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ABSTRACT

Ramanujanfilterbanks(RFB)haveinthepastbeenusedto
identifyperiodicitiesindata.Theseareanalysisfilterbanks
withnosynthesiscounterpartforperfectreconstructionofthe
originalsignal,sotheyhavenotbeenusefulfordenoisingpe-
riodicsignals.Thispaperproposestouseahybridanalysis-
synthesisframeworkfordenoisingdiscrete-timeperiodicsig-
nals.Thesynthesisoccursviaapruneddictionarydesigned
basedontheoutputenergiesoftheRFBanalysisfilters. A
uniquepropertyoftheframeworkisthatthedenoisedout-
putsignalisguaranteedtobeperiodicunlikeanyoftheother
methods.Foralargerangeofinputnoiselevels,theproposed
approachachievesastableandhighSNRgainoutperforming
manytraditionaldenoisingtechniques.

IndexTerms— Periodicity,denoising,Ramanujanfilter
banks,prunedsynthesisdictionary,hiddenperiods.

1.INTRODUCTION

Denoisingameasurementtogetabetterestimateofthetrue
signalisimportantinsignalandimageprocessingandhas
beenresearchedwidely[1–6].Someofthetraditionaltrans-
formdomaindenoisingmethodsincludeDiscreteFourier
Transform(DFT)denoisingandwaveletdenoising. DFT
denoisingworkswellforharmonicsignalswhenthenumber
ofavailablesamplesislarge.Thetransformdomainmethods
usuallyincorporatethea-prioriknowledgeabouttheunderly-
ingsignalandinvolvethresholdinginthetransformdomain
followedbyinversetransformation.Forexample,thehard
andsoftthresholdingmethodsofwaveletdenoising[2]for
naturalimagesarebasedonthefactthatmostoftheenergy
fornaturalimagesisconcentratedinonlyafewdominant
waveletcoefficients.
Insteadofusingsquarematrices,overcompletedictionar-

iescanbeusedforsignalrepresentation.Ifthedictionary
ischosenappropriately,signaldenoisingcanbeframedasa
sparsevectorrecoveryproblem.Adenoisingmethodbased
onOMP(OrthogonalMatchingPursuit)isonesuchmethod
[3].Further,toavoidexplicithandcraftingofthedictionaries
thatleadtosparsecoefficientsforthedesiredclassofsig-
nals,thedictionariescaneitherbelearnedbeforehandfrom
cleandataordirectlyfromthepatchesofthenoisysignalto
bedenoised.Adenoisingmethodbasedonthewell-known
K-SVD[7]hasdemonstratedgoodresultsforimages[4].
Manyreal-worldsignalslikeECGandgravitationalwave

signalscanbecloselyapproximatedbyperiodicsignals[8,9].
Discrete-timeperiodicsequencesalsooccurnaturallyinpro-
teinsandDNA[10,11].Accuratelyestimatingthecomponent
periodsanddenoisingsuchsignalsisanimportanttaskwhen
thereceivedsignalisnoisy. Althoughthereexistmanyde-
noisingmethods,wewilldemonstrateinthepaperthatthese

ThisworkwassupportedinpartsbytheONRGrantN00014-18-1-2390,
theNSFGrantCCF-1712633,andtheCaliforniaInstituteofTechnology.

methodsusuallydonotrespecttheperiodicitiesinthesignal
andproduceanon-periodicsignalasdenoisedoutput.Only
afewmethodsavailableintheliteratureareparticularlyde-
signedfordenoisingperiodicsignals.Non-harmonicanaly-
sis(NHA)[5]isonesuchmethodthatposesdenoisingasa
meansquarederrorminimizationproblem.Thusdeveloping
periodicity-awaredenoisingmethodsisessential.
ScopeandOutline. Inthispaperweproposeanovel

