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Abstract

We show that the the volume of a convex body in R™ in the general membership oracle model can be computed
with O(n®y?/e?) oracle queries, where v is the KLS constant'. With the current bound of ¥ < n%, this gives
an O(n*%/e?) algorithm, the first general improvement on the Lovész-Vempala O(n?/e?) algorithm from 2003.
The main new ingredient is an 5(713";[12) algorithm for isotropic transformation, following which we can apply
the 5(113 /) volume algorithm of Cousins and Vempala for well-rounded convex bodies. A positive resolution
of the KLS conjecture would imply an 5(n3 /€?) volume algorithm. We also give an efficient implementation of
the new algorithm for convex polytopes defined by m inequalities in R™: polytope volume can be estimated in
time O(mn®/e?) where ¢ < 3.7 depends on the current matrix multiplication exponent and improves on the the
previous best bound.

[y

Introduction

Computing the volume is a fundamental problem from antiquity, playing a central role in the development of
fields such as integral calculus, thermodynamics and fluid dynamics among others. Over the past several decades,
numerical estimation of the volumes of high-dimensional bodies that arise in applications has been of great interest.
To mention one example from systems biology, volume has been proposed as a promising parameter to distinguish
between the metabolic networks of normal and abnormal individuals [8] where the networks are modeled as very
high dimensional polytopes.

As an algorithmic problem for convex bodies in R"™, volume computation has a 4-decade history. Early results
by Barany and by Barany and Fiiredi showed that any deterministic algorithm for the task is doomed to have an
exponential complexity, even to approximate the volume to within an exponentially large factor. Then came the
stunning breakthrough of Dyer, Frieze, and Kannan showing that with randomization, the problem can be solved
in full generality (the membership oracle model) to an arbitrary relative error € in time polynomial in n and 1/e.
They used the Markov chain Monte Carlo method and reduced the volume problem to sampling uniformly from
a sequence of convex bodies, and showed that the sampling itself can be done in polynomial-time. Subsequent
progress on the complexity of volume computation has been accompanied by the discovery of several techniques
of independent interest, summarized below. The current best complexity of O(n*/e2) for general convex bodies is
achieved by the 2003 algorithm of Lovész and Vempala.

The main subroutine for volume computation is sampling. Sampling is done by random walks, notably the ball
walk and hit-and-run. The rate of convergence of random walks is determined by their conductance. For a Markov
chain with state space 2, transition function P,(.) and stationary density @, the conductance is

4= min Juea Pu(Q\ A)dQ(u)
 AceiQ(A)<i Q(A)
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Year/Authors \ New ingredients \ Steps ‘
1989 /Dyer-Frieze-Kannan [6] Everything n?3
1990,/ Lovész-Simonovits [18] Better isoperimetry nl®
1990/Lovész [17] Ball walk nt0
1991/Applegate-Kannan [2] Logconcave sampling nt0
1990/Dyer-Frieze [5] Better error analysis n®
1993 /Lovész-Simonovits [19] Localization lemma n’
1997 /Kannan-Lovijcesz-Simonovits [11] Speedy walk, isotropy n°
2003 /Lovész-Vempala [20] Annealing, hit-and-run | n?
2015/Cousins-Vempala [3] (well-rounded) | Gaussian Cooling n?

Table 1: The complexity of volume estimation. The complexity of all algorithms have an €2 factor. Each step uses 5(n)
bit of randomness and O(n?) arithmetic operations. The last algorithm is for well-rounded convex bodies.

i.e., the minimum conditional escape probability with the stationary density (probability of crossing from a set
to its complement starting from the stationary density in the set). The analysis of the ball walk done in [11]
shows that the conductance can be bounded in terms of the isoperimetry of the stationary distribution, a purely
geometric parameter. For an n-dimensional measure v, its KLS constant (the isoperimetric or Cheeger constant is

the reciprocal) is
1 Vn—1(0A
— = inf _— 1(04)
by acrQsi V(A
where 0 A is the boundary of the set A, and v, is the induced (n — 1)-dimensional measure. The conductance of
the Markov chain reduces to the isoperimetry of its stationary density?:

6> 1

v-n
with ¢ being the KLS constant of the stationary density of the Markov chain. This implies a mixing rate of
O(n?y?). Thus bounding the KLS constant becomes critical, and this consideration originally motivated the KLS
conjecture. With many unexpected connections and applications since its formulation, the conjecture has become
a central part of asymptotic convex geometry and functional analysis.

Conjecture 1.1 (KLS Conjecture [10]). The KLS constant of any isotropic logconcave density in any dimension is
bounded by an absolute constant. Equivalently, for a logconcave density q with covariance matriz A, g < HAH%2

Another equivalent formulation of the conjecture is that for any logconcave density, a halfspace induced subset
achieves the extremal isoperimetry up to an absolute constant. The paper [10] also showed that

wq:0<m)

which is O(y/n) for isotropic logconcave densities. This implies mixing of the ball walk (and hence sampling) in
n? steps from a warm start in an isotropic convex body K containing a unit ball. But how to find an isotropic
transformation and maintain a warm start? They do this with two essential ingredients: (i) a bound of O(n?R?)
on the mixing time where R? = Ex (|| — Z||*) (ii) interleaving the volume algorithm with isotropic transformation:
the algorithm starts with a simple isotropic body (like a ball) and then goes through a sequence of 6(71) convex
bodies, maintaining well-roundedness, i.e., R = 6(\/5), and computing ratios of volumes of consecutive bodies as
well as isotropic transformation, via sampling; a random sample from the current phase serves as a warm start

for the next phase. As O(n) samples are needed to estimate each ratio and for the isotropic transformation, this
implies a volume/rounding algorithm of complexity n3 - n-n = O*(n®).

The algorithm of [20] improves on this as follows: (a) they separated the isotropic transformation from volume
estimation by giving an 6(714) algorithm for isotropic transformation and (b) they replaced the sequence of convex
bodies with a sequence of logconcave densities (“simulated annealing”), specifically exponential densities restricted
to convex bodies; they showed that a sequence of 5(\/5) densities suffices, while still maintaining a warm start.

2We use > to denote “LHS greater than a constant factor times RHS”.



This reduced the overall complexity to n3-y/n-v/n = O*(n*). (Note that by a simple variance analysis, the number
of samples needed per phase grows linearly with the number of phases [5]). The total number of samples used in
the algorithm is O(n), so further improvements would require faster sampling. The concluding remark from [20]
says:

“There is one possible further improvement on the horizon. This depends on a difficult open problem in convex
geometry, a variant of the “Slicing Conjecture” [10]. If this conjecture is true... could perhaps lead to an O*(n3)
volume algorithm. But besides the mixing time, a number of further problems concerning achieving isotropic position
would have to be solved.”

Since then there has been progress on the KLS conjecture.

Theorem 1.2 ([16]). The KLS constant for any logconcave density with covariance A is bounded by O(||AH}T/2). For
isotropic logconcave densities in R™, 1 < n'/%. The mizing time of the ball walk for isotropic logconcave densities
from a warm start is O(n??%).

