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Abstract—Probabilistic-shaped quadrature amplitude modula-
tion (PS-QAM) based on Maxwell-Boltzmann (MB) distribution
has been extensively studied in recent years in the SNR limited
coherent communication system to approach the Shannon capacity.
However, MB distribution is not the optimal distribution when
the transmission system suffers from serious laser phase noise.
To improve the laser phase noise tolerance of MB distribution, a
novel Maxwell-Boltzmann/Angular-distance-directed (MB/ADD)
distribution is proposed in this article. The benefits of PS-QAM
exist in the case of limited SNR, as well as large laser phase
noise. The proposed distribution is verified through simulations
and experiments. In our simulation analysis, the ADD part enables
the reduction of SNR penalty when laser phase noise increases. The
results are validated by experimental data, in which both digitally
generated and distributed-feed-back (DFB) laser generated phase
noise are employed to evaluate laser phase noise tolerance. In
the scenario of large phase noise, MB/ADD shaping can achieve
lower pre-FEC BER and higher GMI compared with MB shaping,
without inserting pilot symbols. Moreover, the improvement of
applying MB/ADD distribution can be obtained no matter whether
BPS or V&V based algorithm is adopted for carrier phase estima-
tion (CPE). Different shaping parameters are also tested, where
the capability to agilely adapt to various channel conditions of
the MB/ADD distribution is shown. And the proposed MB/ADD
shaping can be applied with similar complexity with MB shaping,
if the Kullback–Leibler (KL) divergence between the generated
and the expected 2-D QAM distribution is required to be lower
than 10−3.

Index Terms—Coherent communication, laser phase noise,
probabilistic shaping.

I. INTRODUCTION

COHERENT optical communication system has improved
receiver sensitivity and higher spectrum efficiency (SE) as
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compared to direct detection system. The chromatic dispersion
from fiber transmission can be compensated by digital signal
processing (DSP), eliminating the complicated dispersion man-
agement. Coherent transceivers based on standard quadrature
amplitude modulation (QAM) formats have played a central role
in the long-haul [1] and high data rate optical networks [2].

However, there exists a gap to Shannon capacity for standard
QAM formats [3]–[5], which prevents the full exploitation of
the available channel resources. Constellation shaping, namely
geometric shaping (GS) [6]–[8] and probabilistic shaping (PS)
[3]–[5], have been proposed to solve this issue. In the GS,
constellation points are no longer restricted to the rectilinear
grid of standard QAM formats and the location of these points
are rearranged to maximize achievable information rate (AIR).
In spite of the shaping gain brought by GS, it often requires
digital-to-analog converter (DAC) with higher effective number
of bits (ENOB) [9] and more complicated DSP [5], as a result of
the non-equidistant constellation points. PS, on the other hand,
still preserves the square QAM formats and overcome the gap
to Shannon capacity by shaping the occurrence of each point.
When Maxwell-Boltzmann (MB) distribution is adopted, the
entropy can be maximized under transmission energy constraint
and up to 1.53 dB shaping gain can be achieved for the additive
white Gaussian noise (AWGN) channel [10]. PS-QAM based
on MB distribution has been extensively studied in recent years
and record SEs have been achieved [11].

Despite the benefits brought by MB distribution, in coher-
ent optical systems, there are various impairments apart from
AWGN, such as laser phase noise, fiber nonlinearity, etc. And
the shaping gain of MB distribution cannot be guaranteed under
those circumstances. In [12], 256-QAM with uniform distri-
bution presented higher optical signal-to-noise-ratio (OSNR)
tolerance and AIR than PS-1024QAM with MB distribution
when laser linewidth is 40 kHz and the pilot ratio is less than
5%. To fully exploit the advantages of MB distribution, lasers
with narrower linewidth are mandatory, the high cost of which
poses a great challenge on the massive deployment of flexible
coherent transceivers.