analysis-synthesisframeworkfordenoisingdiscrete-timepe-
riodicsignalsbasedonRamanujananalysisfilterbanksand
synthesisdictionaries.Themethodproducesatrulyperiodic
signalasthedenoisedoutput.Toourknowledge,noneofthe
existingmethodshavethisproperty.Ourmethodoutperforms
manytraditionaldenoisingtechniquesintermsofSNRgain
achieved.InSec.2,wereviewRamanujanfilterbanksand
Ramanujandictionaries.TheninSec.3,wedescribeournew
analysis-synthesisframeworkanddifferentversionsoftheas-
sociateddenoisingmethodindetail.Wecompareourmethod
withsomeofthewell-knowndenoisingalgorithmsinSec.4.
Sec.5presentsconclusionsandfuturedirections.
Notations.Adiscrete-timesignalx(n)issaidtobeperi-

odicwithperiodPifPisthesmallestpositiveintegersuch
thatx(n)=x(n+P)foralln.Thenotation(k,q)represents
thegcdoftheintegerskandq.So(k,q)=1meansthatk
andqarecoprime.lcm{q1,q2,···,qK}denotestheleast
commonmultipleoftheintegersq1,q2,···,qK.Thenota-
tionqi|qmeansthatqiisadivisorofq.Finally,φ(q)isthe
Eulertotient(numberofintegerskin1≤k≤qsatisfying
(k,q)=1),Φ(q)=

q
k=1φ(k),andWq=e

−j2π/q.

2. REVIEWOFRAMANUJANFILTERBANKSAND
RAMANUJANDICTIONARIES

Ramanujansumsareparticularlyusefulinidentifyingcom-
ponentperiodsofadiscrete-timeperiodicsignal[12–14].For
anintegerq>0,theq-thRamanujansumisdefinedas[15]:

cq(n)=

q

k=1
(k,q)=1

ej2πkn/q=

q

k=1
(k,q)=1

W−knq =

q

k=1
(k,q)=1

Wknq

(1)
Itiswell-knownthattheq-thRamanujansumisintegerval-
uedforallnandisperiodicwithperiodq.AreviewofRa-
manujansumsandtheirpropertiescanbefoundin[12].The
q-thRamanujansumliesintheq-thRamanujansubspacede-
finedas[12]Sq=span{W

kn
q ;(k,q)=1}.Sqisaφ(q)-

dimensionalspacecontainingsignalsx(n)withperiodqthat
havenon-zeroDFTvalueonlyatthefrequencyindiceskthat
arecoprimetoq.Sqalsoadmitsanintegerbasis,namely[12]
Sq=span{cq(n−l);0≤l≤φ(q)−1}.
Asignalx∈RNwhichisexpectedtohaveperiodiccom-

ponentsonlyuptoPmax canberepresentedintermsofthe
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2π"0"

k = 1!
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(b)!
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Fig.1.FrequencyresponsemagnitudeoftheFIRRamanujanfilter
C
(l)
9 (e

jω),whenlisfinite[20].

dictionaryDas[16]

x=Db,whereD=[H1 H2 ···HPmax]. (2)

Here,HqisaN×φ(q)matrixwhosecolumnsaretheq-thRa-
manujansumanditsφ(q)shiftedversionsspanningtheq-th
RamanujansubspaceSq.Thecolumnsareextendedperiodi-
callytoobtainNrows.ThesizeofDisthusN×Φ(Pmax).
ThenumberofsamplesNisusuallythreeorfourtimesthe
maximumcomponentperiod,whereasΦ(Pmax)growsas
O(P2max)[16]. ThusthematrixD isusuallyfat. Period
identificationisposedasasparsevectorrecoveryproblem
inthissetting,andthecomponentperiodscanbefoundby
identifyingthesetofsubspacesthatcorrespondtonon-zero
entriesinthecoefficientvectorb.Sub-matricesHqcanin
factbereplacedbyanyotherbasisofSq,andsuchdictionar-
iesarecallednestedperiodicdictionaries[17].Forexample,
theFareydictionary[16]usesthecoprimefrequencyindex
columnsfromtheq×qDFTmatricestospanSq,andthe
naturalperiodicdictionaryusesfirstφ(q)columnsoftheq×q
identitymatrixtospanSq.
Thedictionarymethod,however,isnotaseffectivewhen

thedatatobeanalyzedisstreamingandhasaperiodicity
structurethatevolvesovertime. Forthis,Ramanujanfil-
terbanks(RFB)aremoresuited[18–20].Todetectcompo-
nentperiodsuptoPmax,RFBhasFIRfilterscorresponding
toeachperiodfrom1toPmax.Theq-thRamanujanfilter