Unfortunately, despite these improvements to the KLS constant and the mixing rate of the ball walk, the complexity
of volume computation remained at n*. Even outputting the first random point needs n* oracle queries, since the
mixing rate improvement is only from a warm start in an isotropic body.

Progress in a different line, without using the KLS conjecture came in 2015. Cousins and Vempala gave a volume
algorithm with complexity O*(n3) for any well-rounded convex body, i.e., they assume the input body contains the
unit ball and is mostly contained in a ball of radius R = 5(\/5) This is a weaker condition than (approximate)
isotropic position, which requires that the covariance matrix of K is (close to) the identity. Their Gaussian Cooling
algorithm uses a sequence of Gaussians restricted to the body, starting with a Gaussian of small variance almost
entirely contained in the body and flattening it to a near-uniform distribution. Notably, they bypass the KLS
conjecture, needing isoperimetry only for the special case of the Gaussian density restricted to a convex body,
for which v = O(1). The main open problem from their work is to find a faster algorithm to make the body
well-rounded (or isotropic). An improved rounding algorithm would directly imply a faster volume algorithm.

1.1 Main results

We give a new algorithm for the isotropic transformation of any given convex body. The complexity of the algorithm
is O*(n3¢?), directly determined by the best possible KLS constant 1 for isotropic logconcave densities in R™. This
is the first direct reduction of the complexity of volume computation to the KLS constant. With the current bound
of ¥ = O(n'/*), the complexity is O*(n*®) and implies volume computation in the same complexity for any convex
body. If the conjecture turns out to be true, then the complexity becomes O*(n?). No further improvement is in
sight for the general setting.

Theorem 1.3 (Rounding). There is a randomized algorithm that takes as input a convex body K C R™ given by a
membership oracle with initial point xo € K, bounds r, R;0 s.t.,

zo+rB, C K CRB,

and with probability 1 — §, computes an affine transformation T s.t., TK is in near-isotropic position, i.e., for x
sampled uniform from TK,
I < Cov(za') < 2I.

The algorithm takes O(n3v? log®(Rn/r)log(1/8)) oracle queries and O(n?) time per oracle query.

Corollary 1.4 (Volume). The oracle complexity of computing the volume of a convex body K C R™ given by a
well-defined membership oracle with probability at least 1 — & to within relative error € is

O(n®(?/e2) 1og® M (Rn/re) log(1/8)) = O(n*? /2 10g® V) (Rn/re))

which is O(n33 /e2) for the current KLS constant bound of 1 = O(n*/*). The time complezity is O(n?) per oracle
query.



For an explicit convex polytope Az < b, with A € R™*™ since each oracle query takes O(mn) time, this immediately
gives a bound of O* (mn*®), matching the current best bound for large m [23] (there is a different approach [14] giving
a time bound of O*(m2n®~3), which is better when the number of facets is close to linear in the dimension). Here
we give an efficient implementation of our new algorithm that improves significantly on the runtime. Let w(a, b, ¢)
be the exponent of complexity of multiplying an n® x n® matrix with an n® x n¢ matrix, e.g., w(1,1,1) < 2.3728639
[12].

Theorem 1.5 (Polytope Volume). The volume of a convez polytope {x : Az < b} C R™ defined by m inequalities can
be computed with high probability to within relative error € using fast matriz multiplication in time 6(mnc/<€2) where
c=w(1,1,3.5) < 3.7. If the KLS conjecture is true, then the running time is 6(mn“(1’1’3)_1) where w(1,1,3) < 4.2.
Without fast matrixz multiplication, polytope volume can be computed in time 6(mn4 /e%).

1.2 Approach

The algorithm is based on the following ideas. First, if the covariance matrix is skewed (i.e., some eigenvalues are
much larger than others), this can be detected via a small random sample. The roundness can then be improved
by scaling up the subspace of small eigenvalues. But how to sample a highly skewed convex body? To break this
chicken-and-egg problem, we use a sequence of convex bodies obtained by intersecting the original set with balls of
increasingly larger radii:

K; = KN B(0,t),

with ¢ starting at  and doubling till it reaches R. In each outer iteration, we compute a transformation that makes
the set K; (nearly) isotropic. When K is isotropic, we show that Ko is well-rounded (Lemma 3.4). Hence, the
trace of the covariance of Ko, is O(n). However, its eigenvalues could be widely varying. To make Ky, isotropic, we
will estimate the larger eigenvalues using a small random sample (Lemma A.2). The second idea is that scaling up
the small eigenvalues nearly doubles the size of the ball contained inside (Lemma 3.2), while having a mild effect on
the higher norms of the covariance (Lemma 3.1). The latter concept is where KLS comes in. We show that if the

KLS constant for isotropic logconcave distributions in R is bounded by 9?2 < nv for all n, then for any logconcave
density ¢ with covariance matrix A (not necessarily identity), the KLS constant is bounded as ¢? < [|A]| plogn
(Theorem B.12). As we outline below, this improves the sampling time in each inner iteration.

In the beginning, when the ball contained inside K; is small, we will use a few samples to get a coarse estimate

of the larger eigenvalue directions and scale up the orthogonal subspace. The sampling time is higher since the

roundness parameter of K; is higher. The time per sample is roughly n? I TQHI’ when 7 is the radius of the ball inside

and A is the covariance matrix for the uniform density ¢ on K;. As we increase r, by a constant factor in each step,
the norm of the covariance grows much more slowly, and so the sampling time decreases. Meanwhile, we use more

samples in each step, roughly 72, and this trade-off keeps the overall time at n?tr ~ n31)2. During the process we
need a warm start for each phase; we achieve this in O(n?) steps using the Gaussian Cooling algorithm. It is known
that 1/12 S A p holds for p = 2 [16], giving the 5(7135) complexity for rounding. Our general reduction establishes
that any future improvement to higher p would imply faster rounding and volume estimation.

2 Preliminaries

For a positive definite matrix n X n matrix A, we will use the operator or spectral norm, ||A||0p, its Frobenius norm,
| Al < Tr(A2)'/2, and its p'th norm for p > 1,defined as

n 1/p
1A, = (Z |&|”>

i=1
with p = 1 being TrA and p = 2 being [|A]| .

Definition 2.1. A function f : R® — R is logconcave if its logarithm is concave along every line, i.e., for any
z,y € R" and any A € [0, 1],
FOa+ (1= Ny) 2 f@) f)' (21)



Many common probability distributions have logconcave densities, e.g., Gaussian, exponential, logistic, and gamma
distributions; indicator functions of convex sets are also logconcave. Logconcavity is preserved by product, min and
convolution (in particular marginals of logconcave densities are logconcave).

Definition 2.2. A distribution D is said to be isotropic if
Ep(x) =0 and Ep(za’)=1.

We say a convex body is isotropic if the uniform distribution over it is isotropic. Any distribution with bounded
second moments can be brought to an isotropic position by an affine transformation. We say that a convex body
K is (r, R)-rounded if it contains a ball of radius r, and its covariance matrix A satisfies

TrA = Ex(||lz — z||*) = R

For an isotropic body we have A = I and hence R? = n. We will say K is well-rounded if r = 1 and R = 6(\/77)
Clearly, any isotropic convex body is also well-rounded, but not vice versa. A distribution is said to be a-isotropic
if | <Ep(zz’) < al.