To improve the adaptability and flexibility of the coherent
optical systems in view of SNR and laser phase noise limitation,
in this paper we propose a novel distribution by combining
the MB distribution with an angular-distance-directed (ADD)
distribution, namely an MB/ADD distribution. In the case of
the system suffering from small laser phase noise and thus can
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be approximated as an AWGN channel, MB/ADD distribution
will be similar to the conventional MB distribution. On the
other hand, if the coherent transceiver employs low-cost large
linewidth lasers, for instance when lasers used in the passive
optical networks (PONs) are adopted for coherent communica-
tion [13], the ADD distribution will be assigned more weights
in the MB/ADD distribution. Thus, the shaping gain from PS
can be observed not only in the cases of limited SNR, but also
in the case of large laser phase noise. Moreover, the trade-off
between the SNR tolerance and the laser phase noise tolerance
can be optimized by choosing proper shaping parameters. In this
way, the flexibility of the conventional coherent communication
system based on PS-QAM is assured by adding laser phase
noise adaptability. The performance of the proposed MB/ADD
distribution is verified through both simulations and experi-
ments. In the simulation, the improvement is evaluated by the
required SNR. In the experiments, the improvement is evaluated
by pre-forward error-correction (pre-FEC) bit error rate (BER)
and generalized mutual information (GMI). The received signals
are tested under digitally generated phase noise, as well as
distributed-feedback (DFB) laser generated phase noise. Results
show that, in the region with large phase noise, the pre-FEC BER
can be improved by one order of magnitude, compared with the
traditional MB shaping. The flexibility is also demonstrated,
where the performance of different combinations of shaping
parameters is measured and discussed.

The rest of this paper is structed as follows. In Section II,
MB/ADD distribution is introduced. In Section III, simulation
results are presented. Experimental demonstration is described
in Section IV, with results discussed in Section V. Finally,
Section VI concludes the paper.

II. PRINCIPLES OF OPERATION

At a coherent receiver, assuming that perfect clock recovery,
channel equalization and carrier frequency offset (CFO) can be
achieved, the received signals can be written as:

yk = xke
jϕk + nk (1)

where xk is the transmitted symbol, ϕk is the laser phase noise
and nk is the AWGN. If we only consider white phase noise, it
can be modeled as a Wiener process:

ϕk =

k∑
i=−∞

εi (2)

where εi are independently identically distributed (i.i.d.) Gaus-
sian random variables with zero mean and variance σ2

p =
2π(Δf · Ts). Ts is the symbol period. Δf reflects the combined
effect of phase noise from transmitter laser and local oscillator
(LO). If both lasers have Lorentz lineshape, Δf is the sum
of their 3-dB linewidth [14]. Commonly used carrier phase
estimation algorithms (CPE) include blind phase search (BPS)
[15] and Viterbi and Viterbi (V&V) algorithm [16]. For 4-QAM
(i.e. quadrature phase shift keying, QPSK) signals, CPE can be
easily fulfilled by V&V algorithm and they also present high
laser phase noise tolerance. However, the SE of 4-QAM signals
is only 2 bits/Hz and in this paper we’ll restrict our discussion
to higher order QAM signals.

Fig. 1. Ambiguity issue of the BPS algorithm: (a) transmitted symbol is 3 +
5i; (b) transmitted symbol is 1 + 1i. (Red filled point: transmitted symbol; blue
filled point: received symbol; blue circles: yke

−jθp and yke
−jθq , where θp

and θq minimizes Eq. (4)).

A. BPS

As described in [15], the BPS rotates the received signals by
B test phases,

θb =
b

B
· π
2
, b = 0, 1, . . . , B − 1 (3)

The rotated symbols are sent into a decision module and the
squared Euclidean distances between the rotated symbols and
the decided symbols are calculated:

dk,b =
∣∣yke−jθb − ⌊

yke
−jθb

⌋
D

∣∣2 (4)

Test phases with smaller distance dk,b are regarded as better
approximation of the carrier phase noise. Usually, 2N + 1
consecutive symbols are viewed as a block and their dk,b are
summed up to get a distance metric Dk,b. θb that produces the
minimum Dk,b is assumed to be the phase noise, i.e.

ϕ̂k = argmin
θb

Dk,b = argmin
θb

N∑
n=−N

dk−n,b (5)

The introduction of the block processing has a two-fold effect:
i) it can mitigate the impact of AWGN on the phase noise esti-
mation; ii) it can partly resolve the ambiguity issue in searching
for the optimal test phase using Eq. (4). Assume that B is large
enough so that we do not need to consider the resolution issue.
Eq. (4) will be minimized when yke−jθb has the same angle with
yke

−jθb
D. However, such θb is not unique as angular distances

between points with the same magnitude can be less than π/2.
As an example, Fig. 1(a) illustrates the case of 64-QAM. The
red filled point represents the transmitted symbol and the blue
filled point represents the received symbol, distorted by both
AWGN and phase noise according to Eq. (1). In this example,
there are two minimizers to the Eq. (4), denoted as θp and θq,
with yke

−jθp and yke
−jθq illustrated by the blue circles. In the

case of N = 0, such ambiguity will cause an error in the phase
noise estimation.

Adopting a positive N can partly mitigate this issue, since
it is highly unlikely that both θp and θq still minimize Eq.
(5). However, this operation comes at the expense of reduced
capability to track rapid phase changes, as the phase noise is
assumed unchanged within the block.
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Fig. 2. Constellation points in a quadrant of 64-QAM: (a) definition of angular
distance; (b) definition of phase margin.