C
(l)
q (z)=

lq−1
n=0cq(n)z

−nhasthefirstlperiodsoftheq-
thRamanujansumasitsfiltercoefficients,wherelisafixed
repetitionnumberforallthefiltersinRFB.Thus,theq-thRa-
manujanfilterhasqlpossiblenon-zerofiltercoefficients.
Fig.1qualitativelyshowsthefrequencyresponseofthe

9thRamanujanfilter.Theq-thRamanujanfilterwithafinitel
hasφ(q)passbandsaroundthecoprimefrequencylocations.
Aslincreases,thepassbandsbecomenarrowerandthefre-
quencyresponseapproachesasetofDirac-deltafunctions,
liketheidealRamanujanfilterCq(e

jω).Basedontheoutputs
ofthedifferentfilters,thecomponentperiodscanbeesti-
matedowingtothefollowingtheoremprovedin[19]:

Theorem1.ThelcmpropertyofRamanujanfilterbanks:
Letx(n)beaperiod-Pinputsignalwith1≤P≤Pmax.Let
nonzerooutputsbeproducedbythesubsetofidealRamanu-
janfiltersCqi(e

jω)correspondingtoperiodsq1,q2,···,qK.
ThentheperiodPisgivenbyP=lcm{q1,q2,···,qK}.♦

Sincethefilteroutputsareconvolutionsofx(n)with
cq(n),theoutputsareapproximatelysignalsintheRamanu-
jansubspaceSq.Usingaslidingwindowaverage,theener-
giesofthefilteroutputscanbeplottedasafunctionoftime
forastreamingsignaltogetatime-periodplaneplot[18,19]
similartotime-frequencyplots. RFBhasapplicationsin
findingperiodicitiesinproteins[10]andDNAs[11].

3. HYBRIDANALYSIS-SYNTHESISFRAMEWORK

TheRamanujanfilterbankisananalysisbankofFIRfilters
thatcorrespondtodifferentperiods.Itisnaturaltolookfor

thesynthesiscounterpartofRFB.However,notethattheRFB
isnotlikeatraditionalfilterbankwheretheprototypefilter
isalowpassfilterandtheotherfiltersinthefilterbankare
frequencyshiftedversionsoftheprototypefilter. TheRa-
manujanfiltershavemultiplepassbandslocatedatcoprime
frequencies.Decimatingtheoutputsofthesefilterswillin-
evitablyleadtoaliasinginarathercomplexmannerinthe
frequencydomain.Inabsenceofanysuchdecimation,the
RFBoutputshavealotofredundantinformation,anditisnot
easytocombineoutputsofthefilterstoperfectlyreconstruct
theoriginalsignal.Thus,theRFBisnotliketraditionalanal-
ysisfilterbanksforwhichthereexistsynthesiscounterparts
withperfectreconstructionproperty[21].

3.1. Usingdictionaryforsynthesis

Toovercomethisproblem,weproposeanovelanalysis-
synthesisframeworkwhereanalysisisdonebytheRFBand
thesynthesisisdoneviaadictionarygeneratedbasedonthe
outputsoftheRFB.Consideranoiselesssignalx∈RN

havinganon-changingperiodicitystructure,meaningthepe-
riodiccomponentsdonotchangeovertime.Whenthesignal
ispassedthroughanidealRamanujanfilterbank(whichhas

Cq(e
jω)insteadofC

(l)
q (z))containingfiltersuptoPmax,

letthefilterswithindicesr1,r2,···,rm producenon-zero
outputs.Aslongasxdoesnothaveanycomponentperiod
largerthanPmax,fromTheorem1wecanconcludethatthe
signalhasnon-zerofrequencycomponentspossiblyonlyat
2πkij/ri,where(kij,ri)=1,i=1,...,m.Thismeans
thatthesignalcanbewrittenasalinearcombinationofthe
signalsfromSr1,Sr2...Srm.AsHqdefinedinEq.(2)spans
Sq,wemusthave

x=Db,whereD=[Hr1 Hr2 ···Hrm ] (3)