Random points from isotropic logconcave densities have strong concentration properties. We mention three that
we will use.

Lemma 2.3 ([21, Theorem 5.17]). For any t > 1, and any logconcave density p in R™ with covariance matriz A,
Peny (Jlz — Eallo > - VITA) < exp(~t + 1),

Lemma 2.4 ([24, Theorem 5.17]). For any t > 1, and any isotropic logconcave density p in R™, there is a constant
c such that

Bonp(lallz > tv/) < exp(—cy/b).

Lemma 2.5 ([1, 25]). For any isotropic logconcave distribution v in R™ with probability at least 1 — 6, the empirical
mean and covariance

1 N

N
T = (I/N)Zl‘“ and X = NZ(J% —Ei)(ﬂii —Ei)T

of N = O(nlog(1/6)/e?) i.i.d. random samples x; ~ v satisfy

[Zlly <& X = 1fl,, <e.
The convergence of Markov chains is established by showing the the ¢-th step distribution @; approaches the steady
state distribution ). We will use the total variation distance dry for this. We also need a notion of a warm start.

Definition 2.6 (Warm start). We say that a starting distribution Qg is M-warm for a Markov chain with unique
stationary distribution @ if its x-squared distance is bounded by M:

2 _ dQo(u) B ?
X~ (Qo, Q) = Eq ( 2000 1> < M.

2
Note that x2(Qo, Q) + 1 = Eq (f@%&) — Eq, 4%,

Our algorithms will use the ball walk for sampling. In a convex body K, the ball walk with step-size 0 is defined as
follows: At the current point, z € K, pick y uniformly in B(z,d), the ball of radius § around z; if y € K, go to y
(else, do nothing).

The next theorem is a fast sampler for distributions with KLS constant 1, given a warm start.

Theorem 2.7 ([11]). Let K be a convexr body containing the unit ball. Using the ball walk with step size ﬁ in

K from an M-warm start Qq, the number of steps to generate a nearly independent point within TV distance or
x?-distance e of the uniform stationary density Q in R" is O(n*y? 1og®M (nM /e)).



The next lemma connects the KLS constant for isotropic distributions to that of general distributions. We give a
proof in Section (B).

Lemma 2.8. Let 9, be a bound on the KLS constant for isotropic logconcave densities and 1, be the bound for a
logconcave density q (not necessarily isotropic) with covariance matriz Ay, both in R™. If 92 = © (nl/p) for all n,

then for any logconcave density q with covariance A, we have 12 = O(||All, log@™M) n).

We will also use a fast sampler for well-rounded convex bodies that does not require a warm start.

Theorem 2.9 (Sampling a well-rounded convex body [3, 4]). There is an algorithm that, for any e > 0,p > 0,
and any convex body K in R™ that contains the unit ball and has Ex (|| X||?) = R?, with probability 1 — §, generates
random points from a density v that is within total variation distance € from the uniform distribution on K. In the
membership oracle model, the complexity of each random point, including the first, is,

(@) <(R2n2 + n%)log nlog? g log ;) = 5(713 + R%n?).

Finally, we use the algorithm from [4, 3] for computing the volume of a well-rounded convex body.

Theorem 2.10 (Volume of a well-rounded convex body). [3, 4] There is an algorithm that, for any ¢ > 0,6 > 0
and convez body K in R™ that contains the unit ball and has Ex (|| X|?) = O(n), with probability 1 —§, approzimates
the volume of K to within relative error € and has complexity

3 1 1 ~
(0] (n2 -log® nlog? - log? n log ) =0(n*?)
€ € € 1)

in the membership oracle model.

Computational Model. We use the most general membership oracle model for convex bodies, which comes with
bounds r, R guaranteeing that the input convex body K is (r, R)-rounded and allows membership queries to K. As
established in the literature on volume computation, the number of arithmetic operations is bounded by O(n?) per
oracle query, and all arithmetic operations can be done using only a polylogarithmic number of additional bits. We
mention a few familiar technical difficulties whose solution is well-documented in the literature. First, the sampling
algorithms produce points from approximately the correct distribution. Second, samples produced in a sequence
are not completely independent. Third, all our algorithms are randomized (they have to be in the oracle model).
For the first two issues, we refer to [22]; briefly, the approximate distribution is handled by a trick called “divine
intervention”, where one can view the sampled distribution as being the correct one with large probability and
an incorrect one with a small failure probability. Since the complexity dependence on proximity to the target is
logarithmic, this leads to a controllable overall failure probability. The near-independence is handled as follows:
first, we maintain parallel independent threads of samples, which start as completely random points (e.g., from a
Gaussian) and remain independent throughout. For estimates computed in different sequential phases (e.g., ratios
of integrals, or affine transformations), the degree of dependence is explicitly bounded using the tools developed in
[22]. For the failure probability, we note that the overhead for failure probability ¢ is O(log(1/d)). In the rest of
the paper, for convenience, we say WHP to mean with probability 1 — 4 incurring only O(log(1/6)) overhead in the
complexity.

3 Algorithm and Analysis

The algorithm considers a sequence of balls of doubling radii, and in each iteration makes the intersection of the
current ball with the convex body nearly isotropic.



Algorithm 1 Iterative Isotropization

1: procedure lterativelsotropization(K C R™, r > 0, R > 0)
2: Assumption: B(0,r) C K C B(0,R)

3 Define K; = K N B(0,1)..

4: t—r,x+ 0,17 « %I > Current slice ¢ and normalization
5: while t < R do

6 (z,T) «+ lsotropization(K; — x,T)

7 t— 2t

8 end while

9: end procedure

The main subroutine is a procedure to compute an isotropic transformation of a well-rounded body. We address
this in the next section, then come back to the general analysis.

3.1 Inner loop: Isotropic transformation of a well-rounded body

We begin with the algorithm. In each iteration, the inner ball radius grows by a constant factor, while the p-norm
of the covariance grows much more slowly. As a result, we can afford to sample more points with each iteration
and thereby get progressively better approximations to the isotropy: in the first step the number of samples in only
O(1) while by the end the number of samples is O(n).

Algorithm 2 Isotropize

1: procedure lsotropize(K C R", Ty € R™"*™)

2: Assumption: B(0,1) C TyK and E,.7, i ||z]|? = O(n).

3 Use Gaussian cooling to sample a point z € TK.

4 re 3T« Ty > We maintain {z : ||z|s <7} CTK
5: while 210,2 log2 n <n do

6 k < c¢-r21og® n for a constant c.

7 Sample points 1, - -, xox from T'K using the ball walk with initial point z.

8 A 15" (2, —7)(x; —7)7 where 7= 130 a4

9 M « I, + P; where Pz is the projection to the subspace spanned by eigenvectors of A with eigenvalue

at most A = n.

10: T(—MT,T<—2(1—1O;n)-r.