TABLE I
ANGULAR DISTANCES AND PHASE MARGINS OF 64-QAM

In the previous example, 3 + 5i are used to illustrate the
ambiguity issue. However, not all the points are susceptible to
this problem. As shown in Fig. 1(b), there will be only one
minimizer for Eq. (4) when 1 + 1i are transmitted, under the
condition that AWGN is small enough. To further investigate
this issue, we take 64-QAM as an example and classify the
constellation points into 9 subsets C1, C2, …, C9 based on their
magnitudes (see Fig. 2). For each subset, we define the minimum
angular distance βi as:

βi = min
au,av∈Ci

|arg (au)− arg (av)| (6)

It is worth mentioning that the angular distance discussed here
is different from the concept of phase margin, which is defined
as the minimum angle to rotate an ideal constellation point to the
decision boundary of its adjacent points [17]. Fig. 2 (a) and (b)
illustrates these two concepts, and the values of βi and phase
margins are summarized in Table I. Phase margins decrease
monotonically as magnitude becomes larger, while that’s not
the case for βi. For 64-QAM, only three subsets, C1, C3 and C9

have βi equal to π/2 and all other subsets have smaller angular
distances. The worst case happens for C6, where there are 12
points in this subset, making β6 to be 0.2838 (rad). As the order
of QAM increases, the angular distances will further shrink. For
example, for 256-QAM, the minimum βi is 0.1426 (rad).

B. V&V Algorithm

V&V algorithm, also known as M-th power, is originally
proposed for M-ary PSK signals [16]. It exploits the rotational
symmetry of the M-ary PSK constellation and raises the received
signals to the M-th power to remove the data modulation. It

cannot be directly applied to QAM formats, since such symmetry
is lost. Lots of adaptations have been proposed, including single-
stage and multi-stage algorithms [18]–[22]. Most of them are
based on QPSK partitioning, where symbols with modulation
angles of π/4 +m · π/2,m = 0, 1, . . . are assigned more
credits [18], [19] or used for coarse phase noise estimation
in the first-stage [20]–[22]. It is because these symbols form
separate QPSK constellation sets with different magnitudes and
thus the data modulation can be eliminated by the fourth power
operation. On the other hand, these symbols also have angular
distances of π/2. Therefore, if the occurrences of these symbols
are increased, the accuracy of CPE can be improved, no matter
whether BPS or V&V based algorithm is adopted.

C. PS-QAM With Adaptable SNR and Laser Phase Noise
Tolerance

Denote the symbol set as X, then the commonly used MB
distribution generates a constellation point x with the probability
[5]:

PX (x) =
e−λ|x|2∑

x′∈X
e−λ|x′ |2 (7)

where λ ≥ 0 is the shaping factor that can be used to control
the entropy H of the distribution. It is clear from Eq. (7) that
in the MB distribution, points with smaller magnitudes are
assigned higher probabilities. Although such assignment can
achieve higher AIR in an SNR limited system, it doesn’t take
the relationship between the angular distance and the magnitude
of the constellation point into consideration, as discussed in the
previous subsection. For example, in the case of 64-QAM, points
±7± 7i have angular distances equal to π/2 and should be
generated with higher probabilities to combat laser phase noise,
while they are allocated the lowest probabilities according to Eq.
(7).

By comparison, MB/ADD distribution has the form:

PX (x) =
1

Z
e−λ|x|2 · eαβ(x) (8)

where β(x) is the function taking the angular distances of points
x and α is another shaping factor to tune the entropy. Z is the
normalization factor to ensure that the probabilities sum to 1
and is equal to Z =

∑
x′∈X e−λ|x|2eα·β(x) . It is worth noting

that the ADD part can take forms of other functions and here we
choose the exponential function as a proof of concept.

Fig. 3 illustrates the probability mass functions (PMFs) of
MB/ADD distributions under different λ andα. Whenα = 0, as
shown in Fig. 3(a), it becomes the conventional MB distribution.
With larger α, MB/ADD distribution gets influenced by the
ADD part more. It can also be viewed from Fig. 3(a), (b) and
(c). The points ±3± 3i, which are supposed to have lower
probabilities than those of ±3± 1i in the MB distribution,
gradually achieves higher probabilities, as α increases from 0
to 1.4. Fig. 3(d) depicts the case where λ = 0 and α = 1.4,
and it becomes the pure ADD distribution. By multiplying two
families of distributions, MB/ADD distribution is equipped with
two shaping factors, λ and α, to control the entropy. Fig. 4(a)
shows the entropy as λ and α varies, where it can be clearly seen
that there are multiple combinations of λ and α to get certain
entropy. Therefore, a trade-off between better SNR tolerance
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Fig. 3. PMFs of MB/ADD distributions: (a) λ = 0.04, α = 0, H = 5.47 bits; (b) λ = 0.04, α = 0.03, H = 5.37 bits; (c) λ = 0.04, α = 1.4, H = 4.69 bits;
(d) λ = 0, α = 1.4, H = 5.60 bits.