Here,thesizeofDisN×
m
i=1φ(ri)andbisa

m
i=1φ(ri)

dimensionalcoefficientvector. Thisoperationofretaining
onlyafewsubspacesfromDwillbecalleddictionaryprun-
ing. Whenxhasonlyafewcomponentperiodsintherange

1≤P≤Pmax,thematrixDhassignificantlylessernumber
ofcolumnsthanΦ(Pmax),andmightevenbeatallmatrix
insteadofadictionary.Thus,ifthefiltersareindeedideal,we
canconcludethatthesignalxliesinthecolumnspaceofma-

trixDfromEq.(3).NotethatgiventheRFBoutputsalone,
thereisnowaytorecovertheinputx,thatis,thereisno
knownsynthesisbankforperfectreconstruction.Thisisalso
notthegoalofthispaper.Thegoalistogetanestimateofthe
noise-freeversionxofasignalfromthenoisyversiony.In
thefollowingsubsection,wedevelopadenoisingframework
toachievethisbycombiningtheinformationatRFBoutput
withthenoisyinputsignalytoextractacleanerversionxof
theinput.Thisisauniqueaspectofourmethod.

3.2. Denoisingframework

Consideranoisysignaly=x+easaninputtotheRFB,
wherexisanoiselesssignalhavingnoperiodiccomponent
withaperiodlargerthanPmax,andeisarandomnoise
vector.ConsiderapracticalRFBwithfiltersuptoPmax with
finiterepetitionsl.Ifthelissufficientlylarge,itisreason-
abletoassumethatthesidelobesofthefiltersaresufficiently
suppressedinthepassbandsofotherRamanujanfilters.Un-
dermoderatenoiseconditions,theoutputenergiesofthe
filterscorrespondingtocertainindicesr1,r2...rm aremuch
largerthantheoutputenergiesoftheotherfilters.Thus,if
weappropriatelythresholdtheoutputenergiestoattenuate
thenoisecomponents,weretainonlythesubspaceindices
r1,r2...rm,whicharethefilterindexvaluesthatwould
haveproducednon-zerooutputsifthenoiselesssignalxwas
passedthroughtheRFBinsteadofy.Oncethesecontributing
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Fig. 2.Denoising framework using Ramanujan analysis filter bank and adaptive synthesis dictionary. See Sec. 3 for details.

subspace indices forxare known, we form a dictionaryD
like in Eq. (3).
We discussed in the previous subsection that it is not

straightforward to computebjust from the RFB output val-
ues. However, for the denoising application, the denoised
signal must have some resemblance to the input noisy signal
ydepending on the noise level. Thus the denoising problem
can be solved by first solving the optimization problem

b=argmin
b
||y−Db||22+λ||b||1 (4)

to findband then taking the denoised signal to bex=Db.
Hereλis a regularization hyperparameter that can either be
chosen heuristically or based on the expected noise variance.
Thisl1regularized least squares problem can be solved by
convex optimization algorithms such as [22]. Since the de-

noised outputxlies in the column space ofD, it is guaran-
teed to be a periodic signal. Instead of solving Eq. (4), we

can also estimatebby solving

b=argmin
b
||b||0s.t.||y−Db||

2
2≤ (5)

where is again a noise-dependent hyperparameter. Thisl0
norm minimization problem can be solved approximately by
sparse coding algorithms such as OMP [3]. In practice, we

noticed that both versions of estimatingb(i.e. Eq. (4) and
Eq. (5)) lead to very similar SNR gains.