11: end while R R

12: Sample O(n) points to compute the mean Z and empirical covariance matrix A such that A== (K — 7) is

2-isotropic. R
13: Return (%, A" z).
14: end procedure

First, we show that the p-th norm of the covariance matrix ||A||, remains bounded. Although we only use an
eigenvalue threshold of A\ = n in the algorithm, we will prove a slightly more general statement below, assuming
the eigenvalue threshold is A = n/re.

Lemma 3.1. Let A; be the covariance matriz of TK and r; be the inner radius at the j-th iteration of algorithm
Isotropize. For o € [0,2/(p — 1)], we have

e the number of iterations is O(logn).
o TrA; = O(riTrAy) for all j.

(¥ —a)
o [|4;ll, <24nr; * logn for all j.

Proof. In each iteration, the algorithm increases r; by a factor of 2(1 — 10én). Note that the algorithm starts with

ro = i and ends before rjlogn < /n. Hence, it takes less than O(logn) iterations.




Figure 3.1: (a) Algorithm lterativelsotropization uses balls of doubling radii (b) Algorithm Isotropize scales up the estimated
“small eigenvalue” subspace in each iteration.

To bound TrA;, we let M; be the transformation at j-th iteration. We have
Aj=M;A;_1 M; (3.1)
Hence, we have
Trd; = TrA2 \M2?AZ | < 5Trd; .

Hence, TrA; increases by a factor of at most 4. Moreover, since r; increases by a factor of 2(1 — we have that

Ti?j increases by a factor of (1 — @)_2 per iteration. Since there are O(logn) iterations, it increases by at most

O(1) in total. Hence, we have TrA; = O(r3TrAg) = O(rin) for all j.

1
logn)

To bound || 4,||,, we note that initially ||Ag||, < TrAy < 4n. Let P; be the projection at j-th iteration. By (3.1),
we have

14511, = 1M A1 M|
= | A M2 A,
1/2 1 2
= | A2 (T +3P) A .

Hence, we have
1451l < 1145 -1llp + 314575 P AL .-

Let A = %. Since P; is the projection of the eigenspace of A with eigenvalues less than A, we have that
]

Py =2MA+A-1)7!
(To see this, we note that sides have the same eigenspace and hence it follows from 1<) < m2+>\ ) By Lemma A.2
with e = 1, we have that £ A4; — O(W%Aj) .1 < A. Using that TrA; = O(rin) and k = Q( ?Jra log® n) samples,
we have o R
Aj 1 224+ — T =224+ X 1.
r

J



Hence, we have P; < 4X(Aj_1 + X - I)~! and
1411y < 1A 1llp + 12A A2 (45— + A - D)L AA |,

Let A; be the eigenvalues of A;_;. Then,

L \i 1
A% (A D)TTAA | = oL
H ( J— 1+)\ ) ” 12: )\ +)\ — )\ z<:

The first term 5, ~, A7 is maximized when the small eigenvalues have values exactly A; = A. In this case, there
are

kg
va
>

[t

TrA;_q < 0(732'—1”)
A - A
small eigenvalues, i.e., of value at most A\. Hence, we have

For the second term,

Hence, ||A4;||, is increased by

2 1/p .
on (£2) o) v s0te)
J

Since there are at most O(logn) iterations, || 4], is at most O(nr b ~logn). O

Next, we show that the inner radius increases by almost a factor of 2 every iteration, again for a general choice of
eigenvalue threshold A = n/r®.

Lemma 3.2. Algorithm lsotropization maintains the invariant {||z|2 <r} CTK.

Proof. First, we describe the idea of the proof. When the algorithm modifies the covariance matrix A, it estimates
the subspace of directions with variance less than n/r® and doubles them. Lemma A.2 shows that

1 n

A=(1+2)A+— 1,
2 2re

this means, roughly speaking, that any direction that was not doubled satisfies

So the current body contains an ellipsoid whose axis lengths along the non-doubled directions (call this subspace
V) are at least o and at least r in all directions (the body contains a ball of radius r). Now the body is stretched
by a factor of v/2 in the subspace V+. We will argue that the resulting body contains a ball of radius nearly 2r. To
see this, we argue that any point in a ball of this radius is in the convex hull of the ball of radius ¢ in the subspace
V and a ball of radius v/2r in the subspace V.

Now we proceed to the formal proof by induction. Initially, we have {||z|]2 < r} C TK by the assumption on
K. Tt suffices to show this is maintained after each iteration. Let T be the old transformation and 7" be the new
transformation during one iteration. Let 7 be the old radius during that iteration. By the invariant, we know that
{llz|l2 < r} € TK and hence

(1M ally <} € T'K



with M = I + Pz (this only scales up the body by a factor of 2 in some directions). Let A be the covariance matrix
of TK. Then (I 4+ P3)A(I 4 P3) is the covariance matrix of 7K. Our goal is to show that 7"K contains a ball of

radius 2(1 — loén)r. From above, we have

{aTA e <1}y c {a" (I + PpA(I + Py)'a <1} CT'K.

Hence, we know that Conv(£2; UQy) C T"K where

1
0 = {xT(T—QI 432P Dz <1} and Qy = {zTA 'z <1},

where for ; we used that (I + P)2 =1 — %P for any projection matrix P.

To prove that T'K contains a larger ball, we take z and write it as a convex combination of z; and zs where
z1 € Q1 and x5 € Q5. To do this, we define P4 be the projection to the subspace spans by eigenvectors of A with
eigenvalues at most A\/28 log® n with

For any  with |z]|2 < 2(1 — ==-)r, we will show that z € Conv(£2; UQs). To do this, we let t = 2 and write

10 n
z as the convex combination,

x:t(ipAO +(1—t)<1i (I - Pa)a ) (3.2)

For the second term in (3.2), we have

i 2
1 1 I — Pozl2 98( /121
(£u-ras) 4 (= pae) < WPl Palfos’n
1=t 1- (1—1)2)/(28log2 n) By
Since ||2]|3 < 472 and A\ = 2, we have
811212 log? 10,2 12 10,24 12
2°||z(|5 log™ n < 2%r<log” n _ 29, log“n -1
A - Z n >
Hence,
1
m([ - PA)x € Q. (3.3)

For the first term in (3.2), we note that for any 5 > 0, we have

- B
Pi = BABA+ A) T — —— 1 4
27 XA AT - (3.4)
(To see this, we note that both sides have the same eigenspace and hence it follows from 1,<\ > - + 5}\ %)

By Lemma A.2 with e = 1, we have

3
A52A+O<lognkTrA> T
Using TrA = O(r*n) (Lemma 3.1) and k = Q(>**log® n) (the algorithm description), we have
~ n A
AR2A+ ———— T 224+ ——5—
27rlog“n 27log“ n
Putting this into (3.4), we have
A B
P; = BA(BA+ —5— +24) ' — —— I
A = PMB 27log® n ) 1+
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On the range of Py, we have A < m and hence

B+ 148

<PAx>TPg<PAx>z< L g >|PAz|3.