Fig. 4. (a) Entropy of MB/ADD distributions versus λ and α; (b) MI versus
SNR for several MB/ADD distributions with H = 5.6 bits.

and better laser phase noise tolerance can be made. In a system
with severe AWGN and low laser phase noise, a relatively large
λ and small α should be adopted. While in a system with small
AWGN and severe laser phase noise, a MB/ADD distribution
with relatively small λ and large α should be chosen. To further
illustrate this idea, Fig. 4(b) depicts the mutual information (MI)
of MB/ADD shaped 64-QAM in a memoryless AWGN channel.
The MI is estimated from Monte Carlo simulations. All the
MB/ADD distributions (P1–P5) have entropies of 5.6 bits and
they are labelled on the Fig. 4(a) with red dots. As α increases,
the gap to Shannon capacity increases and the shaping gain
compared with uniform distribution decreases. However, as to
be Illustrated in the Section III and V, this part of sacrificed
shaping gain in the AWGN channel can be traded for improved
laser phase noise tolerance.

D. Implementation

Fig. 5 shows the scheme of a communication system employ-
ing probabilistic amplitude shaping (PAS). The PAS adopts a

Fig. 5. Scheme of a communication system employing PAS.

Fig. 6. Working principles of the 2-D PAS to generate PS-QAM with
MB/ADD distribution.

reverse concatenation architecture, where a distribution matcher
(DM) and an inverse DM (inv DM) are inserted before the
FEC encoder and after the FEC decoder, respectively [23].
Commonly used DM algorithm includes constant composition
distribution matching (CCDM) [24], hierarchical distribution
matching (HiDM) [25], prefix-free code distribution matching
(PCDM) [25], etc. To generate PS-QAM with MB distribution,
the I and Q components are first generated independently using
the PAS scheme and then paired to form a complex QAM
symbol. For MB/ADD distribution, the I and Q components are
not independent and thus this method cannot be directly applied.
However, same as MB distribution, MB/ADD distribution also
has reflective symmetry about the real and imaginary axes.
Therefore, we can modify the original PAS scheme to generate
2-D symbols directly. Fig. 6 depicts the working principles,
assuming that the FEC encoder adopts low density parity-check
(LDPC) codes [23]. Similar to the 1-D version, the constellations
are shaped on a per quadrature basis. Part of the uniformly
distributed data bits and all of the FEC parity bits are used to
determine the quadrature of the points. There are mainly two
differences compared with the 1-D PAS. Firstly, every binary bits
sequence is matched to a sequence of 2-D complex symbols, say
1 + 1i, 1 + 3i…, rather than 1, 3, …. Secondly, the quadrature
of the 2-D symbol is determined directly by the quadrature label,
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Fig. 7. KL divergence of MB and MB/ADD shaping when 1-D PAS and 2-D
PAS are applied respectively.

rather than the Cartesian product of two signed labels. All the
relationships between entropy, code rate and information rate
derived in the original 1-D PAS can be directly applied to the
2-D version. For example, the code rate of the FEC encoder Rc

for M-ary QAM in the 1-D PAS has to satisfy the relationship
(suppose M is an even power of 2):

Rc ≥ log2
√
M − 1

log2
√
M

(9)

While in the 2-D case, it becomes:

Rc ≥ log2M − 2

log2M
(10)

which is the same as Eq. (9).
Compared with the conventional communication system em-

ploying uniform distribution, the increased complexity in the
PAS scheme is mainly attributed to the DM and inv DM, which
depends on the DM algorithm and the DM block length. A longer
block leads to a more accurate implementation of the desired
distribution and thus an increased shaping gain, yet at the cost
of higher complexity. For CCDM, the complexity grows with
O(n) [26]. A practical solution to generate a long sequence of
shaped QAM symbols is to concatenate the output of PAS of
shorter block length. In the Fig. 7, we investigate this scenario
by generating 100,000 shaped 64-QAM symbols when the block
length n changes from 10 to 10,000. The target entropy for the
DM is 5 bits. 1-D PAS and 2-D PAS are used for MB and
MB/ADD distribution, respectively. The Kullback-Leibler (KL)
divergence between the generated and the desired 2-D QAM
distribution is calculated, where CCDM is assumed to be the
DM algorithm. For a short block, e.g. n < 100, the 2-D PAS has
larger KL divergence as it matches to a distribution of 16 2-D
constellation points, while 1-D PAS matches to a distribution
of 4 1-D amplitudes. This penalty of 2-D PAS vanishes as n
increases. When block length is larger than 1000, these two
distributions present similar performance. In other words, for KL
divergence lower than 10−3, the proposed MB/ADD shaping can
be applied with the similar complexity when comparing with the
conventional MB shaping. And as stated by [26], a block length
of about 1000 symbols is quite feasible with fair implementa-
tion complexity and power consumption for application-specific
integrated circuit (ASIC) implementation.