3.3. Further discussion

Note that the denoising effect here is because of two oper-
ations. The outputs of RFB are thresholded to retain only

the subspaces correspondingr1,···,rm inD that have en-
ergy above a threshold. This thresholding attenuates the noise
components. Another possible contributor to the denoising
effect is Eq. (4) or Eq. (5), where some of the less signif-
icant subspaces among the retained subspacesSr1,···,Srm
are eliminated from the representation ofxdue to the sparsity
promoting optimization problems withl1andl0norms.
The RFB output thresholding is done heuristically based

on the expected noise variance. However, note that some of
the low energy harmonics of a component signal may have a
lower energy output at the corresponding filter than the noise
energy at other filters. For example, for a period 6 signal hav-
ing both period 2 and period 3 components, the retained sub-
spaces may only beS2andS6if the period 3 component is

of low energy and gets thresholded. In order to mitigate this
unwanted dropping of low energy harmonics, we can care-
fully balance the two denoising contributors. One way is to
set the RFB output threshold conservatively so as to not miss
some of the low energy harmonics and hope that the noise
subspaces retained at this stage will be dropped by the opti-
mization algorithm in the next stage. Another way is to set
RFB thresholds slightly higher so as to completely eliminate
all the noise subspaces. To form a synthesis dictionary in
this case, along with the subspaces corresponding to the in-
dicesr1,r2,···,rm, we also add subspaces corresponding
to thedivisorsofr1,r2,···,rm. Letrihavekidivisors
di1,di2,···,diki. Thus, the synthesis dictionary is given by

D=[Hd11,···,Hd1k1

divisors ofr1

···Hdm1,···,Hdmkm

divisors ofrm

] (6)

This way, the lost subspaceS3in the above example will be
reintroduced, since 3 is a divisor of 6. See Fig. 2 for the
complete denoising framework using Ramanujan analysis fil-
ter bank and pruned synthesis dictionary.

4. EXPERIMENTAL RESULTS

In this section, we compare our denoising framework with
some of the well-known denoising methods. We consider a
random unit-norm period 12 signal of length 100 and add
white Gaussian noise so that the SNR is0dB. For compar-
ison, we use the SNR gain metric that is defined as the in-
crease in the SNR of the denoised signal compared to that of
the noisy signal. Fig. 3 shows the signals denoised by dif-
ferent methods. For denoising with the proposed framework,
we set the RFB threshold to 0.4 times the maximum energy
output of the filter bank,Pmax =40,l=10, andλ=0.01.
Fig. 3(c) shows the signal denoised by the proposed method
using a ‘with-divisors’ synthesis dictionary (Eq. (6)), whereas
Fig. 3(d) shows the signal denoised by the ‘without-divisors’
synthesis dictionary (Eq. (3)). The reconstruction is done by
solving Eq. (4). Notice that the ‘without-divisors’ dictionary
loses out on a lower energy harmonic, but the ‘with-divisors’
dictionary picks up the lost harmonic and provides a much
better SNR gain. Although we have shown results with the
l1method (Eq. (4)), thel0method (Eq. (5)) gives very simi-
lar SNR gains and denoised outputs with pruned dictionaries.
In order to gauge whether the dictionary pruning really helps,
we also denoised using the full Ramanujan dictionary as in

 %
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(d) Proposed method, Without-divisors Dictionary, SNR Gain 5.6534 dB
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(e) Unpruned dictionary, l-1 denoising, SNR Gain 2.5676 dB
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(f)  Unpruned dictionary, OMP Denoising, SNR Gain 3.7618 dB
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(g) DFT Denoising, SNR Gain 3.931 dB
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(h) NHA Denoising, SNR Gain 3.3995 dB
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(i) KSVD Denoising, SNR Gain 1.1812 dB
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(j) Wavelet Denoising, SNR Gain -0.33979 dB

Fig.3.Comparisonofdifferentdenoisingmethodsforaperiod12signal.SeeSec.4fordetailsanddiscussion.