26 1log2 n
Using this, we have

et 1
f) = s

c(po3_ B8 3 8 )l
- AN+ goppey, 4148 12

3 1
<(1-3__F L 5).afi-
464+ —L— logn
641og?n

where we used ||z|2 < 2(1 — ==-)r at the end. Putting 8 = =-1—, we have

(Paz) (I - %Pg)(PAx)

)2
logn 8logmn’

3 8logn 3 1 1
<(1-2. == 42— )4f1-
f(x)_( 4 810gn+1+4 1+8logn) ( logn>
_ (7+8logn 1 1
- \8logn+1 log

n
<|(1+ L - 1— 1
logn logn

<1

Hence, from the definition of ;,we have
1
;PAJC € Q. (3.5)

Combining (3.5) and (3.3), we have
z € Conv(Q; UQ) C T'K.

Hence, T'K contains a ball of radius 2(1 — loén)r. This completes the induction. O

With the bound on the inner radius and the p-norm of the covariance matrix, we can apply Theorem 2.7 and Lemma
2.8 to bound the mixing time and the complexity of the algorithm Isotropize.

Theorem 3.3. The algorithm lsotropize applied to a well-rounded input convez body K satisfying B(0,1) C K with
Ex ||ac||2 = O(n), with high probability, finds a transformation T using O(n3y?) oracle calls, s.t. TK is 2-isotropic.

Proof. Theorem 2.9 shows that it takes 5(713) to get the first sample from a well-rounded body with Gaussian
Cooling. (Note that a uniform point from K; would be a very bad warm start for Ko;.) This gives a warm start
for all subsequent steps.

Let A; be the covariance matrix at the j-th iteration of the algorithm. By Lemma 3.1 with oo = 0, we have that
1451, < O(nr?/?logn).

In the j-th iteration the algorithm samples k = ¢ - ’I“J2- log® n points. To bound the sampling cost, first note that for

distribution ¢ with KLS constant 1),, the complexity per sample is 6(n2w3 / TJQ) since by Lemma 3.2, the algorithm
maintains a ball of radius r; inside the body. Suppose that the KLS constant for isotropic distributions is 1. We
choose p so that 1> = O(n'/?). By Lemma 2.8 with 8 = 1/2p, this implies that the KLS constant even for non-
isotropic distributions with covariance A satisfies 7 = O(||A| plogn). Lemma 2.7 shows that the total complexity

of the j-th iteration is at most
2
~ [n®-||A,; ~ ~
c- 7«]2_ .0 <|2J”P> <0 (n3r§/p) -0 (n”i) .
re

J
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since we stop with 72 = O(n). By the definition of p, the complexity is 6(n31/)2). For the cost of computing
covariance matrix and the mean, Lemma 2.5 shows that WHP O(n) samples suffice for a constant factor estimate
of the covariance. The total cost is

n- O |Al,, %) = O(n* - 4], 7=) = O (n**3)

where we used that n = O(r2) at the end of the algorithm. O

3.2 Outer loop: the general case

For the general case, we first show that the next body is well-rounded after each iteration and hence satisfies the
condition of the algorithm Isotropize. The proof is an adaptation of a proof from [22, Lemma 5.4].

Lemma 3.4. Suppose that for a convex body K, the set KNB(0,t) is 2-isotropic. Then KNB(0,2t) is well-rounded.
Proof. Let Ky = KNB(0,t) and Ko = KNB(0,2t). Since K is 2-isotropic, Ky has mean 0 with I < E e, zz’ =< 21I.

Hence, K; contains the unit ball of radius 1. Let tsman = 2¢/n and Ky, = K N B(0, tsman)- If 2¢ < 3tgman then
clearly E,, [|z]|> < (6y/7)2 = 36n and we are done. Otherwise, ¢ > 3tgnan/2. Let A such that

t = AMsman + (1 — )\)Qt

Note that A = QtEtt;;U < % = % By the Brunn-Minkowski inequality, we have

vol(K;)Y™ > Avol(Ky,, ., )Y™ + (1 — A\)vol(Kqy)Y/™. (3.6)

small

Next, by the choice of tgman, since K; is 2-isotropic, using Paouris’ inequality (Lemma 2.4), we have
vol(Ky) < vol(K,,,,, ) (1 + exp(—cv/n))

for some constant ¢. Using this with (3.6), we have

1 n
vol(a) < 7 (vol(K)* — Avol (K )")

ST (Vol(Ktsman)l/n((l + exp(*c\/ﬁ))l/n - AVOI(Ktsmau)l/n)

“1-A
) (14 Sexp(evin - a)”
smalll_)\ nexp cvn

—

§ VOl(Kt

<vol(Ky,.,) (1 + fLeXp(_C\/ﬁ)>n :
< vol(Ky,.,) (1 +4exp(—cy/n)) .

Thus, the fraction of the volume of Ky that lies outside a ball of radius tgman is exponentially small. Moreover,
since K; is 2-isotropic, all of K; lies in a ball of radius 2y/n and 0 € K;. Moreover, 0 € Ky and since Koy =
K N B(0,2t) C 2(K N B(0,t)) = 2K, we have Ko lies in a ball of radius 4n.

Exy, ||2]* < tnan + (4n)* - dexp(—cv/n) = 5n.

Now we are ready to prove the main theorem about rounding.

Proof of Theorem 1.3. The initial body K, is a ball, and at the end of the first iteration, the body is 2-isotropic. Let
K be the convex body in some iteration. Assume that K is 2-isotropic. By Lemma 3.4 Ky, is well-rounded. Since
(K¢ —x) contains a unit ball, so does (K3;—x). Then by Theorem 3.3 the inner loop to make K»; near-isotropic takes
O(n?y?) oracle queries. Since the number of iterations of the outer loop is only log(R/r), the theorem follows. [

12



4 Polytope Volume

In this section, we consider the special case of convex polytopes. We assume that a polytope P = {z : Ax < b} is
given explicitly by A € R™*" b € R™. A naive implementation of the our general membership oracle algorithm
would take O(mn) arithmetic operations per oracle call, leading to a time bound of O(mn*?), where the first term
is the time complexity from the oracle queries and the second term is from the additional arithmetic operations
per oracle query. This is now the number of arithmetic operations. This already matches the current best time
complexity for polytopes using earlier volume algorithms and an amortization trick introduced in [23]. Here we give
two significantly faster implementations. The first algorithm is based on a very simple application of fast matrix
multiplication. Since fast matrix multiplication is practical only for very high dimension, we also give a different
implementation extending the ideas of [23].

4.1 An efficient implementation using Fast Matrix Multiplication

We can replace every ball walk sampling step with the following algorithm.

Algorithm 3 Polytope Ball Walk

1: procedure POLYTOPEBALLWALK(A € R™*"™ b € R™ 25 € R",§ > 0,k € N)
2: Assumption: Axzy <b.

3 Sample points z1, ..., z; from B,(0,4).
4: Ze(zl 29 - zk),Y<—AZ.

5: T 4 T,y — Axg.