Fig. 8. Simulation setup.

Fig. 9. Required SNR at pre-FEC BER of 4.5 × 10−3 versus laser phase noise
for MB/ADD shaped 64-QAM under two parameter settings and under different
entropies: (a) H = 5 bits; (b) H = 5.2 bits; (c) H = 5.4 bits; (d) H = 5.6 bits.

III. SIMULATION AND RESULTS

Firstly, the performance of the proposed MB/ADD distribu-
tion is investigated by simulation. Fig. 8 shows the simulation
setup. Both phase noise and AWGN are considered. BPS is
used in the CPE module. The number of test phases is 64 and
block lengths are optimized respectively. Fig. 9(a)–(d) plots
the required SNR at the 7% hard-decision (HD) pre-FEC BER
threshold of 4.5× 10−3 [28] for PS-64QAM adopting MB/ADD
distribution (PS-64QAM MB/ADD) versus the Δf · Ts when
H takes values of 5, 5.2, 5.4, 5.6. The pre-FEC BER is defined
in Fig. 5 and the SNR is defined as the power of signals over
the power of the loaded AWGN. Gray labeling is used in BER
calculation. For each entropy, two sets of parameters are tested:
i) α = 0; ii) α = 1.2. The exact values of λ and α are given
in Fig. 9. Setting i) is a special case, where it becomes the
conventional MB distribution. While in the setting ii), both MB
and ADD parts are activated. When Δf · Ts < 1× 10−4, the
major impairment is AWGN. Thus, setting i) has better perfor-
mance. As Δf · Ts increases above 2 × 10−4, the introduction
of ADD part in the setting ii) is justified by achieving the same
BER with lower SNR. Thus, setting ii), which is deficient in the
MB shaping, enables more efficient use of the resources in the
case of large phase noise. For example, when H = 5.2 bits and
Δf · Ts = 3× 10−4, SNR at the FEC threshold is reduced by
3.88 dB in the setting ii). Another example is to consider a case
where Δf · Ts is 2.5 × 10−4, SNR is 22.8 dB and 7% HD-FEC
is adopted. By using setting ii), the entropy can be increased to
5.6 bits, while it is only 5.2 bits for setting i).

IV. EXPERIMENTAL SETUP

We conduct experiments to further verify the performance
of MB/ADD distribution. The experimental setup is shown in
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Fig. 10. Experimental setup and the signal spectra.

Fig. 10. The transmitted symbols with symbol rate of 10 GBaud
are first generated and pulse shaped by a root-raised-cosine
filter (RRC) with a roll-off factor of 0.1. Then it is upconverted
to an intermediate frequency (IF) of 6 GHz to make it a real
signal, whose spectrum in shown in Fig. 10(a). An arbitrary
waveform generator (AWG, Keysight M8195A) working at
32 GSa/s converts the digital samples into an analog waveform,
which is modulated onto the optical carrier by a Mach-Zehnder
modulator (MZM) biased at the null point. The optical carrier
is kept unchanged throughout the experiments and it is from an
external cavity laser (ECL, Pure Photonics PPCL100) with an
intrinsic linewidth of 10 kHz. The modulated light is boosted
by an erbium-doped fiber amplifier (EDFA) before entering a
20-km standard single mode fiber (SSMF). The variable optical
attenuator 1 (VOA 1) is used to make sure that signals shaped
by MB/ADD distribution with different parameter settings have
the same power before being amplified by the EDFA. A 0.4-nm
optical band-pass filter (BPF) is used to filter out out-of-band
amplified spontaneous emission (ASE) noise. A LO mixes with
the received signals via a 3-dB coupler and are then detected
by a balanced photodetector (BPD, u2t BPDV2020R). A digital
sampling oscilloscope (DSO, Keysight DSOZ254A) captures
the heterodyne detected signals at a sampling rate of 40 GSa/s,
the spectrum of which is shown in Fig. 10(b). The offline
DSP is implemented in the Matlab, where down-conversion
and down-sampling, time recovery, channel equalization based
on radius directed constant modulus algorithm (RDE-CMA),
carrier frequency offset (CFO), CPE and QAM demodulation
are performed sequentially. Under low received optical power
(ROP), CMA is also included for pre-convergence.

