r, wie;)(14+w;") and, as we have shown in the proof of
Proposition 1, n; is positive and bounded for (7}, w;"

_ w; €) €
Ri X Wz X (O,Er]
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