6 for i< 1:kdo

7 if y+Y; <b. then

8 T x+ 2,y y+Y;.

9 end if

10: end for

11: Return (z).

12: end procedure

Next, we show that this algorithm will improve the running time of the ball walk.

Lemma 4.1. Given a polytope {x € R™ : Ax < b} where A € R™*™ k steps of the ball walk in the polytope can be
implemented in time O(C(m,n, k)) where C(m,n, k) denotes the minimum number of arithmetic operations needed
to multiply an m X n matriz by an n X k matrix.

Proof. We can see that Algorithm 3 does the same computations as the ball walk algorithm with step size § and run
for k steps. The only difference is that we generate the random vectors from B(0, ) first and do a preprocessing
step to avoid multiplying Az; at each step. So the resulting point will be the same as the ball walk algorithm and
we reduce the running time of each step.

Let Z,Y,z,y be the same as in Algorithm 3. Generating k random vectors will cost O(nk). For each step, we
compute y + Y; in O(m) time and = + 2; in O(n) time. So the total time taken is

O(nk) + C(m,n, k) + O((m + n)k) = O(C(m,n, k)).
0

We will apply this speedup to the polytope volume computation. From Theorem 3.3, in the j-th iteration of
Isotropiztion, we run ball walk for k = O(n3T1/P) steps with the same transformation matrix 7', and hence we can
use the above algorithm to improve running time.

For getting the first sample, we use the Gaussian Cooling algorithm which in turn runs ball walk in phases with
different ball radii and target distributions. However, the total number of ball walk steps in the Gaussian Cooling
algorithm for a well-rounded body is O(n?) and we also know the maximum number of steps needed for each phase.

13



Therefore, we can construct the matrix Z in Algorithm 3 with k = O(Tﬁ) The following lemma gives the current
best matrix bounds from [27], [13], and [12]. For k > 0, define the exponent of the rectangular matrix multiplication
as follows:

w(1,1,k) = inf{r € R | C(n,n, |n*]) = O(n")}.

Fact 4.2 ([27],[13],[12]). w(1,1,3.5) = 4.68546, w(1,1,3) = 4.199712.

To prove the first part of Theorem 1.5, use Algorithm 3. For p = 2, the total time is 6(mn°’(1’1’3'5)*1 +
mn@ (13 =) = O(mn368546)  If the KLS conjecture is true, then the total time is O(mn®(H13)=1) = O (mn3199712),

4.2 Implementation with an amortized Ball Walk

We can also speed up the algorithm by using an implementation of the ball walk for polytopes introduced by [23].
For a body in near-isotropic position, it requires only an expected O(m) operations per step from a warm start.

The main idea of the algorithm is when moving from a point € K to y, instead of checking the distance between
the point y and every constraint (aj,b;) of the polytope at every step, we check the distance from a constraint at
only a fraction of the steps. Firstly, with high probability, the step size along any constraint direction a; is bounded

by O*(\%) = O*(%) This can be used to determine which constraint to check at the current step by maintaining
a probabilistic lower bound on hj(z) = b; — a;'—x, the distance between the current point and the j-th constraint.
Then, a constraint is checked at the current step only if the corresponding lower bound is O(%) The last ingredient
of their analysis is an anti-concentration bound which states that the probability of the distance between a uniform
point from an isotropic convex body and a hyperplane being less than e is O(e). This ensures that we need to check

only O(m/n) constraints in expectation at every step for an isotropic polytope.

However, in our algorithm, the intermediate polytopes are not near-isotropic but well-rounded. The aforementioned
probability is inversely proportional to the standard deviation of the body in that direction, which can be as small
as . We extend the anti-concentration bound to convex polytopes containing a ball of radius r, i.e., the probability
that a uniform point from such a polytope is at a distance less than ¢ from any hyperplane is O(%¢) which ensures
that we need to check only O (%) constraints in expectation at every step of this modified ball walk. Since the
number of points sampled in the j-th iteration of Isotropize is 0(7‘2), this still gives runtime savings because we
sample fewer points for smaller values of r and save asymptotically.

Algorithm 4 Amortized Ball Walk for Polytopes[23]

1: procedure MODIFIED BALL WALK(A € R™*™ b e R™ 20 € R",p> 0,6 >0, N € N)
2: Assumption: Azy < b and ||z[, < p.

3 dj = bj — a;xo for j e [m]

4: Sort d;’s in ascending order in an array H.

5: for i< 0: N do

6 Yir1 ~ B(SC“(S)

7 if [|yit1ll, > p then

8
9

Tit1 = Tj
: end if
10: Let j* be the largest j such that d;+ < - % 1 > a =4log (2"6”\7)
11: for k=1— j* do
12: di = by, — a/;—yiJr]_.
13: if d;; < 0 then
14: Tip1 = ;.
15: end if
16: Insert d, + o - % -4 in H in sorted order.
17: end for
18: Tit1 = Yi+1-
19: end for
20: Return zy.

21: end procedure
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Before proving the anti-concentration lemma, we need a result relating the radius of a ball inside a convex body K
and the minimum eigenvalue of the covariance matrix of K.

Lemma 4.3. For any convex body in R™ containing a ball of radius r, the minimum eigenvalue of the covariance
2
matrix is at least (n:-71)2

Proof. Let ¥ = Eg[(z — p)(z — )] and A\; be the minimum eigenvalue of . Then,

= min 2 Yz
2#£0,||z]|2=1
. T T
= min  z Egl|(x — T — z
o xl(@—p)(z—p)]
= min  Eg[(z"(z — 2
amin [T = )]

— Ex[(y" (z — u))?).

Wlog, let ¢ = 0 and let v be the point in & which maximizes |y v|. Let ¢(u) denote the largest real number ¢ with
v+ tu € K. Then we have,

#(u) 1
vol(K) = / / t"dtdu = = | $(u)"du
oB JO oB

and
— T2)dx
7= vol(K) /K(y )d
b(u)
u)" u n+l u n+2
- voliK) /63 (¢(n) (yTv)2 + 2%(QTU)(yTu) + %(yTu)Q) du
- 1 (b(u)" T \9 (b(u)n n . \/m . 2
‘MMKxéBMn+n*y“)+n<V:+2ﬂwy“+n+1y”>d“
1 p(w)" 2
Zvdmnéan+nﬂfwdu
2 _ 1 T,\2
CER)
Therefore,

r < |yTv| < (n+1)o.
O

Lemma 4.4 (Anti-concentration). Suppose that the uniform distribution wx on convex body K has covariance
matriz ¥ >= o2 and that X ~ 7 is a random vector uniformly distributed on K. Let H be any codimension-1
hyperplane. Then we have

2
Pr(dist(X, H) < ¢ < — Ve > 0.
o

Proof. Let the equation for H be ax = b where a € R™" |lall, = 1 and b € R. Let X ~ 7k is a random
vector uniformly distributed on K. Let the distribution of aX be denoted by 7. 7% is logconcave with variance
a¥a' = o} > o2 Let #% denote the distribution of U%aX . Then 7% is isotropic and logconcave. If z* is the
maximizer of 7%, then
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For any € > 0,

O

Lemma 4.5 (Frequency of constraint checking). For a polytope K with covariance matriz ¥ > o>I and Ball Walk
with step size n and tolerance parameter «, suppose that the initial point Xg is S-warm with respect to the uniform
distribution for some B > 0. Let N; be the number of steps (excluding the first step) of the modified Ball Walk

Markov chain at which the algorithm checks inequality (A;,b;) and let N be the number of Markov chain steps. Let
F; = % Then,

EF] = 16927 (1 4+ 2log(n)) + 2.