When the odd-order QAM or PS-QAM symbols based on
MB distribution are transmitted, utilizing the traditional Fast
Fourier transform (FFT) based CFO may fail to get an accurate
estimation of the frequency offset (FO). Usually, the FO is found
by locating the maximum magnitude peak of the spectrum when
the received signals are raised to the fourth power. It exploits the
fourth-order non-circular property of square QAM formats, i.e.
EX [x4

k] �= 0 [29]. However, in odd-QAM or PS-QAM symbols,
the EX [x4

k] suffers from degradation as a result of the lack [30]
or lower probabilities of symbols with large magnitudes [31].
The magnitude of the peak in the spectrum will further decrease
when there is large laser phase noise in the system. Here, to

Fig. 11. Pre-FEC BER versus ROP for PS-64QAM MB/ADD (Solid line:
after 20-km SSMF, dashed line: B2B).

solely evaluate the impact of different distributions on the CPE,
we apply the modified FFT based CFO proposed in [30], where
symbols located on the QPSK rings are selected and amplified
before being raised to the fourth power. For 32-QAM symbols,
the points ±1± 1i and ±3± 3i are amplified, while ±1± 1i,
±3± 3i and ±7± 7i are amplified in the case of 64-QAM.

V. RESULTS AND DISCUSSION

Our experiments consist of two parts, where we evaluate the
SNR tolerance and laser phase noise tolerance of MB/ADD
distribution, respectively.

A. SNR Tolerance

The SNR tolerance is tested when the system impairments
are dominated by AWGN and the LO is another an ECL (Pure
Photonics PPCL100) with an intrinsic linewidth of 10 kHz.
Fig. 11 shows the pre-FEC BER of PS-64QAM MB/ADD. Here
we experiment with two cases: H = 4 bits and H = 5 bits. Same
as before, there are two sets of parameters, i) α = 0 and ii)
α = 1.2. Both settings exhibit better performance with higher
ROP, as a result of increased SNR. Compared with back-to-back
(B2B) scenario, 20-km SSMF transmission introduces minimal
power penalty. In this experiment, all the other impairments
play insignificant role and thus the system operates under the
SNR-limited condition, which leads to lower BER of setting i).
At the pre-FEC BER threshold of 4.5 × 10−3, power penalty of
setting ii) compared with setting i) is about 0.1 dB and 0.8 dB
for H = 4 bits and H = 5 bits, respectively.

B. Laser Phase Noise Tolerance

The laser phase noise tolerance is evaluated by two steps. In
the first step, we investigate the performance of setting i) and
ii) as laser phaser noise varies. This is achieved by using one
narrow linewidth ECL as the LO, which is the same as that in
the previous subsection, and digitally adding phase noise to the
received signals. Phase noise are generated offline according to
Eq. (2), with Δf changing to simulate different phase noise.
They are added to the signals in the DSP module, right after
down-conversion, as shown in Fig. 10. In the second step,
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Fig. 12. Pre-FEC BER and GMI for uniform 16-QAM, uniform 32-QAM and PS-64QAM MB/ADD under two settings versus digitally added phase noise:
(a)–(b): H = 4 bits; (c)–(d): H = 5 bits.

Fig. 13. Actual and estimated phase noise with insets showing constellation
diagrams: (a) setting i); (b) setting ii).

to further verify the improved laser phase noise tolerance of
MB/ADD distribution, we replace the LO with a DFB laser
(Narda-MITEQ SCMT-100M13G), whose linewidth is several
mega-hertz. All measurements are executed after 20-km SSMF
transmission.

1) Digitally Generated Phase Noise: Fig. 12 shows the pre-
FEC BER and GMI of PS-64QAM MB/ADD versus Δf · Ts

when H = 4 bits and H = 5 bits. Same shaping parameters from
the previous subsection is used. BPS is used for CPE at this stage.
Uniform 16-QAM and 32-QAM are also shown for references.
Similar with simulation results, setting ii) presents better phase
noise tolerance with the increase ofΔf · Ts, which is manifested
by lower pre-FEC BER and higher GMI in Fig. 12(a)–(d).
The improvement is more notable in the case of H = 5 bits.
When Δf · Ts is larger than 1.5 × 10−4, signals of setting i)
can be barely demodulated, while setting ii) can still achieve
pre-FEC BER of 1.39 × 10−3. At the pre-FEC BER threshold
of 4.5 × 10−3, Δf · Ts for setting i) is about 3.8 × 10−4 and
1.3 × 10−4 for H = 4 bits and H = 5 bits, respectively. While
they are about 5.2 × 10−4 and 3.0 × 10−4 in the setting ii). As a
result, laser linewidth requirements can be significantly relaxed
by choosing parameters properly in the MB/ADD based shaping.
For example, for 40 GBaud PS-64QAM with H = 5 bits, a
12-MHz linewidth LO can be employed in the setting ii) under
the assumption of 7% HD-FEC.