Eq.(2)buttheresultsfromFig.3(e,f)makeitclearthatdic-
tionarypruningisacrucialstepwithoutwhichthedenoising
performanceisnotasgood.
Comparingthedenoisedoutputoftheproposedmethod

withtheresultsfromFig.3(f-j),weseethatourmethodpro-
videsmuchbetterresultsthanOMP,DFT,NHA,wavelets,
andK-SVDbaseddenoisingmethods.Noneofthesemethods
yieldsatrulyperiodicsignal,whichisauniqueadvantageof
ourmethod.ForOMPdenoisingwiththefullRamanujandic-
tionary(Fig.3(f)), =1wasused. WeshallnotethatOMP
denoisinggivesbetterdenoisingresultsifthesignallength
isverylargebutPmax iskeptlow,inwhichcasethedictio-
naryismoreoftentallthanfat.AlthoughDFTdenoising(Fig.
3(g))doesnotperformthatwellhere,itgivesgoodresultsif
theperiodisadivisorofthesignallength.Insuchcases,the
fundamentalfrequencyfallsontheDFTgridandhenceDFT
performsverywell.
TheNHAbaseddenoisingmethod(Fig.3(h))alsodoes

notperformverywell.ThemainreasonforthisisthatNHA
requiresgoodinitializationfromDFTtoperformwell,which
theDFTmaynotprovidewhenthenoiselevelissignificant
andtheperiodisnotadivisorofthesignallength. More-
over,sincetheNHAmethodrequiresiterativelyaddingfre-
quencycomponentsonebyone,itsuffersfromerrorpropa-
gation.K-SVDdenoising(Fig.3(i)),whichisadata-adaptive
technique,doesnotperformwellforthissetting. Onepos-
siblereasonisthatwiththesmallsignallength,K-SVDis
notabletolearnagooddictionaryfromthepatchesofthe
noisysignal.Notethatwaveletdenoising(Fig.3(j))doesnot
yieldacceptableresults. Waveletsaredesignedforgoodrep-
resentationofsignalswithtime-localizedsupports,suchas,
forexample,bumpsignals[23],whereastheperiodicsignals
areverydifferentthanthis.
InFig.4,wecomparetheabovedenoisingmethodsbased

ontheSNRgainsofferedfordifferentlevelsofnoiseinthein-
put.Foreachvalueofinputnoiselevel,weaveragetheSNR
gainsobtainedfor1000randomlygeneratedperiod12signals
corruptedwithnoise.Thebestsetsofhyperparameters(such
astheRFBthreshold,λ,

-10 -5 0 5 10 15

Noisy Signal SNR (dB)

-15

-10

-5

0

5

10
S
N
R 
G
ai
n 
(
d
B)

Proposed, with-divisors
Proposed, without-divisors
Unpruned, l-1
Unpruned, OMP
DFT Denoising
NHA Denoising
K-SVD Denoising
Wavelet Denoising

)areempiricallychosenforeach
methodateveryinputSNRbyjointsearchoverappropriate
setsofvalues.Noticethattheproposedmethodthatusesthe
‘with-divisors’dictionaryoffersthebestSNRgainthatissta-
bleoveralargerangeofinputSNRvalues,followednextby
the‘without-divisors’dictionarymethod.

Fig.4.ComparisonofSNRGainsofferedbydifferentdenoising
methodsaveragedover1000Monte-Carloruns

Tocomparethedenoisingperformanceforsignalswith
multipleperiodiccomponents,wealsoconsideredsignalsthat
arecombinationsofperiod7andperiod12signals.Sincethe
effectiveperiodis7×12,datawithonly100sampleshardly
looksperiodic. Eveninthiscase,theproposeddenoising
methoddemonstratedresultssuperiortotheothermethods.
Detailsareomittedbecauseofspaceconstraints.

5. CONCLUDINGREMARKS

Inthispaper,weproposedahybridanalysisfilterbankand
synthesisdictionaryframeworkforperiodicsignaldenoising
thatcombinestheinformationatRFBoutputwiththenoisy
inputsignaltoextractacleanerversionoftheinput.Com-
paredtootherwell-knownmethods,ourframeworkoffersthe
bestSNRgainthatisstableoveralargerangeofinputSNR
valuesevenwhenthesignallengthisnottoolarge.Another
uniqueadvantageofourmethodisthatthedenoisedsignal
isexactlyperiodic,unliketheothermethods. Aninterest-
ingtaskforthefuturewouldbetooptimizeeachfilterinthe
analysisbank,basedondata,tominimizeinterferencefrom
inputcomponentsbelongingtootherRamanujansubspaces
notrepresentedbythatfilter.
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