NCT

This lemma follows directly from Lemma 4.5 in [23] using the anti-concentration bound from Lemma 4.4.

Lemma 4.6. The algorithm |sotropization applied to a well-rounded input convex polytope K satisfying B(0,1) C K
with Ex ||z||> = O(n), with high probability, finds a transformation T using O(n*)?) oracle calls and O(mn4)
arithmetic opemtions, s.t. TK is 2-isotropic.

Proof. Tt takes O(n3) steps of the Gaussian Cooling algorithm to get the first sample from a well-rounded body
where every step can be implemented in O(mn) arithmetic operations. Let A; and r; be the covariance matrix and
the inner radius at the j-th iteration of the algorithm respectively. From Theorem 3.3, the number of oracle calls

in the j-th iteration of the algorithm is O(n? ”) So, the total complexity of j-th iteration is at most
<2 . .
O(n’r}) - O(mnr; b < O(mn? re ).
Since we stop before 21972 log n = n, the complexity becomes
O (mn4 + mn3‘5+%)
which is O(mn?) for p = 2. O

Given a convex polytope K, use Algorithm 4 to make it near-isotropic and then use the Gaussian Cooling algorithm
[4] to compute volume. The second part of Theorem 1.5 (without fast matrix multiplication) follows.
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A Empirical Covariance Matrix with Sublinear Sample Complexity

To bound the error of the empirical covariance matrix A, we use the following matrix Chernoff bound.

Lemma A.1 (Matrix Bernstein [26, Theorem 6.1]). Consider a finite sequence {X;} of independent, random, self-
adjoint matrices of dimension n. Assume that EX; = 0 and || X;|lop < R almost surely. The, for all t > 0, we

have
—t2/2
P <|| % Xillop > t) < 2nexp (02 n Rt/3>

where 02 = I ZZE(Xf)HOp

Lemma A.2. Let p be a logconcave density in R™ with covariance A. Let A « %Zle(mz —2)(x; — )" where

T = %E?Zl Tivk and x; are independent samples from p. With probability 1 — l/no(l), for any 0 < e <1, we have

log® nTrA

3 .
(1—e)A—O(k> .I<E<(1+6)A+O<W>.I.
€

ek

1 -TrA
()

Remark. By a more careful tail analysis, one can get a bound of O - I and we speculate that the tight

bound for the additive term might be O(T;r—,:‘) -1

Proof. Let A > 0 to some constant to be determined. By shifting the distribution, we can assume p has mean 0.
Let p be the distribution given by p restricted to the ball

Ul oasn-+ <35+ TrOA+ )" 2 AQA + 1)~}

for some s = O(logn). Using the fact that p has mean 0 and the fact that (AA+I)"2 A(AM + I)"2 < A, Lemma
2.3 shows that

Pop(zllaasn-1 <3s-VTrA) > 1 - TR
Let A; be the random matrices (v; — Z)(z; — )" with z; is sampled from p and AZ be the random matrices
(Z;—2)(Z;—7) " with Z; is sampled from p. Note that when k = Q(n), we have that WHP A4 < A4 < 24 2.5. Hence,
we can assume k = O(n). We couple two matrices together such that EZ = A; for i = 1,2,k with probability
1—ke™® =1 —doy. Let X; = (AA+ 1) 2(A; —EA)AA+1)72 and X; = L(AA+ )73 (A; — EA;)(AA +1)73
for some A to be chosen where the expectation E is conditional on Z. Note that

P(|Aa+ 1) HA-EDOA+ 17| 20 =P(Y Xillop 2 0

op

= 1
SP(HZXiHop 2t)+m~ (A1)

Hence, it suffices to study )N(,
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We will apply Lemma A.1. For the sup norm bound, note that

1 Xillop < & (||<AA+I>*%/L»<AA+I>*%||op + 1A+ DTHEELOA+ 1) op )

IN

_

?

= lBarn-r +EIF — Flharn-1)

IN

(2173 ns 1)1 + 2EITl B a s + A1 asryr)

IN
N e e el

(92T + 7B asry ) < R

where the second inequality follows from the fact that non-zero eigenvalues of Y7Y and YY7 are the same for any

rectangular matrix Y, and

o 36 ~
R (szTrA+|\x||§MH),1) (A.2)

For the variance bound, note that (AA+1)~% A;(AA+1)"% < kR and hence (using again that (a—b)% < 2(a2+b%)),

EX? SES(MA+D) P AOA+ D7 4 EOA+ D) A0A+ )75

2kR s e B
= 2 E((A+T) EAMAFD) "+ E(AM+ 1) AN +1)72)
= %E(AA + D) 2A,MN+I) 2
j%E(AAJrI) FAMA+T)E

8R A PR 1
?(m + ()\A + I)iEIZET(/\A+ I) 2)

where we used that Z—IZ < 2 in the last inequality. Hence, we have
o2 o 2 A PNIE:
HZEX llop < (Hm”op'i' Hx”()\AjLI)fl)-

Apply Lemma A.1, with probability 1 — ﬁ, we have

||ZX||Op o+/logn + Rlogn

A ~
< \/<||||op + |82\ 4,1y 1)V/Rlogn + Rlogn

A +1T

Using the value of R from equation A.2, for any ¢ > 1, we get

~ 1 A 1 . c ~
1Y~ Xillop S EHmHop + Elle%AAJrI)*l + E(log2n “TrA + |2\ 4y 1)-1) logn
%

1 clogn clog®n

12
S o +( + T) Nz aarn— + T -TrA

Using this and equation (A.1) , we have

1 1  clogn clog®n
on S o (E T ) N2 exasry

-TrA.

H(AA FI)THA-EAONA+I)?

Finally, we note that Z follows a logconcave distribution with mean 0 and covariance matrix %A. By Lemma 2.3,

we have that
~ 1
1Zl(xa+1)-2 < logny/ ETYA
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with probability 1 — 1/n°(M), This gives

1, ~ _1 1 log“n = clog”n
MAD)FA-EAN+1) 2| <~ TrA
|oa+ D HA-EDOATD | < 5+ (G ) T
1 clog®n
< = TrA
S Tk
Hence, we have
~ a1 1 log®
A—BA <A+ T+ 1A MA+1).
c cA k
Taking ¢ = O(e71), A = m, we have
~ log® nTrA
|A—EA| < eA+0(28 10,
ek
The result follows using EA = A. O

B Proof of the anisotropic KLS bound

Consider the following stochastic localization process.
Definition B.1. For a logconcave density p, we define the following stochastic differential equation:
co =0, dcg =dW, + dt, (B.1)
where the probability density p;, the mean u; and the covariance A; are defined by
eC:I—%Hngp(x)

S ety p(y)dy”

pi(z) = pt = Epmnp,®, At =Egznp, (x — pe) (2 — :ut)T'
The following lemma shows that one can upper bound the expansion v, by upper bounding || A;||op:

Lemma B.2 ([15, Lemma 31 in ArXiv ver 3]). Given a logconcave density p, let Ay be as in Definition B.1 using
initial density p. Suppose there is a T > 0 such that

T
1 3
P Agll ds<— | > -
(/ || ||ops_64>_4

Then, we have ¥, = O (T’1/2) .