2) DFB Generated Phase Noise: Fig. 13 illustrates the actual
phase noise over time, acquired by comparing the received
signals before CPE with the transmitted signals, and the phase
noise estimated by BPS. Constellation diagrams are shown in
the insets. ROP is fixed at −12.9 dBm and H is set to 5 bits.
Still, we are comparing setting i) and ii). In the setting i), the
BPS fails to track the rapid phase changes under this condition,

Fig. 14. Dk,b versus actual phase noise, at instant (a) k1; (b) k2.

as shown by the discrepancy of actual and estimated phase noise.
By comparison, setting ii) still enables an accurate phase noise
estimation, although the LO has large linewidth. Consequently,
pre-FEC BER for setting i) is 1.17×10−1, while it is 3.84×10−3

for setting ii).
To better understand the misestimation of BPS in setting i),

Dk,b at instants k1 and k2 (see Fig. 13(a)) are calculated and
plotted in the Fig. 14. As explained in the Section II, the phase
noise is estimated by finding the global minimum of Dk,b,which
is marked as the “ × ” in the graph. The actual phase noise
is marked as “.”. Compared with instant k1, Dk2,b has several
local minima, which makes it quite challenging to accurately
find the phase noise.

Pilot symbols can be used to assist in tracking phase noise.
One pilot symbol is inserted periodically after P−1 data sym-
bols, providing a pilot rate of 1/P. Here, we adopt the two-stage
CPE, the same as [32]. In the first stage, the received signals are
multiplied by a zero-padded pilot sequence pk, which is defined
as:

pk =

{
xk, k = iP, i = 1, 2, 3 . . .
0, otherwise (11)

The resulting sequence is sent into an interpolation filter,
where two moving average (MA) filters with the same tap
number are cascaded. The first-stage CPE is acquired by taking
the argument of the filtered sequence. For the second-stage CPE,
a traditional BPS is applied. In our experiment, P takes on values
of 50, 25, 20, 16, 12, 10, making pilot rates of 2%, 4%, 5%,
6.25%, 8.33% and 10%. Fig. 15 plots the pre-FEC BER versus
pilot rate for setting i). When pilot rates are lower than 4%,
although setting i) can benefit from an improved accuracy of
CPE and BER decreases accordingly, it is still worse than that
of setting ii) with no pilot symbols inserted. The benefits of pilot
symbols can only be obtained with pilot rates higher than 5%.
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Fig. 15. Pre-FEC BER of PS-64QAM MB/ADD with setting i) under different
pilot rates (setting ii) without pilot symbols shown as reference).

Fig. 16. Pre-FEC BER and GMI versus λ and α with H = 5 bits.

Thus, setting ii) presents better laser phase noise tolerance when
pilot rate is constrained to 4%.

As shown in Section III, increasing SNR can also lead to lower
BER, as the impact of AWGN on the CPE can be reduced. When
ROP is increased by 3.9 dBm to −9.0 dBm, pre-FEC BER for
setting i) is decreased to 5.56 × 10−2. It is still worse than that
of setting ii) when ROP is −12.9 dBm. What’s more, adopting
higher ROP can also improve the performance of setting ii), as
BER is reduced to 2.96 × 10−3. Thus, increasing SNR can only
bring about limited improvements to setting i) when the coherent
receiver suffers from large phase noise.

In the previous discussion, we only explore the performance
of MB/ADD shaping with two settings, i.e. α takes values of 0
and 1.2, respectively. In the following experiment, we measure
the performance of PS-64QAM MB/ADD under different λ and
α, fixing H at 5 bits. The results are shown in Fig. 16. When
α < 0.7, increasing α leads to lower pre-FEC BER and higher
GMI, due to the better performance of ADD distribution in the
scenario of large laser phase noise. However, BER increases as
α increases beyond 0.7. This is because the system is now under
the combined impact of AWGN and laser phase noise. Further
increase in α give rises to better phase noise tolerance, yet at
the expense of sacrificing SNR tolerance, as MB distribution
can make better use of the limited signal power to approach
Shannon capacity. If the system is targeted at certain entropy,
Fig. 16 can be used as a guidance on choosing proper values
of λ and α. A trade-off between SNR tolerance and laser phase
noise tolerance can be achieved, allowing the system to agilely
adapt to various channel conditions, including launched power
and laser linewidth.