To bound || A¢||op, We need a basic stochastic calculus rule about A;.

Lemma B.3 ([15, Lemma 27 in arXiv ver 3]). The covariance A, satisfies dA; = [p, (x—pe)(—pe) T ((z — ) TdWy) py(2)da—
AZdt.

We bound || A;||op using the potential ®; = TrA?. We will use fractional ¢ and there is no simple formula of d®;.
The upper bound on d®; is known (see [7]). For completeness, we give an alternative proof here. Our proof relies
on the following lemma about the smoothness of the trace function.

Lemma B.4 (Prop 3.1 in 0809.0813). Let f be a twice differentiable function on («, 8) such that for some 01, uy €
R, for all a < a < b < 3, we have

/(@) + £(b)
e

) -1 _ ) 1)+ 1)

_<
thH-s b—a - 2

+ oy

Then, for any matric X with eigenvalues lies between (o, §), we have

O?Trf(X)

" 2 2
<
0-Tx(f"(X)H?) + p-TrH* < == h

<O Tr(f"(X)H?) + py TrH?.
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Now, we can use this to upper bound the derivative of ®;.

Lemma B.5. For any ¢ > 1, we have that
ADy <qRoyrp, (x — ) T AT (@ = o) (z — ) T AW,
+qlg = 1) By, (2 — ) T (y — 10))* (@ — ) T AT (y — )it

Proof. By Lemma B.3, we have that

dA; = /n(x — ) — ) " ((x - /it)Tth) pi(a)de — Adt

=" Z;-dW,; — Ajdt

(2

with Z; < Epep, (v — 1) (2 — pe) T (2 — )i By Ito’s formula, we have that

1 = O°TrA?
+§§i: oA?

OTrAY
dd, = t
¢ 0A,

dt.
Zi,Z;

dA,
For the first-order term, we have

OTrAf

oA, =q- TrAf_ldAt

dA;
= qBonp, (@ — pe) " AFT (@ — ) (@ — ) AW, — qTr AT

For the second-order term, we use Lemma B.4 with f(x) = x%. Tt is easy to see that W < f"(a) + f"(b).
Hence, we can use Lemma B.4 with 8, =2 and p4 = 0 to get

O?Tr Af

< - =272,

Zi,Z;

Combining the first and second-order terms, we have
A0 <qEymp, (& — ) TAT (@ — o) (@ — ) T AW,
+alg—1)- ) T(A7*Z7)dt
—=qBomp, (2 — ) TATT (2 — ) (= ) T AW,
+a(q = 1) Egymp, (2 = ) T(y = ) (= 1) TAT (y — pie)dlt.

To analyze the stochastic inequality for d®,, we introduce a 3-Tensor.

Definition B.6 (3-Tensor). For an isotropic logconcave distribution p in R™ and symmetric matrices A, B and C,
define

T(A,B,C) = sup Eoyep(z " Ay)(z" By)(z' Cy).

isotropic log-concave p

Using the definition above, we can simplify the upper bound of ®; as follows:
APy < qBpmp, (x — pe) " AL @ — ) (@ — pg) TAWy + qlq — 1) - T(AT, Ay, Ay). (B.2)
To further bounding d®,, we need following inequalities about logconcave distributions:

Lemma B.7 ([15, Lemma 32 in arXiv ver 3]). Let p be a logconcave density with mean p and covariance A. For
any positive semi-definite matriz C, we have that

Bonp(z — p) (@ — 1) Clx — p)ll2 S I Alle Tr(AY2CAY).
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Lemma B.8 ([9, Lemma 41]). For any 0 < a <1, A= 0, and C = 0, we have T(A*, A= C) < T(A,I,C).

Lemma B.9 ([9, Lemma 40]). Suppose that 1, < an” for all n with some fized 0 < f < % and a > 1. For any
two symmetric matrices A and B, we have

T(A,B,I) S a®logn - ||Ally - || Bl 2p)-

Using the lemmas above, we have the following:

Lemma B.10. Suppose that ¥, = O(n?) for all n with some fizred 0 < B < % For any q = %, we have
d®; < byt + v AW with 6 < 25" - @7 and |lvglla < 5 - @

Proof. From (B.2), we have

5 < qlg—1) T(A]™", Ay, Ay)

S q( 1) (Ag,AhI)

<q(g—1)-logn-TrAf- (TrAtl/(Qﬁ))Zﬂ
logn  1v2s

N 32 - Dy

where we used Lemma B.8 in the second inequality and Lemma B.9 at the end. From (B.2) and Lemma B.7, we
have

[vell2 = glIEqnyp, (2 —Mt)TAq_l( — ) (& = pae) |2

<Q||At||1/2 TI‘A < 6 (I)l+3

Finally, we use the following lemma to bound stochastic inequality.

Lemma B.11 ([9, Lemma 35]). Let ®; be a stochastic process such that &g < % and d®; = 6;dt + v, dW;. Let
T > 0 be some fized time, U > 0 be some target upper bound, and f and g be some auxiliary functions such that
forall0<t<T

1.6p < f(Pe) and [vell2 < g(Py),
2. Both f(-) and g(-) are non-negative non-decreasing functions,

3. fU)-T<Y andg(U) VT < 4.
Then, we have that P [maxte[o’T] P, > U] < 0.01.

Using this lemma, we obtain the following bound.

Theorem B.12. Suppose that ¢, = O(n®) for all n with some fivzed 0 < B < % Then, for any logconcave
distribution p with covariance matriz A, we have that

\/logn 1/2
1AL
ﬁ 23

Up S

Proof. Consider the stochastic process starts with pg = p. Let ®; = TrA%/ 2% Lemma B.10 shows that dd; =

Sidt + v AWy with 6, < %% - 7 and |lulla < L - Let U = 2TrAV2, f(®) = ci%"®1+2%, and

g(®) = c% - ®MF for some large enough constant ¢. Take T = C’Ugfifogn
that f(U)-T < % and g(U) - VT < %. This verifies the conditions in Lemma B.11 and hence this shows that

with some small enough constant ¢’. Note

P [ max $; > U} < 0.01.
t€[0,T]
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Hence, we have P [max;c(o 7] || At[lop = U??] < 0.01 and

T
1) _3
< — | > -
F (/0 I Asllop ds < 64> ~ 1

Using this, Lemma B.2 shows that

_ 1 Vlogn
P, ST V2 < BUﬁ logn < THAH;/;.
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