Similarly, both λ and α can be changed to attain higher
entropy. For the measurements shown in Fig. 11, only λ is
varied and α is kept at 1.2 when H is increased to 5 bits in the

Fig. 17. Pre-FEC BER for PS-64QAM MB/ADD as H varies.

Fig. 18. Pre-FEC BER and GMI of two-stage V&V based CPE: (a) versus
Δf · T s; (b) versus λ and α with H = 5 bits (insets showing constellation
diagram when λ = 0.0179, α = 1.3).

setting ii). As a result, the power penalty of setting ii) compared
with setting i) is higher in the case of H = 5 bits than that of
H = 4 bits. It indicates that when the laser phase noise exerts
minimal impact on the received signals, changing α is a better
choice to increase SE. However, things are different when a
DFB laser is used as the LO. Fig. 17 investigates this scenario
and compares pre-FEC BER versus H when only one of the λ

and α is varied, keeping λ at 0.0337 or α at 1.2, respectively.
Unlike the case of varying α, varying λ produces a BER-H
curve with smaller slope. Therefore, under large laser phase
noise, modifying MB/ADD distribution by changing λ enables
a smoother evolution towards higher SE.

3) V&V Based CPE: All the discussions above are based on
BPS, which achieves better performance than V&V based algo-
rithm at the cost of higher complexity. However, as mentioned
in Section II, increasing the probabilities of points with higher
angular distances would also be beneficial to QPSK partitioning
based V&V algorithm. In this step, we revisit the data captured
in the previous two steps, and replace the BPS with two-stage
V&V based CPE [20]. In the first stage, the received signals
are partitioned and those belong to subsets C1, C3 and C9 are
selected to be processed by a traditional V&V algorithm to get a
coarse CPE. For signals belong to other subsets, their estimated
phase noise are interpolated. In the second stage, a Maximum-
Likelihood (ML) method [33] is conducted to obtain a fine CPE.

We first evaluate the two-stage V&V based CPE under digi-
tally added phase noise. Fig. 18(a) shows the pre-FEC BER and
GMI of PS-64QAM MB/ADD with setting ii) and H = 5 bits,
as Δf · Ts varies. Even if a simplified CPE is employed, it
still presents better laser phase noise tolerance than setting i)
with BPS applied. At Δf · Ts of 1.5 × 10−4, pre-FEC BER is
3.93 × 10−3. And the Δf · Ts at BER threshold of 4.5 × 10−3

is about 1.7 × 10−4.
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Then we move to the case of DFB generated phase noise.
Fig. 18(b) depicts pre-FEC BER and GMI of PS-64QAM
MB/ADD versus λ and α when H remains 5 bits. In comparing
with Fig. 16, it presents different behaviors than that of BPS.
Pre-FEC BER and GMI become better as α increases. When
α is larger than 1.8, it achieves similar performance with BPS.
This is because the probabilities of points in subsets C1, C3 and
C9 become higher with larger α. Consequently, there are more
symbols involved in the first stage CPE and thus a more accurate
estimation can be made. Although pre-FEC BER is worse than
that of BPS, by choosing appropriate λ and α, it is still possible
to achieve error-free transmission by using soft decision FEC
(SD-FEC) with higher overhead.

VI. CONCLUSION

In this paper, a novel MB/ADD distribution is proposed for
PS-QAM in coherent communication system. By overlaying the
ADD distribution on top of the traditional MB distribution, the
laser phase noise and SNR adaptability can be achieved con-
currently. The performance of MB/ADD distribution is verified
through simulations and experiments, where different sets of
parameters are tested. Results show that apart from preserving
the improvement of MB distribution in the SNR limited region,
MB/ADD distribution also assures the benefits of PS in the
large phase noise region. In the simulation analysis, MB/ADD
shaping present lower SNR requirements when evaluated at the
same pre-FEC BER threshold with MB shaping, under severe
phase noise. In the experiment analysis, MB/ADD shaping can
reduce pre-FEC BER by one order of magnitude when large
linewidth lasers are employed, without sacrificing data rate
for pilot symbols. And the improvement can be observed in
both BPS based and V&V based CPE. What’s more, MB/ADD
shaping can be implemented with the similar complexity with
MB shaping, if the KL divergence between the generated and
the expected 2-D QAM distribution is required to be lower than
10−3. Therefore, the proposed PS-QAM with MB/ADD distri-
bution is a promising candidate for flexible low-cost coherent
communication systems.
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